TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 336, Number 1, March 1993

RATIONAL APPROXIMATIONS TO THE DILOGARITHM

MASAYOSHI HATA

ABSTRACT. The irrationality proof of the values of the dilogarithmic function
L,(z) at rational points z = 1/k for every integer k € (—oo, —5]U[7, oo) is
given. To show this we develop the method of Padé-type approximations using
Legendre-type polynomials, which also derives good irrationality measures of
L,(1/k). Moreover, the linear independence over Q of the numbers 1,
log(1 — 1/k), and L,(1/k) is also obtained for each integer k € (—oo, —5]U
[7, ).

1. INTRODUCTION

This paper is devoted to studying rational approximations to the values of
the dilogarithmic function

at rational points z = 1/k for nonzero integers k. The function L,(z) was
studied over two hundred years ago by Euler, Landen, and others. The spe-
cial values of L,(z) at some algebraic points and several functional relations
satisfied by L,(z) are known (see, for example, Lewin’s book [9, Chapter 1]).
Ly(z) is holomorphic in the complex plane with a branch cut z=1 to .

Concerning arithmetical properties of the values of dilogarithms at ratio-
nal points, Maier [10] has shown the irrationality of L,(1/k) for any integer
k > 28¢2. This result was remarkably improved by Chudnovsky [2, 3], who
announced that L,(1/k) is irrational for any integer k > 14. He also pointed
out that in the G-function approach (ineffective method) L,(1/k) becomes
irrational only for k > e'?”. Recently the author [8] studied Padé-type ap-
proximations to the dilogarithm by using the Legendre-type polynomials with
integral coefficients

An(x) = s (R (1 )

(1.1) "N e .
— ERRY) 1 J ny+J

2 () () (5 )
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where n, = [n/2] and n, = [(n + 1)/2]. Then he showed that L,(1/k) is
irrational for any integer k € (—oo, —8]U[12, o0).

Modifying the polynomials (1.1), we now introduce the following polynomi-
als with integral coefficients:

1
Bl m,n(X) = s (6 (74 (1 = ) )0

(12) =;V;";(_l)j(lim>(j+r:l+n)(j+$+n>xj+n,

where /, m (I > m), and n are nonnegative integers. The importance of these
polynomials lies in the fact that the greatest common divisor of the coefficients
is fairly large. Then the polynomials (1.2) enable us to obtain the following

Theorem 1.1. L,(1/k) is irrational for any integer k € (—oo, —=S5]U[7, oc).

The proof of Theorem 1.1 will be given in §6.
Our method also provides good irrationality measures of L,(1/k). For ex-

ample,
1 p —15.275
— 1 -E> .
L2(14) q‘—"

for any sufficiently large integer ¢, which fairly improves Chudnovsky’s result:
u(14) ~ 300 [3]. For some numerical results on the irrationality measures of
L,(1/k), see Tables 1 and 2 in §6.

Although our method cannot be applied to the case k = 1, there are several
results concerning rational approximations to the value L,(1) = n2/6. (See van
der Poorten [11], Beukers [1], Chudnovsky and Chudnovsky [4], Dvornicich and
Viola [5], Rukhadze [12], and the author’s paper [7].)

Analogously to [8] we can also show that the numbers 1, log(1 — 1/k), and
L,(1/k) are linearly independent over Q for any integer k € (—oo, —5]U
[7, 00).

In §§2 and 3, we will investigate some fundamental properties of the poly-
nomials (1.2). Then we will construct explicitly our Padé-type approximations
to the dilogarithm L,(z) in §4. In §5 the asymptotic behaviors of the denom-
inators of the approximate rational numbers and of the remainder terms will
be given. Our main results on the irrationality measures of L,(1/k) will be
proved in the last section.

2. PRELIMINARIES

In this section we investigate some fundamental properties on the polynomi-
als B; ,, »(x). First, we have the following

Lemma 2.1. Let [, m,n, and n’' be nonnegative integers satisfying | > m,
and suppose that P(x) is a real polynomial of degree less than | + m +n + n’
satisfying the following properties:

(1) fol x/P(x)dx =0 for 0<j<I,

(2) fol x/P(x)logxdx =0 for 0< j<m;

(3) P(x)=0(x") as x —» 0 and P(x)=0((1-x)") as x — 1.
Then P(x) must be identically zero.
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tm
P(x) = / / Pt dty-dty, .

m IlmCS

Then it follows from (1) and (3) that ﬁ(x) = xm*tn(] - )'”*" Q(x) for some

real polynomial Q(x) of degree less than /, and that fo x/ P (x)dx =0 for
0 < j < I - m. Moreover, this equality holds also for every -m < j < —1
from (2). Thus

Proof. Put

/ "L = X)) dx = 0
0

for 0 < j < /; in particular,

/l X"(1 = x)™" Q2(x)dx = 0.
0

Therefore we have Q(x) =0; hence P(x) =0, as required. O
It is easily verified that the polynomial
1 '
(21) Bl,m,n,n’ (X) — l'_n1_'(x1(xm+n(1 _ x)1+m+n )(m))(l)
of degree /+ m+ n+n’ satisfies the conditions (1), (2), and (3) of Lemma 2.1
if / > m. Therefore these conditions determine the polynomial (2.1) uniquely

up to a constant multiple.
Next we study the distribution of zero points of B; ,, , »(x).

Lemma 2.2. If | > m, then By ,, , n(x) has |+ m simple zeros in the open
unit interval (0, 1). Hence all zero points of Bj , n n(x) lie on the closed unit
interval [0, 1].

Proof. We can assume that / > 1. Let N(U) be the number of zero points of
U(x) with odd order lying on (0, 1) for any real polynemial U(x) # 0. Put

- X plm 5]
B(x)=// / B on.w(ty)dtidty---dty,.
0 Jo 0
D e ———

m times

Then, using the same method as in the previous proof, fol x/B*(x)dx =0 for
0 < j <!, where B*(x) = x""E(x) is a real polynomial of degree / + m +
n+n' > 1;hence N(B) = N(B*) > by the standard argument. Therefore
we have N(B . w)=NBM™M)> NBm=D)41>...>NB)+m>I+m.
Since x = 0 and x = 1 are zero points of B; ,, , »(x) of order n and
n' respectively, B ,, , »(x) must have / + m simple zeros in (0, 1). This
completes the proof. O

In particular, B; ,, » . (z)#0 forany ze€ C—[0, 1].

We now study further properties of the polynomials B; ,, ,(X) = By . n.0(X).
Let A > 1 be an arbitrarily fixed real number. From now on we restrict ourselves
to the following case:

meman =y (- [al)] - emne= 5 [])
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and / = /(N) = N —m(N) — n(N) for any nonnegative integer N. Note that
I(N), m(N), and n(N) are monotone nondecreasing functions on N and that
I(N) > m(N) + 2n(N) forall N > 0. For brevity, put
(2.2) Py n(X) = Byny, m(ny, n(wy () -

Clearly P, y(x) is a polynomial of degree N with integral coefficients. Then
the system of polynomials {P; n(x)}n>o satisfies the following recurrence for-
mula.

Lemma 2.3. Let K =8 +[11/(A—1)]. Thenforany N>K,

(2.3) Py n41(2) = (aA,NZ+b).,N)P/1,N(Z)+ch,l,NP/1,N——j(Z),

j=1
where a; n, b, n, and c¢; , n (1 < j < K) are rational constants depending
only on A and N. Moreover, the systems of the functions

I n(2) = / P; N(z)dt and J; n(2) = / P; N()logtdt
o - o -
also satisfy the same linear recurrence formula (2.3) forany z € C—[0, 1].
Proof. Put

P*(z) = Py nt1(2) = (ag Nz + by N) Py N(2)

K
=Y ¢ anPin-i(2),

j=1

where a; v, b v, and ¢; ; v (1 < j < K) are rational numbers chosen so

that the degree of P*(z) islessthan N—K . Clearly we have fol x/P*(x)dx =0

for 0 < j <I*, where
F=min{/{((N+1),I(N)-1,[(N-1),...,I(N-K)}.

Since K > 8, it is easily seen that /(N)—1>I/(N — K); hence [* = /(N - K).

Similarly, fol x/P*(x)logxdx =0 for 0 < j < m*, where

m* =min{fm(N+ 1), m(N)-1, m(N-1),..., m(N-K)} =m(N - K)
since K =8+ [11/(A— 1)]. Moreover, P*(x) = O(x"") as x — 0, where
n* =min{n(N + 1), n(N),n(N-1), ..., n(N-K)} =n(N -K).

Thus, from Lemma 2.1, P*(z) =0 since N- K = /(N -K)+m(N - K) +
n(N — K), as required.
Next we have
K
I ne1(2) = (aa, Nz + by W) N(2) ch,l,NIi,N—j(Z)
j=1

1
=ai [ Pun(x)dx=0

since /(N) > [(K) > 3. The same equality holds for the system {J; n(z)}n>0
since m(N) > m(K) > 3. This completes the proof. O

Since the recurrence formula (2.3) is linear, we have immediately
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Corollary 2.4. Suppose that there exist an integer Ny > 0, a complex number
zg € C—[0, 1], and complex constants ug, vy, and wq satisfying
uoPy, j(20) + voly, j(20) + woJy, j(z0) =0
Jor Ny < j < No+ K. Then this equality holds for all j > Ny.

We also need the following lemma, which will play an important role in
the proof of the irrationality of L,(1/k) and even in the proof of the linear
independence of the numbers 1, log(1 — 1/k), and L(1/k).

Lemma 2.5. Let M be a nonnegative integer. Suppose that g(x) € L'(0, 1)
satisfies

1
| Pxigtedx =0
forall j > M. Then the function g(x) can be expressed in the form
gx)=U(x)+V(x)logx

almost everywhere for some polynomials U(x) and V(x) of degrees less than
(M) and m(M) respectively.

Proof. Weput [ = (M), m = m(M), and n = n(M) for brevity. For any
vector v=(ag, ai, ..., a1, bo, ..., bm_1) € R we define

-1 m—1
du(x) =D ax) + Y bjx/logx;
7=0 7=0

so the above lemma states that g(x) = ¢y(x) almost everywhere for some vector
V.
We first show that the mapping ®: R/*” — R/*™ defined by

D(v) = (/le"qﬁv(x)dx, /01 x"e(x)dx, ..., /01 xM=1g,(x) dx)

is a homeomorphism. Let X be the corresponding matrix representation of
®. To show that the determinant of X¢ does not vanish, it suffices to show
that Xo has no zero-eigenvalues. Suppose, on the contrary, that ®(v) = 0 for
some v # 0; that is,

(2.4) / l xI* My (x)dx = 0
0

forany 0< j</+m. Put

1=x  plim 13}
G(x) = / / / ooty dty diy - dtpery
JoJo 0

I+m times

Then it follows from (2.4) that GY)(0) = 0 forany 0 < j < /+ m. On the
other hand, since / > m, it is easily seen that

G(2) = (1 = 2)M(Uo(2) + Vo(2) log(1 - 2))

for some polynomials Up(z) and Vy(z) of degrees less than / and m respec-
tively. Since G(z) is an analytic function in a neighborhood of the origin, we
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FiGURrE 1. The contour Cyr

have Uy(z) + Vo(z)log(l — z) = O(z!*™) as z — 0. Then we have m > 1 ; for
otherwise, Uy = Vp =0, contrary to ¢y Z 0. Since the function V,(z)log(1—z)
does not contain the terms of z/*! for 0 < j < m in its Taylor expansion at

z =0, we obtain
_1_/ Vo(z)log(l —2) ,
2ri C Z]+1+1

forany 0 < j < m, where C is a sufficiently small circle centered at the origin.
In particular, since z”~!¥,(1/z) is a polynomial of degree less than m, we

have ,

LRy Gl (L PR

2ni Jo zl+m
The integrand of the above integral is clearly analytic in the complex plane with
a branch cut from z =1 to oco. So we can change the contour C to the new
contour Cr consisting of the circle centered at the origin with radius 7 > |
and two segments joining z = 1 and z = T (see Figure 1). Letting 7T — oo,

we thus obtain )
Sl
/ o () dt=0;
1

ti+m

therefore V;(z) =0 and hence Up(z) = 0. This contradiction implies that @
is a homeomorphism, as required.

Put g,(x) = g(x) — ¢y(x) € L'(0, 1) for brevity. Since ® is a homeomor-
phism, there exists a unique vector w € R’*” such that

(2.5) /I X trga(x)dx =0
0

for 0 < j <!+ m. On the other hand, since fol Py n(X)dw(x)dx = 0 for all
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N > M, we have

1
(2.6) /0 Py w(x)gw(x) dx = 0

forall N> M. Now x~"P; y(x) is a polynomial of degree N —n >[4+ m.
Hence it follows from (2.5) and (2.6) that the integrable function x"gy(x) is
orthogonal to all polynomials. By the standard argument, we thus have gy(x) =
0 almost everywhere. This completes the proof. O

Combining Corollary 2.4 and the above lemma, we have

Corollary 2.6. Suppose that there exist an integer Ny > 0, a complex number
zg € C—[0, 1], and complex constants vy and wq satisfying

(2.7) vol;, j(20) + woJj;, j(20) =0
for Ng<j<Ny+K. Then vg=wo=0.
Proof. By Corollary 2.4, (2.7) holds for all j > Ny ; in other words,

1
| B s =0

for all j > Ny, where

g(x)

Thus, by Lemma 2.5, there exist some polynomials U(x) and V(x) such that
g(x)=U(x)+ V(x)logx for any 0 < x < 1. This implies that

U(x)+ V(x)logx =0,

_ Vg + wologx

1
Y7 eL(0,1).

where U(x) = vo—(x—20)U(x) and ¥ (x) = wo—(x—2)V(x) . Then it is easily
seen that this occurs if and only if U(x) =V (x)=0; hence U(x)=V(x)=0
and vy =wy =0, as required. O

3. ARITHMETICAL PROPERTY OF THE COEFFICIENTS

In this section we study the asymptotic behavior of common divisors of the
coefficients of P; y(x) as N — oo. The main result (Lemma 3.1 below) in
this section is an arithmetical lemma, which will be proved by using the prime
number theorem.

We denote by (x, y) the usual Cartesian coordinates in R?. Then define
the “characteristic set” D = D, U D, U D3, where

Di={(x,y);y>1, x+y<1, and 2x +y > 1},
Dy={(x,y);y>3, y<x, and x +2y <2},
Dy={(x,y);y>0, y<x, and x +2y <1}.

Each set D; is an open triangle contained in [0, 1] x [0, 1] (see Figure 2). We
also denote by {x} the fractional part of x. For any real number A > 1 and
any subset W c [0, 1] x [0, 1], we define

E,(W) ={x>0; ({x}, {ix}) e W}.
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0
FIGURE 2. The characteristic set D = D; U D, U D;

Clearly the set E,;(D) is a countable union of open intervals. We then define
e(d)= [ Ey(D) dx/x?*. Our result can now be stated as follows.

Lemma 3.1. Let A > 1 be a real parameter. Then there exists a common divisor
d,(N) of the following integers:

I(N)+m(N)\ (j+m(N)+n(N)\ (j+{(N)+n(N)
an (s ") O e )
for 0 < j<I(N)+ m(N) satisfying

e(4)
22+1°
Proof. Put dy = 3/v/N for brevity. For any sufficiently large N , we first define

DY) = {(x, y) e R?; dist((x, y), R? = D;) > V2dy}

. 1
im_ 7108 (M) =

for 1< j <3 and put DM =DM uDMuDY) . Clearly E;(D™)) is a count-
able union of open intervals and {E;(D"))} is a monotone increasing sequence
of open sets such that |JE;(D™)) = E;(D). Note that dist(D\"), D)) >
2V26y forany i # j. Now let Hy be the set of all prime numbers p > V2N
satisfying N/(24+ 1)p € E;(D™)). Then we define

d;(N) =[] »-

PEHN

We now show that each p € Hy divides all the coefficients of the polynomial
P, n(x). To see this, for an arbitrarily fixed j € [0, [((N)+ m(N)], let w, 7,
n',and 6 be the fractional parts of (/(N)+m(N))/(2p), ({(N)—m(N))/(2p),
n(N)/p, and j/p respectively. Since N/(2A+ 1)p € E;(D™)), we have

(32) {L} , {(*—N}ema,v, |- V3sy).

(2A+1)p 24+ 1)p
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Thus, any point ({x}, {y}) satisfying
AN

N sy and |y AN
i+ )p| N Y=y p

belongs to the set D; for some 1 < i < 3. In particular, we have (7, ),
(n', w) € D;» for some i*, since it is easily seen that

<6N

IN)-m(N) N 3 o
(3.3) T, Gt 72
n(N) N 4 by
G4 P ‘(21+1>p’<‘35<?
and
IN)+m(N) N 2
(3.5) T, 2+0p| 3 6"

Now let v(p) > 0 be the largest integer such that p*(®) divides the integer (3.1).
Then, since p? > 2N, we obtain

v(p) = [M] _ H _ {l(N)+m<N) —j]

j+1:n(N)+n(N1)) _ [m(N) f j+n(N)
L e Il v b v

JHIN) + (V)] [UN)] () +nd)
- - [

=[R2w]-R2w-0l+[w-n-n"+060]-[w—n]-[n"+06]
+lwo+n+n +6]1-[w+n]-[n+06].
We now distinguish three cases according to the value of i* as follows:
Casel (i* = 1). Suppose that v(p) = 0; then [2w] = [2w — 0] and [w +n +
n"+0]l=[w+n+[n+806]. Since (, w), (', w) € D;, we have 2w > 1,
w+n <1, w+2n>1,and w+2n' > 1;hence w+n+n" > 1. Thus n'+0 > 1

and 2w > 1+ 0 ; hence 2w+ n’' > 2. This is a contradiction, since w+#n < 1.
Therefore v(p) > 1.

Case 11 (i* =2). Suppose that v(p) =0; then [2w] =[2w — 0] and [w — n +

n"+0]=[w-n]l+[n +0]. Since (n, ), (n', w) € D, we have 2w > 1,

w<1n,and 2w+ < 2. On the other hand, it follows from (3.3) and (3.4)
!

that

R N 1 W .

TS T\ @i+ e S| T T @i+ p
hence w —n+n' + 0 > 0 for all sufficiently large N. Thus 2w > 1+ 6 and
n'+6>1;hence 2w+ n' > 2, a contradiction. Therefore we have v(p) > 1.

< ON;

Case Il (i* = 3). Suppose that v(p) = 0; then [2w] =[2w—-0] and [w—7n +
n"+6)=[w-n]+[n +806]. Since (1, w), (n', w) € Dy, we have w < n and
2w + 7’ < 1. On the other hand, it follows from (3.2) and (3.5) that

w>{(l—N}—6—N> (\/5—1>6N>5N.

22+ 1)p) 6 6
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Thus w—n+n'+60>0,since |n—n'| <dy. Hence 20 >0 and ' +60 > 1;
so, 2w + 1’ > 1, a contradiction. Therefore v(p) > 1.

Thus we have v(p) > 1 in any case. Since j is arbitrary, the prime p
divides all the coefficients (3.1), as required.

We next study the asymptotic behavior of {d;(N)} as N — co. Let L be a
sufficiently large integer and let I = (a, ) be any connected component (open
interval) of the open set E;(D™)). Note that I c E;(D"V)) forany N > L.
Then any prime number p contained in the interval

J = (N/(B(24+ 1)), N/(a(24 + 1)))
belongs to the set Hy for any N > L. Therefore

> logp2n (ﬂ(2,11+ 1)’ a(211+ 0’ N> tog (WL];’T)') ’

p : prime
peEJ

where we denote by n(a, b; N) the number of prime numbers contained in the
interval (aN, bN). Using the well-known prime number theorem, we obtain

1 1o/1 1 1 [dx
— > ()= ] =
liminf & > l°g”—2/1+1(a ,B) 22+1), %2
p:pr}me

peE

Thus, for any positive number ¢, we have

N | 1 dx
“N"L‘J.Efﬁbgdi(mzm/,g ol

c. AL

where E, ;.1 = (0, ¢)n E;(DW) is a finite union of open intervals. Hence we
obtain the desired lower estimate by taking the limitas ¢ —» oo andas L — c.
Similarly we can obtain the upper estimate using the inequality

d Ny < ] »p,

peH},

where Hj, is the set of all prime numbers p > V2N satisfying N/((24+1)p) €
E;(D). This completes the proof. O

For the proof of Theorem 1.1 we need the exact values of the integral

dx
e(A =/ —
L A

at integral points 4 =r > 2. The following lemma enables us to calculate e(r)
exactly as a finite sum of the values of the digamma function y(z) =I"(z)/I'(2)
at rational points; hence e(r) can be expressed as a finite sum of the values of
elementary functions by Gauss’ formula (Erdélyi et al. [6, p. 19]). A similar
argument can be found in [7, p. 106]. For any 4 > 1 and any subset W C
[0, 1]1x [0, 1], put Y;(W)=E;(W)n(0, 1).

Lemma 3.2. Let r > 2 be an integer. Then we have

e(r) = dy(x).
Y,(D)
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Proof. Since the function y(x) is strictly increasing in (0, oo), the above
Stieltjes integral certainly exists. Clearly Y,(D) is a finite union of disjoint
open intervals. Since {rx} = {r{x}} for any x > 0, it follows that x € E,(D)
if and only if {x} € Y,(D). This means that

[e o)

E.(D) =]+ Y,(D)),
j=0

where j+Y,(D) = {j+x; x € Y,(D)}. Let (a, B) be any connected component
(open interval) of the set Y,(D). Since

S o SRR L

Jj=0
dx £
em=[ S= % [dvx=[
ED) (a. B)EX(D) YD)

This completes the proof. O

we obtain

Note that the set Y,(D) coincides with the projected set onto the x-axis of
the intersection of D and the line segments y = {rx}.

For example, we give the exact values of e¢(3) and e(4), which will be used
in the proof of Theorem 1.1 in §6. It is easily seen that Y3(D) = (5 , “‘)U(% , %)U
(3 , 7) u (6 , 7) hence, using Gauss’ formula, we have

2V5
e(3) = %log [(l +2\/§> 2—4318557-—14}

(3.6)

Similarly, since Y4(D) = (4, HU(. HUG. DU, HUG. HuG. Hud. H.
we have

e(4) = %log [(\/5 - 1)2*/72443-'85—5]
+—2-{cot9+cot9 +cot T iV3-1-v2- 2+ﬁ}'
Numerically one has e(3) =2.0161878... and e(4) = 2.8124484... .

Moreover, in order to obtain better irrationality measures of L,(1/k), we
also need the exact values of e(4) at rational points A =r/s.

Lemma 3.3. Let r > s be positive integers with (r,s) =1. Let T; be the affine
mapping in R? defined by Tj: (x,y) — ((x +j)/s,y) for 0< j<s—1 and
put D[s]=To(D)UT1(D)U---UT;_(D). Then we have

¢ (3) - % Y,(Dls) A
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Proof. Substituting x = sy, we have

e ()= / dx _ 1 [ dy
S E,/s(D) x2 S JE+ y2 ’

where E* = {x > 0; ({sx}, {rx}) € D}. Since s{x} — {sx} is a nonneg-
ative integer less than s, it follows that ({sx}, {rx}) € D if and only if
({x}, {rx}) € D[s]; hence E* = E,(D[s]). Using the same method as in the
previous proof, we thus obtain

L] o] ayw,
+(D[s]) J’ Y,(DIs])

The Stieltjes integral in the above lemma takes a fairly complicated form
when we express it as a finite sum of the values of the digamma function at
rational points. We put A =r/s, a, = (b,, ¢,), and

Ay={(i, ) €eZxZ;0<i<s—1, [iA+b,]<j<[iA+cl}

(/1+2 A—Z
3 4 ’
+1 A-1 A+ -2 A+1 21-1
M=\ 72 ) T\ 2 3 A = 3 T3 )
Then we obtain
ry 1 j—i l+i+]
e()-: 2 (55) Zov (5
1+i+2j 24+i0i+2j
+Z ( 2r+s >+Z4W( 2r+s )
1+2j 1+2i+j
_st(;)_zsw< 2r >_Z7W( r+2s )]’
where Y, denotes the summation over (i, j) € B, (1 <v <7) with B =
AUAs, By=A3UAs, By=A;, B4=Ag¢, Bs=A1UAy, Be=A4UAsU 4,
and B; = A;5.

Note that e(4) is a continuous function of A, since the closure of E;(D) is
continuous with respect to A in the sense of the Hausdorff metric.

as required. O

for 1 <u <6, where

4. PADE-TYPE APPROXIMATIONS

We now construct explicitly our rational approximations to the dilogarithm
L,(z) using the polynomials (2.2).

Let My be the least common multiple of {1,2,..., N}. For any z €
C —-[1, ), we consider the following double integral:

4.1) QAN(> //P“Vé — BN gy

1 _xy
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Clearly Q,; n(w) is a polynomial (of w) of degree less than N with rational
coefficients such that M%Q; y(w) € Z[w]. Then, from (4.1),

(4.2) Qi N <%> =P N <%) Ly(z) = Jy N (é) ;

where
1
Jin(w / / Bney) 4 ay / B o0 141,
w — Xy 0o w—t1
Thus, putting P} y(z) = zVP; n(1/2) and Qf y(z) = z¥Q; n(1/2), we obtain
P n(2)La(2) — O n(2)

=zNJ,1N<l>=—zN+‘/ Pin ()logtdt
T\z 0 1—

0o 1
==Y zf+N+'/0 t'P; n(1)logtdt

= O(zMNH+N+1y = O(BAN/Q3+ D)y

where P; y(z) and Q; y(z) are polynomials of degrees less than or equal to
N-n(N) and N respectively with rational coefficients such that P} ,(z) € Z[]
and M}Q; \(2) € Z[z].

Equality (4.3) provides a one-parameter family (1 < 4 < oo) of Padé-type
approximations to the dilogarithm. The extreme case A = co was completely
investigated by the author [8]; indeed, P, n(x) coincides with the polynomial
An(x) defined in (1.1), which gives the best order O(zB3¥/21) in the right-hand
side of (4.3). Nevertheless, owing to the arithmetical property stated in Lemma
3.1, (4.3) can provide better approximations for a suitable choice of A’s.

Similarly our polynomials P, y(x) also provide rational approximations to
the logarithm log(1 — z); indeed, using the integral

1 1y
Rl,N(é>=_A PinGz) - PN o,

1
Ly

forany z € C—[1, o), we obtain

(4.4) Ry~ (%) PN ( )103(1 -z)-Li N (%) ,

where 1
IA,N(w)z/ Fin() dt.
0

t—w
Thus, putting R} y(z) = zVR; n(1/z), we have

P} n(2)log(l = z) — R} n(2)

1 L'Py w(t)
=zNJ - =_N+I/L
V4 A, N 2 z A 1_ 21 dt

1
= - Z Zj+N+l/ tjP)”N(l)dt
0

Jj=I(N)
O(2/N+N+1) — O(ZlBH2N/22+ 1)
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where R} y(z) is a polynomial of degree less than or equal to N with rational
coefficients such that My R} y(z) € Z[z]. (4.3) and (4.5) will be used to show
the linear independence of the numbers 1, log(1 — 1/k), and Ly(1/k).

5. ESTIMATES OF P, n(k) AND J; n(k)

Let k # 0, 1 be an arbitrarily fixed integer. The aim of this section is to
give good upper estimates of |P; (k)| and |J; y(k)| for all sufficiently large
N . Throughout this section we write / = /(N), m = m(N), and n = n(N) for
brevity.

We first estimate P, (k). For any real number A > 1, the algebraic equation

(5.1) x((2A+ Dx = 1)2—kA(3x = 1)(3A+2)x —A—2) =0

has a unique real root «; ; in the interval (k, c0) or (—oo, k) according as
k >2 or k < —1 respectively. For any x € R, we also define

Fy(x) = log|x| + (2 - 1)log ’ii)ﬁ_'l—l)l
(3A+2)x—A-2
+(A+1)log P .

Then our result concerning P; (k) can be stated as follows:

Lemma 5.1. For any integer k #0, 1, we have

. 1 1
hlrvn_fotip w 1081 n(K) < 2o Falen k).
Proof. By Cauchy’s integral formula,

1 \? 2 wmn (] — w)1+m
P""(")‘(m) L [ e dwd=.

where C and C' are the circles centered at z = k and w = z with radii p
and ¢ respectively. (p and & are positive parameters to be determined later.)
Then it follows immediately that

. 1 1
lim sup N108|P/1,N(k)| < WS“‘(”’ &),

N—oo

where

k
Siap, €)= G+ tog (1+181) (4 1o
+ Alog(lk|+ p+ &)+ 2Alog(lk — 1|+ p+&).
Now it is easily verified that the equations
0 0
%SA,k(pa §) = a—ésx,k(l’, $)=0

have a unique solution (pg, &) in the region (0, k) x (0, 2k) satisfying
(A= Dpolpo +k|)

$o =

(A + 1)lk|
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Moreover, the point
L Gk -
0T A+ k| = 24+ )po
satisfies the algebraic equation (5.1); therefore # = a; , since tp = k +

sgn(k)(po + &o) . Thus it can be seen that S; x(po, &) = Fi(a; x). This com-
pletes the proof. O

We next estimate J; n(k). This estimate is the most essential part in this
paper and we must distinguish two cases according to the sign of the value of & .
We first consider the case k > 2. In this case, the algebraic equation (5.1) has
two real roots B, , and y; x in the interval (0, 1) and ((A+2)/(34+2), 1)
respectively. Then we have

Lemma 5.2. For any integer k > 2, we have
. 1
limsup - log|J, n(K)| < 57—

Y maX{Fl(ﬂl k) Fa(a,6)}-
N—oo
Proof. After an [-fold partial integratlon, we have

1
_ [ Pwa(x)
Ji n(k) = | kox logx dx

_1)l+1 gl 0
_ (=1 / x!(xm+n (1 _x)1+m)(m) (Ing ) dx.
0

I'm! k—x

(5.2)

On the other hand, for an arbitrarily fixed x € (0, 1],

1 (logx 0 _logk 1 (”_l_l log(x/k) 0
M\k-x) ~— I' \k—-x N\ k-x

_ logk 1 1 ) log(z/k)

T (k= x)H+ +27zi/c(z— i+ k-z dz,

where C is a circle centered at z = x with radius less than 1. Since the point
z =k is a removable singularity of the function f(z) = log(z/k)/(k — z), we
can change the contour C to the new one Cy consisting of the circle centered at
the origin with radius R > 1 and two segments joining z = —R and the origin
(see Figure 3 on the next page). Letting R — oo and substituting y = x/(f +X)
for an arbitrarily fixed x € (0, 1], we obtain

1 f(z) v [ dt
27i Jo (z = x)I*1 dz=( 1)1/0 (t+x)+1(k+1)

1\ ! y!
_(7) /0 v xi—p

Hence, combining (5.2), (5.3), and (5.4),

(5.3)

(5.4)

1)i+1 1 !
J)”N(k) ( ) logk / ( X (xm+n(1 _x)1+m)(m) dx
0

k x)1+l

m'/ [ - e axay
= (-1)"*(logk)An(k) — Qn(k), say.
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FiGURE 3. The contour Cg

We first estimate the integral Ay(k). After an m-fold partial integration,

we have
(m)
_ (_l)m /l m+ni1 _ \l+m ( xl
An(k) = s X1 - X) —(k—x)l“ dx.

By Cauchy’s integral formula, we find

1 x! (m) 1 4
m! ((k - x)l“) T 2mi [C, (z — x)m+l(k — z)I+1 dz,
where C’ is a small circle centered at z = x . Substituting w = z/(z — k), we
thus obtain

_1\ym+1 1
(5.5) AMk):%/ x’”*"(l‘—x)’*"'/ Ge w(x, w)dwdx,
0 CH
where .
w'(l —w)™
Gi nlx, w) = —2 =)

T (kw4 x(1 — w))m+!
and C” is the circle centered at w = x/(x — k) with radius px/(k — px) —
x/(k-x). (p € (1, k/x) is a real parameter to be determined later.) Since the

maximum of |Gy y(x, w)| is attained at w = px/(px — k), it follows from
(5.5) that

. 1 1
. — < —_
(5.6) lllgl_g;leog |An (k)| < 71 Thlx, p),

where

T, k(x, p) =(A+2)logx + 24log(1 — x)

—().—l)log(p—l)+(l+l)log< p ) .

k — px
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Then it is easily verified that 5 2T, «(x, p) = 0 has a unique root x € (0, 1)
for each fixed p € (1, k) and that the equations

0 0
axT}. k(x, p)= %Tl,k(x, p)=0

have a unique solution (xg, pg) in the region (%, 1) x (1, k) satisfying

A+ 1)x -1
= TBx-1
Moreover, the point X, satisfies the algebraic equation (5.1); hence xp = 7; &
since 1 < xo < 1. We thus obtain T} x(xo, po) = Fi(71 «) -

We next estimate the integral Quy (k). After an m-fold partial integration
with respect to x, we have

(5.7) / / min(1 = x)*mGy y(x, y)dx dy;
hence

. 1
(5.8) llgljipﬁloglﬂw(k)l = 5771 max Upk(x,),

O<y<1
where

Uy k(x,y)=4logx + 2Alog(l —x)+ (A+1)logy

11—y
+(A—1)log (—ky+x(l _y)) .

Then it is easily seen that the equations

0 0
aUA,k(Xa y) = aUA,k(X, y)=0

have a unique solution (xp, yg) in the region (0, 3) (0, 1) satisfying
_A+2-(3A+2)xo
Y= T aF DI =x0)

Moreover, the point x, satisfies the algebraic equation (5.1); hence xo = ; &
since 0 < xp < % We thus obtain U, x(xo, ¥o) = Fy(B; ). Therefore, from
(5.6) and (5.8),

limsup — log|J,1 I

n 11 Max{Fa(Bi k), B0} -

This completes the proof. O

We next consider the case £ < —1. In this case we will find ourselves in
a different situation from the previous case. So we restrict ourselves to the
following two cases:

A+i-1 (b)x<2,12+21—1

(@) x 2 ST a1’

T32+4-17

where we put x = k(4, k) = |k|/(A* = 1) for brevity. In case (a) it will be
shown that the algebraxc equation (5.1) has two positive roots f; x < 7.4 in
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the interval (% , (A+2)/(34+2)). On the other hand, in case (b), the equation
(5.1) has no real roots except for a; x . So we introduce the following quadratic
equation instead of (5.1):

(5.9) x(2A+x-1)—k(B3A+1)x—-4-1)=0,

which has a unique positive root J; x in the interval (x, 1). For any x €
(0, 1), we also put

H;(x) = logx+,1log<1 >+Alog|3l+l)x A-1].

A
Lemma 5.3. Let k be a negative integer. Then
(1) for any A > 1 satisfying condition (a), we have

) 1 1
hfvn_ilileogu‘ RS 55— Y Fi(Ba k)

(2) for any A > 1 satisfying condition (b), we have

1 1
(5.10) hmsuleog|J,1 n(k)| < el H;(6; «)-

N—oo

Proof. In the previous proof we had shown that

(5.11) T, w(€) = (=1 (log AN (L) — Qn(()

for every integer { greater than 1. However it is easily seen that (5.11) still
holds for every real { > 1. Moreover, for any { > 2, we can change the
contour C” with respect to w in (5.5) to the unit circle Cy centered at the
origin and the contour [0, 1] with respect to y in (5.7) to the upper semicircle
I centered at y = 1 with radius §, since —1 < x/(x — {) < 0 for any

(x,¢) €(0,1]x (2, 00). Thus we have

(_1)m+l

(5.12) AN() = "7

1
/ xmr(1—x)*m [ Gpow(x, w)dwdx
0 Co
and

1
(5.13) Qn(0) = (—1)'"/ xm (1 —x)+m [ Gy y(x, w)dwdx.
0 Iy

Then it is easily verified that Ay({) is analytic in the region Cy = {{; [ 1| >
1} and that Qy({) is analytic in the region C; = C— {{ =ti; t > 0}. Since
Ji,n({) is clearly analytic in C, = C—[0, 1] and since the region CoNC, NC,
contains the half-line {{ = ¢;¢ > 2}, it follows that (5.11) holds for every
{ € ConC,NC,. (Here, of course, we regard log{ as an analytic function in
C,; thatis, —3n/2 < Im(log{) = arg{ < m/2.) In particular, putting { = k
for any negative integer k, we have

(5.14) T w(k) = (=1)!*' (log |k| — mi)An(k) — Qu (k).

For brevity, put v = v(k, x) = x/(x + |k|). Clearly v € (0, 1) is the pole of
the rational function Gy y(x, w) for an arbitrarily fixed x € (0, 1]. Hence,
from (5.12), (5.13), and (5.14),

x*(1 = x)*

0<x<1 (x + [kA-T74k

llmsupiloglJl N(k)|< l log
N—oo N

() »
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where

TS
fik(x) =min max g ,(2),  &,.(2) = |2+ P—

I' zecur

b

and the minimum extends over all simple closed curves C enclosing the point
v and all simple arcs I" joining z = 0 and z = 1, homotopic to Iy in the
punctured region C—{v}. Since g; ,(z) = g ,(Z) and T'UT is a closed curve
enclosing the point v, f; x(x) can be expressed simply as

fik(x) =minmax g; ,(2).
I :zer

Put x* = min(x, 1) for brevity. We first suppose that 0 < x < k*. Then it
is easily verified that g; ,(z) has two real saddle points

ze =24, V) = “;1 <AV S ENAEN -/121/))

respectively, satisfying v < z_ < /v < z, < 1. Moreover, one can certainly
find some simple arc I'* such that the maximum of g; ,(z), as z varies in
I'*, is attained at the larger saddle point z, . Hence

(5.15) fik(x) < g u(z4) = max g ,(y).
Vr<y<l

We next suppose that ¥ < 1 and k < x < 1. Then it is easily seen that g; ,(z)
has two complex saddle points

le=la(h, v) = 1 <1v+1:l:1\/(1—1/)(1121/—1)>

respectively, satisfying |{+| = \/57 . Moreover, one can easily find a suitable
simple arc I, such that the maximum of g; ,(z),as z variesin I',, is attained
at z ={_,. Hence

(5.16) fi(x) <& (C)=v =g, (Vv)= max g ,(»).
Vv<y<l
Therefore we have, from (5.15) and (5.16),

1
i —1 <= %
“Elfo‘ipzv gy (k)| < 57—y max max V. K(x, ),

where

Vik(x,y)=4logx +24log(l —x) + (A + 1)logy

1-y

Now it is easily verified that the curve defined by %VA, ¢(x,y) =0 in the
region D* = {(x,y);0<x <1, v <y <1} can be expressed by the following
two continuous functions:

x *
hi(.X)——-Zi (A,m) forO0<x <k

respectively. More precisely, #_(x) < y < h,(x) if and only if & Vl (x,y)>
0. The functions A4 (x), which are also defined for 0 < x < x satisfy v <
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h_(x) < v <hy(x) and h,(k) = h_(x) =1/A. (hy(x) is strictly decreasing
and Ah_(x) is strictly increasing for 0 < x < x.) On the other hand, the
curve defined by {f—xlﬁ,k(x ,¥) =0 in the region D* can be expressed by the
following rational function:

_ x(2A+1)x-1) 1
M%) = BT Dx2 + Gak = Dx =2k o3 <¥ <l

Clearly y < n(x) if and only if & V,1 «(x,¥y)>0. The minimum of #n(x) for
x > 1 is attained at

=5 (1+y555) € (3-3)

(n(x) is strictly decreasing for % < x < 6(A) and strictly increasing for x >
6(4).)

We first consider the case in which n(k) < hi(x) = 1/A. Then it is eas-
ily seen that this inequality is equivalent to condition (a). In this case, the
equations hy(x) = r](x) have obviously at least one solution in (%, K) re-
spectively, since 4.(0) > 1/4, h_(0) = 0, and n(3) = 1. On the other
hand, it can be seen that any solution x > g of the equations A4 (x) = n(x)
must satisfy the algebraic equation (5.1). Since (5.1) has at most two posi-
tive roots, it follows immediately that (5.1) has exactly two distinct positive
roots B x < ¥i,x such that h,(B; «) = n(Bs,x) and h_(; &) = n(ya k) with
Y < Bik <7k < (A+2)/(3A+2). Hence the maximum of ¥, x(x,y) in
the region D. = {(x,y);0 < x < k*, /v <y < 1} is attained at the point
(Ba.k»> n(Ba,k)), which is a unique solution of the equations

] )
a_V‘ k(x,y)= _yVA k(x,¥y)=

in D, ; we thus have

) 1% F. )
(5.17) omax, \p(ayﬁl k(x5 y) = F(Bi k)

Statement (1) of the lemma is thus proved if ¥ > 1. On the other hand, if
K < 1, then we must consider the function

X
W/l,k(x) =Vik (x, m)
=(A+ 1)logx + 24log(l — x) — Alog(x + |k|)

for k¥ < x < 1. Clearly the equation W) ,(x) = 0 is equivalent to the quadratic
equation (5.9) for 0 < x < 1; thus W,1 k(x) is strictly increasing for 0 < x <
;. and strictly decreasing for 0z k < x < 1. Moreover,

1 A-1 9 1
W,{k(’c) Vlk( /1>+2,1—3x'5V“‘("’I)
1
= — <
c')xV“‘(K’A> 0
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since the point (k, 1/4) is just on the curve defined by aa_y Vi.k =0 and since
n(x) < 1/4; thus we have x > ; ;. Therefore the maximum of W, ,(x) for
Kk < x <1 is attained at x = k ; hence

(5.18) max W, ,(x) = W, 4 () = Vi x (x, 1) .
k<x<l ’ ’ ’ A

From (5.17) and (5.18), we obtain

max max V, ,(x,y)=F R
qnax, max k(x5 y) = Fy(Bi k)

which completes the proof of (1).
We next consider the case in which 7n(x) > 2/(A+ 1) = h,(0). Then it is not
difficult to see that this inequality is equivalent to condition (b). In this case

the equations 44 (x) = n(x) have no positive solutions since x¥ < 6(1) and
h,(0) < n(x). Thus

1
(.19 max max Kiulr0) = Vi (k. 7) = Wiuto).
Moreover, k < d; x since W]{’k(x) = aa—xV,l,k(rc, 1/4) > 0. This means that the
maximum of W, ,(x) is attained at x = J; x € (x, 1); therefore
(5.20) max Wy i(x) = Wi k(01,k) = Hy(d3,k) -

From (5.19) and (5.20), we obtain

max max V; ((x,y)=H(d; «),
Jmax max 1, k(X5 ) = Hy(01,x)

which completes the proof of (2). O

Remark. The estimate (5.10) is also valid in any case in which the algebraic
equation (5.1) has no positive roots. This follows from the fact that the function
Vi k(x, hi(x)) is strictly increasing and k < d; x .

Finally, concerning the estimate of I; y(k), we have

(5.21) limsupllogw nk)| < limsupilogl.}l ~n (k)|
N—-oo N ’ N—o0 N ’
for any integer k£ # 0, 1, since
LR n(D)
Lon(k)=— | —5=2dt=(-1)*"An(k).
’ o k-t

6. MAIN RESULTS
We are now ready to state our main theorem. For brevity, put
o=0(A, k)y=4A+2—-e(A)+ Fy(ay «)-
We also put
r=1(4, k) = e(4) - 44— 2 - max{Fi(B; &), Fi(va 1)}
for every positive integer k > 2 and

: A+i-1
Fy(Bik) ifx> i1

. 22 +24-1
Hiloaw) k< g1

t=1(A,k)=e(A)—4A -2 -

for every negative integer k. Then we have




384 MASAYOSHI HATA

Theorem 6.1. Let k # 0,1 be an integer and let 4 > 1 be a real number
satisfying © = t(A, k) > 0. Then the number L,(1/k) is irrational, more
precisely, for any ¢ > 0, there exists a positive integer q(&) such that

1 p
L(z)-§
for any integer q > q(¢) and for all p € Z. (Ly(1/k) has an irrationality
measure 1+ 0/1.)

Proof. Putting

M}, M M2
= My p k), av =0, vk), en =g n(k),
N= TN A, n(K),  gn dl(N)QA,N( ), &N LV 1, n(k)

> q—l—a/‘t—s

it follows from (4.2) that

1
(6.1) pnvLy (E) —gn=¢&N.

Clearly py and gy are some integers for all N > 0. Note that py # 0 for all
N >0 by Lemma 2.2. Thus gy/py is the Nth approximate rational number
to Ly(1/k) and ey is the remainder term. Then, by Lemmas 3.1, 5.1, 5.2, and
5.3, it is easily seen that

o(4, k)
hmsup log|pN| < it
and m
ll;,njol‘l)p ¥ logen] < 12(1; 1) .
Let Vx be the set of the K + 1 points
(I_N’ dN+1 o dN+K
DN DN+ DPN+k

for all N > 0. Suppose now that V), consists of a single point for some M .
Then, from (6.1),
M _ Em+1 EM+K

== = sa ,
PM DM+l DPM+k yH#

that is, uPy j(k) —J, j(k) =0 for M < j < M + K. Thus, by Corollary 2.4,
this holds for all j > M ; hence ¢;/p; = u for all j > M. On the other hand,
since |p;| > 1 and (4, k) > 0, we have

& .
LI <lejl =0 asj - oo;
Dj

thus u = 0. This implies that J; ;(k) =0 forall j > M, contrary to Corollary
2.6. Hence the set Vy contains at least two distinct points for any N > 0.
Therefore L;(1/k) has an irrationality measure 1+ ¢/7 by Lemma 3.2 in [7,
p. 108]. This completes the proof. O

Proof of Theorem 1.1. Using the above theorem we can give the proof of The-
orem 1.1 as follows. We first show that 7(3, k) > O for every integer k > 7.
From equation (5.1) we find that {83 ,}«>7 C (5, 3) is a strictly increasing

sequence satisfying B3 , — 3 as k — oo, and {3 x}k>7 C (7, 1) is a strictly
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decreasing sequence satisfying y3  — 1—51 as k — co. Thus both {F3(B3 &)}
and {F3(y; )} are strictly decreasing sequences; hence 7(3, k) > (3, 7) for
every k > 7. Now it is easily seen that 0.327 < 37 < y37 < 0.481,

F3(0.327) < =12, and F;3(0.481) < —12; therefore, from (3.6), we have
7(3,7) = e(3) — 14 — max{F3(Bs,7), F3(y3,7)} > e(3)-2>0,

as required.

We next show that 7(4, k) > 0 for every integer k < —5. Condition (a) is
clearly fulfilled by A = 4 and every k < —6. Moreover, {f4 k}k<—¢ is a strictly
decreasing sequence satisfying S, , — % as k — —oo. Hence {F4(Bs x)}k<—s
is also a strictly decreasing sequence; thus t(4, k) > 7(4, —6) for every k <
—6. Since P4, ¢ < 0.36 and F4(0.36) < —15.5, we have, from (3.7),

7(4, —6) = e(4) — 18 — F4(B4, —¢) > e(4) —2.5>0.
Finally, since condition (b) is fulfilled by A =4 and k = -5, we have

7(4, —5) = e(4) — 18 — Hy(d4,-5s) with g, 5 = _E%-E

Now it is easily seen that Hy(ds, —s) < —15.3; hence 7(4, —5) > e(4)-2.7> 0.
This completes the proof of Theorem 1.1. O

In general it seems to be difficult to find the exact parameter A*(k) at which
the irrationality measure

a4, k)

A, k)y=1+ LK)
attains its minimum as A € (1, oo) varies. Moreover, in several cases, it seems
that A*(k) is not an integer. This will be a new phenomenon because the best
parameters were certainly integers in the previous study [7] on the Padé-type
approximations to the numbers such as log2, n/v3, n2, and {(3). Some nu-
merical examples on the irrationality measures u(4, k) of the numbers L,(1/k)
derived from our main theorem are given on the next page in Tables 1 and
2. Here each parameter A(k) is taken to be a rational number with relatively
small denominator in order to calculate the exponent e(A) exactly using Lemma
3.3. In each case there may be small room for improvement by choosing more
complicated rational parameters. Indeed, for each fixed integer k > 7, the
parameter A(k) is chosen so that A(k) is an approximate rational number to a
(presumably unique) solution A(k) of the equation Fy(B; x) = Fi(yi.«). For

example, by taking A = 42 one will find that

1 p —95.0002
— 1 =-Z> -
Lz <7> q‘ =1

for any sufficiently large integer ¢ .

Corollary 2.6 enables us to show the linear independence over Q of the
numbers 1, log(l — 1/k), and L,(1/k) for every integer k € (—oo, —5]U
[7, 00). To see this, suppose that

1 1
ug + vo log (l — 7(—) + woL, (-IE) =0




386 MASAYOSHI HATA

TABLE 1. (k : positive)

parameters exponents irrationality

k Alk) e(4) measures u(4, k)

7 74/27 2.05302... 95.0605...

8 56/19 2.05001... 51.0848...

9 22/7 2.17576... 33.1311...

10 10/3 2.32601... 25.2396...

11 7/2 2.43808... 21.1863...

12 11/3 2.55718... 18.5439...

13 23/6 2.68159... 16.6546...

14 4 2.81244 ... 15.2749...

15 29/7 2.84624 ... 14.4767...

16 30/7 2.88745... 13.8057...

17 31/7 2.93273... 13.2385...

18 73/16 2.97250... 12.7562...

TABLE 2. (k : negative)
parameters exponents irrationality
k Alk) case e(d) measures u(4, k)
-5 4 (b) 2.81244. .. 228.612...

-6 4 (a) 2.81244... 55.9375...
-7 22/5 (a) 2.92437... 35.8351...
-8 6 (b) 3.54658... 27.3905...
-9 6 (b) 3.54658... 22.6583...
-10 6 (b) 3.54658... 19.7479...
—11 6 (b) 3.54658... 17.7685...
-12 6 (b) 3.54658... 16.3297...
-13 6 (a) 3.54658... 15.2424 ...
-14 67/11 (a) 3.57289... 14.4179...
-15 25/4 (a) 3.61686... 13.7503...
-16 32/5 (a) 3.65638... 13.1953...

for some integers ug, v, and wy. Then, from (4.2) and (4.4), we have
UoPN + VoI + Wogn + VoNn + woeny =0

for all N >0, where

M2 M2
=R, y(k) and nx = L y(k).
dr N dy, N

Since there exists a A satisfying 7(4, k) > 0 for each fixed k € (—o0, —5]U
[7, o), we have 7y — 0 and ey — 0 as N — oo from (5.21). Hence
vonn + woey = 0 for all sufficiently large N since ugpy + vory + Wogn € Z;
thus vy = wg = 0 by Corollary 2.6, as required.

Moreover, analogously to [8], we can obtain the measure of the linear inde-
pendence, as follows.
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Theorem 6.2. If (4, k) > 0, then, for any ¢ > 0, there exists a positive integer
H(e)= H(A, k; €) such that

1 1
lp +glog (l - E) +rlL, <E>’ > H-o/t¢

for any integers p, q, and r with H = max{|q|, |r|} > H(e).

This follows easily from the following property: Let up, v, and wg be
arbitrary integers with (ug, vg, wg) # (0, 0, 0). Then we have

max |ugp; + vor; + weq;i| > 1
stgN+K| oPj + Vol gl >

for any integer N > 0.
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