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GEOMETRY OF WEIGHT DIAGRAMS FOR U(n)

ENG-CHYE TAN

ABSTRACT. We study the geometry of the weight diagrams for irreducible repre-
sentations of U(n). Multiplicity-one weights are shown to have nice geometric
characterizations. We then apply our results to study multiplicity-one K-types
of principal representations of U(n, n).

1. INTRODUCTION AND NOTATIONS

Let Z, Z,, R, C be the integers, positive integers, reals and complex num-
bers respectively. Let GL(n, C) be the group of invertible n x n complex
matrices and U(n) be the subgroup of GL(n, C) preserving the positive defi-
nite Hermitian form z,Z, + z,Z, +---+ z,Z, on C". The object of this paper
is to study the geometry of weight diagrams of representations of U(n). Our
techniques are combinatorial and are applicable to representations of GL(n, C)
or Lie algebras of type A, .

Let us first establish some notations. Let iy > iy > --- > i, > 0 be a k-tuple
of integers such that ZLI i =n. Wesay that U;, x U, x---x U, is embedded
in U(n) is the standard way if

(Aiy, ..., 4;) € Uy x---x U, — block diagonal (4;,, ..., 4;) € U(n)
where 4, € U, for 1 <! < k. By abuse of notation, we will say that U is
embedded in the standard way in U(n) if k < n and
A 0
0 [] € U(n)
where I is the (n — k) x (n — k) identity matrix. We will denote the tensor
product of two representations p and o by p® . It could be clear from the
context whether the tensor product is an inner or outer tensor. If p and ¢ are
representations of a group H, and p appears as a constituent of o, we will
write p — o . Also we will write p| o tobe the restriction of the representation
of H to a closed subgroup H'.

Let

AGUk‘—’[

T = {diag(e’, "%, ..., e) e U(n)|6; eR, 1 < j < n}
be a maximal torus of U(n). We will parametrize charactersto 7 by (X, ...,
X,) € 2", i.e., Xx,,.. x, isthe character of T given by
(1.1) Xx, ... xo(diag(e™®, ..., eifn)) = e M101eiXa02 .. giXnn
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Define a partial ordering on Z”", by having (ay, ..., ay) = (B, ..., Bn) if
and only if aj — B,‘ > iy — Bi+l (fOI‘ I = l, R (e 1), for (a], ey a,,)
and (B, ..., B») in Z". In the context of weights we will say (a;, ..., @) is
higher than (B;, ..., Bx) if (a1, ..., an) = (B1, ..., Br). The Weyl group of
U(n) can be identified with S, , the finite group of permutations on n objects
so that S, acts on T by permuting its diagonal entries. If (X, ..., X,) € Z"
indexes a character of T, then (the induced action) S, actson (X;,..., X,)

by permuting its entries.

If we extend the action of S, on Z" to R” in the obvious way, this action
partitions R” into Weyl chambers. Select a fundamental Weyl-chamber 7" of
R” by taking

7 ={xeR"Ix>(0,...,0)}.

It is well known (see [Zh]) that all irreducible representations of U(n) are finite
dimensional and uniquely determined (up to equivalence) by its highest weight;
that is, an (equivalence class of) irreducible representation of U(n) can be
indexed by an n-tuple of integers (a;, ..., a,) where oy > a; > -+ > a,
or simply (a;,...,a,) € Z . We shall denote the irreducible representation
of U(n) with highest weight (a, ..., a,) by p(a;, ..., a,). Also denote by
U (n) the set of (equivalence classes of) irreducible representations of U(n).

The Weyl group S, acts on the set of weights of an irreducible representation
of U(n), and this is the same action if we index weights by elements of Z" as
in (1.1). Note that T is chosen to be compatible with the action of S, . Even
more is true; the action of S, on the weights of an irreducible representation
preserves the multiplicities of the weights, that is, all Weyl-group translates of
a weight have the same multiplicity (see [Zh]). Identify the set of weights of
play, ..., ap) € (7(n) as a set of points in Z" C R”. We can then plot these
points, with the respective multiplicity of the weight attached. This gives us a
weighted diagram which we will call the weight-diagram (of the representation
in consideration).

From now on, we shall not hesitate to refer to lattice points as elements in
Z" . Given a finite set S of lattice points, we can define a smallest polytype in
R” (i.e. a region formed by a finite number of hyperplanes in R") containing
all the lattice points in S'. We shall call this polytope the hull of the set S. In
particular, when we speak of the hull of weights of p € U(n), we mean the hull
of the set of lattice points indexing the weights of p. We may also sometimes
refer to the hull of weights as the weight polyhedron.

A brief outline of this paper is as follows. Section 2 discusses the geometry
of the weight diagram of an irreducible representation of U(n). By using the
standard branching rules for U(n) and the Gel fand-Cetlin basis, we obtain a
‘hereditary’ property of the weight polyhedron. In the simplest form, any section
of the weight polyhedron looks like the weight polyhedron of some irreducible
representation of some subgroup of U(n). In particular, the faces will look like
the weight polyhedron of an irreducible representation of some U(j)xU(n—j),
and there is a simple correspondence of multiplicities on each of these faces (see
Lemma 2.8). We then digress a little to show an analogous phenomenon for
subrepresentations of p| uG) where p is an irreducible representation of

xU(n—j)
U(n). More precisely, given a g € U(j), we can find a ‘largest’ representation
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1€ U(n - j) such that ¢ ® I is of multiplicity one in p| Ui)xun—j @nd all
other 0 ® n — p|U(j)x (n_j) are such that the highest weight of 7 is a weight

of IT (see Proposition 2.14). It also seems plausible that this property should
extend to subrepresentations of p|U( k) k) where U(K;) x --- x U(k)) is

embedded block diagonally in U(n).

Section 3 uses results from §2 to obtain an extremal property of multiplicity-
one weights. They must live on some faces of the weights polyhedron, with the
exception of simplex representation (symmetric powers of the standard repre-
sentation of U(n) twisted by some power of the determinant and their duals;
see Theorem 3.2). The reason for coining the term “simplex representation”
is because all its weights are of multiplicity one, and the weight polyhedron is
a regular n-simplex. A closer study reveals that locally (on the weight polyhe-
dron), a multiplicity-one weight lives on some larger codimension facet which
is a product of simplices, and all weights on such a facet are multiplicity one
(see Theorem 3.7). This result extends easily to weights of tensor proudct of
two irreducible representations of U(rn). We apply the last result to describe
the multiplicity-one K-types in principal series of U(n, n).

The results of this paper are part of the author’s thesis [T] under the superver-
sion of Roger Howe. The author is indebted to him for his sustaining interest,
encouragement and help.

X x U

2. EXTREMAL PROPERTIES OF WEIGHTS AND SUBREPRESENTATIONS

This section establishes an interesting hereditary property on the geometry
of the weight diagram (see Lemmas 2.5 and 2.8). We will also give an extremal
property of the representations of U(k) x U(n— k) appearing in an irreducible
representation of U(n) (see Proposition 2.17). Some results (such as Proposi-
tion 2.6, Lemma 2.8, and Lemma 2.14) are probably known to experts, but we
could only trace one of them (Proposition 2.6) to an excerise in [Zh]. We will
include proofs to provide continuity in the discussion.

To do this, we will need to work with a set of weight vectors of an irreducible
representation of U(n). The Gel'fand-Cetlin basis is one such set (see [Zh]).
We index a Gel'fand-Cetlin weight vector, which is also an element of a basis

for the representation space of p(«;, ..., a,) by an array
o ) o3 Qp
1 1 1 1
oy @ a3 o ap
2 2
(67 6]
(2.1 ! 2
n-2 n—-2
o | @
@
where
i-1 i i1
(2.2) o 2 aj > al
for i=1,...,n—1and j=1,...,n—i and all entries are integers. The

weight of this Gel'fand-Cetlin basis vector (2.1) is given by (X, ..., X,) where
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X;=a]"! and
; i1
(2.3) X; = Za" L forj=2,...,n
k=1
where o = oy for k =1, ..., n. The multiplicity of this weight (X;, ..., X;)

will then be the number of Gel' fand-Cetlin basis vectors satisfying the relations
(2.2) and (2.3).

Definition 2.4. Let p(a) = p(ay, ..., an) € U(n) and X € Z with o; > X >
ap. If a;41 < X < a;, define

p(a)\X=p(alsa2’ L) aai—laai+ai+]—X, i, Oig3, ... aan)e U(n—l)

Take U(n—1) x U(1) embedded in U(n) in the standard way. The following
lemma suggest that we call p(a)\ X, the largest representationin p(ay, ..., an)
corresponding to X, .

Lemma 2.5. Let p( Y=play,...,an) € l7(n) and fix X, € Z with oy > X, >
an. If p(Xy, ..., Xn_1)® p(Xy) sitsin p(a then (X, ..., Xn_1)
is a weight of p(a)\ X,.
Proof. Let X, be given as above. Suppose ao; > X, > a;y. Since «o; >
i + iyt = Xn 2 ajyr, We observe that (p(a)\ Xa) ® p(Xn) = p(&)]y,_1)v00)
from standard branching theorems (see [Zh]).

If p(Xl LEEE] Xn——l) ® p(Xn)

IU (n=1)xU(1)’

|U(n )xU(1)? then (Xla cees X,,_l) sat-

isfies

aj>X;j>aj; forj=1,...,n-1
and so

Xicy 2 a; 2 aj+ajp — Xn 2 ajp1 2 Xigi
i.e. (since 372 X; =37, a; — X,), we have

PX1, s Xiot, Xivts Xivas ooy Xum) = (P(@)\ Xn)| gy -
This shows that (X, ..., X,_;) is a weight of p(a)\ X,. O

Proposition 2.6. The weights of p(ay, ..., a,) are exactly all the integer-tuples
(X1, ..., Xy) satisfying the following conditions:

r (1) ap > X;
(2) al+a22Xi+Xj

(2.7) L) T et X

(n—l) al+a2+...+an_lzz7=le_
\ (n) Xi+Xo+  +Xp=aj+a+-+ay.
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Here the indices i, j, k are distinct and run from 1 through n, and {i; §=1 is
a set of k distinct numbers between 1 and n .

Remarks. (1) The lemma says that the weight polyhedron of an irreducible
representation of U(n) is bounded and convex and all lattice points in it cor-
respond to weights of that representation. When one of the inequalities in (2.7)
is an equality, we get an equation of a plane which we will call a supporting
hyperplane. By a face of the weight polyhedron, we will mean the intersection
of a supporting hyperplance with the weight polyhedron.

(2) Let X,—; and X, be given so that both of them satisfy

(1) a1 > Xp—1 2 an and a; > X, > ay,

(i) ay+ay > Xp 1+ Xp > an_y +ay.
This guarantees that X,_; and X, can be the last two coordinates of some
weight of p(a;, ..., a,) € U (n) (in fact any two coordinates of some weight).
It is easy to see that

(P(a)\ Xn) \ Xn1 = (p(a) \ Xn_1) \ X

Further (p(a)\ X,)\ X,— is the ‘largest representation’ corresponding to X,_,
and X, in the sense that all II® p(Xy—1)® p(Xn) = ()] y(_2)w1yxuq) MUSt
satisfy the highest weight of I1 being a weight of (p(a)\ X,) \ X,—. This is
obtained by a simple iteration of Lemma 2.5. In general, given 1 < j < n we
could iterate Lemma 2.5, provided we have (X, ..., X,) satisfy conditions
(2.7), to get a ‘largest’ representation (p(a)\ X;)\ Xj41\...\ X, and the order
of the X’s is immaterial.

(3) There is a simple geometric meaning to remark (2). First observe that
Lemma 2.5 effectively describes the weights living on a hyperplane parallel to
one of the faces of the weight polyhedron. Although we fix X, in the lemma,
there is really not much difference if we were to fix an arbitrary X;, since we
could consider different embeddings of U(n—1)x U(1) in U(n). The situation
is symmetric because of the action of the Weyl group S, . Lemma 2.5 therefore
implies the existence of a representation of U(n — 1) which accounts for all
the weights of p(a;, ..., a,) € U (n) with an entry fixed. This also means that
the hull of the weights living on a hyperplane parallel to one of the faces will
look like the weight polyhedron corresponding to the largest representation. Re-
peated application of this lemma, for 1 < j < n, simply gives us a description
of the weights of p(a,, ..., a,) living on a hyperplane of larger codimension
(that one) in R”, and once again we can find a representation of U(n — j) that
accounts for all these weights. It is clear that the resulting shape of the weights
living in these hyperplanes will look exactly like the weight diagram of some
irreducible representation of U(n — j) (if we choose the axes appropriately).
This lemma thus brings out a sort of ‘hereditary’ property of irreducible repre-
sentations of U(n). Of course, this fact can be appropriately generalised for
representations of arbitrary compact Lie groups, but we will not discuss it here.
We refer the reader to the figures at the end of the next section for the case
n=2,3,and 4.

Proof of Proposition 2.6. We will prove by induction on ». It is clearly true for
n=2. ByLemma 2.5, (X,,..., X,) is a weight of p(a(, ..., a,) if and only
if (Xy,..., Xn—1) isaweightof p(a), ..., ay)\X, and a; > X, > a, . By the
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induction hypothesis, (X;, ..., X,_) is a weight of p(ay, ..., a,)\ X, if and
only if a; > X, > a, and conditions (2.7) are satisfied by (X;, ..., X,_;) rel-
ative to p(ay, ..., ay)\ X, . But a simple rearrangement shows that (X, ...,
X,) satisfy conditions (2.7) relative to p(a,, ..., a,) if and only if (X, ...,
Xn—1) satisfy conditions (2.7) relative to p(a;, ..., an)\ X, and a; > X, >
ap . This completes our proof. O

Our next statement describes the weights of an irreducible representation
play, ..., a,) of U(n), living on one of the faces determined by (2.7). We
shall denote the tuple with the ijth, irth, ..., i;th entries deleted by (Xi, ...,

Riroois Xy Xy, LX)

Lemma 2.8. Consider p(a;,...,a,) andlet 1 < j<n. Let S={ij>--->
ij} be a set of integers from {1, ..., n}. Then the weight vectors with weights
living on the face

fjprs oo

Xi|+Xiz+"'+Xi1=a|+"'+aj

span an irreducible U(j) x U(n — j) submodule of p(ay, ..., an)lujxvum-j)
isomorphic to

a§®a§_1=p(a1, ,aj)®p(aj+1, cee s Op).

(Here it is important to note that U(j) x U(n — j) need not necessarily be
embedded in the standard way in U(n).) Consequently,

(a) a weight (X,, ..., Xn) on such a face corresponds bijective]y to the weight
((Xi| s eens Xij)’ (X] N X,'l ey X,'j, ey Xn)) Of Gé@dg_j, and

(b) the multiplicity of (X, ..., Xn) in play, ..., ay) is the product of the
multiplicities of (Xi,, ..., X;) in 6§ and (Xy, ..., Xi\, ..., Xi,, ..., Xp) in
og .

Remarks. (1) Because of Lemma 2.8, we can say (loosely) that the face X;, +
Xi, + -+ X;, =a; + - + a; defines the representation ¢ ® ag~’/ of U(j) x
Un-j).

(2) We have noted above that the subgroup U(j) x U(n — j) need not be
embedded in the standard way. A little thought will tell us that U(j) needs
to be embedded so that the matrix (x; ;) € U(j) is.identified with the matrix
(¥p,g) € U(n) where

Xk | ifpzik,q=i1,
Vrg=1¢ 1 if p=¢q and p # i; for any k,
0 otherwise.

(3) We will make a special note here on the case {i,...,i;} ={1,2,...,j},
i.e., the face X1+ Xp+---+X;=a;+a,+---+a; forsome 1 <j<n.In
this case, U(j) x U(n — j) is embedded in the standard way in U(n), and the
representation of U(j)x U(n—j) corresponding to this face is p(a;, ..., a,)®
p(ajsr, ..., ap). We will need this in our discussion of multiplicity one weights
of p(aj, ..., a,).

Proof of Lemma 2.8. Consider the plane

X,‘l+"'+Xi]=a|+"'+Otj.
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Appealing to the action of the Weyl group S, allows us to just consider the
plane:

(2.9) X1+~~+X,~=a1+~-~+aj.
For a weight (X, ..., X,) of p(ay, ..., a,) living on this face, we have from
(2.3)

J J
(2.10) YoXi=) a7,
i=1 i=1

Also by the way we have set up the Gel'fand-Cetlin basis vector, we have (cf.

(2.1))
j j ,
(2.11) Y oai>) ol
i=1 i=1

Thus (2.9), (2.10), and (2.11) thereby forces a;'_j =a; for 1 <i<j. And so
the Gel'fand-Cetlin basis vector looks like

al a2 DEEIRY aj aj+l “ e an
A . Qjyy T Qap
Xl al+] DRI “ e . an
aj+1 cee Qp
B
Xj+1

where the arrays 4 and B would correspond to Gel fand-Cetlin basis vectors of
weights (X, ..., X;) and (Xj4,, ..., X,) from representation p(ay, ..., ;)
and p(aji1, ..., a) respectively. This concludes the proof for the major part

of the lemma. The consequence (a) is obvious and (b) follows from the fact
that the multiplicity of a weight is the number of distinct Gel’fand-Cetlin basis
vectors with that weight. O

Following remark (1) of Lemma 2.8, we see immediately that we could gen-
eralize it to any facet of the weight polyhedron. More precisely, let S(k;),
1 < j <1, be a collection of subsets of {1, ..., n} where each S(k;) contains
k; elements such that

{1,...,n}= U S(k;) (a disjoint union)
j=1,..,1

where ki +---+k=n.

Definition 2.12. A (S(k{), S(kz), ..., S(k;))-facet of the weight polyhedron of
play, ..., a,) is defined to be the set
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{(X1 s --. s Xpn) € {weights of p(ay, ..., an)}|
Z X = Qp;+1 + Qn;+2 +eot Qp;+k;
ieS(k;)
j-1
forlgjglandnj=2ks}.
s=1
An easy generalisation of Lemma 2.8 says that every (S(ky), ..., S(k;))-facet

defines a U(k) x U(k) x --- x U(k;) irreducible submodule given by

Pla, az, .oy ) ® P(Okytts v s Qypky) ® @ P(Qkygophy 415 -+ > Q) -

Having studied the geometry of the weight polyhedron, we digress a little to
consider an extremal property of the representations of subgroups (of the form
U(k)) x U(ky) x ---x U(k;) embedded in the standard way in U(n)) appearing
in p(ay, ..., a,) € U(n). (This would not have much to do with §3, but is
useful when we are considering K-types of principal series of U(p, q) (see §5).)
We can think of Lemma 2.5 as giving an ‘extremal’ representation of U(n — 1)
complementary to a representation of U(1).

Definition 2.13. Let (X;,..., X,) € 2" and (a;,...,qp) € Z°. If o >
a2 a3 > - >ap and X; > X; > - > X, we write (), az, ..., qp) <
(X1, X2, .., Xp) if Xi > a; > Xp—psi for i=1,..., p. (We hope that the
reader will not confuse the symbol ‘<’ with the order < used in §1.)

Lemma 2.14. Let p < n be positive integers. Let (a,, ..., ap) be a p-tuple of
integers and let p(X,, ..., X,) € U(n). There existsa Tl € U(n - p) such that
pla, ..., o)M= p(Xy, ..., X,,)Iu(p)xu(n_p) ifand only if (ay, ..., ap) <
(X1, ..., Xn)

Proof. Suppose p(a;, ..., a,) @< (X, ..., X")IU(p)xU(n—p) for some inte-
ger p with 1 < p < n and where U(p)x U(n—p) is embedded in the standard

way in U(n). A Gel'fand-Cetlin basis vector (or array) coming from such a
U(p) x U(n — p) summand must have its (p + 1)th row given by “ajay---ap”

and so (aj, ..., ap) < (X1, ..., Xn). Conversely if (a;,...,ap) < (X1,...,
Xp,) , then we know from the branching theorem that there exist Y,.;, ..., Y,
such that
play, ..., ap)®p(Yps)® - & p(Yn) = p(Xy, ..., Xn)lu(p)xv(l),,_,, )

Now appeal to the fact that p(X,, ..., X,,) is a finite dimensional representa-
tion of U(n) and must decompose into a finite direct sum of U(p).U(n — p)
representations and so p(aj, ..., ap) ® p(¥Yp41) ® --- ® p(¥Y,) must sit inside
some p(ay, ..., ap)®p(P1, ..., Pn-p) of U(p) x U(n— p). This completes
the proof. 0O

With (a), ..., ap) < (Xi, ..., Xp), look at a Gel'fand-Cetlin vector from
a component p(ay, ..., a,) ®I1 of p(Xi, ..., X”)lU(p)xU(n—p) (following the

comments in the proof of Lemma 2.14 we could disregard the rows after “a;a;
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---ap” as they correspond to the Gel'fand-Cetlin vectors of p(a;, ..., ap) €
U(p)):
X, X, X; X,
X;
al e ap

For each entry X! we have
(2.15) max(X;,, ;) < X] < min(X;, ay,)

where /y =i+ j and l, =i+ j— (n—p) and it is understood (for notational
convience) that

aj=+00 ifi<l/,

aj=—o00 1ifi>p,
XJ’I.—_Xj ifi=0and j=1,...,n,
X}izaj ifi=n-pandj=1,...,p,

and
min(a;, X;) =0 ifi>p.
Relation (2.15) provides a motivation to give the following definition.

Definition 2.16. If a = (;, ..., ap) isa p-tuple of integers such that (o, ...,
ap) < (X1, ..., Xn), define T1* = (11}, ... , II;_,) as follows:

p+i p+i—1
¢ =Y min(ej—;, X;) = Y min(aj_i1, X)), 1<i<n-p.
=1 =1

Proposition 2.17. Suppose p(Xi, ..., X,) € (7(n) and (ay, ... ,ap) < (X1, ...,
Xn), we have TIy > 11§ > 11§ > --- > II;_,, and hence p(I1*) € U(n —p). In
particular,

play, ..., ap) ® p(I1*) — P(Xl y oo Xn)lU(p)xU(n—p)
with multipicity one and if
p(al 9 vy ap) ® p(b] 9 sy bn_p) — p(Xl 9 ey X”)IU(p)XU(n—p) ’
then (by, ..., by_p) is a weight of p(I1*).

Remarks. This implies Lemmas 2.5 and 2.8 immediately, but we refrained from
presenting it first because of the complexity of Definition 2.16.

Proof. Checking that p(I1*) € U (n — p) is straightforward but somewhat te-
dious. We omit the computations. It follows from (2.16) that

p+k

k
(2.18) Y one =Y min(X;, a;4) — (a1 ++ ).
i=1 Jj=1
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If
p(al 5 eee s ap)®p(bl 5 ooy bn—p) — p(Xl s ey X")IU(p)xU(n—p)’
then by (2.18),

k k vy nep
(2.19) Yobi<> M and Y bi=) I
i=1 i=1 i=1 i=1

since (b, ..., bp—p) must also sit in a Gel'fand-Cetlin basis of similar form
(as in the case of p(a;,..., a,) ® II*) and II? is chosen to maximize the
entries. Now because (b;, ..., b,) is dominant, (2.7) reduces to (2.19) and so
(b1, ..., by) is a weight of p(I1*). Hence all other

p(ala“-aap)®p(bla"-’bn—p)

appearing are such that (b;, ..., b,_p) is a weight of p(I1*).

With (o, ..., ap) fixed, there is only one Gel'fand-Cetlin basis vector with
the (n—p+1)th row given by “a; - - - o;,” and with weight (o, ..., ap, IIf, ...,
IT;_,) because of our choice of II%’s. To see this, observe that the (n — p)th
row can only be filled in one and only one way to get Il§ (recall II{ = sum of
(n—p)throw —Y %  o; from (2.3)) which is by maximizing all entries. The
same argument applies inductively to the other II¢’s. Hence p(ay, ..., ap) ®
p(I1§, ..., II;_,) appears with multiplicity one in p(X, ...
0

’ X”)lU(p)xU(n—p)'

We have mentioned that II* = p(X)\ a; is the ‘largest representation’ of
U(n—1) corresponding to «; . This is an easy computation. However, I1(1:)
is not necessarily (p(X)\ a;) \ @2. We are concerned about U(2) x U(n — 2)
components in the case of I1(®1-®2) | while we are interested in U(1) x U(1) x
U(n—2) components in the case of (p(X)\ai1)\az. LetU = U(ky) x U(kz) x
... x U(k;) be a subgroup of U(n) embedded in the standard way and where
ki+ky+---+k =n. Let p e U(n), then the restriction of p to this subgroup
can be written as

ply=>_mDP ool e ®d
D

where o? € U(k;) for 1 <i</[ and D is some parametrizing set, and m(D)
is the multiplicity of 6P ® 6P ® ---® 6P in p|, . Look at the components of

p|U of the form p,® - -®p,_;®F where p,®---®p;_; € Ulky)x---x U(k;_;)
is fixed. We will say & is complementaryto p,® ---® p;_; in p.

Unfortunately, in general, we cannot simply reiterate Proposition 2.17 to try
to find a largest representation complementary to p; ® ---® p;_; . For instance,
take / = 3 and let

pellPeplljep e - & p @I — Plu(k.)an—kl)’

We have seen that each II; is a dominant weight of I17'. But it is not true
that every p) — H1|U(k2)xu(n_kl_k2) satisfies p, < [1” For instance (6, 6) <
(10,6,5,2) and (10, 6, 5, 2) is a dominant weight of p(11,5,5,2), but
we do not have (6, 6) < (11,5, 5, 2). This means that we may not be able to
find complements of p; ® p, in p; ®I1”* by hoping to iterate Proposition 2.17.
The only situation where iterations is straightforward is when k; = k3 =--- =
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k;_y = 1, in which case we do have a largest representation complementary
toafixed py® p2®---® p,_; in p. In the general case, we need a better
understanding of the set of ¢ (€ U(n — 7)) which complements p; (€ U(j))
in pe U(n).

3. MULTIPLICITY-ONE WEIGHTS

In this section, multiplicity-one weights are given a description in terms of
the geometry of the weight diagram.

Definition 3.1. A point (X;, ..., X,) is an interior point of the set described
by (2.7) if strict inequality occurs to all the conditions (1), (2),...,(n—1) in
(2.7).

The following theorem says that multiplicity-one weights must lie on the faces
of the weight polyhedron, with the exception of some very special cases.

Theorem 3.2. A multiplicity-one weight (X,, ..., X,) of p(ay, ..., a,) can be
an interior point only when the representation p(a,, ..., a,) satisfies
(3.3) {Q? = e2= = e o

(11) Q) =Q) =+ =0Qp.

If p(ai, ..., an) satisfies (3.3), then all its weights are of multiplicity one.
Otherwise the multiplicity-one weights must lie on some face of the weight polyhe-
dron described by (2.7), that is, there is some k, 1 <k <n,and {i|,..., ik} C
{1, ..., n}, such that
(3.4) Xi+ - +X,=ar+- +o.

Remark. We will call the representations referred to in this first statement of
Theorem 3.2 simplex representation, because the weight polyhedron is actually
a regular n-simplex. They are actually symmetric powers of the standard repre-
sentation of U(n) twisted by some power of the determinant representation and
the duals of these. Note that determinant representations, i.e., a; = --- = a,
above, are also simplex representations; their weight diagrams have only one
point.

Proof. For n =2, all irreducible representations have a multiplicity-free weight
decomposition and conditions (3.3) are automatically true. So the theorem is
true for n = 2. Suppose (X, ..., X,) is a multiplicity-one weight of p(a) =
plai, ..., a,) which is an interior point. Observe first that X, # a; and
X, # a, by definition of interior point.

We consider 3 cases:

Casel: op < X, < ay.

Here p(a) \ Xy = p(al +ay—X,,a3,04, ..., ap) and a; > a; +ay —
Xp > a; . Observe that (X;,..., X,—;) is also an interior point and weight of
p(a) \ X, with multiplicity one. By induction, either a3 = a4 = --- = o, or
aj+ar;—X, = a3 = a4--- = ap—; . The latter condition is impossible as a;+ay—
Xn > az > a3 by assumption. If a; # a3, we see from branching theorem that

plas+or=Xn—1, a3+ 1, aq, ..oy an) @ p(Xn) = plar, -y an)l gy o -

Since (X, ..., X,—;) is interior, it will also be a weight of p(a; + a, — X, —
l,a3+ 1, a4, ..., a,) by Proposition 2.6. This contradicts the assumption
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that (X, ..., X,) is of multiplicity one. Hence a; = a3 and so a; = a3 =
Q= =ap.

Case II. Qg SX”S(I,', i=2,...,n—2.

Hence p(a)\ X, = play, az, ..., ai—1, aj + ajy; — Xn, @ig2, ..., 0p) and
it is easy to see that (X;,..., X,_;) is an interior point of p(a)\ X,. By
induction on n, we see that either

() ay=ar=-"=ai-1=a;+ajy1 —Xp=0aj42 =" =ay_ OF

(i) m=a3=-=ai 1= +ai 1~ Xp=0a2="=ay.

Now a;_; > a; > aj+a;;1—Xp > ajyq > a4, Which forces a;_) = a; = a4 =

aiyr and so we are done for this case.

Caselll. a, < X, < ap—1.

This case is similar to Case 1. This concludes our proof for the first state-
ment. It is well known that highest weight representations satisfying conditions
(3.3) give a multiplicity-free weight decomposition (see [Zh]). We know their
standard realisation (see remarks above); it is then easy to see that the weights
are all of multiplicity one. This takes care of the second statement. The last
statement is a rephrasing of the first statement. O

Definition 3.5. Let .#(p(ay, ..., o)) be the set of multiplicity-one weights of
p(ay, ..., ar). This definition may be extended to arbitrary representations
(not necessarily irreducible) of U(k), that is, .# (o) is the set of multiplicity-
one weights of a finite dimensional representation ¢ of U(k).

Theorem 3.6. If p(a,, ..., a,) is not simplex, then we have

n—1
MH(plar, ..., an)=Sn- { U2 (p(ar, ..., ap)# (p(ajsrs .., an))}}
Jj=1

where Sy, is understood to act on the set of its right, by permuting its entries.

Proof. If (Xy, ..., Xn) € #(p(ay, ..., apn)), then all S, translates of (X,
..., Xy) are in A (p(ay, ..., an)) (see §1). Because of Theorem 3.2, (X,
..., X,) must lie on a face of the weight polyhedron described by (2.7), and
Lemma 2.8 describes the set of such weights to be those arising from some
irreducible representation of a certain subgroup U(j) x U(n — j) of U(n).
Now because of the action of S,, we might as well assume that there is a
1 <j<n suchthat X;+ -+ X; = a; +---+ «a;, and Lemma 2.8 im-
mediately implies that the weights on this face comes from the representation
plar, ..., a))®p(ajir, ..., an) of U(j)xU(n—j) (with U(j)xU(n—j) em-
bedded in the standard way) and the multiplicity ones are .# (p(ay, ..., a;)) x
M (p(ajii, ..., an)). This completes our proof. O

We have seen (cf. Lemma 2.8 and comments after it) that each facet of
the weight polyhedron of p(a;, ..., a,) defines an irreducible representation
of some subgroup of U(n). In the following corollary, we will see that a
multiplicity-one weight of an irreducible representation of U(n) lives in a facet
which looks like a product of simplices (and so the representation that this facet
defines is a tensor product of simplex representations); and every weight on this
facet is of multiplicity one!

Theorem 3.7. If a weight (X, ..., Xn) of plai, ..., an) has multiplicity one,
then there exists a (S(k,), ..., S(k;))-facet of the weight polyhedron containing
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(X1, ..., Xy) with the following properties:

(1) ki +---+k=nand U,_, ,Skj)=A{1,..., n} (disjoint union),

(2) it is a product of simplices (by an appropriate rearrangement of the coor-
dinates),

(3) every weight living on this facet is of multiplicity one.
In particular, the irreducible representation of U (ky)x U(ky)x---xU(k;) defined
by this facet is a tensor product of simplex representations.
Proof. If p(ay, ..., a,) is simplex, the statement is clearly true by Theorem
3.2. Let p(ay, ..., a,) be nonsimplex, and suppose (X, ..., X,) is a weight
of multiplicity one. By Theorem 3.2, after adjusting (X;,..., X,) by some
action of S, , we have the existence of an integer j (1 < j < n—1) such that

(X1, --- ,X,,)el(p(al, ,aj))x/(p(aj+|,... , Qn)).

If either p(a;, ..., a;) or p(aji1, ..., ay) is nonsimplex, one could repeat
the argument and find the existence of integers 1 <k; <n-1 for j=1,...,!
and for some / such that (again adjusting (X, ..., X,) by the action of S,).

() (Xisos Xa) € H(plar, ... k) X M (Paki1s -, Grky)) X - X
M (p(Qtys...tky_y+15 -+ » @n)) . (The sum of k; must necessarily be 7.)

(i) p(@k 4 thj415 -+ > Uyttk;,,) are simplex representations of U(kjy1)
for j=1,...,1-1.

Now we could replace (Xi, ..., X,) by any Sj, x S, x --- x S, translates
of (X, ..., X,) and such weights are necessarily of multiplicity one. This set
of weights lies precisely on a (S(k;), ..., S(k;)) facet of the weight polyhe-
dron, containing (X;, ..., X,), and the corresponding weight vectors span an
irreducible representation of U(k;) x U(k;) x --- x U(k;) given by

p(a1 s eeey akl) ® p(akl_H g eeey ak|+k2) ®: - ® p(ak,+...+k,_|+1 s eee s a,,) .
This completes the proof. O

Corollary 38. If (X;,..., X,) is a dominant multiplicity-one weight of
play, ..., a,), then there exists a partition of n, (ky, ..., k), such that

kj
Z an+i =
i=1

- . )
where ny =0, nj =3 1" ks for 2<j <[, and p(an;1, @nyu2, .- s npr;) IS
a simplex representation.

Proof. If (X1, ..., Xp) is adominant weight of a representation p(a;, ..., a,)
then we may write (2.7) as

k k
Y X <Sa,  k=l,..,n-1,
Jj=1 J=1

kj
an+i for1<j<Il-1

i=1

and

h n
> X =Y.
j=1 j=1

Along with Theorem 3.7, this gives our result. O
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We conclude this section with some simple weight diagrams, illustrating the
theorems just proven above. It is well known (see [H]) that the weight diagrams
for irreducible representations of U(2) and U(3) are given in Figures 1, 2a,
and 2b.

In the case of U(3), we get a “nonregular hexagon”, whose opposite sides
are parallel though not necessarily equal, with weights given by the set of lattice
points on it. This is the general case, and the multiplicity-one weights fall on
the boundary. The simplex representations correspond to triangles in which all
weights are of multiplicity one . Less known are the weight diagrams for U(4).

AN

FIGURE 3a
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A

Ve ~N

FIGURE 3b

Figure 3a corresponds to the weight polyhedrons of simplex representations
of U(4). The determinant representation, of course, has only a point for its
weight diagram. Figure 3b is the weight polyhedron of p(a;, a3, a3, as) where
ay > az > a3 > aq4. This looks like a ‘truncated’ tetrahedron. The hexagonal
faces would correspond to representations p(a;, az, a3) ® p(as) and p(a;) ®
p(az, a3, ay), while the rectangular faces would correspond to representations
of p(a;, a3)®p(a3, as) (cf. Lemma 2.8). From Theorem 3.7, the multiplicity-
one weights live on the sides of the hexagonal faces as well as the rectangular
faces.

The remaining three figures are slight degenerations of Figure 3b. Figure 3c
corresponds to p(a;, az, a3, ag) where a; = ay; > a3 > a4 or a; > ay >
a3 = a4 . The rectangular faces p(a;, az) ® p(as, ag) collapses into lines and
four of the faces are triangular (for instance, if o) = as > a3 > a4, then
the faces defined by representations p(a;, az, a3) ® p(as) are triangular, and
those defined by p(a;) ® p(ay, a3, as) remains hexagonal). From Theorem
3.7, the multiplicity-one weights live on the triangular faces and the sides of the
hexagonal faces.

PN

FIGURE 3¢

FIGURE 3e
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In a similar way, it is easy to see that Figures 3d and 3e are weight polyhe-
drons for p(a;, az, a3, ag) where o) >a; =a3>aq4 and o) =ay > a3 = a4
respectively. In both cases, weights living on any faces are necessarily multi-
plicity one.

4. MULTIPLICITY-ONE WEIGHTS OF TENSOR PRODUCTS

Let us extend the analysis in §3 to weights of tensor products of two represen-
tations of U(n). First observe that the weights of the inner tensor product of
two irreducible representations of U(n) given by p(ay, ... ,an)®@p(B1, ..., Bn)
are of the form (X, +Y,, X, +Y>,..., X, +7Y,) where (X;,...,X,) isa
weight of p(ay, ..., a,) and (Yy, ..., Y,) is a weight of p(B;, ..., Bu).

The representation p(a;, ..., a,)® p(B1, ..., Br) decompose into a direct
sum of representations p(y;, ..., y,) Where

(YIa'”,J)n)=(al9"'9an)+(X1"~,Xn)

and (X;,..., X,) is a weight of p(f;,..., Bn) (cf. [H] or [Zh]). Amongst
these, the representation p(a; + B, ..., ay + B,) appears with multiplicity
one. Therefore the set of weights of p(ay, ..., an) ® p(B1, ..., Bn) is also
the set of weights of p(a; + f1, ..., an + B,). In particular, multiplicity-one
weights of p(ay, ..., an) ® p(B1, ..., Bn) must necessarily be of multiplicity
one in p(a;+ fi, ..., an+ Bn), but not conversely.

Next we give a simple decomposition of multiplicity-one weights of tensor
products of two irreducible representations of U(n).

Proposition 4.1. Consider the inner tensor product p(ay, ... ,an)®@p(Bi1, ..., Bn)
of U(n).

(a) If neither p(ay, ..., a,) nor p(By, ..., Bn) is a determinant representa-
tion and p(ay+ By, ..., an+ B) is not a simplex representation, we have

/(p(a,, e ,an)®p(ﬂl9 ] ﬂn))

n—1

=S, U{/(p(al,...,a,~)®p(ﬂ1,...,ﬂj))
j=1

X MH(p(ajrys oo an)®p(Bisis ..oy Bn))}.
() If play+ B1, ..., an+ Bn) is a simplex representation, then

‘/l(p(ala s san)®p(ﬂla --~,ﬂn))=Sn’{(al+ﬂl,az+B2,--- ,an+ﬂn)}~

(©) A (plar, ..., an)@det’) = M (p(a1+B, 2+ B, ..., an+p)) for BEZ,
and where det? = p(B, ..., B) is a determinant representation.
Proof. We have noted that a multiplicity-one weight of

p(al,"' ’aﬂ)®p(ﬂla RS ,Bn)

is necessarily a multiplicity-one weight of p(a; + By, ..., an + Bx). If
plai+ By, ..., an+ Bn) is not a simplex representation, then Theorem 3.2 says
that if (X, ..., X,) is a multiplicity-one weight of p(a;+ B, ..., an+ Bn),
then (after adjusting (X;, ..., X,) by some action of S,) we have, for some
1<j<n

Xi+-+Xj=a1+-+oj+pi+-+p;.
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From Lemma 2.8 the weights on this face looks like the weights of

p(al+ﬂla'-'7aj+ﬂj)®p(aj+l+Bj+l"'~aan+ﬂn)

(of play + B, ..., an+ ,B,,)IUU)xU("_j)). To index the Gel'fand-Cetlin ba-
sis of a tensor product, we have to have a pair of Gel'fand-Cetlin vectors

(Ua, ug) where u, corresponds to p(aj,...,a,) and ug corresponds to
p(Bi,..., Bn). Write as in (2.1) and (2.2),

(4.2) Uy = (o) j=0,1,...n-1 and ug=(B!)jz0,1,.. n-1.
i=l,..,n—j i=l,..,n—j

Let the weight of u, be (X7, ..., X3) and the weight of ug be (Xlﬂ, cee
XZ2). Then the weight of u,®ug is (X*+ X%, ..., Xa+X%). If such a weight
were to satisfy

Xe+ X+ + X0+ X =i+ o+ B+ + By,
then by the relations (2.7), we must have
Xp4-+Xe=aj+-+a; and X+ +xXP=p++p.

This means that (X7, ..., X?) and (X lﬂ yeees X f ) are both multiplicity-one
weights of p(ay,...,a;) and p(By, ..., B;) respectively, and in particular,
(X + X ... , X;’ + Xf) is a multiplicity-one weight of p(a;, ..., q;) ®
p(Br, ..., Bj). This completes the proof for (a). Statement (c) is trivial.

It is easy to see that given a; > --- > a, and B, > --- > B,,
play+p1, ..., an+By) is simplex if and only if one of the following is satisfied:

(1) aj=---=ay1 and By == By,

(i) ag=--=ay and fr=---= f,.

Look at a multiplicity-one weight (X;, ..., X,) of a simplex representation
play + By, ..., an + Bn) satisfying (i) above (the other case is similar). As-
sume that neither p(ay, ..., a,) nor p(B;, ..., Bn) is the determinant repre-
sentation (these cases are covered by statement (c)). Write the corresponding
Gel'fand-Cetlin basis vector as in (4.2). The weight (X7, ..., Xg) for u, may
be written as (just look at a typical Gel fand-Cetlin vector)

(1 =+ + 1)+ 71,02+ 72, ..., a2+ Pn_y)
and likewise the weight (X%, ..., X,’,g) for ug as

(Bi=(©1+-+0n-1), B2+ 01, p2+ 32, ..., B2+ 3dn1)
where all y;, J; are nonnegative integers satisfying

(4.3) i+ + 1 <a—a; and
(4.4) O+ +0n1 < B — B

Observe that if some y,, say y,, is nonzero, then

(al+(7|+"‘+}’n—l—1),012+)’1—l,az+3’2,---,a2+7’n—l)

is still a weight of p(a;, az, ..., az) and if equality holds in (4.4), then
Br=@1+- 461+ 1), o+ +1,04+0,..., B2+ p—1)
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is also a weight of p(f;, B>, ..., B2). In particular, the tensor product of
the corresponding weight vectors has the same weight as u, ® ug. Likewise
if equality holds in (4.4), some J; must be nonzero and we can still produce
another vector in the tensor product with the same weight as u, ® ug , unless
equality holds in (4.3).

Suppose equality holds for both (4.3) and (4.4), then some J; and J; is
nonzero. Suppose j # k,say y; #0 and J, # 0. Then

(a1 =+ +m1),a+n-1l,aa+n+l,0+7,..., 02+ 1)
and

(Bi=©@1++0u-1), B2+61+1, P2+~ 1, fa+33, ..., B2+ In-1)
are both weights of p(a;, az,..., ;) and p(p, B2, ..., B2) respectively.

Further, the tensor product of the corresponding weight vectors will have the
same weight as u, ® ug . Thus, our comments above tell us that if the weight of
U, ® ug is of multiplicity one, then either y; =46; =0 forall j=1,...,n-1
or yy =a;—az and B; = B, — B, forsome j =1,...,n—1. Hence the
weight of u, ® ug must be a permutation of (a; + 1, a2+ f2, ..., a2+ f2).
Such weights are necessarily of multiplicity one in the product, and so we have
(b). O

5. ON K-TYPES OF PRINCIPAL SERIES REPRESENTATIONS OF U(n, n)

Let U(n, n) be the subgroup of GL(2n, C) stabilizing the indefinite Her-
mitian form z,Z;+ -+ 2,2y — (Zn41Zns1 + - + Z2nZ20) On C?* . A maximal
compact subgroup K can be chosen as U(n) x U(n) which is embedded as
diagonal blocks in U(n, n). Consider a minimal parabolic subgroup P, of
U(n, n). The compact part of the Levi-factor of the minimal parabolic Py;,
can then be identified as the subgroup M = U(1)” embedded as follows:

Uy, ..., u,,)e‘U(l) X oo X U(l);—» diag(uy, ..., Up, Uy, ..., uy) € U(2n).

v

n copies

We have the Langlands decomposition Py, = MAN. Let o be an irre-
ducible representation of M, and v € a* where a is the complexified Lie al-
gebra of 4. Consider the principal series representation (I, ,, Indgnfi'l'"") o®
e’ ®1) of U(n, n). We want to know the K-types that appear in l'Ia,,,| k- BY
Mackey’s Subgroup Theorem (see [M]), we have

(5.1) ,,,|, =Indj 0.

Therefore it suffices to try to understand Indf{ o . The decomposition above
implies that each K-type can only appear finitely many times in l'I,,,,,| k- The
multiplicity ones are extremely interesting and has been the subject of much
research.

An irreducible representation ¢ of M can be written as

(5.2) 0 =p(i) © p(U2) ® -~ ® p(itn)

where p(u;) € (7(1) for i = 1,...,n. Since K & U(n) x U(n) we may
parametrize irreducible representations of K (via their highest weights) by
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(X1,..., Xy, Y1,..., Y,) where p(X,,..., X,) and p(Y;,...,Y,) are in
U (n) . By Frobenius Reciprocity, we reduced our study of (5.1) to the study of
weights in the tensor product of two U(n) modules.

By parametrizing K-types in this way, we can construct a K-type diagram in
R2” | in an analogous fashion as the weight diagrams. If we take ¢ as in (5.2),
then the set of K-types of 5.1 will be lattice points (X, ..., X,, Y|, ..., Yp)
in R?" satisfying

(@ Xi2Xp2>--2> Xy,

b)Y >2Y,>--->Y,;

€ s+ +u; <Xi+-+X;+ V1 +---+Y;, j=1,2,...,n-1;

(d) Z?:l Us = Z;;l Xs+30, Y5
Here {i;} are distinct elements in {1, 2,...,n}. Conditions (c) and (d)
merely asserts that (u;, ..., 4,) is a weight of p(X, + Yy, ..., X, + Y,) (cf.
Proposition 2.6).

Theorem 5.3. The set of multiplicity one (U(n) x U(n))-types of
Indy (17" p(u) @ - ® plpn),

where py > uy > - > W, , is given by the set of integer tuples (X, ..., X,, Y1,
..., Yy) satisfying the following conditions:
There exists a set {0 =1iy,1iy,...,0_1,i=n}C{l,...,n} such that one
of the following holds forany 1 < j<[-1:
(a)
ﬂij*f-l + - + ﬂij+| = (Xij+l + vaj‘\“l) + 4+ (Xij+l + )/ij.'.])
and p(Xiq1 + Yig1, ..., Xiy,, + Yi,,) is a simplex representation and either
pP(Xig1, ..., Xi,,) or p(Yiqy, ..., Y, ) is adeterminant representation.
(b) e =Xp + Yy for ij+ 1<k <ij and either
{ Xip12Xipo=-=X;,,-1=4X,, and
),i_,+l Z Y'ij+2:”': ij+|—l = ),ij-f»l
or
{ Xim=Xipp=-=Xi,, 12X, and
),ij+] = le'j+2 == ij+]—1 Z ),i]+1 .

Remarks. Geometrically, we observe that the multiplicity-one K-types in this
case would live on facets of the hull of K-types which correspond to tensor
products of simplex representations. More accurately, in both cases (a) and
(b), we note that they correspond to simplex representations such that each
P(Xix1+Yig1, ... Xy, + Y5,,) is simplex.

Proof. This is an easy consequence of Theorem 3.7, Proposition 4.1, and Frobe-
nius Reciprocity. O

It is possible to apply the above techniques to study the K-types of principal
series representations of U(p, q) where p > g > 0. However, it becomes very
combinatorial and messy. We have worked out certain cases, for instance, when
g = 1, 2 and the spherical principal series. In the latter case, the multiplicity-
one K-types are very ‘degenerate’ in the sense that they sit on codimension
greater than one surfaces on the boundaries of the K-type diagram. We omit
the details but hope to publish our results when they are more complete. Also it
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is possible to obtain an analogue of the hereditary property of weight diagrams
for U(n) for K-type diagrams of principal series representations of U(p, q);
although the statement is not very enlightening geometrically. In theory, one
could therefore use this reduction process to obtain all the multiplicity-one K-

types.
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