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RATIONAL APPROXIMATIONS TO THE DILOGARITHM

MASAYOSHI HATA

Abstract. The irrationality proof of the values of the dilogarithmic function

L2(z) at rational points z = \jk for every integer k £ (-oo , -5] U [7, oo) is

given. To show this we develop the method of Padé-type approximations using

Legendre-type polynomials, which also derives good irrationality measures of

L2(\/k). Moreover, the linear independence over Q of the numbers 1,

log(l — \/k), and L2{\/k) is also obtained for each integer k € (-oo, -5] U

[7,cc).

1. Introduction

This paper is devoted to studying rational approximations to the values of

the dilogarithmic function

fzlog{l-t)  ,      -^z»
L2{z) = -Jo -JLr-Ldt=^

at rational points z = \/k for nonzero integers k. The function L2{z) was

studied over two hundred years ago by Euler, Landen, and others. The spe-

cial values of L2{z) at some algebraic points and several functional relations

satisfied by L2{z) are known (see, for example, Lewin's book [9, Chapter 1]).

L2{z) is holomorphic in the complex plane with a branch cut z = 1 to oo .

Concerning arithmetical properties of the values of dilogarithms at ratio-

nal points, Maier [10] has shown the irrationality of L2{l/k) for any integer

k > 2ie1. This result was remarkably improved by Chudnovsky [2, 3], who

announced that L2{\/k) is irrational for any integer k > 14. He also pointed

out that in the G-function approach (ineffective method) L2{\/k) becomes

irrational only for k > eni. Recently the author [8] studied Padé-type ap-

proximations to the dilogarithm by using the Legendre-type polynomials with

integral coefficients

An{x) = —7—r(x"2(x"'(l -x)")C">)("2>
nx\n2\

t«(

«i +J\ (n2 + j

n2
x j
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where nx = [n/2] and n2 = [{n + l)/2]. Then he showed that L2{\/k) is
irrational for any integer k £ (-00, -8] U [12, 00).

Modifying the polynomials (1.1), we now introduce the following polynomi-

als with integral coefficients:

B,,m,nix) = -^{X'{xm+"{\-X)l+mr^

<U)      =g(-iy('7)(j+r")c+:+V".
where I, m (/ > m), and n are nonnegative integers. The importance of these

polynomials lies in the fact that the greatest common divisor of the coefficients

is fairly large. Then the polynomials (1.2) enable us to obtain the following

Theorem 1.1.  L2{l/k) is irrational for any integer k £ (-co, -5] U [7, oc).

The proof of Theorem 1.1 will be given in §6.
Our method also provides good irrationality measures of L2{l/k). For ex-

ample,
-15.275<À-'ï>q~

for any sufficiently large integer q, which fairly improves Chudnovsky's result:

p{\4) ~ 300 [3]. For some numerical results on the irrationality measures of

L2{l/k), see Tables 1 and 2 in §6.
Although our method cannot be applied to the case k = 1, there are several

results concerning rational approximations to the value ¿2(1) = n2/6 • (See van

der Poorten [11], Beukers [1], Chudnovsky and Chudnovsky [4], Dvornicich and

Viola [5], Rukhadze [12], and the author's paper [7].)
Analogously to [8] we can also show that the numbers 1, log(l - l/k), and

L2{l/k) are linearly independent over Q for any integer k £ (—00, —5] U

[7,oo).

In §§2 and 3, we will investigate some fundamental properties of the poly-

nomials (1.2). Then we will construct explicitly our Padé-type approximations

to the dilogarithm L2{z) in §4. In §5 the asymptotic behaviors of the denom-

inators of the approximate rational numbers and of the remainder terms will

be given. Our main results on the irrationality measures of L2{l/k) will be

proved in the last section.

2. Preliminaries

In this section we investigate some fundamental properties on the polynomi-

als B¡mn{x). First, we have the following

Lemma 2.1. Let l,m,n, and n' be nonnegative integers satisfying I > m,

and suppose that P{x) is a real polynomial of degree less than I + m + n + n'

satisfying the following properties:

(1) /„' xJP{x) dx = 0 for 0 < j < I ;

(2) J0 xjP{x) logx dx = 0 for 0 < j < m ;

(3) P{x) = 0{xn) as x — 0 and P{x) = 0((1 -x)"') as x ^ \.

Then P{x) must be identically zero.
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Proof. Put
_ l-x    rim rn

P{x)=  /    /    ■•■ /    P{tx)dtxdt2---dt
Jo Jo       Jo

Then it follows from (1) and (3) that P(x) = xm+n{l - x)m+^Ö(x) for some

real polynomial Q{x) of degree less than /, and that /0 xJP{x) dx = 0 for

0 < j < I - m. Moreover, this equality holds also for every -m < j < — 1

from (2). Thus

/ xJ+n{l-x)m+n'Q{x)dx = 0
Jo

for 0 < j < I ; in particular,
-i

xn(l-x)m+"'o2(x)¿x = 0.IJo'0

Therefore we have Q{x) = 0 ; hence P{x) = 0, as required.   D

It is easily verified that the polynomial

(2.1) B,,m n>n,{x) = 1^{{xl{xm+n{l -x),+m+n')""')("

of degree l + m + n + n' satisfies the conditions (1), (2), and (3) of Lemma 2.1

if / > m . Therefore these conditions determine the polynomial (2.1) uniquely

up to a constant multiple.

Next we study the distribution of zero points of Bimnn,{x).

Lemma 2.2. If I > m, then B¡mnni{x) has I + m simple zeros in the open

unit interval (0, 1 ). Hence all zero points of B¡ m nn, (x) lie on the closed unit

interval [0, 1].

Proof. We can assume that / > 1. Let N{U) be the number of zero points of

U(x) with odd order lying on (0,1) for any real polynomial U{x) ^ 0. Put

_ t-x    rim rh

B{x)=        /    ••■/    B,,m<n,Ah)dUdt2---dtm.
Jo  Jo        Jo

*■-v-'

m times

Then, using the same method as in the previous proof, /J xjB*{x) dx = 0 for

0 < j < I, where B*{x) = x~~mB{x) is a real polynomial of degree I + m +

n + n' > 1 ; hence N{B) = N{B*) > I by the standard argument. Therefore

we have N{BLm,n,n,) = N{B^) > /V(5<m-") + 1 > • • • > N{B) + m>l + m.

Since x = 0 and x = 1 are zero points of #/,w,„,„'(•*) of order n and

n' respectively, Bimnn,{x) must have l + m simple zeros in (0, 1). This

completes the proof.   D

In particular, B¡ m n „/(z)^0 for any zeC-[0, 1].

We now study further properties of the polynomials Btmn{x) = B¡ m „ 10(x).

Let X > 1 be an arbitrarily fixed real number. From now on we restrict ourselves

to the following case:

m = m{N) Î' 3A

2À+ 1
n = n{N) =

3/V

2X+ 1
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and / = 1{N) = N - m{N) - n{N) for any nonnegative integer N. Note that

1{N), m{N), and n{N) are monotone nondecreasing functions on N and that

1{N) > m{N) + 2n{N) for all TV > 0. For brevity, put

(2-2) PxjN{x) = Bi(N),m{N),n{N)ix) ■

Clearly P\,nÍx) is a polynomial of degree JV with integral coefficients. Then

the system of polynomials {Px,nÍx)}n>o satisfies the following recurrence for-

mula.

Lemma 2.3. Let K = 8 + [11/{X - 1)]. Then, for any N > K,

K

(2.3)        Px,N+\iz) = iax,NZ + bx,N)Px,NÍz) + ^Cj tX,NPx,N-jiz),

;=i

where ax<N, b¿,N. and Cj,x,n (1 < j < K) ctre rational constants depending
only on X and N. Moreover, the systems of the functions

h,Niz)= f^àdt   and   h,Niz)= ? àiMlogtdt
Jo     t- Z Jo     t- z

also satisfy the same linear recurrence formula (2.3) for any z £ C - [0, 1].

Proof. Put

P*{z) = Px>N+l{z) - {aXtNz + h,N)Px,NÍz)
K

~ / ,Cj,x,nPx,n-jJ2),
J=l

where ¿z^jy, bxyN, and C;,a,v (1 < j < K) are rational numbers chosen so

that the degree of P*{z) is less than N-K. Clearly we have J0' x;P*(x) dx = 0

for 0 < j < I*, where

/* =min{/(/V+ l),/(/Y)- l,l{N-l), ... ,1{N-K)}.

Since K > 8, it is easily seen that 1{N) -l>l(N-K) ; hence /* = 1{N - K).

Similarly, /0 x77>*(x)logxi/x = 0 for 0 < j < m*, where

m* = min{m{N + 1), m{N) - 1, m{N - 1), ... , m{N - AT)} = m{N - K)

since K = 8 + [11/{X - 1)]. Moreover, P*{x) = 0{xn') as x -► 0, where

n* = min{«(A + 1), n{N), n{N- I),..., n{N-K)} = n{N-K).

Thus, from Lemma 2.1, P*{z) = 0 since N - K = 1{N - K) + m{N - K) +
n{N - AT), as required.

Next we have

K

h,N+iiz) - (ßi.ivz + bk,N)h,NÍz) -Y^cj,x,Nh,N-jiz)

j=i

= ax,N I   Px,NÍx)dx = 0
Jo

since 1{N) > /(AT) > 3 . The same equality holds for the system {Jx,nÍz)}n>o

since ^(7^) > m{K) > 3 . This completes the proof.   D

Since the recurrence formula (2.3) is linear, we have immediately
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Corollary 2.4. Suppose that there exist an integer No > 0, a complex number

zo 6 C - [0, 1], and complex constants uo,v0, and w0 satisfying

UoPxjizo) + vohjizo) + woJxjizo) = 0

for No < j < No + K. Then this equality holds for all j > No.

We also need the following lemma, which will play an important role in

the proof of the irrationality of L2{l/k) and even in the proof of the linear

independence of the numbers 1, log(l - l/k), and L2{l/k).

Lemma 2.5. Let M be a nonnegative integer.  Suppose that g{x) £ Lx{0, 1)

satisfies

[ PXJ{x)g{x)dx = 0
Jo

for all j > M. Then the function g{x) can be expressed in the form

g{x) = U{x) + V{x)logx

almost everywhere for some polynomials U{x) and V{x) of degrees less than

1{M) and m{M) respectively.

Proof. We put / = 1{M), m = m{M), and n = n{M) for brevity. For any

vector v = (oo, ûi, ... , a¡_x, bo, ... , bm-X) £ Rl+m , we define

/-l m-l

faix) — ̂2 aJxJ + ^2 bjXJ logx ;
7=0 ;=0

so the above lemma states that g{x) = fa{x) almost everywhere for some vector

v.

We first show that the mapping <P: R/+m -> R/+w defined by

<D(v)= If xn4>y{x)dx, ( xn+l<py{x)dx,..., Í xM-x4>y{x)dx J

is a homeomorphism. Let X® be the corresponding matrix representation of
<i>. To show that the determinant of X® does not vanish, it suffices to show

that Xd has no zero-eigenvalues. Suppose, on the contrary, that 4>(v) = 0 for

some v t¿ 0 ; that is,

(2.4) / xj+nfa(x)dx = 0
Jo

for any 0 < j < I + m . Put

/•l-jr   ct¡+m çtj

G{x) = /      ■ • • /    tnx<p,{tx)dtxdt2--- dt,+m.
Jo     Jo Jo

y-v-'

l+m times

Then it follows from (2.4) that G^{0) = 0 for any 0 < j < I + m. On the
other hand, since / > m, it is easily seen that

G{z) = (1 - z)M{U0{z) + V0{z)log{l - z))

for some polynomials Uo{z) and V0{z) of degrees less than / and m respec-

tively. Since G{z) is an analytic function in a neighborhood of the origin, we
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Figure 1. The contour Ct

have Uo{z) + F0(z)log(l - z) = 0{zl+m) as z -> 0. Then we have m > 1 ; for

otherwise, Uo=V0 = 0, contrary to fa ^0. Since the function Vq{z) log(l - z)

does not contain the terms of zj+l for 0 < j < m in its Taylor expansion at

z = 0, we obtain
J_  f Vo{z)\og{l - z)

2ni Jr zj+t+i
dz = 0

for any 0 < j < m , where C is a sufficiently small circle centered at the origin.

In particular, since zm~xVo{l/z) is a polynomial of degree less than m, we

have
■       f^JOgd-z)

2ni Jc z'+m

The integrand of the above integral is clearly analytic in the complex plane with

a branch cut from z = 1 to oo. So we can change the contour C to the new

contour Ct consisting of the circle centered at the origin with radius T > 1

and two segments joining z = 1 and z = T (see Figure 1). Letting T —> oo,

we thus obtain

j;

Vp2it)

tl+m
dt = 0;

therefore VQ{z) = 0 and hence i/n(z) = 0. This contradiction implies that <I>

is a homeomorphism, as required.

Put gy{x) = g{x) - fa{x) £ L'(0, 1) for brevity. Since <I> is a homeomor-

phism, there exists a unique vector w e Rl+m such that

(2.5) / x^ngw{x)dx = 0
Jo

for 0 < j < I + m . On the other hand, since /0 PXNix)fa{x)dx = 0 for all
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AT > M, we have

(2.6) / PXtN(x)g*(x)dx = 0
Jo

for all N > M. Now x~"PXtNÍx) is a polynomial of degree N - n > I + m .
Hence it follows from (2.5) and (2.6) that the integrable function x"gw{x) is

orthogonal to all polynomials. By the standard argument, we thus have gw(x) =

0 almost everywhere. This completes the proof.   D

Combining Corollary 2.4 and the above lemma, we have

Corollary 2.6. Suppose that there exist an integer No > 0, a complex number

z0 £ C - [0, 1], and complex constants v0 and w0 satisfying

(2.7) vohjizo) + WoJxjizo) = 0

for No < j < No + K. Then v0 = Wq = 0.

Proof. By Corollary 2.4, (2.7) holds for all j > N0; in other words,

f Pxjix)g{x)dx = 0
Jo

for all j > No, where

g{x) = Vo + W^X£Lx{0,l).
X — Zo

Thus, by Lemma 2.5, there exist some polynomials U{x) and V{x) such that

g{x) = U{x) + V{x) logx for any 0 < x < 1. This implies that

U{x) + V{x)logx = 0,

where Ü{x) = vo~{x-zo)U{x) and V{x) = wo~{x-zo)V{x). Then it is easily

seen that this occurs if and only if U{x) = V{x) = 0 ; hence U{x) = V{x) = 0

and vo = Wo = 0, as required.   D

3. Arithmetical property of the coefficients

In this section we study the asymptotic behavior of common divisors of the

coefficients of Px,nÍx) as N —> oo. The main result (Lemma 3.1 below) in

this section is an arithmetical lemma, which will be proved by using the prime

number theorem.
We denote by (x, y) the usual Cartesian coordinates in R2. Then define

the "characteristic set" D = Dx U D2 u D}, where

Dx = {{x,y);y > j, x + y<l, and 2x + y > 1},

Di = {ix, y) ; y > { , y < x, and x + 2y < 2},

#3 = {ix,y);y >0, y<x, andx + 2y < 1}.

Each set D¡ is an open triangle contained in [0, 1] x [0, 1] (see Figure 2). We

also denote by {x} the fractional part of x. For any real number X > 1 and

any subset W c [0, 1] x [0, 1], we define

Ex{W) = {x>0;{{x},{Xx})£W}.
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Figure 2. The characteristic set D = Dx U D2 u D3

Clearly the set EX{D) is a countable union of open intervals. We then define

e{X) = JE {D) dx/x2. Our result can now be stated as follows.

Lemma 3.1. Let X > 1 be a real parameter. Then there exists a common divisor

dxiN) of the following integers:

,, , x (UN) + m{N)\ (j + m{N) + n{N)\ (j + 1{N) + n{N)\

(     } I j )\ m{N) )\ 1{N) )

for 0 < j < 1{N) + m{N) satisfying

1
ÄA7lo^^) = 2lTT

Proof. Put ôN = 3/v/A7 for brevity. For any sufficiently large N, we first define

DjN) = {(x, y) g R2 ; dist((x, y), R2 - Dj) > V2ÖN}

for 1 < j < 3 and put DW = D\N)uD\N'\JD,f>. Clearly EX{DW) is a count-

able union of open intervals and {Ex{D{Ny)} is a monotone increasing sequence
t{N)    D(N) >

S2Ñ
of open sets such that \JEX{D^) = EX{D).   Note that dist(D)

2V2.ÔN for any i ^ j . Now let Hn be the set of all prime numbers p >

satisfying N/{2X + \)p £ EX{D^). Then we define

dXiN)=  J] p.
penN

We now show that each p £ HN divides all the coefficients of the polynomial

Px N{x). To see this, for an arbitrarily fixed j £ [0, 1{N) + m{N)], let w, n,

n',and d be the fractional parts of {l{N) + m{N))/{2p), {l{N)-m{N))/{2p),

n{N)/p , and j/p respectively. Since N/{2X + l)p £ Ex{D{Nî), we have
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Thus, any point ({x}, {y}) satisfying

N
x - < Sn   and v

XN
<ô*

{2X+l)p\      " Y     (2A+l)p|

belongs to the set D¡ for some  1 < / < 3.  In particular, we have {n, of)

{n', co) £ £>,-. for some i*, since it is easily seen that

1{N) - m{N) N
(3.3)

(3.4)

and

(3.5)

2p

n{N)

{2X+l)p

N

3      on
< — < —

2p      2

(2A+l)p
4      on

< — < —
3/j       3

1{N) + m{N) XN

2p {2X+l)p
2      Ôn

< — < —
3/>       6

Now let u{p) > 0 be the largest integer such that p"^ divides the integer (3.1).

Then, since p2 > 2N, we obtain

Hp)
1{N) + m{N)

+

+

i
P

j + m{N) + n{N)

j + 1{N) + n{N)

1{N) + m{N) - j

m{N)

P

1{N)

j + n{N)

P

j + n{N)

L P
= [2œ] -[2co-6] + [co-n-r¡' + 6]-[co-n]- [n' + 6]

+ [co + n + n' + d] - [to + n] ~[n' + d].

We now distinguish three cases according to the value of /* as follows:

Case I (/* = 1). Suppose that v{p) = 0 ; then [2œ] = [2œ - 6] and [co + n +
n' + 6] = [co + n] + [n' + 6]. Since {n, co), (//', to) £ Dx, we have 2to > 1,

co+n < 1, co+2n > 1 , and co+2n' > 1 ; hence co+n + n' > 1 . Thus n' + O > 1

and 2to > 1 + 6; hence 2to + n' > 2. This is a contradiction, since to + n' < 1 .

Therefore v{p) > 1.

Case II (/'* = 2). Suppose that v{p) = 0 ; then [2to] = [2to - 6] and [to- n +
n' + d] = [to - n] + [n1 + 6]. Since {n, to), {n', to) £ D2, we have 2a> > 1,

to < n, and 2to + n' < 2. On the other hand, it follows from (3.3) and (3.4)
that

N
\n-n'\< n    \{2X+l)p\ + n'    \{2X+l)p\ < Sn;{2X+l)p

hence to - n + n' + 8 > 0 for all sufficiently large /V. Thus 2to > I + 6 and

n' + 6 > 1 ; hence 2to + n' > 2, a contradiction. Therefore we have v{p) > 1.

Case III (/"* = 3). Suppose that v{p) = 0 ; then [2to] = [2to- 9] and [to-n +
r\' + 6] - [co - n] + [n' + 6]. Since {n, to), (//', co) £ Z>3, we have to < n and

2to + n' <l. On the other hand, it follows from (3.2) and (3.5) that

co > I     XN     \     On      (,2_}_\
\(2A+l)pj""  6       y 6)

ÔN>ÔN ■
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Thus a>-^ + ^'-l-ö>0, since \r¡ - n'\ < Sn ■ Hence 2to > 8 and r¡' + 8 > 1 ;

so, 2co + n' > 1, a contradiction. Therefore u{p) > 1.

Thus we have v{p) > 1 in any case. Since ;' is arbitrary, the prime p

divides all the coefficients (3.1), as required.

We next study the asymptotic behavior of {dx{N)} as N —> oo. Let L be a

sufficiently large integer and let I = {a, ß) be any connected component (open

interval) of the open set EX{D^). Note that I c EX{D^N)) for any N > L .
Then any prime number p contained in the interval

J = {N/{ß{2X+l)),N/{a{2X+l)))

belongs to the set Hn for any N > L. Therefore

£  ^^«{jliè+^'oj^y^
p : prime

p£J

where we denote by n{a, b; N) the number of prime numbers contained in the

interval {aN, bN). Using the well-known prime number theorem, we obtain

dx
UÄ4   S   log^2XTr(¿-}j) = 2XTT/X2

p : prime

p€J

Thus, for any positive number c, we have

hminfilog^/V)^^^
r     dx

X2

where EcXL = (0, c) n EX{D^) is a finite union of open intervals. Hence we

obtain the desired lower estimate by taking the limit as c -* oo and as L —> oo .

Similarly we can obtain the upper estimate using the inequality

dxiN)<  J] p,
pen-

where HN is the set of all prime numbers p > V2Ñ satisfying N/{{2X+l)p) £

EX{D). This completes the proof.   D

For the proof of Theorem 1.1 we need the exact values of the integral

dx
e{X) [      !*±

Jex(D) x

at integral points X = r > 2 . The following lemma enables us to calculate e{r)

exactly as a finite sum of the values of the digamma function ip{z) = Y'{z)/Y{z)

at rational points; hence e{r) can be expressed as a finite sum of the values of

elementary functions by Gauss' formula (Erdélyi et al. [6, p. 19]). A similar

argument can be found in [7, p. 106]. For any X > 1 and any subset W c

[0, 1] x [0, 1], put YX{W) = EX{W) n (0, 1).

Lemma 3.2. Let r>2 be an integer. Then we have

e{r)= /      dy/{x).
JYr(D)
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Proof. Since the function y/{x) is strictly increasing in (0, co), the above

Stieltjes integral certainly exists. Clearly Yr{D) is a finite union of disjoint

open intervals. Since {rx} = {/"{x}} for any x > 0, it follows that x £ Er{D)

if and only if {x} 6 Yr{D). This means that

Er{D) = \J{j+Yr{D)),
7=0

where j+Yr{D) = {j+x; x £ Yr{D)} . Let (a, ß) be any connected component
(open interval) of the set Yr{D). Since

iC^--t{jh~jh}--^'^--l'ä^
we obtain

eir) = 7T =      Yl      /   dtp{x)= d\p{x).
JEr(D)X lnñ^y_lmJa JVr(D)(a,ß)eY,(D)'

This completes the proof.   Q

Note that the set Yr(D) coincides with the projected set onto the x-axis of

the intersection of D and the line segments y = {rx} .

For example, we give the exact values of e{3) and e{4), which will be used

in the proof of Theorem 1.1 in §6. It is easily seen that Y^{D) = (±, |)U(^, ^)U

(§, f)U(|, f ) ; hence, using Gauss' formula, we have

(3.6)

*(3) =4 log
l + v^'

2\ß

2-4318557-14

7i I       n 2n
+ 2    coty + cotT

3tt       /,       2       ,       /x

Similarly,since Y,(D) = (J, J)U(J, J)u(|, |)U(J, |)u(|, §)u(|, J)u(j, |),
we have

(3.7)

e{4) = ^ log [{V2- 1)2^2443-|85-

7T   í 7T 2n 47C r^      , rz L        2
+ 2 S cot Q + cot — + cot — + V3 - 1 - V2 - ,2 + —=

Numerically one has e{3) = 2.0161878... and e{4) = 2.8124484... .
Moreover, in order to obtain better irrationality measures of L2{l/k), we

also need the exact values of e{X) at rational points X = r/s.

Lemma 3.3. Let r > s be positive integers with (r, s) = 1. Let T¡ be the affine

mapping in R2 defined by 7) : (x, y) -* ((x + j)/s, y) for 0 < / < s - 1 and
put D[s] = T0{D) UTx{D)U---l) TS-X{D). Then we have

\s)      s JyYr(D[s})

dy/{x).
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Proof. Substituting x = sy, we have

\sJ     Je.jd) x2      s JE

dx _ 1   Í   dy

,) x2 ~ s JE. y2

where E* = {x > 0; ({sx}, {rx}) £ D}. Since s{x} - {sx} is a nonneg-

ative integer less than 5, it follows that {{sx}, {rx}) £ D if and only if

({x}, {rx}) £ D[s] ; hence E* = Er{D[s]). Using the same method as in the

previous proof, we thus obtain

(%=(        %=\        d¥{x),
Je' y     JEr(D[s\) y     Jy,(D[s])

as required.   D

The Stieltjes integral in the above lemma takes a fairly complicated form

when we express it as a finite sum of the values of the digamma function at

rational points. We put X = r/s, aM = (bu, cu), and

Au = {{i, j) £ Z x Z; 0 < i < s - I,  [iX + bu] <j< [iX + cu]}

for 1 < u < 6, where

/.   X-l\ (X + 2    \ (    X-2
ai =    1, -^—    ,    a2 =    —r— ,X\,    a3 =   0,

a4 =

3    ) '      L     V   3    ' 7 V        4

X+l   X-l

4    '     2

Then we obtain

(X+l    2A-2\ /2A+1    2/l-l\
a5=v^-'^-J'     a6=v-3-'^-J-

T + / + 2j\     ^^      (2 + i + 2j
+Y.,<"{-^rrr) + ̂ w\ 2r+s

where ¿^v denotes the summation over {i, j) £ Bv (1 < v < 1) with Bx =

AxöAi, B2 = A}UA5, B3 = A2, 54 = A6 , B5 = AXUA2, B6 = A4UA5L)A6,
and Bj = A3.

Note that e{X) is a continuous function of X, since the closure of EX{D) is

continuous with respect to X in the sense of the Hausdorff metric.

4.  PADÉ-TYPE APPROXIMATIONS

We now construct explicitly our rational approximations to the dilogarithm

L2{z) using the polynomials (2.2).
Let Mn be the least common multiple of {1, 2, ... , N}. For any z £

C - [1, oo), we consider the following double integral:

(4.» QiJi\=ff^zlL^làxdy,
\zj     Jo Jo \-xy



• 1
/   l   \ _V+1    /

>X,N

(4.3)

— Z   Ji
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Clearly Qx,nÍw) is a polynomial (of w) of degree less than N with rational

coefficients such that MNQXyN{w) £ Z[w]. Then, from (4.1),

(4.2) Qx,n (j) = Px,n (j) L2{z) - JXtN (j

where

jXN{w)= f f h¿!Wdxd fx KM^tdu
' Jo Jo   w-xy y        Jo    w-t

Thus, putting Px*Niz) = znPx,nÍI/z) and Q*x>Niz) = zNQx,nÍx-/z) , we obtain

Px\N{z)L2{z)-QlN{z)

oo .1

= _   Y,   zJ+N+i /   VPxMt)lo&tdt
j=m(N) J°

= 0{zm{N)+N+x) = 0{z[UN/{2X+X)]),

where Px* N{z) and Q*x N{z) are polynomials of degrees less than or equal to

N-n{N) and N respectively with rational coefficients such that Px* N{z) £ Z[z]

andM2Q*XN{z)£Z[z].

Equality (4.3) provides a one-parameter family (1 < X < oo) of Padé-type

approximations to the dilogarithm. The extreme case X = oo was completely

investigated by the author [8]; indeed, Px,nÍx) coincides with the polynomial

Affix) defined in (1.1), which gives the best order 0(z[3Ar/2]) in the right-hand

side of (4.3). Nevertheless, owing to the arithmetical property stated in Lemma

3.1, (4.3) can provide better approximations for a suitable choice of X's.

Similarly our polynomials PXtffix) also provide rational approximations to

the logarithm log( 1 — z) ; indeed, using the integral

for any z e C - [1, oo), we obtain

(4.4) RXtN (±) = PX,N (jj log(l - z) - IX<N (jj ,

where

h,Niw)=f^àdt.
Jo    t-w

Thus, putting R*x N{z) = zN'Rx^N{l/z), we have

PlN{z)log{l-z)-R*XN{z)

(4.5) oo i

= - £ ZJ+N+X /  tJPx,Nit)dt

= 0{zl{N)+N+x) = 0{z[{U+2)N/{U+x)]),
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where Rl N{z) is a polynomial of degree less than or equal to N with rational

coefficients such that MNR*X Niz) e Z[z]. (4.3) and (4.5) will be used to show

the linear independence of the numbers 1, log(l - l/k), and L2{l/k).

5. Estimates of Px,NÍk) and Jx,nÍ^)

Let k ^ 0, 1 be an arbitrarily fixed integer. The aim of this section is to

give good upper estimates of \Px,ffik)\ and \Jx,nÍ^)\ for all sufficiently large
N. Throughout this section we write / = 1{N), m = m{N), and n = n{N) for

brevity.

We first estimate Px¡Nik). For any real number X > 1, the algebraic equation

(5.1) x{{2X + l)x - I)2 - kX{3x - 1)((3A + 2)x - X - 2) = 0

has a unique real root axk in the interval {k, co) or (-oo, k) according as

k > 2 or k < -1 respectively. For any x £ R, we also define

Fx{x) = log|x| + (/l- l)log

+ (A+l)log

X{3x- 1)

X- 1

{3X + 2)x - A - 2

X+ 1

Then our result concerning Px,NÍk) can be stated as follows:

Lemma 5.1. For any integer k ^ 0, 1, we have

limsup — log|PA;Ar(/t)| < ,Fx{aXtk).
N->oo    M ¿À+ I

Proof. By Cauchy's integral formula,

2

Px,Ni<{k)-\2ni)  Jciz-ky^Ja

wm+n{l -w)l+m

_ 7\m+\(w - z)
dw dz,

where C and C are the circles centered at z = k and w = z with radii p

and ¿; respectively, {p and £ are positive parameters to be determined later.)

Then it follows immediately that

limsup — log\Px,NÍk)\ < ^y—rSx,k{p,c:),
n^oo  jy ¿A+ l

where

Sx,k{p, ï) = {X+l)log(l + l^-{X-l)logc:

+ Xlog{\k\ + p + c]) + 2Xlog{\k -l\ + p + 0-

Now it is easily verified that the equations

§^sx,kip^) = §^sitk{p,o = o

have a unique solution {po, <^o) m the region (0, k) x (0, 2k) satisfying

{X-l)p0{po + \k\)
ío

{X+l)\k\
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Moreover, the point

{X+l)\k\-po
to -

{X+l)\k\-{2X+l)p0

satisfies the algebraic equation (5.1); therefore to = axk since to = k +

sgn{k){po + £o) • Thus it can be seen that SXtk{p0, £o) = Fx{ax,k) ■ This com-
pletes the proof.   D

We next estimate Jx,NÍk) ■ This estimate is the most essential part in this

paper and we must distinguish two cases according to the sign of the value of k .

We first consider the case k > 2. In this case, the algebraic equation (5.1) has

two real roots ßxk and yx>k in the interval (0, |) and {{X + 2)/(3A + 2), 1)
respectively. Then we have

Lemma 5.2. For any integer k > 2, we have

lim sup — log \Jx>Nik)\ <-TY—jmax{Fx(ßiik),Fx(yiik)}.
N->oo    I\ ¿A + 1

Proof. After an /-fold partial integration, we have

Jx,Nik) = - f^^-logxdx
(5.2) Jo    k-x

On the other hand, for an arbitrarily fixed x £ (0, 1],

O lnot   /       1        \ O 1     SlnafvllrWi1)1 (logxY1' _logÂ: /    1    y       1 (log{x/k)Y

/! \k-x) /!    \k-x)    f/! V  k-x  )

logk If        1 log{z/k)L-l —lm Jciz-
+ ^7 /   ,_    „w^, •    ,    '     dz,{k-x)l+x     2niJc{z-x)!+x

where C is a circle centered at z = x with radius less than 1. Since the point

z = k is a removable singularity of the function f{z) = log{z/k)/{k - z), we
can change the contour C to the new one Cr consisting of the circle centered at

the origin with radius R > 1 and two segments joining z = -R and the origin

(see Figure 3 on the next page). Letting R —> oo and substituting y = x/{t + x)
for an arbitrarily fixed x £ (0, 1 ], we obtain

-Lf /(z) dz={-i)>n-_-_
2niJc{z-x)'+i {     ' Jo    {t + x)M{k + t)

V   x) Jo  ky + x{l-y)

Hence, combining (5.2), (5.3), and (5.4),

h.**)=^s^r ̂ ^"c -two*
--í í

m\Jo Jo
y

ky + x{l-y)

= {-l)l+x{logk)AN{k)-nNik),    say.

{xm+n{l-x)l+m)(m)dxdy
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Figure 3. The contour CR

We first estimate the integral h.N{k). After an m-fold partial integration,

we have

(_\\m     r\ / „/ \<w)

A»<k)--^rl*"^-^"iw^w)   dx-
By Cauchy's integral formula, we find

.1 (    x'    Vw) = -L / ,
ml \{k-x)l+x) 27tiJc,{z-x)m+x{k-z)i+x    Z'

where C is a small circle centered at z = x . Substituting w = z/{z - k) ,v/e

thus obtain

f_D»î+i   /-i /•
(5.5) AJV(fc)= {   '' .     /   xm+"(l.-x)/+w /    GkiN(x,w)dwdx,

2ni     Jo Je

where
wf(l-u;)'"

Gi-   v(X, lu) = 71-TZ-TT--r
k'Ny '      {kw + X{1 - w))m+x

and C" is the circle centered at w = x/{x - k) with radius px/{k - px) -

x/ik — x). {p £ (1, k/x) is a real parameter to be determined later.) Since the

maximum of \Gk N{x, w)\ is attained at w = px/{px - k), it follows from

(5.5) that

(5.6)

where

lim sup — log|Ajv(fc)| < max TXtk{x, p),
N->oc   A 1A+ \ 0<x<\

Tx,kix, p) = (A + 2)logx-l-2Alog(l -x)

-(A-l)log(/)-l) + (A+l)log
k - px
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Then it is easily verified that j-.Txk{x, p) = 0 has a unique root x e (0, 1)

for each fixed p £ (1, k) and that the equations

q^t*Mx> p) = j^T^k(x,p) = °

have a unique solution (xn, po) m the region (5, 1) x (1, k) satisfying

(2A+l)x0- 1
Po~    A(3x0-1)    •

Moreover, the point xo satisfies the algebraic equation (5.1); hence xo = yx¡k

since i < x0 < 1. We thus obtain Tx,k{x0, p0) = Fx{yXtk).

We next estimate the integral £ÍNÍk) ■ After an m-fold partial integration

with respect to x, we have

(5.7) nNik) = {-l)m i   i xm+n{l-x)i+mGk,Nix,y)dxdy;
Jo Jo

hence

(5.8) limsup — log\aN{k)\ = xy—T max Ux,k(x,y),
N-Kx,    N ¿A + I   0<*<1

0<y<l

^A,A:(^,y) = >llogx + 2/llog(l -x) + {X+ l)logy

/      l -v
+ (A-l)log'

where

,ky + x{l-y)

Then it is easily seen that the equations

§¿Ux,k{x,y) = £jUXtk{x,y) = 0

have a unique solution (xo, yo) in the region (0, 5) x (0, 1) satisfying

_ A + 2-(3i + 2)x0

yo~    (A+lKl-Xo)   '

Moreover, the point Xo satisfies the algebraic equation (5.1); hence xo = ßx<k

since 0 < xo < 3 . We thus obtain Ux k{xo, yo) = Fx{ßx k). Therefore, from
(5.6) and (5.8),

limsup — log\Jx,Nik)\ < Ty—rmax{Fx{ßXtk), Fx{yXyk)}.
N—oo   •<* ¿A+ l

This completes the proof.   G

We next consider the case k < -1. In this case we will find ourselves in

a different situation from the previous case. So we restrict ourselves to the

following two cases:

. .     ^  A2 + A - 1 ... 2A2 + 2A-1
(a)*^3A2 + A-i;        (b)*£6A2 + 4A-r

where we put k = k{X, k) = |A:|/(A2 - 1) for brevity.   In case (a) it will be

shown that the algebraic equation (5.1) has two positive roots ßx k < yxk in
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the interval (4, (A + 2)/(3A + 2)). On the other hand, in case (b), the equation

(5.1) has no real roots except for aXik . So we introduce the following quadratic

equation instead of (5.1):

(5.9) x((2A+l)x-l)-fc((3A+l)x-A-l) = 0,

which has a unique positive root ôxk in the interval {k , 1). For any x 6

(0, 1), we also put

Hx{x) = logx + A log (^^) + Alog |(3A + l)x - A - 11.

Lemma 5.3. Let k be a negative integer. Then

{I) for any X > 1 satisfying condition (a), we have

limsup — log|Jx¡Nik)| < ^T—rFx{ßXyk);
N->oo    JV ¿A + 1

(2) for any X > 1 satisfying condition (b), we have

(5.10) limsup^log\Jx,Nik)\ < ^-jHxiô^).
N->oo    jV ¿A + 1

Proof. In the previous proof we had shown that

(5.11) 7,^(0 = (-l)/+1(logC)Aw(C)-aiv(C)

for every integer Ç greater than 1. However it is easily seen that (5.11) still

holds for every real C > 1 • Moreover, for any Ç > 2, we can change the

contour C" with respect to w in (5.5) to the unit circle Co centered at the

origin and the contour [0,1] with respect to y in (5.7) to the upper semicircle

T0 centered at y = \ with radius j, since -1 < x/(x - Ç) < 0 for any

{x, Q £ {0, 1] x (2, oo). Thus we have

(— 1 )m+l     r\ f

(5.12) AN{Q = K  J .      /   xm+n{l-x)l+m      Gc Nix,w)dwdx
2?"     Jo Jc0     '

and

(5.13) fMC) = (-l)m / xm+n{l-x)l+m [ Gr Nix,w)dwdx.
Jo Jr0

Then it is easily verified that An{Q is analytic in the region Co = {C ; |C - 11 >
1} and that CInÍO is analytic in the region Q = C -{£ = //;/> 0} . Since
Jx,niO is clearly analytic in C2 = C-[0, 1] and since the region CofiCi nC2
contains the half-line {Ç = /;/ > 2}, it follows that (5.11) holds for every
C £ Co n Ci n C2. (Here, of course, we regard logÇ as an analytic function in

Cj ; that is, -3n/2 < Im(logC) = argC < n/2.) In particular, putting Ç = k
for any negative integer k, we have

(5.14) JkyN{k) = (-l)/+1(log|Â:| - 7ti)AN{k) - aN(k).

For brevity, put v = v{k, x) = x/(x + \k\). Clearly v e (0, 1) is the pole of

the rational function Gk n{x, w) for an arbitrarily fixed x e (0, 1]. Hence,

from (5.12), (5.13), and (5.14),

1 1 xx(l -x)2X
limsup-log\JxMk)\ < 27-^7log [max wy.,/i,t(x)   ,
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where

- M¿+1fx,k{x) = min max. gi,„(z),        gx,v{z) = \z\
c,v zecur

z-11^1

z — V

and the minimum extends over all simple closed curves C enclosing the point

v and all simple arcs Y joining z = 0 and z = 1, homo topic to r0 in the

punctured region Q-{v}. Since gx,v{z) = gx,v{z) and YliY is a closed curve

enclosing the point v , fXjk{x) can be expressed simply as

fx>k{x) = minmax gx^{z).
r    zer

Put K* = min(/c ,1) for brevity. We first suppose that 0 < x < k* . Then it

is easily verified that gx,v{z) has two real saddle points

z± = z±{X, v) = j^r(xv+l± ^{l-u){l-X2u)^j

respectively, satisfying v < z_ < 07 < z+ < 1. Moreover, one can certainly

find some simple arc Y* such that the maximum of gXyV{z), as z varies in

T*, is attained at the larger saddle point z+ . Hence

(5.15) fx,kix)<gx,Áz+)=   max  gXyl/{y).
\/v<y<\

We next suppose that k < 1 and k < x < 1. Then it is easily seen that gx,viz)

has two complex saddle points

C± = (±i¿, u) = j~-r(^U + l± 1^/(1 -I/)(AV-1))

respectively, satisfying |C±| = \A^- Moreover, one can easily find a suitable
simple arc T» such that the maximum of gx j(/(z), as z varies in T», is attained

at z = C+ . Hence

(5.16) A,k(x)<gÍ3V{C+) = v = gx,u{y/v)=   max  ^;i,(y).
>/i/<y<l

Therefore we have, from (5.15) and (5.16),

limsup — log\JXyNik)\ < zrj—- max   max   Vx,k{x,y),

where

Vx,k{x,y) = Alogx + 2Alog(l -x) + {X+ I)logy

1-y
+ (A-l)log

{x + \k\)y-x

Now it is easily verified that the curve defined by jrVXj({x, y) = 0 in the

region D* = {(x,y);0<x< 1, v < y < 1} can be expressed by the following

two continuous functions:

h±{x) = z± ( A,--r- I    for 0 < x < k*
V    x + \k\)

respectively. More precisely, h-{x) < y < h+{x) if and only if -§pVXtk{x,y) >

0. The functions h±{x), which are also defined for 0 < x < k , satisfy v <
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h-{x) < yfv < h+{x) and h+{x) = ä_(k) = 1/A. {h+{x) is strictly decreasing

and h-{x) is strictly increasing for 0 < x < k .) On the other hand, the

curve defined by ■§-:VXjc{x, y) = 0 in the region D* can be expressed by the

following rational function:

x((2A+l)x-l) _1_
mx)     (2A+l)x2 + (3A|fc|-l)x-A|Ä:| 3 < * <   "

Clearly y < n{x) if and only if -§¿Vxk{x, y) > 0. The minimum of n{x) for

x > 5 is attained at

{n{x) is strictly decreasing for 5 < x < 8{X) and strictly increasing for x >

8{X).)
We first consider the case in which n{x) < h±{hc) = 1/A. Then it is eas-

ily seen that this inequality is equivalent to condition (a). In this case, the

equations h±{x) = n{x) have obviously at least one solution in (5, k) re-

spectively, since h+{0) > 1/A, h-{0) = 0, and rç(i) = 1. On the other

hand, it can be seen that any solution x > 3 of the equations h±{x) = n{x)

must satisfy the algebraic equation (5.1). Since (5.1) has at most two posi-

tive roots, it follows immediately that (5.1) has exactly two distinct positive

roots ßltk < yx,k such that h+(ßx,k) = r\{ßx,k) and h-(yltk) = niyx,k) with

\ < ßx,k < 7x,k < (A + 2)/(3A + 2). Hence the maximum of Vxk{x, y) in

the region Dt = {{x, y) ; 0 < x < k* , ^/v < y < 1} is attained at the point

ißx.k ) nißx,k)) 1 which is a unique solution of the equations

^n,kix,y) = -^Vx>k{x,y) = 0

in D, ; we thus have

(5.17) max    max   Vx¡k{x, y) = Fx{ßx,k).
0<x<k* ^<y<\

Statement ( 1 ) of the lemma is thus proved if k > 1. On the other hand, if

k < 1, then we must consider the function

= (A+ l)logx + 2Alog(l -x)-Alog(x + |fc|)

for k < x < 1. Clearly the equation W'x k{x) = 0 is equivalent to the quadratic

equation (5.9) for 0 < x < 1 ; thus Wxk{x) is strictly increasing for 0 < x <

8Xk and strictly decreasing for Sx k < x < 1 . Moreover,
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since the point (k , 1/A) is just on the curve defined by -¡kVxk = 0 and since

ni*) < 1/A ; thus we have k > Sxk . Therefore the maximum of Wxk{x) for

k < x < 1 is attained at x = k ; hence

(5.18) max Wi>k(x) = Wx<k{K) = Vx,k (k,\).
K<X<\ \ A)

From (5.17) and (5.18), we obtain

max   max   Vx%k{x, y) = Fx{ßXtk),
0<x<\ y/v<y<\

which completes the proof of (1).
We next consider the case in which n{x) > 2/{X+ 1) = h+{0). Then it is not

difficult to see that this inequality is equivalent to condition (b). In this case

the equations h±{x) = n{x) have no positive solutions since k < 8{X) and

h+{0) <n{K). Thus

(5.19) max   max   Viik(x, y) = Vx>k (k, t ) = Wi<k(ic).
0<x<k v/i'<y<l V      a)

Moreover, k < ôx<k since W'x k{K) = jtVx^{k, 1/A) > 0. This means that the

maximum of Wxk{x) is attained at x = 8xk£{K, 1) ; therefore

(5.20) max Wx<k(x) = Wx,k{öx,k) = Hx{ôx,k).
K<X<1

From (5.19) and (5.20), we obtain

max   max   VXik{x, y) = Hx{ôXyk),
0<x<l ^/U<y<l

which completes the proof of (2).   D

Remark. The estimate (5.10) is also valid in any case in which the algebraic

equation (5.1) has no positive roots. This follows from the fact that the function

VXk{x, h+{x)) is strictly increasing and k <ôxk.

Finally, concerning the estimate of Ix<NÍk), we have

(5.21) limsup — log\IXtN(k)\ < limsup — log\JííN(k)\
N-KX)    M N-> oo    jy

for any integer k ^ 0, 1 , since

h,NÍk) = -foPf^dt = {-irxAN{k).

6. Main results

We are now ready to state our main theorem. For brevity, put

a = o{X, k) = 4X + 2 - e{X) + Fx{aXyk).

We also put

r = T{X,k) = e{X) - 4A - 2 - max{Fx{ßx,k), Fx{yx>k)}

for every positive integer k > 2 and

A2 + A - 1

T = T(A,ifc) = e(A)-4A-2-
Fxißx,k)   if^>3A2 + A_r

HxiSx,k)   tf^<^2 + ^l!»

for every negative integer k . Then we have
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Theorem 6.1. Let k ¿ 0, 1 be an integer and let X > 1 be a real number

satisfying x = x{X,k) > 0. Then the number L2{l/k) is irrational; more

precisely, for any e > 0, there exists a positive integer q{e) such that

L2 G)"5> q~x~alx~E

for any integer q > q{e) and for all p £ Z. {L2{l/k) has an irrationality

measure 1 + o/x.)

Proof. Putting

PN=Jmh<M> qN=wñ&>N{k)' eN = d^N)Jx>N{k)>

it follows from (4.2) that

(6.1) pNL2 ( -j- J - qN = eN.

Clearly pn and qtf are some integers for all N > 0. Note that pn ^ 0 for all

N > 0 by Lemma 2.2. Thus qN/PN is the Nth approximate rational number

to L2{l/k) and eN is the remainder term. Then, by Lemmas 3.1, 5.1, 5.2, and

5.3, it is easily seen that

1 , a{X, k)
hmsup — log\pN\ <  ,.

N—oo     TV ¿A + 1

and
1 , t(A, k)

hmsup -log \eN\ <-27-r

Let Vn be the set of the AT + 1 points

Qn    Qn+\ Qn+k

Pn ' Pn+\'  ' Pn+k

for all AT > 0. Suppose now that VM consists of a single point for some M.

Then, from (6.1),

£m _ £a/+i _      _ £m+k
—— —-— • • • —-,     say p,
Pm     Pm+i Pm+k

that is, pPXJ{k) - JXJ{k) = 0 for M < j < M + K . Thus, by Corollary 2.4,
this holds for all j > M ; hence Ej/Pj = p for all j > M. On the other hand,

since \pj\ > 1 and x{X, k) > 0, we have

< |fi/| —> 0   as j —» oo :

thus p = 0. This implies that JXjik) = 0 for all j > M, contrary to Corollary
2.6. Hence the set VN contains at least two distinct points for any N > 0.

Therefore L2{l/k) has an irrationality measure 1 + o/x by Lemma 3.2 in [7,

p. 108]. This completes the proof.   D

Proof of Theorem 1.1. Using the above theorem we can give the proof of The-

orem 1.1 as follows. We first show that t(3, k) > 0 for every integer k > 1.

From equation (5.1) we find that {/?3,/t}fc>7 C (5, \) is a strictly increasing

sequence satisfying ß^ k —> 5 as k —► 00, and {y3,tK>îC(^,|) is a strictly
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decreasing sequence satisfying yitk —> -fy as k -» oo. Thus both {F^{ß^<k)}

and {F${yi¡k)} are strictly decreasing sequences; hence t(3, k) > x{3, 1) for

every k > 1. Now it is easily seen that 0.327 < ftj < 5*3,7 < 0.481,
F3(0.327) < -12, and F3(0.481) < -12 ; therefore, from (3.6), we have

t(3 , 7) = e{3) - 14 - max{F3(/?3,7), ^3(73,7)} > e{3) - 2 > 0,

as required.

We next show that t(4, k) > 0 for every integer k < -5. Condition (a) is

clearly fulfilled by A = 4 and every k < -6. Moreover, {/?4,;t}/K-6 is a strictly

decreasing sequence satisfying ßt,k^> \ as /: -> -00. Hence {F^ijk)}k<_6

is also a strictly decreasing sequence; thus t(4, k) > x{4, -6) for every k <

-6. Since /?4,-6 < 0.36 and F4(0.36) < -15.5, we have, from (3.7),

T(4, -6) = e{4) - 18 - F4{ß4^6) > e{4) - 2.5 > 0.

Finally, since condition (b) is fulfilled by A = 4 and k = -5, we have

vT249- 32
t(4, -5) = e{4) - 18 - H4(Sa,-S)   with ¿4,-5 =-—- ■

Now it is easily seen that //4(¿4)_5) < -15.3; hence t(4, -5) > e(4)-2.7 > 0.
This completes the proof of Theorem 1.1.   D

In general it seems to be difficult to find the exact parameter X*{k) at which

the irrationality measure

a{X, k)
p{X,k) = 1 +

x{X,k)

attains its minimum as A € ( 1, 00) varies. Moreover, in several cases, it seems

that X*{k) is not an integer. This will be a new phenomenon because the best

parameters were certainly integers in the previous study [7] on the Padé-type

approximations to the numbers such as log 2, n/\[3, n2, and Ç(3). Some nu-

merical examples on the irrationality measures p{X, k) of the numbers L2{l/k)

derived from our main theorem are given on the next page in Tables 1 and

2. Here each parameter X{k) is taken to be a rational number with relatively

small denominator in order to calculate the exponent e{X) exactly using Lemma

3.3. In each case there may be small room for improvement by choosing more

complicated rational parameters. Indeed, for each fixed integer k > 1, the

parameter X{k) is chosen so that X{k) is an approximate rational number to a

(presumably unique) solution X{k) of the equation Fx{ßxk) = F^yx^). For

example, by taking A = yH , one will find that

■*)-5> „-95.0002

for any sufficiently large integer q .

Corollary 2.6 enables us to show the linear independence over Q of the

numbers 1, log(l - l/k), and L2{l/k) for every integer k £ (-00, -5] U
[7, 00). To see this, suppose that

- T ) + w0L2 ( - j = 0
k
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Table 1.  {k : positive)

parameters

A(fc)
exponents

e{X)

irrationality

measures p{X, k)

1

8

9
10

11

12

13
14

15

16

17

18

74/27

56/19
22/7
10/3
7/2
11/3

23/6
4

29/7
30/7

31/7
73/16

2.05302..

2.05001..
2.17576..

2.32601..
2.43808..
2.55718..
2.68159..
2.81244..
2.84624..
2.88745..

2.93273..
2.97250..

Table 2.  {k : negative)

95.0605..

51.0848..
33.1311..
25.2396..
21.1863..
18.5439..
16.6546..
15.2749..
14.4767..

13.8057..

13.2385..

12.7562..

parameters

X{k)        case

exponents

ejX)
irrationality

measures p{X, k)
-5
-6

-7

-8
-9

-10
-11
-12
-13
-14

-15
-16

4
4

22/5
6
6

6
6
6
6

67/11

25/4

32/5

(b)
(a)

(a)

(b)
(b)

(b)
(b)
(b)
(a)

(a)

(a)

(a)

2.81244..
2.81244..
2.92437..
3.54658..
3.54658..
3.54658..
3.54658..
3.54658..
3.54658..

3.57289..
3.61686..

3.65638..

228.612...

55.9375..
35.8351..
27.3905..
22.6583..
19.7479..
17.7685..
16.3297..
15.2424..
14.4179..

13.7503..

13.1953..

for some integers «0, v0, and u>o . Then, from (4.2) and (4.4), we have

UoPn + v0rN + w0qN + v0nN + w0eN = 0

for all N > 0, where

rN ^Rx,Nik) and   nN = &h N{k).
*X,N

Since there exists a A satisfying x(A, k) > 0 for each fixed k £ (-oo, -5] U

[7, oo), we have ^ —> 0 and Cn —> 0 as N —> oo from (5.21). Hence

Vot]N + WoSn = 0 for all sufficiently large N since UoPn + vorN + WoQn e Z ;
thus Vo = wo = 0 by Corollary 2.6, as required.

Moreover, analogously to [8], we can obtain the measure of the linear inde-

pendence, as follows.
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Theorem 6.2. If x{X, k) > 0, then, for any e > 0, there exists a positive integer

H{e) = H{X, k ; e) such that

P + Qlog[l-^j+rL2{\: > H~a/T-E

for any integers p, q, and r with H = max{\q\, |r|} > H{e).

This follows easily from the following property:  Let wo, ^o, and wo be

arbitrary integers with (u0, i>o > wo) ^(0,0,0). Then we have

for any integer 7Y > 0.

max    \u0Pi + vor¡ + woq¡\ > 1
N<j<N+K J

References

1. F. Beukers, A note on the irrationality of f(2) and £(3), Bull. London Math. Soc. 11

(1979), 268-272.

2. G. V. Chudnovsky, Padé approximations to the generalized hypergeometric functions. I, J.

Math. Pures Appl. 58 (1979), 445-476.

3. _, Measures of irrationality, transcendence and algebraic independence. Recent progress

(Number Theory Days, 1980), London Math. Soc. Lecture Note Ser., vol. 56, Cambridge

Univ. Press, Cambridge-New York, 1982, pp. 11-82.

4. D. V. Chudnovsky and G. V. Chudnovsky, Padé and rational approximations to systems

of functions and their arithmetic applications, Lecture Notes in Math., vol. 1052, Springer-

Verlag, 1984, pp. 37-84.

5. R. Dvornicich and C. Viola, Some remarks on Beukers' integrals (Number Theory, Bu-

dapest), Colloq. Math. Soc. János Bolyai, vol. 51, North-Holland, 1987, pp. 637-657.

6. A. Erdélyi et al., Higher transcendental functions, vol. 1, McGraw-Hill, New York, 1953.

7. M. Hata, Legendre type polynomials and irrationality measures, J. Reine Angew. Math. 407

(1990), 99-125.

8. _, On the linear independence of the values of poly logarithmic functions, J. Math. Pures

Appl. 69(1990), 133-173.

9. L. Lewin, Polylogarithms and associated functions, North-Holland, New York, 1981.

10. W. Maier, Potenzreihen irrationalen Grenzwertes, J. Reine Angew. Math. 156 (1927), 93-

148.

H.A. van der Poorten, A proof that Euler missed—Apery's proof of the irrationality of f(3),

Math. Intelligencer 1 (1979), 195-203.

12. E. A. Rukhadze, A lower bound for the approximation of In 2 by rational numbers, Vestnik

Moskov. Univ. Ser. I Math. Mekh. (1987), no. 6, 25-29. (Russian)

Institute of Mathematics, Yoshida College, Kyoto University, Kyoto 606, Japan


