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THE CANONICAL COMPACTIFICATION OF
A FINITE GROUP OF LIE TYPE

MOHAN S. PUTCHA AND LEX E. RENNER

ABSTRACT. Let G be a finite group of Lie type. We construct a finite monoid
A having G as the group of units. .# has properties analogous to the canoni-
cal compactification of a reductive group. The complex representation theory of
A vyields Harish-Chandra’s philosophy of cuspidal representations of G . The
main purpose of this paper is to determine the irreducible modular represen-
tations of .# . We then show that all the irreducible modular representations
of G come (via the 1942 work of Clifford) from the one-dimensional repre-
sentations of the maximal subgroups of .# . This yields a semigroup approach
to the modular representation theory of G, via the full rank factorizations of
the ‘sandwich matrices’ of .# . We then determine the irreducible modular
representations of any finite monoid of Lie type.

INTRODUCTION

The purpose of this paper is to construct, for each finite group of Lie type, a
certain monoid modeled on the canonical compactification of DeConcini and
Procesi [6] for reductive groups. The natural way of accomplishing this is to start
with a linear algebraic monoid M with Frobenius endomorphism ¢ : M — M
yielding a finite monoid M, = {x € M | o(x) = x}. This provides us with
a highly structured procedure for constructing a large class of monoids of Lie
type. The correct choice of M then yields our canonical compactification M, .
For the purpose of relating the modular and complex representation theories of
M, and its unit group G, we are naturally led to considering a universal central
extension .# of M, . We are able to construct this universal compactification
M = #(G) abstractly starting with any group G of Lie type. For clarity in
exposition we do this first, saving a discussion of the monoids M, to the last
section.

Using our universal monoid we count up the irreducible modular representa-
tions whose restriction to the unit group is irreducible. Using another counting
method, we then find that any irreducible representation of .# restricts to an
irreducible representation of G. This essentially reduces the enumeration of
irreducible modular representations of any finite monoid of Lie type to a com-
binatorial problem. Using the results of Clifford [2, 3], we are then able to
show that the degree of a modular irreducible representation ¢ of G is equal
to the rank of a certain matrix associated with ¢ and .# . In fact the full rank
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factorization of the ‘sandwich’ matrix yields ¢ . In particular, we show that the
modular Steinberg representation of G has an idempotent separating extension
to A .

We also include a brief discussion of complex representations of .# mainly
for the purpose of pointing out that .# also has natural connections with the
complex representation theory of G. In particular, every irreducible represen-
tation of G is a component of the restriction to G of an irreducible cuspidal
representation of .# , yielding a new interpretation of Harish-Chandra’s phi-
losophy of cuspidal representations.

1. THE UNIVERSAL CANONICAL COMPACTIFICATION

Let M be a finite monoid with group of units G. If X C M, we let
E(X) ={e € X|e* =e}. M is regular if a € aMa for all a € M. For
e € E = E(M), the following three subgroups of G are of critical importance
in our work:

P=P(e)=Cg(e) = {x € G| xe =exe},
P‘=P‘() c(e)={x e Glex =exe},
L=1L(e)= e)={x € G|xe=ex}.

Let G be a finite group of Lie type with Coxeter graph I', cf. [1]. For a
parabolic subgroup P of G, we let R,(P) denote its unipotent radical. By
a (finite) monoid of Lie type on G, we mean a finite regular monoid M with
zero 0 and having group of units G such that M is generated by E = E(M)
and G, and

(1) Forall e € E, P(e), P~(e) are opposite parabolic subgroups of G and
for all u € R, ( (e)), ve R (P (e)), ue=e=ev.

(2) Forall e, f € E, eM = fM or Me = Mf implies x~lex = f for
some x € G.

Monoids of Lie type were introduced in [11] with a different name (regular
split monoids) as an abstraction of certain properties of linear algebraic monoids
[9, 13, 16]. Section 4 and [17] provide examples of special monoids of Lie type.

Let M be a monoid of Lie type on G. Then G has a two-sided action on M .
Let % denote the set of G x G orbits of M . These are the _#-classes of M in
the usual sense [4]. Define GaG > GbG if b € MaM . In this way % becomes
a lattice. There is a cross section of idempotents of e; (J € %) such that
J =Ge;G and forall J;, L, e, ene;, =ene; =epny,. A={es|J €}
is called a cross section lattice. Moreover, M = E(M)G and forall J € Z,

E(J)={x"te;x|x € G}.

There is a type map A: % — 2% such that forall J € ?/ P(ey) = Pyyy, P (ey)

P}.(J We write PJ,PJ,LJ,U],UJ for PA(‘] Ll UA(J), UA_(J)’
respectively. We call A(J) the type of J (and e, ) 1 the type of M. This
type map completely determines the system of idempotents of M . For J € Z,
let

K;={xeG|xe;=ejx =ey}.

Then K;<L;. Let
K =F(M)={(J,K))|JeZ}.
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The type map A along with the data % (M), completely classifies a monoid of
Lie type. We refer to [11, 12, 13] for details.

Let G be a group of Lie type with Coxeter graph I', I/ CI'. Then P P =
U; LiU;. We therefore have a natural map 6;: P/ Pr — L;. 6; restricted to
P; or P; is a homomorphism. Moreover,

Or(ax) = abi(x), 6i(xa)=0;(x)a forall xe PP, acLy.

We are now in a position to construct the universal compactification M# =
A (G). This is the universal monoid of Lie type with the properties of some
very special monoids M, that we will construct in Theorems 4.7 and 4.10. The
monoids M, are derived from linear algebraic monoids M which are cones
on the compactification of a reductive group. The importance of .# will be
clear in Sections 2 and 3.

Theorem 1.1. Let G be a group of Lie type with Coxeter graph I'. Start with
idempotents e; (I CT'). Let J; = Ge;,G/ =, # = |_|,g Jr U {0} where for
X,¥,X1,y1 € G, define xery = x\ery, if xl“x € P, yw' e Pl and
0:1(x;'x) = 6;(»1y~"). For a=xe;y € J;, b =sext € Jx, define

b = { xlejngkmt if yse U lmUg, l€ Ly, me Lg,

“lo if ys¢& P/ Px.

Then A = #(G) is a monoid of Lie type.
Proof. Since 6; is a homomorphism when restricted to P; or P, , we see that
= is an equivalence relation. We next show that multiplication in .Z is well-
defined. So let a = xe;y, a; = xje;y, € J;, b =sext, by = sjext; € J¢ such
that a =aq; and b = b,. Then

xi'xe P, ywlePr, Oi(x;'x)=0,(my7"),
SI—IS € Py, lll_l € PI;’ 01((51—15') = OK(tll_l).
It follows that ys € P; Px if and only if y;s, € P, Px . Let ys, yis; € P/ Px =
U LiLxUg . Then for some /, [y € L;, m, m; € Lg, ys € U ImUx and
vis1 € Urlim Uk . So ab = xlejngmt, a\by = x,lejngmt;. Now since
x;'x e P and Upa Py,
707 Xl € UplT 6 (xy ) = Ul 0r(miy =11
= Ur0;(I7'yiy~"1), since 1,1, € L;.
Then
z=I7"yy N el UT im Ugs; 'sUgm ™ 171U
= Uy mUgsy'sUgm™' Uy
= Uy ms;'sm™'Ux Uy, since m, s;'s € Px
So for some u;, u, € Uy, v € Uk,

z=uymysy 'sm™ vu,.

Let z; = mlsl"sm“v. Then since z € P, we see that z; € P, and 6;(z) =
0;(z,). Since sl"s € Px we see that z, = mIGK(sl"s)m“w for some w €
Uk . Let zy = m6x(s;'s)m=" € Lg . Then

zZ1 = zw € Pxk N PI— = Linx(Lg N U]_)(UK N PI_) .
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So z; € Link(LxkNU; ), w € Uy NP . Hence
01(z) = 01(z21) = O1(z2w) = 01(22)01(w), 01(22) € Link, O1(w) € Ugk N Ly.
In particular, 6;(z) € PN Py = Ping . So
I7'x7'xl € Ui6(z) € UrPink € Prnk.
Moreover, since U; U Uk C Ujng,
Ok (7 X7 x1) = 010k (01(2)) = O1nk (01(22)01(w)) = O1nk (01(22))
= O1nk(z2), since U C Uy g
= Ok (M Ok (s7's)m™").

Similarly mt;t~'m~' € Pj . Now since t;1=! € Py, mut~'m=! €
m 0k (¢t~ )ym='Ug . Since Ug C Uy ¢,

Ornk (M1t 'm™") = 01k (M1 Ok (1107 )m™")
= O1nk (M Ok (sy 's)m™")
= Ok (I X7 xD) .

It follows that the multiplication on .# is well defined. We next prove asso-
ciativity. Let a=xe;y € J;, b=sexte€ Jx, c=ueyve Jy, H=INKNN.
Suppose (ab)c # 0. Then ys € U; [,,Ux for some [, € L;, I, € Lx and
ab = xlejnxlrt. Since (ab)c #0,

Ltu e Uy g l4Uy forsome I3 € Ling, 4 € Ly.
So (ab)c = xlilzeglyv . Now Uy = Ug (U NLg). So
tu € Iy 'Ui g l3laUn = 17" Ug (Up 0 Lg) 31Uy
= Ugly"(Ur N Lg)llUy .
So for some z € Uy N Lk,
tue Ugly'z1, Uy and  be = sly ' zhexnnlav .
Now
ysl{'zl3 € U,‘llleKlz_lzh =U; 1Ugzls
= U; L z3Uk, since zl3 € Lk
= Uy Lzl U
=U;  [|hUg, since ze Uy, [ €L;.
Since Ux C Uknn and [}l; € L;, we see that

a(bc) = xl zeglsv = (ab)c.

Similarly (ab)c # 0 implies that a(bc) = (ab)c. This shows that .# is a
monoid with group of units G = Jr. We proceed to show that ./# satisfies the
two conditions for being a monoid of Lie type.

Let x € P(e;). Then xe; = e;xe;. So eixe; # 0, x € P/ P;. Thus
xe; = e;xer = 0;(x)e;. Hence x~'6;(x) € Pr. So x € P;. Clearly L; C
P(e;). If u e Uy, then 6;(u) = 1. So ue; = ¢, and U; C P(e;). Hence
Pr=L;U; C P(e;). So P(e;) = P;. Similarly P~(e;) = P, and ¢;U; = {e;}.
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It suffices now to show that all the idempotents of J; are conjugate. So let
f =xery € E(J). Then e;yxe; =e;. So yx € P[Py, 6;(yx) = 1. Hence
yx € Uy Uy and yx = uv forsome u € U;, v € Ur. Thus u~'y =vx~! and

f=xey=xvlequ 'y = (xv Ve (vx!).
It follows that ¢; and f are conjugate, proving the theorem. 0O

Let ICTI'. Then J,O = Jyu{0} is a subsemigroup of .# , which is completely
0-simple. This means (since .# is finite and regular) that J,° has no proper
ideals, cf. [4]. The maximal subgroup of e; is just e;L; = L; and e;#e; =
A (L;). The Rees theorem [4, Theorem 3.5] gives the structure of J? as a
matrix semigroup over L;. The multiplication is twisted by a sandwich matrix
which we can describe easily. Let

G/PI_ = {P,‘al e s P,‘a,}, G/P[ = {blpl, cee s b,P]}.

The sandwich matrix is the ¢ x ¢ matrix S = (6;(a;b;)) where 0; is taken to
be zero on G\P; P;. JP can be thought of as the set of all 7 x ¢ matrices over
L; U {0} with at most one nonzero entry and with the multiplication given by:

Ao B =ASB

We will let .#; = GU J;U{0}. Then .#; is a submonoid of .# and is itself a
monoid of Lie type on G. We also note that Z(#) = {J;|1 CT}uU {0} and
forall I, KCT, JOJR=Jy-
Let M be any monoid of Lie typeon G, J € (M), J #0. Let J* =
J U {0} with
{ ab if abe J,
aob= i
0 ifabgJ.

Then J® becomes a completely 0-simple semigroup. M(J) = GU J® (with
obvious multiplication) is a monoid of Lie type. We note that in general M (J)
is not a submonoid of M, but is a submonoid of the Rees quotient monoid
M/Q, where Q={ae M|J g MaM}. For instance, if M = .#,(F), then
J consists of all matrices of a particular rank. If x € G, then we see by [11]
that e;xe; € J if and only if x € P; P;. We therefore have the following.

Corollary 1.2. Let M be a monoid of Lie type, J e Z (M), J#0, A(J)=1.
Then there is a unique surjective homomorphism ¢: #; — M(J) such that
o(er) =e; and ¢ is the identity map on G.

2. MODULAR REPRESENTATIONS

Let p denote the natural characteristic of G, x = F,. By a (modular)
representations of G, we will mean in this section, a representation ¢ : G —
GL(n, k). We will let k[G] denote the group algebra of G over k. By a
G-module we will mean a x[G]-module.

Let M be a monoid of Lie type on G. We will mean by a (modular)
representation of M , a homomorphism ¢ : M — .#,(x) such that ¢(1) =1
and ¢(0) = 0. We will let ko[M] denote the contracted semigroup algebra of
M over k (i.e., the zero of M is the zero of xo[M]). Then the representations
of M are in a natural 1-1 correspondence with the nonzero ko[M]-modules.
By an M-module we will mean a ko[M]-module. We will use the same notation
for any semigroup with zero.
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Proposition 2.1. Let G be a reductive group defined over k and G, an asso-
ciated finite group of Lie type. Let y : G — GL(n, k) be a representation, ¢
the restriction of w to G,. Let B, B~ be opposite a-stable Borel subgroups of
G, T = BN B~ . Then there is a minimal nonzero idempotent e, € E(ky(T))
such that y(B) C P(e,), w(B~) C P (e,). For g € G, a € My(k), let

ga=y(ga, ag=ay(g). Then

M, = G, U G,e,G, U {0}
is a monoid of Lie type on G, and there is a representation ¢ : M, — My (k)
with §(g) = ¢(8) for g€ Gy, §le,) =¢,.
Proof. Let G, = x*w(G). Then G, is a reductive group. Let M, = G,
the closure in .#,(x). Then M, is a regular linear algebraic monoid and the
existence of e = e, follows from [10, Chapter 9]. Moreover, if T} = k*y(T),
then ey(G)e = eTy U {0}. In particular, eU~ = {e} = Ue where U, U~
denote the unipotent radicals of B, B, respectively. Let N = Ng(T). Then
for all n € N, either en = ne or else ene = (¢e-nen~')n = 0. Let P, =
{x € Gs|xe = exe}, P = {x € G;|]ex = exe}. Then P;, P are parabolic
subgroups of G, containing B, and B, respectively. Moreover, for n €
Ny, n€ P if and only if n € P . It follows that P, and P, are opposite
parabolic subgroups of G,. Let L = PN P . Then P, = L\U;, P =
LU, UcU, U CU™ . So Ue = {e} =eU; . Let x € G,. Suppose
x ¢ P Py . Then by the Bruhat decomposition, x = anb forsome a € P, n €
Ny, beP, ngL,. So ene=0 and

exe = (eae)(ene)(ebe) = 0.
If xe PrPp=U LU, thenforsome /€L, uec U, veU, x=ulv
and

exe =eulve=ele=el =le.
It follows that M|, is a monoid. It suffices to show that all the idempotents of
GseG, are conjugate in M, . Solet x,y € G, such that f = xey € E(M,).
Then eyxe =e. So yx € PLP,. Hence yx =ulv, ue U, velU,, l€L,.
So ele =eyxe=e, u"'y =lvx~! and

f=xey=xv 1 eu "ty = (xv=' 1" He(lvx™)

Hence e and f are conjugate in M, . Thus M, is a monoid of Lie type and
the proof is complete. 0O

Let G be a (finite) group of Lie type with Coxeter graph I". By [5, The-
orems 5.7, 6.15] the irreducible modular representations of G are in 1-1 cor-
respondence with ordered pairs (I, y) where / C T and y : L; — k* any
homomorphism. If V is an irreducible x[G]-module, then there is a unique
one-dimensional subspace Y of V which is stabilized by B. I C T is such
that P = {x € G|xY = Y}. Then Y is a one-dimensional x[L;] module,
yielding y : L; — k*.

By Theorem 1.1, the non-zero _# -classes of .# = .#(G) are J; (I CT') and
the maximal subgroup of e; is e¢;L; = L,;. Hence by [4, Theorems 5.33, 5.51]
the irreducible modular representations of .# are in 1-1 correspondence with
ordered pairs (/, ¢) where I CT" and ¢ is a modular irreducible representa-
tion of L;. Let V' be an irreducible xo[.#}-module. Then there is a minimum
I CT suchthat J;V #0, and ¢;V is an irreducible L;-module yielding ¢ .
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Theorem 2.2. Every irreducible modular representation of # = .# (G) restricts
to an irreducible representation of G. An irreducible representation of G of
type (I, x) extends to 2"\ inequivalent irreducible representations of M . If
ay denotes the number of homomorphisms from L; to k*, then the number of
inequivalent irreducible representations of M is 32"\ ey .

Proof. Let ICT, x:L; — x* a homomorphism. We then have an associated
irreducible G-module V. Let ¢ be the corresponding representation of G. By
[20], ¢ is the restriction of a representation of the associated reductive group.
By Proposition 2.1, we can construct the monoid of Lie type M, . Then V isan
M,-module. By Corollary 1.2, V' then becomes an irreducible .#;-module such
that B stabilizes the one-dimensional subspace e;V and P; is the stabilizer of
eV . Since JP isanideal of .4, V isalso an irreducible JP-module. Let Q =
U{Jk|I € K}u{0}. Then Q is an ideal of .# and J? is an ideal of the Rees
quotient semigroup .# /Q. Thus V' becomes an .# /Q-module and hence also
an .#-module. Now J;V #0, J¢V =0 for I Z K. Nowlet I C K. Then
since ex > e;, JxV #0. Since .#x is a submonoid of .# , containing G, V
is also an irreducible .#x-module. Hence as above, V' becomes an irreducible
A -module in a new way such that JxV # 0, Jx.V =0 for K € K'. We
have thus produced 2"\/! inequivalent irreducible .#-modules which are all
the same as G-modules. Hence we have produced

(1) S 2NVl

ICT
inequivalent irreducible representations of .# , each of which restricts to an
irreducible representation of G. The number of inequivalent irreducible rep-
resentations of L; is ) ,;ax . The number of irreducible representations of
A is therefore N

(2) Y ax.

ICTKCI
Since the numbers (1), (2) are equal, the proof is complete. O

Example 2.3. Let G = SL(n, F;). The number of irreducible modular repre-
sentations of G is equal to g"~!, cf. [20]. The number of irreducible modular

representations of .# is equal to Y/ 2/g" !~ = %.

We now use a result of Clifford [2, 3] to obtain some information about the
degree of an irreducible modular representation of G .

Corollary 2.4. Let ¢ be an irreducible modular representation of G of type
(I,x) where ICT', x:L; — k* a homomorphism. Let

G/Pf ={P~ay,..., P a}, G/Pp={bP,..., bP}.

If a,~b,~ € PI_PI, let ajj = X(G](a,'bj)). If a,‘bj o4 PI_PI, let ajj = 0. Then the
degree of ¢ is equal to the rank of ().

Proof. Let V be the corresponding G-module. Then by Theorem 2.2, V is
also a JP-module. By Clifford [2, 3] or [4, Theorem 5.46], dim V' is equal to
the rank of x(S), where S is the sandwich matrix of J?. We have already
seen that S = (0;(a;b;)) where 6, is taken to be zero on G\P; P;. The result
follows. O
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Remark 2.5. Actually by [4, Chapter 5] we see that ¢ can be obtained from the
full rank factorization of the ¢ x ¢t matrix (a;; ).

Corollary 2.6. The modular Steinberg representation of G extends to an idem-
potent separating representation ¢ of .# . The representation ¢ can also be
obtained (via Clifford [2]) from the trivial representation of T = L .

Proof. Since the Steinberg representation is of type (&, 1), we see by Theo-
rem 2.2 that it has an extension to a representation ¢ of .# such that ¢(ez) #0
and the corresponding Lg-module is the trivial module. Hence it suffices to
show that ¢ is idempotent separating. Suppose ¢(e) = ¢(f) for some idem-
potents e # f. Then either e# # f.# or He # # f. By symmetry assume
e#l + fH . By [11, Corollary 2.17] there exist e;, f; € E(#) such that
e =e MW, fH# = fi.# and e f; = fie;. Let h =e;f;. Then either ¢, # h
or fi # h. By symmetry let e; # h. Then e¢; > h and ¢(e;) = ¢(h). So
h # 0. By [11, Corollary 2.14] we can assume that e; =¢;, h=ex, KC1I.
There exists 0 =nT € I\K . So

0 = p(exnex) = p(erner) = g(ern) # 0.
This contradiction completes the proof. O

Corollary 2.7. Let M be any monoid of Lie type on G. Then any irreducible
modular representation of M restricts to an irreducible representation of G .

Proof. Let V be an irreducible M-module. Then there is a minimum J €
% (M) such that JV #0. Let Q={ae M|J € MaM}. Then Q is an ideal
of M and V is an irreducible M/Q-module. Since JO is an ideal of M/Q, V
is an irreducible J%-module. Since JO is an ideal of M(J), V is also an
irreducible M (J)-module. By Corollary 1.2, V is an irreducible .#;-module
where I = A(J). Hence V is an irreducible .#-module. By Theorem 2.2, V
is an irreducible G-module. This completes the proof. O

Irreducible modular representations of .#,(F,) were determined by Harris
and Kuhn [7]. By Corollary 1.2 and Theorem 2.2, we have

Corollary 2.8. Let M be a monoid of Lie type on G and ¢ : G — GL(n, k)
an irreducible modular representation of type (I, x). Then the inequivalent
irreducible representations of M , extending ¢, are in 1-1 correspondence with
0#J €% suchthat A(J) = K D I and so that the following diagram can be
completed:
My —— M(J)
-

L~
'd
M ()

Remark 2.9. By Corollary 2.8, it follows that the irreducible modular represen-
tations of M can be enumerated by analyzing the combinatorial system (%, 1)
and the irreducible modular representations of G . In particular the results of
Harris and Kuhn [7, §6] can be recovered.

7

Remark 2.10. The referee points out that Corollary 2.7 is not valid for indecom-
posable representations. A counterexample is provided by M = #4(F,;), G =
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GL(2, Fy), V = (x%,y?, xy) C k[x, y]. The referee further informs us that
Leonid Krop has studied such examples in detail.

3. COMPLEX REPRESENTATIONS

Let G be a finite group of Lie type. By a representation of G, we will mean
in this section, a homomorphism ¢ : G — GL(n, C). If M is a finite monoid
of Lie type on G, we will mean by a representation of A , a homomorphism
¢ : M — #,(C) such that ¢(1) =1 and ¢(0)=0.

An irreducible representation ¢ : G — GL(n, C) is cuspidal if forany I C T,

> o(u)=0.

uelU;

Then Harish-Chandra observed, cf. [1, Chapter 9] that for any irreducible rep-
resentation ¢ of G, there is a subset / C I" and an irreducible cuspidal rep-
resentation @ of L; such that if @ is the lift of 8 from L; to P; (i.e., 6 is

trivial on U;), then ¢ is a component of the induced representation 6p . In
this way the irreducible representations of G are classified according to which
Levi subgroup L; they come from. This philosophy of Harish-Chandra along
with a submonoid of .#(G) was used by Okniriski and one of the authors [8]
to show that any complex representation of a monoid of Lie type is completely
reducible. This result along with the decomposition of [16] are used by Solomon
[18] to begin a program of constructing Hecke algebras for monoids of Lie type.

Let # = .#(G). Then by Theorem 1.1 the nonzero #-classes of .# are
J;r (I € T"). Moreover, the maximal subgroup of e; is ¢;L; = L;. Hence
by [4, Theorems 5.33, 5.51], the irreducible representations ¢ of .# are in a
natural 1-1 correspondence with (7, §) where I CT" and 6 is an irreducible
representation of L;. We will say that ¢ is cuspidal if 6 is cuspidal. By [8,

Corollary 2.7] ¢ restricted to G is just the induced representation 5;?, where

6 is the lift of 6 to P;. We therefore have the following interpretation of
Harish-Chandra’s philosophy:

Theorem 3.1. Any complex irreducible representation of G is a component of an
irreducible cuspidal representation of A , restricted to G .

Remark 3.2. Unlike in the situation of modular representations, the above the-
orem only gives us induced representations and not irreducible representations
of G. For example, unlike Corollary 2.6, it does not give us the Steinberg rep-
resentation. For this reason it may be worthwhile to look for natural monoids
having G as the group of units, whose complex semigroup algebras are not
semisimple!

Conjecture 3.3. Theorem 2.1 is valid for representation over fields of character-
istic not equal to the natural characteristic of G.

4. REDUCTIVE MONOIDS AND FINITE MONOIDS

Let M be a reductive, algebraic monoid with unit group G = G(M). By
this we mean that M = G is a linear algebraic monoid, cf. [10], with G being
a reductive group. If the center ZG of G is one dimensional, we say that M
is semisimple. We assume throughout that the characteristic of the underlying
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ground field is p > 0. Let o be an endomorphism of M. Let G, = {g €
Glo(g) = g} and M, = {x € M|o(x) = x}. Define 1 -0 : G — G by
(1-0)(g)=go(g)"'. For XCM,let X, ={x€X|o(x)=x}.1fG=T
is a torus we say that M =T is a D-monoid. We denote by X(7) and X(7)
the character group and monoid of T and T, respectively.

Proposition 4.1. The following are equivalent:
(a) o is a finite morphism and G, is a finite group.
(b) 1-0)G) =G and a(Z) = Z for some Z =T C M a maximal
D-submonoid.

Proof. Assume (a). If G, is finite then by [20] there exists 7 C G a maximal
torus such that o(T) = T. If ¢ is finite then o(T) = T since finite morphisms
are closed. Furthermore, by Lang’s theorem [20], (1 —0)(G) = G. Assume (b).
If (1-0)(G) =G then G, is finite, and by [19] there exists 7 C G a maximal
torus such that ¢(7) = T. By assumption, ¢(7) = T since all maximal tori
are conjugate. Thus, o(E(T)) = E(T). Hence, o is injective on E(T) and so
o |T is finite. Thus, by [15, 2.1 and 6.3] ¢ is finite. O

Corollary 4.2. Assuming G, finite, the following are equivalent:

(a) 0: M — M is finite. _ _ _ _

(b) If 6(T) =T then in ¢~ : X(T) — X(T), ¢*(X(T)) C X(T) satisfies

nX(T) C a*(X(T)) for some n>0.
Proof. By [10, Theorem 8.14], ¢ |T is finite if and only if nX(T) C ¢*(X(T))
forsome n>0. O
Assume that o is a finite morphism with G, finite. We now investigate

the important structural properties of M, . We let A = A(M) denote a cross
section lattice of M, [10, Chapter 9]. Thus A consists of order-preserving

idempotent representatives of _#-classes (= G x G orbits) of M . The Green’s
relation # on M is defined as: a#b if and only if aM = bM .

Theorem 4.3. (a) M, is finite.

(b) M, is unit regular, i.e. My = E(M;)G; .
(c) If T C B satisfies a(T) =T and o(B) = B then My = U,cp, Gs€Go
and E; = E(M;) = U,cq, 8Ac8™" where Ay = {e € E(T)|a(e) =

e, Be =eBe}.
(d) If e € E; then Cj (e) and Céu(e) are opposite parabolic subgroups of
G

.

(e) Ife, fe E; and eMy = fM, or Mse = M, f then there exists g € G,
such that geg™' = f.

(f) If e € Ag then Ue = eU~ = {e}, where U < Ci (e) and U~ < C}, (e)
are the unipotent radicals.

Proof. We first prove (b). Let x € M,, so a(x) = x. Thus, o(R) = R where
R =xG isthe #-classof x. If x =ex, e € E(R), then o(C{(e)) = C(e).
But then C[(e) x E(R) — E(R) is transitive, while Cg(f) is connected for
all f € E(R) [10, Corollary 6.18]. Thus, by [19, 1, 2.7(b)], Cg_ (e) x E(R)s —
E(R), is transitive, and E(R), # @. Hence, x = ey forsome e € E(R),, y €
G.Nowlet X ={geGleg=x}, H={heG|leh=e}. Then HxH - X
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is transitive and ¢ acts accordingly. Thus, by [19, I, 2.7(a)], Xy # 2. This
shows that we can choose g € G, and so M, is unit regular.

Proof of (a). Let f € E,, and let Z = Clg(f) = {gfg"'|g € G}. Then
o(Z)=Z. But then G x Z — Z is transitive and ¢ acts as in [19]. Thus by
[19,1, 2.7(b)] G, x Z; — Z, is transitive, and so Z, is finite. But the number
of such Z’s is finite. Hence, E, is finite. Finally, M, = G,E,G, is finite.

Proof of (c). We have M, = G,E,G,. If a(e) =e then o(L) = L where L =
Cgs(e). Thus, there exists T C By C L, a maximal torus and Borel subgroup
respectively, such that o(T) = T and o(By) = By. But also a(R,(C(e))) =
R, (Cg(e)). Now B = ByR,(C[(e)) is a Borel subgroup of G, and a(B)=B.
Hence we have found a pair (7', B) such that 6(T)C T, a(B)C B, TCB
and T C Cg(e). Hence A = {f € E(T)|B C CL(f)} is a cross section lattice
of M such that 6(A) C A and e € A,. From the proof of (a) we know
that if e, f € M, are conjugate in M then they are conjugate in M, . So
E,=U €, gAsg~!. Hence, M, = Uee A, Go€Gs . The union is disjoint since
A; CAand G, CG.

Proof of (d). This follows from [10, Theorem 7.1] and the observations (i) if
P C G is parabolic and a(P) = P, then P, C G, is parabolic, (ii) if P and
P~ are opposite in G and o(P) = P, o(P~) = P~ then P, and P; are
opposite in G, .

Proof of (e). This is another application of [19]. Let e, f € E,, eZf in M,.
Then eZf in M. Thus G x Z — Z is transitive, where Z = Clg(e) =
Clg(f). Since Cg(e) is connected, G, x Z, — Z, is transitive.

Proof of (f). If e € A, and P = C[(e) then U = R,(P),. But Ry(P)e =
{e}. O

Remark 4.4. Because of (b), (d), (e) and (f) M, is, in the terminology of §1,
a monoid of Lie type. In particular, there is a Bruhat type decomposition for
M, which follows formally from Theorem 4.3 above and the results of [11]. In
detail, if 6(T) =T, o(B)=B, TC B and A={e € E(T)|B C C(e)}, then
by [11, §4], My, = U,cqv BorBs, where R’ = (W, , E(T),). But the union is
disjoint since ®' C R = (W, E(T)) and B, C B. Also R’ C R, . Conversely,
R, C R since x € R, implies ¢ : T-x — T -x has a fixed point [19, I,
2.7(a)] say x, and so x € B,rB; for some r € R’ . Thus, x = r by the above
disjointedness argument.

Hence we obtain

Corollary 4.5. M, = U,cn, BsrBs. Furthermore, R, = (W, , E (T),), and the
union is disjoint.

Remark 4.6. One can use Corollary 4.5 to obtain a formula for the order of M,
[17]. One could probably refine that formula significantly.

Our task now is to construct, for each finite group G, of Lie type a monoid
M, (for some reductive monoid M with o: M — M) with the following
properties:

(1) G(M,) is a central extension of G, .
(2) The map e — Cg,(e) = Py, induces an order preserving bijection
from A,\{0} to 2''. Here T is the set of simple involutions relative
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to T, and B;,and I(e) C T issuch that Cf (e) = By Wy B, . By the
results of [13] one can obtain reductive algebraic monoids with these
properties by choosing a high weight in general position. The resulting
monoid is a cone on the canonical compactification. This compactifica-
tion was introduced in [6] because of its superior intersection theoretic
properties.

For most pairs (G, g) the construction of M as above is straightforward,
but for (G, o) of Ree or Suzuki type, one cannot use a semisimple monoid,
because the requirement that ¢ : M — M be a finite morphism would imply
that ¢2(¢) = "' forall 1 € Z(G(M))° and some a > 0. This is not possible.

Suppose that G is a simple algebraic group and g : G — G is of Chevalley
or Steinberg type. So if ¢(7T) = T and o(B) = B then ¢*(a) = gp*(a) for
all o € A where p : G — G is some outer automorphism (p = id is allowed)
such that p(T) =T and p(B) = B. Let (X, ®) be the root system of G x k*
where X = X(T)® Z, and ® C X(T) is the set of roots of G. Choose a
dominant weight A = }°/_, a;A; such that ¢*(x) = ¢4 and a; > 0 for all i.
Let (4,1) € X and extend o* to X via g (u,y) = (6*(u), q7). Then o
is induced from o, : G x k* - G x k*, a1(g,t) = (o(g),9). Let CC X
be the smallest polyhedral cone containing {(w(A), 1|w € W}. Then C is
W-invariant and o7 (C) = qC . By [15, Theorem 6.5] there exists a semisimple
monoid M with unit group G xk* such that X(T,)=C C X, where T| C M
is the closure in M of T;. By [15, Corollary 4.5] and Corollary 1.2 above,
01 : G x k* - G x k* extends to a finite morphism o; : M — M such that
(G x k*)s is a finite group. Changing notation, let 6 = 0, and G = G, .

Theorem 4.7. Let " be the set of simple involutions of W, relative to B, . Then
M, satisfies the following properties:

(a) A,\{0} = 2", via the map e — I(e), Cf (€)= Py, I(e)CT.

M) If I(e) =1, I(/)=KCT let Jy =GseG, and Jx = G;fGy. Then

J1Jx C Jing U {0} .

Proof. By [1, 1.18], the standard parabolics of G, are {P;|P 2 B and o(P) =
P} . Conversely, A, ={ec€ A|a(e) =e} ={e € A|a(C[(e)) = Ci(e)}. Hence
As\{0} — 2T is bijective, and order preserving since by [13, Lemma 4.12],
A\{0} — {P| P 2 B} is order preserving. This proves (a).

For (b) it suffices to prove the corresponding statement for M , since for
e € A;\{0}, GeGNM; = GseG,. Let ey € A\{0} be the minimal element.
Since Cw(eg) = {1}, it follows that A\{0} = {f € E(T)| feo = eof = e}.
Solet x € J;, y € Jy. Then we can write x = geg’, y = h'fh where
e,fe€A\{0} and g, h, g ,h € G. Thus, xy = geg'h'fh = gemwhy fh,
where by € B, b e B and w e W. But e, f € A, so xy = gbjew fb3h
for some b) € B~, by € B. If ewfw™! =0 then xy =0. If ewfw™! #0
then e, wfw~! € A’ for some cross section lattice A’ C E(T). But A” = A
for some v € W. Thus, e?,e, f*%, feA,andso e’ =¢ and f'% = f.
Hence, xy € Jinx because (ef¥)! =ef. O

We now turn to the task of constructing monoids as in Theorem 4.7 for
the groups of Ree and Suzuki type. As we have already pointed out, it is not
possible to find a reductive monoid M with 0 € M and dimZG = 1 such
that o : G — G extends to a finite morphism o : M — M .
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So assume G is an algebraic group of type C,, Fy or G, and 6 : G — G is
an endomorphism of Ree or Suzuki type. Assuming ¢(7) =T and ¢(B) =B,
with T C B, we can arrange the simple roots A = {o;, Bi}i_; (s =1 or 2)
so that ¢*(a;) = p?B; and o*(B;) = p**'a;. (See [19, 11.6] for more details.)
Choose u = Zfilaili, a dominant weight so that ¢; > 0 for { > 0 and
ai; € X(T) forall i >0. Then o*(u) is also a dominant weight, and o*(u)
is not a multiple of 4 since ¢* has no rational eigenvalues on X(7) ® R.
Let u = o*(u)/p® € X(T). Let 6, : G — GI(V) and 6, : G — GI(W) be
the irreducible representation of high weight x4 and u respectively, and let
p =0, ®6,. Define

M = p(G)(k* x k*) C End(V & W) .

and let M be the normalization of M. Using 6.3 and 6.4 of [15] and 4.1 of
[14] it follows that if T C M is the closure of a maximal torus then X(T) is
the smallest polyhedral cone in X(T) = X(T,) ® Z* containing W -EUW - ¥
where y = (u,1,0) and ¥ = (#, 0, 1). The morphism o : Gy — Gy extends
to 0:G— G via o(g,s,t) = (a(g), t*"", s*") and this yields (by duality)
o:T — T via ¢*(y, a, B) = (¢*y, p**' B, p%a). Since 6*(x) = p*x and
o*(x) = p**'y, o*(X(T)) € X(T) with p2*' X(T) C ¢*(X(T)). Thus, o :
T — T extendsto o : T — T. Hence, by 4.5 of [15], there exists a unique
6:M — M extending 6: T - T and o : G — G. By Corollary 4.2 above ¢
is a finite morphism.
By Corollary 3.2 of [15] it follows that A has the following properties:

(1) Ay={e1, e} and o(e;)) =€z, o(e2) =¢€;.

(2) If e€ Ay, then Cg(e) =T a maximal torus.

(3) A\{0}={f€E(T)|fei=e or fe,=e}.
Here A; consists of the minimal nonzero elements of A. Similarly A, consists

of those elements of A covering some element of A;, etc. The sets E;, =
E (M), i=1,2,..., are similarly defined.

Proposition 4.8. Let A C M be a cross section lattice such that a(A) C A. Then
A \{0} ={e € Ala(e) =e, e #0} has a unique nonzero minimal element e, .
Further, ey € A, .

Proof. Let A; = {e,, e;}. It suffices to show that e, Ve; € A, since o(e;Ve;) =
oley))Va(e;)=e;Ve =e Vey,and if e € A;\{0} then e >e; or e >e;. In
the former case e = ag(e) > ag(e;) =e; andso e >e; Ve;.

Consider A} = {f € E(T)|f coverse;} C A. Then |AS'| > rksG + 1 since
dimT,, = rkyG + 1. Further, each f € A}, f # e; Ve, is of the form
f = e Vey for some unique es € E; (T) . Notice that if er # e, then ey is W-
conjugate to e; since otherwise there exists 7 € W such that (e;Ve,)" = e;Vey .
But then e, Ve[ € A,, a contradiction. Thus, either f=e; Ve, or f=¢e Ve[
for some 1€ W.

Since dimZG = 2, E(Z(G)%) = {1, e, f, 0} by [10, Remark 8.8]. So
consider

o:M—oeMx fM, ¢(x)=(ex, fx).

Then o(e) = f,so e > e; and f > e, (or vice versa) and so ¢ is a finite
morphism. Also ee; = 0 = fe, since ef = 0. Notice that eMe and fMf
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are £ -irreducible with Jo = @ [13]. Solet h =e; Vel € AS'. Then eh = h
and fh =0 since eE;(M) = Clz(e;) and fE\(M) = Clg(e;) and ef = 0.
Since eMe is Z-irreducible with Jy = @ there exists a unique a € A such
that g,ho, = h (4.13 of [13]). Thus e =e” and so 7 = g, . Therefore

A C{erVe, ey Ve™, ... e Vel™}
where r = rkyG . But from before, |A}'| > rkiG+1. Thus e; Ve, € AY. O

Proposition 4.9. Let e € E(T),, ¢ #0. Then e = gV ---V g, where each g;
is W-conjugate to ey =e; Ve, .

Proof. First note that e € A,; for some i > 0, since X(7) has no ¢*-invariant
subgroup of odd rank. If G is of type C, or G, then by Proposition 4.8,
A, ={l,e,Ve,,0} and W, = {1, s} with (e, Ve;)’ # e Ve,. If G is of
type F; then A, = {0} U {e; V e} U(A4); U{1l}. So it suffices to show that
any e € (A4), satisfies the claim, since the other cases are obvious. For this it
suffices to show that there are at least two elements in the set {f € Ey(T)|f <
e, o(f) = f}, since these idempotents are all conjugate. Consider eMe . Then
% (eMe) = eA and o actson eA. eMe is not a D-monoid since its rank is
four while |(eA);| = 2. Thus, there exists w € A, such that we = ew # e.
Butif e > e; Ve, then e =e” > (e; Vey)”. But Cw(e; Ve) = {1} and so
eevVea#(egve))?. O

Theorem 4.10. Let M, = {x € M |d(x) = x} where M, is as above. Let T
be the set of simple reflections of W, relative to B,. Then M, satisfies the
following properties:
(a) As\{0} =2 via e — I(e), Cf (€)= Pye).
b) If I(e)=1, I(f)=KCT let Jj =GseG, and Jx = G,fG,. Then
Ji1Jk C Jing U {0} .

Proof. The proof follows formally from what has been written down in [13],
once a few observations are made. 4.3 of [13] is true of M, by 1.3, 1.10
above and [11, Theorem 3.3]. 4.4 of [13] with A, in place of A follows
from the fact that if ¢ € A, then (eMe, ¢) is a monoid of the same type
as (M, o), and hence has no central o-stable idempotents # 0, 1. 4.5 is
true vacuously since J(e) = @ for all e € A\{0}. 4.6 and 4.12 follow from
4.3 and J(e) = . Finally 4.13 follows routinely. In our case it states the
following: Let e € A,;\{0}. Then there is a one-to-one correspondence between
{0, € S|a.e # ed,} and {f € A;| f covers e}. o, corresponds to the unique
f such that C&v (f) = PI(e)U{aa} .

Starting with ey = e V e; and applying this to A, yields part (a). For part
(b), notice that the claim is valid for M, while if x € M, then, as before,
GxGNM; =G,xG,. O

There are many finite monoids having the properties of Theorems 4.3, 4.7,
4.10. The abstract universal monoids .# constructed in §1 are such that the
unit groups H, of each e#e, e € E(A) are as large as possible. In the
monoids M, above, a local group H,, instead of being isomorphic to some
Levi subgroup L of G(M,) is instead isomorphic to L/N for some central
subgroup N of L. This creates problems in relating the representation theories
of G, and M,. We are therefore naturally led to considering the universal
central extension .# of M, .
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Finally the authors would like to thank the referee for useful suggestions.
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