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CONFORMAL METRICS WITH PRESCRIBED
GAUSSIAN CURVATURE ON S2

KUO-SHUNG CHENG AND JOEL A. SMOLLER

Abstract. We consider on S2 the problem of which functions K can be

the scalar curvature of a metric conformai to the standard metric on S1. We

assume that K is a function of one variable, and we obtain a necessary and

sufficient condition for the problem to be solvable. We also obtain several new

sufficient conditions on k (which are easy to check), in order that the problem

be solvable.

1. Introduction

Consider the two-sphere S2 = {(xx, x2, x¡) £ R3: x\ + x\ + x2 = 1}, with

the standard metric ds\ = dx\ + dx\ + dx\. If we make the conformai change

of metric, ds2 = e2udsl, then the Gaussian curvature K(x) of the new metric

is

(1.1) K(x) = (1 - A)e~2u(x),        x£S2,

where A denotes the Laplacian relative to the standard metric ds2. L. Niren-

berg has raised the following inverse problem: which functions K can be the

Gaussian curvature of a metric ds2 which is conformai to the standard metric

ds2 ? This problem is equivalent to the question: Which functions K on S2

can be prescribed so that (1.1) has a solution u on S2?

If dp denotes the standard surface measure on S2, then rewriting (1.1) as

(1.2) Au + K(x)e2u = 1,        xeS2,

and integrating over the sphere gives

(1.3) / Ke2udp = An.
Js>

Thus, an obvious necessary condition is that K be positive somewhere. Kazdan

and Warner [6] found another necessary condition via integration by parts.
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Thus, for each eigenfunction <pj of A on S2 satisfying Atpj + 2tf>j = 0  (j =

1, 2, 3), the Kazdan-Warner condition is

(1.4) [ (VK,V<l>j)e2udn = 0,        j =1,2,3.

Moser [7] proved that if K is an even function on S2, i.e., K(x) = K(-x),

then (1.2) has a solution. Recently, several other sufficient conditions were

found (see Chang and Yang [1, 2], Chen and Ding [3], and Hong [5]).
In this paper we consider the case of a rotationally symmetric K, i.e., K is

a function of JC3 alone. In [5], Hong considered this case and established some

existence theorems using a variational approach. Since K isa function of x-¡,

if we seek solutions u depending only on X3, then (1.2) becomes an ordinary

differential equation, and it is the purpose of this paper to study (1.2) by using

the techniques of ordinary differential equations.

Thus, assume that K = K(xi) and that we seek solutions u of (1.2) which

depend only on X3. Denoting X3 by z, (1.2) becomes

<'-5>       n
2,du

i'-*1'*
+ K(z)e2u = l,        zg[-1,1].

u ¿.

Let z = (r2 - l)/(r2 + 1); then 0 < r2 < 00 . Now define Kx(r) = K(z), i.e.

(r2 - 1

and consider the following initial-value problem:

v"(r) + -v'(r) + Kx(r)e2v{r) = 0,    r>0,
(1.6) r

v(0) = a,        t>'(0) = 0.

We define the set / by / = {a e R: (1.6) has a unique solution v(r, a)

defined for all r > 0} . Our first result is the following theorem.

Theorem A. Assume that K is a smooth function on (-1, 1) and Holder con-

tinuous on [-1, 1]. Then (1.5) has a regular solution u(z) on [-1, 1] if and

only if there exists an a £ I satisfying both
/•OO

(1.7) /    K[(r)r2e2v{r'a)dr = 0
Jo

and
y»oo

(1.8) /    Kx(r)re2v{r'a)dr>0.
Jo

Note that if K[ is of one sign and not identically zero, then (1.7) cannot

hold so that Theorem A implies that (1.5) has no solution; an easy calculation

shows that (1.7) is actually the Kazdan-Warner condition (1.4).

Now it is not easy to verify either (1.7) or (1.8). To overcome this difficulty,

we define a function K2 by

/T-r2,
K2(r) = K

,1+r

Our second result is:
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Theorem B. Let K be smooth on (— 1, 1) and Holder continuous on [-1, 1].

Assume that Kx and K2 are smooth and have only finite-order zeros. Then (1.5)

has a regular solution u(z) on [-1,1] if any one of the following statements

hold:

(i) Kx(r) — K2(r) for 0 < r < 1 and Kx is positive somewhere (cf. Moser

[7]).
(ii) Kx(0) > 0, K2(0) >0,and K[(0)K2(0) > 0.

(iii) Kx(0) > 0, K2(0) > 0, ATi(O) = 0, and K['(0)K2(0) > 0.
(iv) #,(0) > 0, K2(0) > 0, K[(0) = K2(0) = 0,and K['(0)K'2\0) > 0.
(v) Kx(0) > 0, K[(0) > 0, and K2(0) < 0.

(vi) Kx(0) > 0, K[(0) > 0, K['(0) >0,and K2(0) < 0.
(vii) Interchange Kx and K2 in (iii), (v), or (vi).

(viii) max[Kx(0), K2(0)] < 0 and K is positive somewhere (cf. Hong [5]).

We remark that if K is smooth, say C1 on [-1, 1], then since

K[{r) = K'
1 4r

ri+lj   (r2 + l)2'

it follows that K[(0) = 0 = K2(0). However, if K is only of class Ca on

[-1, 1] (e.g., K(z) = a + by/T^2, so Kx(r) = K((r2 - l)/(r2 + 1)) = a +

2r/(r2 + 1), then ^¡(0)^(0) need not be zero.

The basic idea in this paper is to break the study of (1.5) into two problems:

(Pi)

and

(P2)

d_
dz

d_
dz

(1

(1-z2)

dv

]Tz

dw

dz

+ K(z)e lv(z) = 1 ze [-1,0], v(-l) = à,

+ K(z)e2^z) = 1,        z G [0, 1], w(+l) = ß.

Let îx denote those à for which (P)) has a solution v(z, a) defined on
[-1, 0], and then set

Ai = {(v(0,à),d'(0,à)):àeïi};

î2, w(z, ß), and A2 are defined similarly. Thus, (1.5) has a solution if and

only if the "curves" Ax and A2 meet. To investigate this possibility, we make

the change of variables

1
z =

r2+ 1
and   v(r)-v(z)-\o%

l+r:

Then v satisfies (Px) iff v satisfies

v"(r) + -v'(r) + Kx(r)e2v{r) = 0,

v(0) = a = â + log2,    u'(0) = 0,

0<r< 1,

a £ Ix = /i +log2.

Moreover,

^={(«(l1o))»'(lla) + l):oe/i}
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Similarly, if z = (1 - i2)/(l + t2) and w(t) = w(z) - log((l + /2)/2), then w
satisfies (P2) iff w satisfies

w"(t) + -w'(t) + K2(t)e2wit) = 0,        t£[0,l],

w(0) = ß = ß + log2,    w'{0) = 0,    ß G/2 = /2 + log2.

Moreover, A2 = {(w{\, ß), -(w'(l, ß)+l)): ß £ I2}. To show that AxnA2¿

0, under the hypotheses of Theorem B we show that Ax and A2 actually can

be considered as continuous curves in R2 having no self-intersections, and that

their "limiting ends" (for large and small values of a and ß ) can be controlled.

This is done by obtaining careful estimates on the quantities v(l, a),v'(l, a),

and w(l, ß), w'(l, ß), and then studying their asymptotic behaviors.

The paper is organized as follows. In §2 we make a detailed study of (1.6);

not only is this needed for the proofs of Theorems A and B, but it seems to be

of independent interest. The proofs of Theorems A and B are given in §§3 and

4, respectively.

2. Preliminaries

We consider the initial-value problem

v" + jv' + K(r)e2v{r) = 0,        r>0,

v(0) = a,        u'(0) = 0,

where K is a smooth function on [0, oc). Let / denote the set of real a such

that (2.1) has a (unique) solution v(r, a) on [0, 00). Note that / may be

empty; for example, if K(r) < 0 for all r > 0, and K(r) < -C/r2 for large r,

where C > 0, then 1 = 0 (cf. Sattinger [9], Ni [8], or Cheng and Lin [4]).
In what follows we will use the notation " / ~ g at 00 ," to denote that "there

exist positive constants Cx, C2 such that Cxg > f > C2g at oc." We begin

with a simple lemma whose standard proof is omitted.

Lemma 2.1.  v solves (2.1) if and only if v is continuous and satisfies

(2.2)

v(r) = a- I - f sK(s)e2v{s)dsdt
Jo  t Jo

= a - j s log (-) K(s)e2v(s) ds ,        r > 0.
/o

Lemma 2.2. Assume that K(r) > 0 for r > ro and K(r) ~ rp at 00 for some

real number p. Then, for every a £ I,

P + 2
<

/»OO

/    sK(s)e2v{s'a)ds< 00,
Jo2

Proof. Suppose first that J™ sK(s)e2v<>s'a) ds = 00. Then there is an rx > r0

such that for all r > rx,

sK(s)e2v{s'a) ds > max{2, 2 + p} = a.
jJo/o

Using (2.2), we have

v'(r,a) = — [ sK(s)e2v{s'a)ds< --,        r > rx.
r Jo r
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Thus, for r > rx,

v(r, a) < v(rx, a) + alogrx - a log/*.

Hence
/•oo »n /"oo

/    sK(s)e2v{s'a)ds=       sK(s)e2v{s>a)ds +       sK(s)e2v(-s'aUs

Jo Jo Jrt
/■/■■ /-OO

</   sK(s)e2v^^ds + e2v(r^a)r2a       Csx+p-2ads < oo,
Jo Jr¡

since 1 +p-2a < -1. This contradiction shows that /0°° sK(s)e2v^-a'> ds < oo .

Next, suppose that /0°°sK(s)e2v^s'a) ds < (p + 2)/2 . Then as A"(r) > 0 for

r> ro, there is an r2 > r0 for which

/ sK(s)e2v^s>aUs< P-^-,        r>r2.
Jo 2

Using (2.2) again gives, for r > r2,

v'(r,a) = -- f sK(s)e2v{s-a)ds>-^l.
r Jo 2r

Thus, for r > r2,

,      \ ^   /        xP + 2,           P + 2,
v(r, a) >v(r2, a) + —=— logr2-r— log/-

and

P + 2>
/•OO

/    jA"(í)f2,,(,,a)í/j
Jo

ffi /-oo

= /   sK(s)e2v{s'a)ds+ /    5^(5)<?2u(i-a)uf5

>       sK(s)e2vi>s>aUs + C       sx+p-(p+2Us = oo.

Vo Jr2

This contradiction completes the proof.   D

Lemma 2.3. Suppose that K(r) < 0 for r > r0, and K(r)-rp at oo for some

real number p. Then

p + 2
/•CO

/    sK(s)e2v{s>a]ds>
Jo

for every a £ I. In particular, if K(r) < 0 for all r > 0 (and K(r)-rp at

oo), then

0> f°°sK(s)e2v{s-^ds>P^.
Jo 2

Remark. Note that Lemma 2.3 is an a priori estimate. Thus, if p + 2 > 0 and

K(r) < 0 for all r > 0 and K ^ 0, then the lemma implies that 1 = 0, i.e.,
every solution v(r, a) blows up at some finite r (cf. Sattinger [9]).

The proof is similar to that of Lemma 2.2 and is omitted.

Next, for a £ I, we define <J>a(r) by

(2.3) *a(r) = (1 + rw'(r; a))2 + K{r)r2elv{-r'a\

Concerning this function, we have the following lemma.
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Lemma 2.4. Suppose that K(r) ~ rp or K(r) ~ -rp at oo for some real number

p. Then for each a£ I, the following hold:
(i) %(r) = K'(r)r2e2v^-aK and

(ii)

(/•oo \ 2 «oo

1-/    sK(s)e2v^'aUs\   =1+/    K'(s)s2e2v{s'a)ds.

Proof. By direct calculation,

&a(r) = 2(1 + rv')(rv')' + 2( 1 + rv')Kre2v + K'r2e2v

and since (2.1) implies (n/)' + /-A>2w = 0, (i) follows. To prove (ii), we first

note that from the last two lemmas, the quantity /0°° sK(s)e2v(s'a) ds is finite.

Suppose now that K(r) ~ rp at oo. Then K(r) is positive for large r. We

claim that v(r, a) is eventually monotone. If not, we could find a sequence

r, —> oo such that v(r, a) assumes a local minimum at each r,, 1 = 1,2,...,

i.e., v'(r¡, a) = 0, v"(/-,- , a) > 0. But then (2.1) shows that

v"(ri,a) = -K(r¡)e2vir"a) <0

for large i. This proves our claim. (Similarly, if K(r) ~ -rp at oo, v(r, a)

is also eventually monotone.)

We next claim that
lim sup K(r)r2e2v{r>a) <0.

r—»oo

For if not, we can find e > 0 and a sequence r, —» oo suchthat K(ri)r2e2v{~r"a) >

e for /=1,2,.... Since v(r, a) is eventually monotone, and K(r) ~ rp at

oo, there exists e' > 0 such that, for large r, K(r)r2e2v{-r>a) > s'. This however

contradicts the fact that J0°° sK(s)e2v{s'a) ds is finite. Thus our second claim

holds.
In a similar way, we can show that

liminf/¡:(/-)/-V-'j('''a) >0;
r—»oo

hence we may conclude that

limK(r)r2e2v{r'tt) = 0.
r—»oo

Thus,

lim <Da(r) = lim (1 + rv'(r, a))2 = lim ( 1 - / sK(s)e2v{s'a) ds]
r—»oo r—»oo r—>oo  \ Jn j

= (l- f   sK(s)e2v{s'a)ds\   .

On the other hand if we integrate (i) from 0 to oo , we get
/•OO /-OO

lim <Da(r) = <DQ(0) + /    ^'(i)^«?2"^'^^ = 1 + /    K'(s)s2e2vls-a) ds,
r-*00 Vo Vo

and this completes the proof of the lemma.   D

Now consider the problem

v" + -v' 4
r

v(0) = a,        v'(0) = 0,

v" +-v'+ K(r)e2v = 0,        r£[0,a],
(z.4) r
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for fixed a > 0. We define the set Ja by Ja = {a £ R: (2.4) has a unique

solution v(r, a) defined on [0, a]}. Concerning this set we have the following

theorem.

Theorem 2.5. Assume that K is continuous on [0, a]. Then there is an ao such

that (—oo, ao) C Ja ■

This theorem is not difficult to prove using an iteration method; we omit the

details.
The next result is quite important in our development.

Theorem 2.6. Assume that K(r) > 0 for all r g [0, a], and that K(0) > 0,
K'(0) jí 0. Then Ja = R and there exists an ao > 0 such that, for a < -a0.

v(a,a) = a + 0(e2a),

(2 5) 1        ra
v'(a,a) = —e2a /   sK(s)ds + 0(e4a),

a      Jo

while for a > a0 there is a constant C > 0 such that

v(a, a) = -a + 0(l),

a        a

The proof of this important theorem requires several lemmas.

Lemma 2.7. Assume that K is continuous and K(r) > 0 on [0, a] ; then Ja =
R.

Proof. Let a £ R, and define a sequence {vn} by

v0(r) = a,

vn+x(r) = a- Í s log(^)K(s)e2v"{s)ds,        n = 0, 1, 2, ... , r£[0,a].

Since K(r) > 0 for all r £ [0, a], it is easy to see that {vn} is well defined and

satisfies

vo{r)>v2{r) >■■■ >v2n(r) >v2n+x(r) > ••• >v3(r) >vx(r).

Now it is easy to show that on 0 < r < a

\vi(r)-v0(r)\ <2MxM2e2ar

and

IW) - Vn(r)\ < (2MxM2e2a)n+l t^tt ,        n > 1,
(n + 1)!

where Mx and M2 are defined by Mx = sup{s log(r/s) : 0 < s < r, 0 < r <a}

and M2 = sup{|A:(r)|: 0 < r < a}. Hence E^Lot^n+iM _ vn(r)] converges
uniformly on [0, a]. But as

vn(r) = v0(r) + (vx(r) - v0(r)) + ■■■ + (vn(r) - v„_x(r)),

we see that {v„} converges uniformly on [0, a] to a function v which solves

(2.4); thus, a £ Ja .   D

As a consequence of this result, we have
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Corollary 2.8. // K is continuous, and K(r) > 0 on r > 0, then I = R, i.e.,
the problem (1.6) has a unique solution defined for all r > 0.

Lemma 2.9. Let u and v be nonnegative continuous functions on [0, oo] sat-

isfying

u(t)<a + bl\\og(^J0wds,

v(t) = a + bj\log(^J^^2ds,

where a is a positive constant and b = 21/10. Then the following hold:

(i) u(t) < v(t)for all t>0, and
(ii) there exist positive constants C- and C2 such that

v(t) < a(Cx + C2 log(l + 0)   for all t > 0.

Proof. Define

ct>(t) = a + b^s loè{^ ^^ßj^ds,

and set w(t) = v(t) - <¡>(t). Then w(0) = 0, w'(0) = 0, and

<p"(t) + -t<t>'(t)

bv(t) bu(s) bw(t)

~ (1+ t2/A)2 ~ (1 + t2/A)2 - (1 + t2/A)2 '

Thus, w cannot be negative on an interval 0 < t < e. Hence w(t) > 0 on

such an interval, so w(t) > 0 if t > 0. It follows that v(t) > tp(t) > u(t) for

t > 0, and this proves (i).
To prove (ii) we let X denote the locally convex space of continuous func-

tions on (0, oo) with the compact-open topology, and consider the set Y c X

defined by
Y = {w £ X: a < w(t) < g(t),  t > 0},

where g(t) = a(l + Bt2~P) ; here B and ß are positive constants to be deter-

mined later. It is easy to see that Y is a closed convex subset of X. Now let

T be the mapping on Y defined by

(n,X0-« + »jf»it(i).J3^*.
We shall show that B and ß can be chosen in order to make TY c Y and

TY to be relatively compact in Y.

To do this, we choose B so large and ß < 2 so small as to make the following

hold:

(2-7) (2-ß)2{± + \)>% = b.

(2.8) B(2-ß)2±>btß   for0<í<2.

(2.9) B(2-ß)2i5>b.

w"(t) + -w'(t) v"(t) + -tv'(t)
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Now suppose w £Y ; then it is easy to see from (2.6) that Tw is continuous

and a < (Tw)(t) for all t > 0. Let h(t) = g(t) - (Tg)(t) ; then

(2.10) /»(0) = 0,        h'(0) = 0,

and

(2.11)

h"(t) + -h'(t) = a
(2-ß)2B     b(l+Bt2'P)

tß [i + t2/Ay

lp^w(B(2-ß)2{i + L + L]
b(tß + Bt2)

If 0 < t < 2, then

t¿
^2+{t)-b(tß + Bt2)

>

>

B(2-ß)2^-btß

B(2-ß)2~-bt<i

+ B(2-ß)
10     2

bBt2

+ Bt2 (2-ßf M + 2]-b >0

in view of (2.7) and (2.8). On the other hand, if t > 2,

5(2 - ß)2 (l + t + Çj - b(tß + Bt2) > 5(2 - ß)2 (j + Ç)~ b(t2 + Bt2)

1
^-ßy^-b t2 + Bt2

1      9
+ >0

in view of (2.7) and (2.9). Thus, for all t > 0, (2.11) implies h"(t)+\h'{t) > 0,
so that (2.10) shows that h(t) > 0. This proves that g(t) > (Tg)(t) for aH
t > 0. Thus, if w G Y, then w < g, Tw < Tg < g, so that TY c Y.

We now show that TY is relatively compact in Y. Thus let {wn} c Y,

wn -»• w £ Y in the space X. Then {«;„} converges to w uniformly on any

compact interval on [0, oo). Since

(2.12)    \(Twm)(t)-(Tw)(t)\<£s log^Çj {l + l        \wm(s)-w(s)\ds,

we see that Twm converges to Tw on any compact interval of [0, oo) ; thus

T is a continuous mapping. Furthermore

^^^-fol^k^^'o
g(s)

ds <
/•OO

Jo   (T
g(s)

ds.
+ s2/A)2      - Jo t(l+s2/A)2      -Jo    (l+52/4)2

Thus, {(Twm)'} is uniformly bounded, {Twm} is equicontinuous, and TY is

relatively compact in Y. We may now apply the Schauder fixed-point theorem

to conclude that T has a fixed-point wq in Y, i.e.,

w0(s)
w0(t) = a + bJ><)

or, equivalently,

(2.13)

(1 +52/4)2

bw0

ds

<+{-<-  (I +t2/4)2>

w0(0) = a,       w'o(0) = 0.
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From the uniqueness of solutions of (2.13), we conclude that wo = v . Hence

v £ Y, v < g, and

v(t) = (Tv)(t) < (Tg)(t)

\a(l_

+ s2/A)2

[l+Bs2-

(l+s2/A)2

,   ['    ,     f t\ a(l + Bs2^) .
= a + bjosloè^ —

, ['   .    ft\ (i+Bs2-e,
= a\l+b      S log ( - j ^-r-     rrrr^ ds

Now for t > 1 , we have

But as

and

y1   .   /iXO + ßi2-^),

= i0etIosir^wds-¡!s l0^s)JT+^Wds

= Kxlogt + K2

['    .     ft\ (l+Bs2-»)  ,   ^.    t ['   (l+Bs2-?),

y,     °v^/ (i+52/4)2 i,   (i+52/4)2

<iogr Í
(l+Bs2~P),

s(l+s2/A)2dS = K>l°gt>

we have

v(t) < a(Cx + C2logt)   for all t > 1.

Thus, by choosing Cx and C2 appropriately, we have

v(t) < a(Cx + C2 log( 1 + t))   for all / > 0.

This proves (ii) and completes the proof of Lemma 2.9.   D

We can now give the proof of Theorem 2.6.

Proof of Theorem 2.6. From Lemma 2.7, we know that Ja = R. For any a,

from the proof of Lemma 2.7 we have v(a, a) = lim„_00 v„(a, a), where

vn(a, a) = v0(a, a) + (vx -v0)(a, a) + ■ ■ ■ + (vn -vn-X)(a, a).

But, for a near -oo, 2MxM2e2a < 1 and as

1(1* - vK.i)(a, a)\ < lf^fe2«[2MxM2e2°af±,

we have

aK
\(vK-vK-X)(a, a)\ <MxM2ae2a—,
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from which it follows that \v„(a ; a) - a\ < Ce2**, so v(a;a) = a + 0(e2a)

Similarly, v'(a, a) = lim^oo v'„(a, a), where

v'n(a, a) = v'x(a, a) + (v'2 - v[)(a, a) + ■ ■ + (v'„ - v'n_x)(a, a)

1

a

and

/ sK(s)e2ads + Yj(v'K-v'K+x)(a,a)
Jo K=X

v'k - v'K-X)(a, a) =-- j sK(s)[e2v*-< -e2v^]ds.
a Jo

But, from the proof of Lemma 2.7, we have that \v'n(a, a) - v[(a, a)| < Ce4a ,

and thus we see that (2.5) is valid.

Now in order to prove (2.6) we first make the change of variables t =

eay/K(0)r and y(t) = v(r) - a. Then y satisfies

(2.14)
^(D +1/(0 + ̂ (^)^.0.

y(0) = 0,       y'(0) = 0.

Choose â > 0 so small that

\K(r) - K(0)\ < Cr,        K'(r) = K'(0) + 0(l)r

for 0 < r < S . Lex z(t) = y(t) + log(l + t2/A) ; then z satisfies

(215) + tZ{t) + K(0)K\jKW))(l + <2/4)2

-(TT7W = 0'      z(0) = °'      Z'(0H°-

Using (2.15), we have (cf. (2.2)),

1    r ( e~°s \

K(0)     \y/Km)
rW=-l'5log(D(r^74p

= -¡^<)(iTsTW2ie2z{s)-^ds

K I   V^- I e2z^ - 1 ds

hex u(t) = \z(t)\; then

1

+ s2/A)

(2.16)

+ {slog(0(TT7

1    v ( e~°t \

K(0)       [y/KWl

1   K ( c'"* \ _

*(0)     \y/W)J
e2z(s) _ j

u(s)ds.

?2z(î) ds.

e2^)ds

z(s)

For 0 < s < eay'K(0)ô, we have
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(We shall use the same C to denote different positive constants.)

Suppose that for 0 < / < eay/K(0)S , we have

(2.18) «(i) < ^ log(fè).

Then, using (2.16)—(2.18), we get

m<Ce-J\log(i)WTlwds

(2.19) +J'slot(^JTTLF?2eMMs)ds

1
< Ce~aa+2^Io'sl0è{^iî+-hw2U{s)ds

for 0 < t < eay/K(0)o and for large a.  Using Lemma 2.9 and (2.19), we

conclude that, for 0 < / < eay/K(0)o,

u(t) < Ce~aa(Cx + C2 log( I + t)),        C independent of a.

Thus, for a large, we have

u(t)<Ce~aa2,        0<t<eav/K(0)ô.

(Note that this confirms (2.18); Proof, since «(0) = 0 = u'(0), «(0 < {log(§¿)

for small t. Let t0 < eay/K(0)S be the first t0 for which u(t0) = 2-log(§¿).

Now on [0, ?o], (2.16)-(2.19) hold so u(t) < Ce"aa2, so if a is chosen so large

that Ce~aa2 < \ log(|!¡), we see u(t0) < \ log(3rg), a contradiction.) Therefore,

we see that there exists a constant q0 > 0 such that, for a > «o and 0 < r < S ,

21

(2.20) v(r,a) = a-log

From Lemma 2.4(i),

uíA1 + 0(e~aa2).

(2.21)

(l+ôv'(ô,a))2 + K(ô)ô2e2v(S'a) = 1+ /   K'(r)r2e2v(r'a)dr
Jo

= l+K'(0) [ r2e2v(r-a)dr + 0(l) f r3eMr-a)dr.
Jo Jo10 JO

Using (2.20) in (2.21) gives, for large a (after a little algebra),

(2.22)

Now as

;i +ôv'(ô, a))2 = l+K'(Q)K(0)-yl2e-aC Í
Jo

+ 0(l)e~2"a2.

v'{S,a) = -\ [ sK(s)e2v{s-n)ds
à Jo

szds

;i+52/4)2

and J¡sK(s)e2vt-s'a)ds > 1 for large a (cf. 2.20), we have 1 +Sv'(ô, a) < 0.

Thus, from (2.22), we have, for large a,

(2.23) âv'(ô,a) = -2- CK'(0)e~n + 0( 1 )e~2na2
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for some C > 0. For large a, say a > ao , (2.20) gives

(2.24) v(S,a) = -a + 0(l).

Now for r > ô , we have

and

v(r,a) = v(ô,a) + ôv'(ô,a)log(^\ - Í slog (-) K(s)e2v{s-a) ds.

v'(r,a) = Ô-^^-{- fsK(s)e2^^ds.
r r Js

Hence, for a > ao, we have

(2.25) v(a, a

and

v'(a, a)

-a+ 0(1)

a a

for some C > 0. The proof of Theorem 2.6 is complete.

Next, we shall obtain some results analogous to those in Theorem 2.6 for

various hypotheses on the function K.

Theorem 2.10. Assume that K(r) > 0 for 0 < r < a, and K(0) > 0, K'(0) = 0,
K"(0) ^ 0. Then Ja = R and there exists an ao > 0 such that, for a < -ao,

(2.26) v(a,a) = a-0(e2a),

(2.27) v'(a, a) = --e2a f sK(s) ds + 0(e4a),
a      Jo

while for a > ao there is a constant C > 0 such that

(2.28) v(a,a) = -a + 0(l),

(2.29) V'(a,a) = --- CK"i0)ae-2a + 0(e~2a)
a a

Proof. We need only prove the asymptotic behavior of v(a, a) and v'(a, a)

near a = oo (cf. Theorem 2.6). For this, we choose ô > 0 so small that for

0 < r < ô the following hold:

(2.30) \K(r)-K(0)\<Cr2,

(2.31) K'(r) = K"(0)r + O(r2).

Now, as in the proof of Theorem 2.6, we set t = ea^/K(Q)r, y(t) + a = v(r),

and y satisfies (2.14). If z(t) = y(t) + log(l + i2/4), then z satisfies (2.15).

With u(t) = \z(t)\, arguments similar to those in the proof of Theorem 2.6

yield (2.16). Now as

1    v I e~as \

K(0) {y/KjÖj
<C

e-2as2

~kW'

we have, instead of (2.19) (assuming (2.18)),

u(t)<Ce-2^a2+2^l <0(l + '2/4)2
u(s)ds
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for 0 < t < ea^K(0)S, for large a.  It follows (as before) that, for large a

and 0<t<eay/K(Q)S,

u(t) < Ce~2aa3.

Thus, we have (as before) that, for some a0 > 0,

2-

(2.32) v(r, a) = a- log i+i^ps; + 0(aie~za)

for a> ao and 0 < r < ô . Similarly to (2.21), we have

(l+ôv'(ô,a))2 + K(ô)Ô2e2v^^ = 1+ /   K'(r)r2e2v{-r^dr
Jo

= l+K"(<S) í r3e2v{r'a)dr + 0(l) [ r4e2v{r'a)dr

Jo Jo
= 1 + CK"(0)ae~2a + 0(e~2a)

for some C > 0. Hence, for some C > 0,

(2.33) ôv'(ô, a) = -2 - CK"(0)ae~2a + 0(e'2a).

The rest of the proof now follows as in the proof of Theorem 2.6.   D

Theorem 2.11. Assume that K(r) > 0 for 0 < r < a and that K(r) = Arm +

0(rm+x) for small r, where m > 0 and A > 0. Then Ja = R, and there exists

an ao > 0 such that, for a > a0,

v(a, a) = -a + 0(l),

v'(a, a) = -21±2 + i0(Qe-2a/(m+2)) _
a a

Proof. Choose ô > 0 so small that, for 0 < r < ô,

\K(r)-Arm\<Crm+x

for some constant C > 0. Let t = y?r<m+2>/2, ß = 2\[Aea/(m + 2), and

y(t) = v(r, a) - a. Then y satisfies

.// ,   1., , K(r)

(2.34)
y + -y + >2y = o,

t Arm

j;(0) = 0,        y'(0) = 0.

Let z(t) = y(t) + log(l + /2/4) ; then z satisfies

„     1   ,     K(r)       e
z" + -z' +

22 1

t        Ar" (l+í2/4)2     (l + í2/4)2

z(0) = 0,        z'(0) = 0.

= 0,

Thus,

z(t)

-/ Jo

1

J log   -

;i+52/4)2

1

sj (l+52/4)2

e2z(s) _ j

'K(r)     ,

^r"
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Using arguments similar to those in the proof of Theorem 2.6, we have, for

0 < r < S and a > a0 > 0,

2"

+ O (e-^l^a2) .(2.35) v(r, a) = a -log
,     (\J~ÄeaS
1 +

m + 2 I

Then, by similar arguments as before, we obtain

v(a, a) = -a+ 0(1)

a        a    \ )

for a > ao ; the proof is complete.   D

Theorem 2.12. Assume that K(r) < 0 for 0 < r < a and that K(r) < 0 for

a - ó < r < a. Then there exists an a* g R such that Ja = (-oo, a*). If in

addition K(a) < 0, then

(2.36) v(r,a*) = -log(l--) + C + o(l)

for r near a. If on the other hand K(r) = -A(l- r/a)m + 0(1- r/a)m+x for

some A> 0 and m > 0, for r near a, then

(2.37) t,(r>a*) = _!ÎL+iiog(i_^-(-C + o(l)

for r near a.

In order to prove this theorem we need two lemmas, whose proofs we omit

as they are similar to results of Cheng and Lin [4].

Lemma 2.13. Let K and K be two piecewise continuous functions on [0,a].-

Let w be a continuous function on [0, a] satisfying

(2.38) w(r)>à+ Í s log(^y-K(s))e2w{s)ds,       r£[0,a].

Suppose that K(r) < K(r) < 0 for all r £ [0, a], and à>a. Then (2.4) has a
(unique) solution v(r, a) on [0, a], i.e., (-oo, à] c Ja ■

Lemma 2.14. Assume that K(r) < 0 on [0, a], and K ^ 0. Let ax, a2 £ Ja

with ax <a2. Then v(r, ax) < v(r, a2) and v'(r, ax) < v'(r, a2) for 0 < r <

a.

Proof of Theorem 2.12. We divide the proof into several steps.

Step 1:   (-a) sufficiently large implies a £ Ja.  Let inf'{K(r): 0 < r < a} =

-e2ß < 0, and define w(r) by

(2.39) w(r) = a0- log [l - \r2 exp 2(a0 + ß)] .

where ao will be chosen below. Then w satisfies

(2.40) w(r) = ao+ f s log (^) e2ße2w^ ds

on 0 < r < 2e-{ao+ß). Choose a0 so that 2e-{ao+ß) > a. Since 0 > K(r) >

-e2ß for r G [0, a], if a < ao, Lemma 2.13 implies that a £ Ja. Hence

(-oo, a0] C Ja ■
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Step 2: a £ Ja implies (-00, a] c Ja . This is a trivial consequence of Lemma

2.13.
Thus Ja is a nonempty interval of the form (-00, a*).

Step 3: a* < 00. Since K(r) < 0 for r near a, we can find ax < a2 < a and

Ç such that
K(r) < -e2S <0,        a, <r<a2.

Let
{0 if0<r<ai,

-e2t       if ai <r <a2,

0 if a2 < /• < a,

and consider the initial-value problem

(2.41)
w" + -w' + K(r)e2w = 0,        r>0,

tu(0) = a-{,    iu'(0) = 0,    a2e2a > 1.

The solution w(r, a - £) is (by direct verification)

( a-£,    if 0 < r < a,

w(r,a-{) = S
a - i - log ( — ) + log

- log I cos

cos(tan  ' —

A log I -(- tan
öi

-1 m if ax < r < b,

where

(2.42) A = [a2xe2a-l]x/2,        b = a,exp I - 2-tan    U

We claim that if a is so large that b < a2, then  (a - Ç)  £  Ja.   For, if

(a - £) G Ja , then v(r, a - Ç) satisfies

(2.43) v(r,a-£,) = (a-$)+ j s log (-) (-K{s))e2v{s'a-() ds.

But since K(r) < K(r) < 0 for r g [0, a], Lemma 2.13 implies that (2.41)
has a solution u;(/-; a - Ç) defined on [0, a]. But this is impossible since

w(r; a - Ç) exists only on [0, b], and b < a2 < a . Hence (a - Ç) g Ja so

that Ja = (-00, a*), and a* < 00. Now since ?;'(/•, a*) > 0 and solutions of

(2.1) depend continuously on a , we have that limr^a v(r, a*) = +00.

Step 4. Suppose #(a) < 0; then, for r near a (cf. (2.36)),

v(r, a*) = - log (l - ~) - i log[-a2tf(a)] + o( 1 ).

Let w(r) = v(r, a*) + log(l - r/a) ; then w satisfies

(2.44) W" + -W' = -¡-r-^y
r (I - r/a)2

-K(r)e2w _ J_ _ 1 A _ Í)
a2     a/- v      a/

Let vo = -jlog[-a2#(a)] and let e > 0 be given. Choose y > 0 and (5 > 0

such that, for all r, with a - y < r < a,

-K(r)e2{Vo+E) -\- — (l--)>S
a2     ar \      a)
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and

-K(r)e2{v°-£) - \ - — ( 1 - -) < S.
a2     ar \      a)

We claim that there exists a y, 0 < y < y , such that

(2.45) vo -e < w(r) < vq + s,       a -y <r < a.

In view of the arbitrariness of e, this will prove (2.36).

Thus, suppose (2.45) does not hold. Then one of the following must hold:

(i) w(r) >v0 + e and w'(r) < 0 for all r £[a-y, a).

(ii) 3/*i £[a- y, a) such that w(rx) >vo + e and w'(rx) > 0.
(iii) w(r) <vo-e and w'(r) > 0 for all r g [a - y, a).

(iv) 3r2 £ [a - y, a) such that w(r2) <Vo~e and w'(r2) < 0.

We shall successively rule out these four possibilities.

Suppose that (i) holds. Then from (2.44), we have (in view of our choice of

y and S)
1 /$

w"(r) + -w'(r)>—-——2,        a-y<r<a,

so, on this range, (rw'(r))' > or /(I - r/a)2 . Thus, for some r near a,

w'(r) > i(a - y)w'(a - y) + \ £? ^^ ds>0,

and this contradicts the fact that w'(r) < 0 for all r g [a - y, a) ; thus (i) does

not hold.
Suppose now that (ii) holds. Then (2.44) at r = rx gives

(2.46) w"(r) + -w'(r) >-—-,
r (1 - r/a)2

>0.

Since w'(ri) >0, we conclude that w is strictly increasing for r > rx , r near

rx . By continuity, (2.46) holds for r > rx , and r near rx ; say on [rx, 7),

a- ô < rx <r<a. Now as

rw'(r)-rxw'(rx)>6 j      J        ds > 0

we see w'(r) > 0 ; thus, w (r) > vq + e . If

then from (2.44) we get the contradiction

,2ui(r) 1s = -K(l)el id-:
az     ar

>6.

Thus, (2.46) holds for all r > rx. If we set z(t) = w(e'), then (2.46) shows

that z satisfies z"(t) > 6/(1 - e'/a)2 and, as z' > 0, we see that this implies

z(t) -* +00 as t —> Ina, i.e., limr_a w(r) = +oo. Thus, there exists an r3,

rx < /-3 < a, such that

(2.47) -K(r)e2w(r) -\- — (l--)> Cew{r)
a1     ar \      a)
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for some constant C > 0 and for r3 < r < a. From (2.44) and (2.47), we have

1 Cew(r)

(2.48) W" + -rW'^(A^7¡aT2'        r^r<a>

w'(r3) > 0.

Now set t = (1 - r/a)~x and g(t) = w(r) ; then (2.48) becomes

g"+(l- + -^r)g'>a2Cr2e^,        t>t3,

(2.49) V J
g(t3) = w(r3),        g'(t3)>0,        ti=[l-rjY

But using similar arguments as in Cheng and Lin [4], we can prove that no g

satisfies (2.49); this shows that (ii) cannot hold.

Suppose that (iii) holds. Then (2.44) gives

i A

w"(r) + Tw'(r)<-{i_r/a)2,       a-y<r<a.

Hence

w'(r) < i(a - y)w'(a - y) - \ [__ ^-^ ds < 0

for r near a ; this contradicts the fact that w'(r) > 0 for all /* g [a - y, a) ;

thus (iii) cannot hold.
Finally, suppose that (iv) holds. Then, at r = r2,

(2.50) w"(r) + ^w'(r)<-7—^-—2<0.
r (1 - r/a)2

As in case (ii), we conclude that (2.50) is true for r £[r2, a), w' < 0 on this

interval, and

(2.51) limw(r) = -oo.
r—»a

Hence, for r near a, we have (cf. (2.44))

(2.52) w"(r) + -w'(r) = —-ttt-t + (higher-order terms).
r (1 - r/a)2 a2

Thus (as above, setting z(t) = w(e')), we have, for r near a ,

(2.53) w(r) = log(l-r/fl) + 0(l).

Hence v(r, a*) = w(r)-log (I -r/a) + 0(1) for r near a. But this contradicts

the fact that v(r, a*) —> oo as r-»d. Thus (iv) cannot hold, and this proves

(2.45) and also (2.36).
To prove (2.37), we let

(2.54) t,(r>a*) = _!!L±iiog(l-^)+u,(r);

then w satisfies

(2.55)
-K(r)    ß2w _(m + 2)l      (m + 2) 1

w   + -w'
r     '   (1-r/a)2 (l-r/a)m 2      a2 2      ar (' - ;)] •
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The proof now follows along the same lines as in the proof of (2.36)—we omit

the details. The proof of Theorem 2.12 is considered complete.   D

Now we consider the problem

,-.,, v" + -v' + K(r)e2v = 0,        a<r<b, a > 0,
(2.30) r

v(a) = a,        v'(a) = ß

Denote by v(r, a, ß) the solution of (2.56).

Theorem 2.15. Assume that K(r) < 0 for r £ [a, b], and that K(r) < 0 for

r near b. Then given a £ R, there is a unique ß* = ß*(a) such that (2.56)

has a (unique) solution v(r, a, ß) on [a, b] for all ß < ß*. Furthermore,

v(r,a,ß*) is defined on [a,b) and satisfies

v(r, a, ß*(a)) = -log(l - I) + C + o(l)

for r near b if K(b) < 0, and

v(r,a,ß*(a)) = -^^log[l-^j + C + o(l)

for r near b if K(r) = -A (I - r/b)m + (higher-order terms), for some m > 0

and A > 0. Moreover ß*(a) is a strictly decreasing function which satisfies

lim/T(a) =-oo   and   lim  ß*(a) = oo.
a—»oo a—»—oo

We will outline the proof of this theorem since it is similar to the proof of

Theorem 2.12. First we need two lemmas whose proofs are similar to the proofs

of Lemmas 2.13 and 2.14, and will thus be omitted.

Lemma 2.16. Let K and K be two piecewise continuous functions on [a, b],
and let w be a continuous function on [a,b] satisfying

(2.57) wir) >ä + a~ß log (-) + / 5 log (-) (-K(s))e2w{s) ds.

If K(r) < K(r) < 0 for r e [a, b], á>a, ß > ß, then (2.56) has a (unique)
solution v(r, a, ß) defined on [a, b].

Lemma 2.17. Assume that K(r)<0 for r£[a, b], and K^O. Let v(r, ax, ßx)

and v(r, a2, ß2) be two solutions of (2.56) corresponding to (a, ß) = (a,, /?,),

1 = 1,2.  If ax < a2,  ß2 < ß2 or ax < a2,  ßx < ß2, then, for r £ (a, b],

v(r, ax, ßx) <v(r, a2, ß2) and v'(r, ax, ßx) <v'(r, a2, ß2).

Proof of Theorem 2.15. The proof will again be divided into several steps.

Step 1. Given a £ R, if ß < 0 and (-/?) is sufficiently large, (2.56) has
a solution v(r, a, ß) defined on [a,b]. (The arguments are similar to the

proof of Theorem 2.12.)

Step 2. Given a £ R, if, for ß = ßx , (2.56) has a solution v(r, a, ßx) on

[a, b], then, again by Lemma 2.16, (2.56) has a solution v(r, a, ß) for all

ß<ßi-

Step 3. Given a G R, (2.56) has no solution defined on [a, b] if ß is suffi-

ciently large. The idea of the proof is similar to Step 3 in the proof of Theorem

2.12, and the details will be omitted.
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Step A. Using Steps 1, 2, and 3, we conclude that, for a given a £ R, there exists

a unique ß* = ß*(a) such that (2.56) has a solution v(r, a, ß) on [a, b] for

all ß < ß*(a). It is easy to see that at ß*, the solution v(r, a, ß*) of (2.56)

satisfies
limv(r, a, ß*(a)) = oo.
r->b

Similar arguments as in the proof of Theorem 2.12 shows the corresponding

asymptotic behavior of v(r, a, /?*) as described in the statement of Theorem

2.15.

Step 5. lima_00/?*(a) = -oo and lima^_oo ß*(a) = +oo. Thus, suppose that

lima_oo ß*(a) = B > -oo . Let ao be chosen such that the following problem

does not have a solution defined in [a, b) (cf. Theorem 2.12):

v" + -v' + K(r)e2v = 0,        r£[a,b),

v(a) = a0,        v'(a) = 0.

Let a = 2a0 - aBlog(b/a) and let v(r, a) be the solution of

v" + -v' + K(r)e2v = 0,        r£[a,b),

v(a) = a,        v'(a) = ß*(a).

Then

v(r,a) = a + aß*(a) log (£) + f s log (J) [-K(s))e2v^s^ ds

= 2a0 - aB log ß\ + aß*(a) log (£)

+ Í s log(-)[-K(s)]e2v{s>a)ds

>2a0+ f s log(-)[-K(s)]e2v(s'a)ds.

But Lemma 2.16 shows that this is not possible; hence B = -oo. Similarly,

limQ^_oo ß*(a) = +00 . This completes the outline of the proof of Theorem

2.15.

3. Proof of Theorem A

Suppose first that (1.5) has a regular solution u(z) defined on [-1, 1]. Let

z = (r2 - l)/(r2 + 1), Kx(r) = K((r2 - l)/(r2 + 1)) = K(z), and v(r) =

u(z) - log((l + R2)/2). Then v satisfies

(3 1)     v"(r) + lv'(r) + Kdr)e2v(r) = 0,        re[0,oo),

u'(0) = 0,    v(0) = u(-l),    v(r) = -2logr+C + o(l)   aXr = oo.

Now evaluating (2.3) at r = oo gives limr^^^^r) = 1 (where a = u(-l)).

Thus from Lemma 2.4(H), we have

1 = 1 +
/•OO

/    K[(s)s2e2v{s-a)ds,
Jo
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/•oo

/    K'x(s)s2e2v{s'a)ds = 0.
Jo

and so

(3.2)

Now again using (ii) in Lemma 2.4, we have

1= (l- HsKx(s)e2v{-s^ds\   ,

so ¡0°°sKx(s)e2v^^ds = 2 > 0, and a = u(-l) g /.

Conversely, if there exists an a £ I such that (3.2) holds and

/•OO

/    sKx(s)e2v{s'a)ds>0,
Jo

then from Lemmas 2.2, 2.3, and 2.4 we have

/•OO

/    sKx(s)e2v{-s^ds = 2,
Jo

and since a £ I, if r > 0, we have

rv'(r,a)+ f sKx(s)e2v{s-a) ds = 0.
Jo

Hence rv'(r, a) -> -2 as r -> oo. It follows that for large r

v(/-,a) = -21ogr+C + o(l).

Now set z = (r2-l)/(r2 + l),and u(z) = v(r, a) + log((l + r)/2). Then m(z)

is a regular solution of (1.5), since

w(l) = lim v(r, a) + log
l + r7

exists. This completes the proof of Theorem A.

4. Proof of Theorem B

We begin by considering the following problem:

(4.1)
d_

dz
(1-z2)

dv

d~z
+ K(z)elv = l,        z G [-1,0], *(-!) = à.

We define sets Ix and Ax by Ix = {a G R: (4.1) has a unique solution v(z, a)

on [-1,0]} and Ax = {(v(0, à), v'(0, a)) £ R2: à G ïx}. Similarly, we
consider the problem

(4.2)
d_

dz «-*% + K(z)elw = l,        z£[0,l],w(l) = ß,

and we define sets 72 and A2 by /2 = {ß £ R: (4.2) has a unique solution

w(z,/?) on [0, 1]} and A2 = {(w(0, ß), w'(0, ß)) G R2: ß £ î2}. Weihen
have the following theorem whose simple proof is omitted.
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Theorem 4.1. (1.5) has a regular solution u(z) on [-1, 1] if and only if Ax n
A2¿0.

Now let z = (r2 - l)/(r2 +1) and v(z) = v(r) + log((l + r2)/2). Then v
satisfies (4.1) if and only if v satisfies

v"(r) + jv'(r) + Kx(r)e2v^ = 0,        re [0,1],

u(0) = a + log2 = a,     u'(0) = 0,    a G Ix = ïx + log2,

where Kx(r) = K ((r2 - l)/(r2 + 1)), as before. With this notation we have

Ax={(v(l,a),v'(l,a) + l):a£lx}.

Similarly, let z = (1 - t2)/(l + t2) and w(z) = w(t) + log ((1 + t2)/2). Then if
w satisfies (4.2), w satisfies

w"(t) + -w'(t) + K2(t)e2w^ = 0,        t £ [0, 1],

w(0) = ß + log2 = ß,    w'(0) = 0,    ß£l2=~I2 + log2,

where K2(t) = K ((1 - i2)/(l + t2)). We then have

A2 = {(w(l,ß),-w'(l,ß)-l):ß£l2} .

In what follows, we set

Ax(a) = (v(l, a),v'(l, a) + 1) = (xx(a), yx(a)),        a£lx;

hence Ax = {Ax(a): a £ Ix} . We then have the following lemma.

Lemma 4.2. Assume that Kx is smooth, has only finite-order zeros, Kx (0) >

0, and either K[(0) ¿ 0 or, if K[(0) = 0, then K['(0) ¿ 0. Then either
Ix = (-oo, oo) or Ix is a finite or countable infinite union of open intervals

Jx, J2, Ji, ... , where

Jx = (-oo, a*),     J2 = (a2, oo),     and   J¡ = (a,, a*)   for i > 3.

Furthermore the following four statements hold:

(i) xx(a)  and yx(a)  are smooth functions on Ix   and Ax(a) / ^i(a')  //

(ii) There exists an ao > 0 such that, for a < -ao, xx(a) = a - 0(e2a) and

yx (a) = 1 - e2a /J sKx (s) ds + 0(eAa).

(iii) There exists an ax > 0 such that, for a > ax, xx(a) = -a + O(l)

and either yx(a) = -1 - CK[(0)e-a + 0(a2e~2a) if K[(0) ¿ 0, or yx(a) =

-1 - CK['(0)ae-2a + 0(e'2a) if K[ (0) = 0 and K['(0) + 0.
(iv) If (a*, aj) n Ix = 0 for some i and j, we have either

xx (a* - 0) = X! (aj + 0)=yx (a* - 0) = yx (aj + 0) = x

or

xx (a* -0) = xx (aj + 0) = yx (a* - 0) = yx (a¡ + 0) = -oo.

In either case inf{||^i(ai)-^1(a2)||: ai G [a* -ô, a*), a2 £ (aj, Oj + ô]} = 0,

where ô > 0 is a sufficiently small number such that [a* - S, a*) c J, and

(aj, a¡ + ô\ c Jj , and where \\ • \\ denotes the Euclidean norm on R2.
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Proof. Using the standard "continuous dependence on initial conditions" the-

orem, it is easy to check that Ix is an open set and that xx and yx are con-

tinuous functions on Ix. Since solutions of (4.3) are unique, it follows that

Ax(a) ^ ^i(a') if a ^ a' ; this proves (i).

If K\(r) > 0 for all r g [0, 1], then, from Theorems 2.6 and 2.10, we
conclude that /• = R and that (ii) and (iii) hold. In summary, if Kx(r) > 0,

then (i)-(iii) hold and Ix = R ; (iv) holds vacuously.
Now assume that Kx(r) > 0 on [0, a], Kx(r) < 0 on [a, 1] for some

0 < a < 1, and Kx(r) < 0 for r near 1. We consider the problems

(45) v"+l-v' + Kx(r)e2v=0,       r£[0,a],

v(0) = a,        v'(0) = 0,        aGR,

and

(46) v" + -rv' + Kx(r)e2v = 0,        r £ [a, 1], a > 0,

v(a) = y,       v'(a) = ß.

We denote by v(r, a) and v(r, y, ß) the solutions of (4.5) and (4.6), respec-

tively, if they exist. Let ra = (v(a, a), v'(a, a)) and Y = {Ta : a g R}. Again

by Theorem 2.6 and the standard "continuous dependence" theorems, it is easy

to see that T is a smooth curve in R2. From Theorem 2.15, for each y £ R,

there exists a ß* = ß*(y) such that (4.6) has a solution v(r, y, ß) on [a, 1]

for all ß <ß*(y). Let

Q = {(y,ß):ß<ß*(y),  y G R}.

Then a G / if and only if Fa G Q. Now if a G R, then Theorems 2.6 and 2.10
imply that a £ Ja . If now v'(a, a) < ß*(v(a, a)), we may apply Theorem

2.15 to conclude that TQ G Q. Now if a tends to -oo, we see from (2.5) or

(2.27) that v'(a, a) -» 0 and v(a, a) -» -oo; thus, v'(a, a) < ß*(v(a, a))

since (cf. Theorem 2.15) ß* is positive somewhere. It follows that Ta G £2 for

a near -oo , and similarly rQ G Q for a near +oo . Thus, if Tf)dQ is empty,

then Ix = R. From Theorems 2.6 and 2.10, v(a, a) and v'(a, a) satisfy (2.5)
and (2.6), or (2.26), (2.27), (2.28), and (2.29). Then integrating (4.3) from
r = a to r = 1 yields (ii) and (iii); (iv) holds vacuously. If Tn oil / 0 , then

we may write Ix as the union of disjoint open intervals: Ix = Jx l> J2U ■■■ ,

where each J¡ is as described in the statement of the theorem. Then (ii) and

(iii) hold as before. From Theorem 2.15 (the asymptotic form of v(r,a, /?*)),

we see that

xx (a* - 0) = x, (aj + 0)=yx (a* - 0) = yx (a* + 0) = +oo

for all i > 1 and j > 2. Furthermore, if (a*, aj) n Ix = 0 for some i and j,

then, again using Theorem 2.15, we conclude that

inf{||^,(a,) - ^i(a2)|| : ax £ [a* - ô, a*), a2 G (a,, a¡ + ô]} = 0.

Thus, the lemma is proved in this case.

Next, assume that Kx (r) > 0 for r G [0, a], Kx (r) < 0 for r £ [a, b], and

K\(r) > 0 for r £[b, 1]. We consider the following three problems:

v" +X-v' + Kx(r)e2v =0,        rG[0,a],

u(0) = a,        u'(0) = 0,        aGR,
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(48) v" + jv' + Ki(r)e2v=0,        r£[a,b],

v(a) = y,       v'(a) = ß,

{49) v" + jv' + Ki(r)e2v = 0,       re[b,l),

v(b)=S,       v'(b) = i.

Let the solutions of (4.7), (4.8), and (4.9) (if they exist; cf. Lemma 2.7) be
denoted by v(r, a), v(r, y, ß), and v(r, ô, £) , respectively. Using arguments

similar to the proof of Lemma 2.7, we conclude that (4.9) has a solution for all

ô and £. Let

Ta = (v(a, a), v'(a, a))   and   r={r„:a£R}.

From Theorem 2.15 we know that, for each y g R, there exists ß* = ß*(y)

such that (4.8) has a solution v(r, y, ß) for all ß < ß*(y). Let

il = {(y,ß):ß<ß*(y),  y G R}.

Then using the same arguments as before, we conclude that a £ I if and only

if TQ G Q. Hence, either Ix = R or Ix = Jx u J2u ■■ ■ , where the 7,'s are

as described in the statement of the theorem. If 7i = R, then, as before,

statements (i)-(iv) hold. If Ix ^ R, then (ii) and (iii) hold, and we need only

prove (iv).

To this end, we first study xx(a* -0). Thus, suppose a < a*, where (a\ -a)

is small; then Ya is near dQ.. If y = v(a, a) and ß = v'(a, a), then Theorem

2.15 implies that both v(b, y, ß) and v'(b, y, ß) are large. Now, for r near

b , we have that Kx(r) = A(r - b)m + 0(r - b)m+x for some odd integer m > 1

and for some constant A > 0. Again using Theorem 2.15 (the asymptotic

behavior of v(r, y, ß*(y)) for r near b), we conclude that, for a near a*,

(4.10) v(b,y, ß) =r^^log (^j + C + 0(e)

and

(4.11) v'(b,y,ß)=f)^--e+C + 0(e),

where e is a positive number depending only on a such that limQ^a« e(a) = 0

and the C's are constants independent of a for a near a*.

Now consider (4.9), where S = v(b, y, ß) and Ç = v'(b,y,ß); here

v(b, y, ß) and v'(b, y, ß) are as in (4.10) and (4.11), respectively. From

(4.9) (cf. (2.2)) we have

(4.12) v'(r,ô,Ç) = -(bÇ- Í sK^e2^'0'^ds) .

We claim that for e sufficiently small there exists an r0 > b such that v'(r, ô, £)

> 0 for all b < r < r0 and v'(r0, S, Ç) = 0. For suppose not; then, for all

r > b, v'(r,ô,Z) >0. Thus, v(r,ô,â,) >v{b,ô,Ç) for all r > b. Set r =
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b + ke for some k > 0, ke small. From (4.11) and (4.12)

(4.13)

v'(b + ke,S,Z) =
1

(b + ke)

pb+ke

bv'(b,y,ß)- sKx(s)e2v^s's'^ds
Jb

1 , m + 2 1     ,„
b^-+ bC +

2    e- (b + ke)

Now choose k so large that

m + 2

tb

/•b+ke

sKx(s)e'~ y-ej

m+2

0(e)- i KEsKx(s)e2C (-}

m + 1
km+\e2C < 0_

Then, for small e,

(4.14)

v'(b + ke, ô, f) <
1       T.    m + 2    1     ,s,~,s

Tb+-kë)[b--T---e+bC + 0^

pb+ke

'Jb '
sA(s - b)melc [-)      ds + 0(e)

m+2

1 1 (m + 2
b • - km + le2C      + ¡,C + 0{C)

(b + ke) [     e \    2        m + l

<0.

This contradiction proves that our claim is valid. Furthermore, the above esti-

mates allow us to conclude that

r0 = b + koe + 0(e2),

where ko > 0 is a constant independent of e . Moreover, since v'(b, ô ,Ç) =Ç,

we have

v(r0, ô, i) = v(r0, S, O - v(b, ô, f ) + v(b, ó, í)

= ü'(6,<y,i)(ro-o) + 0(r0-6) + «(6,«5,0

= ¿(r0 - 6) + O(r0 - b) + v(b, ô, Ç) = v(b, S, {) + C + o(l).

Thus, from (4.10), we see that

v(ro,ö,^)=r^log(-\+C + 0(e).

Now we consider the following problem:

(4.15)
v" + -v' + Kx(r)e2v = 0,        r0 < r < 1,

ü(ro) = v(r0si,i),        v'(r0) = 0.

Let u(r, e) be the solution of (4.15); we are interested in the asymptotic be-

havior of v(l, e) and v'(l, e) as e -» 0. To this end, we choose A > 0 so

small that, for b < r < b + A,

(4.16) Kx(r) = A(r - b)m + 0((r - b)m+li
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Let r = b + (k(e) + n)e, where n is a new independent variable, 0 < n <

A/e-k(e). Now set w(n) = v(r, e)-v(r0). Then w(n) satisfies the following:

(4.17)

w" + u    /   £ i, ss w' + K(b + (k(£) + l)e) (~)   e2Ce20{e)e2w^ = 0,
b + (n + k(e))e v  w     " ' \e )

w(0) = 0,       w'(0) = 0.

Let wo(n) be the unique solution of

A(n + k(e))me2C]e2Wo = 0,        n>0,

w0(0) = 0,       w'o(0) = 0.

We shall prove in Lemma 4.3 below that, for large n ,

(4.19) w0(n) = -Cn + C + o(l)

and

(4.20) <(>/) = -C + 0(l).

Now let

w(n) = Wo(n) + z(n);

then z satisfies the equation

(4.21)
¿>2z(r/) _ i

z"(n) + A(n + k(e))me2Ce2^ z{rj)_0z(n)

6 + (// + fc(e))e   uw/    ô + (»/ + fc(e))e'

.^î».!,)^!,)  K(b + {n + k(e)}e)(-]   e2m - A(n + k(e))m   ,

z(0) = 0,        z'(0) = 0.

For small r\, z and z' are small; thus, suppose that for 0 < n < Ce~xlA we

have \z(t])\ < C and \z'(n)\ < C. Then the right-hand side of (4.21) is 0(e)
for 0 < n < Ce~1/4 . If we integrate (4.21), we obtain

rn rn
z(n) = -\  (n-s)B(s)z(s)ds+      0(e)(n-s)ds,

Jo Jo

where 0(e) denotes the right-hand side of (4.21), and

B(r]) = A(t] + k(e))me2w^C.

Hence

(4.22) \z(n)\<Ce^2 + J\r,-s)B(s)\z(s)\ds,

so that, for 0 < tj < Ce_1/4 , we have

(4.23) \z(n)\ < Cex/2 + [ (n - s)B(s)\z(s)\ ds.
Jo
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Using a similar argument as in the proof of Lemma 2.9, it is not very difficult

to see that for large n,

(4.24) |z(f/)|<e'/2(C + C/7)   and   \z'(n)\ < e1/2C.

Finally, for 0 < r - r0 < Ce3'4, n = (r - r0)/e < Ce~x>4, so from (4.19) and
our above estimates

v(r, e) = v(r0) + w(n) = v(r0) + w0(r]) + z(n)

= ^^ log (\) + C + 0(e) -Cn-C + 0(e1'4)

= ^ »08 (j) + C + 0(e) - C fc*A - C + 0(ex'4).

Thus,

v(r0 + Ce3'4, e) = ^-^- log (^\ + C + 0(e) - Ce~x'4 + 0(e1'4)

(4.25)
= -Ce~xl4 i-2+i¿.vkf(í)+0í.^

Also, for r > ro, since v(r, e) = v(ro) + Wo(n) + z(n), we have

v'(r,e) = w0(n) + z'(n).

Thus, (4.20) and (4.24) imply that

(4.26) v'(r0 + Ce3'4, e) = --C + 0(e~x/2).

Then integrating (4.15) from r = r0 + Ce3/4 to r = 1 gives

v'(l,e)-î;'(/-o + Ce3/4,e)(ro + Ce3/4)- / rKx(r)e2v{r'e)dr
Jrn+CeW

and so

v(l, e) = v(r0 + Ce3'4,e) + v'(ro + Ce3'4, e)(r0 + Ce3'4)log (    +^g3/4)

- / s log(-)Kx(s)e2v{s'e)ds.
Jr0+CeV4 \s J

Using (4.25), (4.26), and the fact that v'(r, e) < 0 for r > r0 , we have

v'(l,e)<--C + 0(ex/2)   and   v (1, e) < -Ce'1'4 - Ce"1.

This implies that

limw'(l, e) = -oo = lim?;(l, e);
£—»0 e—»0

hence xx(a* - 0) = -oo = yi(a* - 0). Similar arguments can be used to prove

that

Xx(a* - 0) = -oo = yx(a* - 0)   for all / > 1,

and

xi (aj + 0) = -oo = yx (a¡ + 0)   for all j > 2.
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Furthermore, from the above analysis and the asymptotic behavior of

v(r, y, ß*(y)) (cf. Theorem 2.15 and the fact that the constant C in the

asymptotic expansion of v(r, y, ß*(y)) is independent of y), we can easily

deduce that (iv) of Lemma 4.2 holds.
Since Kx is smooth and has only finite-order zeros, Kx has at most a finite

number of sign changes. We can use arguments similar to those above to prove

the lemma in this more general case; we omit the details. The proof of Lemma

4.2 is considered complete.   D

Lemma 4.3. Let too be the solution of (A. IS). Then there exists a constant C > 0

such that (4.19) and (4.20) hold for sufficiently large r\.

Proof. The existence and uniqueness of the solution w0 of (4.18) is well known.

Using (4.18), we see that w0 satisfies

w0(n)= -n [ A(s + k(e))me2Ce2wo{s)ds
Jo

(4.27)
/ sA{s + k{e))me2Ce2w°w ds.
Jo

We claim that
/•oo

(4.28) 0< /    A(s + k(e))me2Ce2w»{s)ds<oo.
Jo

For, suppose (4.28) is false; then

/•OO

/    A(s + k(e))me2Ce2wo{s)ds = oo.
Jo

Thus, given any (large) A > 0, there is an //0 such that

/ A(s + k(e))me2Ce2wa(s) ds > N   for all n > n0.
Jo

But then, for all n > rjo,

W,

Hence

and

'0(n) = - [ A(s + k(e))me2Ce2wa(s) ds<-N.
Jo

Wo(r])<Wo(r]o)-N(t]-no),        r]>n0,

pOO

A(s + K[e))me2Ce2wo{s}ds
/•OO

=  /    A(s + k(e))me2Ce2
Jo

fio
/    A(s + k(e))me2Ce2wo{s)ds
Jo

/•OO

/    A(s + k(e))me2Ce2wo{,'o)e-ms-''o) ds

•Irin

'0

r no
<

roc

< OO.

This contradiction proves our claim (4.28). From (4.27) and (4.28) we see at

once that (4.19) and (4.20) hold. This completes the proof of Lemma 4.3.   D
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Lemma 4.4. Assume that Kx is smooth, has only finite-order zeros, and, for

r near zero, Kx(r) - Arm + 0(rm+x) for some m > 0 and A > 0. Then

either Ix = R or Ix is a finite or countably infinite union of open intervals

J\, h > h > • • •. where Jx = (-oo, a\), J2 = (a2, oo), and J¡ = (a,, a*) for

i > 3 (if needed). Furthermore, statements (i), (ii), and (iv) of Lemma 4.2 are

valid, but (iii) of Lemma 4.2 is replaced by
(iii)' For a —► oo,

x.(a) = -a + 0(l)   and   yx(a) = -(m + 1) + 0(e>"2a/(m+2)a).

Proof. The proof of this lemma is almost the same as the proof of Lemma 4.2.

The only thing that must be changed is that in order to obtain (iii)' we must

use Theorem 2.11. We omit the details.   D

Lemma 4.5. Assume that Kx is smooth, has only finite-order zeros, and Kx (r) <

0 for r near zero. Then either Ix = (-oo, a*) or Ix is a finite or countably

infinite union of open intervals Jx, J2, J^, ... , where Jx = (-oo, a\*), J2 =

(a2, a2), and J¿ = (a,, a*) for i > 3 (if needed), where a* < a2 for all i > 3.
Furthermore, statements (i) and (ii) of Lemma 4.2 still hold, but (iii) and (iv) of

Lemma 4.2 are replaced by the following:

(iii)" If Ix = (-oo, a*), then either

xi(a*-0) = oo=j/.(a*-0)

or

xi(a*-0) = -oo = j/i(a*-0).

(iv)" If Ix = Ji U Ji U • • • , then statement (iv) of Lemma 4.2 holds except for

a2 , and

Xj (a2 - 0) = -oo = yx (a2 - 0).

Proof. Since Kx(r) < 0 for r near 0, we must use Theorem 2.12 to begin the

argument. If Kx(r) < 0 for all r in [0,1], then Theorem 2.12 implies that

Ix = (-oo, a*), and (iii)" holds with xx(a* -0) = oo = yx(a* -0). If Kx(r) <0

for r £ [0, a], and Kx(r) > 0 for r £ [a, 1], then we also have Ix = (-oo, a*),

and (iii)" holds with X|(a* - 0) = -oo = yx(a* - 0) ; this last statement can
be proved exactly as in the proof of Lemma 4.2. If Kx changes sign twice (or

more) in [0, 1], then either (iii)" or (iv)" holds. The proof of this is almost

the same as in the proof of Lemma 4.2; we omit the details.   □

We now make an important remark; namely that Lemmas 4.2, 4,4, and 4.5

have analogous statements when Kx is replaced by K2. The statements (i) still

hold as stated, but e.g. in Lemma 4.2, statements (ii), (iii), and the first part of

(iv) are to be replaced by the following:

(ii)42 There exists aj80>0 such that, for ß < -ß0, x2(ß) = ß - 0(e2ß)

and

y2(ß) = -1 + e2ß f s K2(s) ds + 0(e4ß).
Jo

(iii)4.2 There exists a ßx > 0 such that, for ß > ßx , x2(ß) = -ß + 0(1)

and either

y2(ß) = 1 + CK'2(0)e~ß + 0(ß2e~2ß)   if K[(0) ¿ 0,

or

y2(ß) = 1 + CK2(0)ße-2ß + 0(e~2ß)   if ^(0) = 0 and ^'(0) ¿ 0.
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(iv)42 If (b*, bj) n I2 = 0 for some i and / , we have either

x2(b* - 0) = oo = x2(bj + 0) and y2(b* - 0) = -oo = y2(bj + 0),

or

x2(b* - 0) =-oo = x2(bj + 0)   and   y2(b* - 0) = oo = y2(bj + 0).

Similar changes are to be made in the analogous statements in Lemmas 4.4

and 4.5. To assist the reader, we shall also write these out explicitly. Thus, in
Lemma 4.4, statements (i)' and (iii)' are to be replaced by the following:

(ii)4 4 Same as in (ii)4 2 (above).

(iii)44 For j?-»oo,

x2(ß) = -ß + 0(l)   and   y2(ß) = -(m + 2) + 0(ße-2l{-m+Vß) .

In Lemma 4.5, statements (ii)" , (iii)" , and (iv)" are to be replaced by the

following:
(ii)'4'5 Same as in (ii)4.2 (above).

(iii)4 5 If I2 = (-oo, b*), then either

x2(b* - 0) = oo   and   y2(b*, 0) = -oo,

or

x2(e*-0) = -oo   and   y2(b*, 0) = oo.

(iv)4' 5 If Ix = J\ U Ji U • ■ • , then either

x2(¿>*-0) = oo = x2(/3/ + 0) and y2(b* - 0) = -oo = y2(b* +0),

or

x2(b* - 0) = -oo = x2(bj + 0) and y2(b* - 0) = oo = y2(bj + 0).

Moreover, x2(b2 — 0) = — oo and y2(b2 - 0) = oo , and, in all cases,

inf{\\A2(ßx) - A2(ß2)\\: ßx G [b¡-o,b¡),  ß2 G (bj, bj+â]} = 0,

where ô > 0 is chosen so that [b* - ô, b*) c J¡ and (bj, bj + ô] c Jj, and

|| • || denotes the Euclidean norm on R2.

We can now give the proof of Theorem B in § 1.

Proof of Theorem B. From Lemmas 4.2, 4.4, and 4.5, we know that Ax is

the union of nonintersecting smooth curves. We can make Ax into a single

"continuous" curve as follows. Suppose that /• = (-oo, a*) U (a;, a*) U • • • for

some /', and (a*, a¡) n Ix = 0 . Then from Lemmas 4.2, 4.4, and 4.5, we know

that

xi(aj" - 0) = yx(a* - 0) = xi(a; + 0) = yx(aj + 0) = +oo or - oo

and

inf{p!(a,) - ^i(a2)|| : a, G [a* - ô, a*), a2 £ (a¡, a; + S]} = 0,

where ô is as described on the above quoted lemmas. Thus, we can identify

the a*-end of the curve {Ax(a): a £ (-oo, a*)} with the a;-end of the curve

{^i(a): a G (a¡, a*)} . After similar identifications of different components of

Ax , we can consider Ax as a "continuous" curve with two free ends. One is the

end corresponding to a —» -oo ; the other is the end corresponding to a —► +oo
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(if Ki(r) > 0 for small r), or is the end corresponding to a —> a* or a2 (if

Ki(r) < 0 for small r, as in Lemma 4.5).

Now assume that condition (i) in the statement of the theorem holds, i.e., that

Ki(r) = K2(r) for all r £ [0, 1]. It follows that A2 is the "mirror image" of

A\ with respect to the "mirror" y = 0. Now K\ is positive somewhere; hence

the free end of Ax corresponding to the end a —> oo (or a -> a*) is below the

mirror (cf. statements (ii) and (iv) of Lemmas 4.2, 4.4, and 4.5, respectively;

note too the proof of Lemma 4.5). The free end of A\ corresponding to a —►

-oo is above the mirror. Hence there exists a point where A\ crosses the

mirror. (The reader should draw a picture!) This point must lie on Ax n A2 , so
that (i) holds, in view of Theorem 4.1.

(ii) Suppose now that Kx(0) > 0, K2(0) > 0, and K[(0)K^(0) > 0. Assume
too that K[(0) > 0 and A^(0) > 0 (the proof for the other case is similar,

and will be omitted). In this case, it follows from (ii) in Lemma 4.2 and its

analogue (ii)' given above (before the beginning of the proof of Theorem B)

that the "free end" of the curve A\ corresponding to a —► -oo is always below

the "free end" of the curve A2 corresponding to ß —► +oo . Moreover, both

of these "free ends" approach the line y = 1 at the x = -oo end. Similarly,

the "free end" of the curve Ax corresponding to a -> +oo is also below the

"free end" of the curve A2 corresponding to ß -> -oo . These two "free ends"

both approach the line y = -1 at the x = -oo end. It follows easily from this

(draw a picture!) that Ai n A2 / 0 . Similar arguments can be applied to the

case K[(0) < 0 and K2(0) < 0. Thus statement (ii) is proved.

Similar arguments can be used to prove statements (iii) and (iv).

(v) Suppose Kx(0) > 0, K[(0) > 0, and K2(0) < 0. Then from Lemmas
4.2, 4.4, and 4.5 (and their analogous statements concerning A2) we know that

the free end of the curve Ai corresponding to a —► oo is always below the free

end of the curve A2 corresponding to ß —» -oo. Both of these ends approach

y = -1 as x —► -oo. Moreover, the free end of the curve Ax corresponding to

a —» -oo is below the free end of the curve A2 if this free end of the curve A2

also approaches y = 1 and x —> -oo or this free end approaches (-oo, oo).

In the other case, the free end of curve A2 approaches (oo, -oo). In every

case, (draw a picture!) Ax n A2 =£ 0 ; this proves (v).

Similar arguments can be used to prove (vi), and (vii) requires no proof.

Finally, we prove (viii). Thus, suppose that max{Kx(0), K2(0)} < 0 and that

K is positive somewhere. Now from Lemmas 4.4(ii) and 4.5(ii) and their above

analogues for A2 , we know that we must always have

(4.29) lim  Ax(a) = (-oo, 1)   and      lim  A2(ß) = (-oo, -1).
a—► — oo ß—t — oo

Now we shall obtain the asymptotic behavior of the "other" free end of both

Ax(a) and A2(ß). For this we introduce the notation

A\ = (x, ,Jt),        i =1,2,

to denote the asymptotic limit of the curve A¡ at the "other" free end of A,• ;

that is, At = (x,, y¡) means that A¡ tends to (x¡, y¡) at the "other" free end;

note that x, and y¡ can take on the values ±oo ! Similarly, we rewrite (4.29)

as

(4.30) ^" = (-00,1),        A2= (-oo,-l).
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Lemma 4.6.  A¡ = (oo, oo) and A2(oo, -oo) cannot be simultaneously true.

Proof. If A+ = (00,00), then Lemma 4.5(iii) and (iv) show that Kx(r) < 0

for all r in [0, 1]. Similarly if A\ = (00, -00), (iii)45 and (iv)4'5 show that

K2(r) < 0 for all r in [0,1].   Since K(r) > 0 somewhere, we must have

Kx(r) > 0 somewhere, or K2(r) > 0 somewhere, and this completes the proof.

Now using (4.29) together with (iii)44, (iii)4 5, and(iv)4'5, we have either

A\ = (-00, 00) (so that A\ > A\~), or A\ = (00, -00). Thus, there are only

four possibilities for the asymptotic behavior of the two free ends of both Ax(a)

and A2(ß); these are depicted as follows:

At =(-00,00)

A7=(-~,l)

A¿ = (-oo,-l)

A} = (- 00, - 00)

Aí=(-00,00)

AT = (-«,!)

a;=(-~,-1)

• Aí = (oo, o»)

AT = (-=», 1)

AT = (-oo,-l)

A| = (-oo,-»)

fv
III

At = (00, - 00)

AT = (-00, 1)

AT = (-«,,-l)

IV

• AÍ = (t», - ■»)

However our lemma shows that case IV cannot occur. It is easy to check that

in each of the remaining cases we have Ax n A2 ̂  0 . This completes the proof

of Theorem B.
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