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ON THE RESOLUTION OF CERTAIN GRADED ALGEBRAS

M. P. CAVALIERE, M. E. ROSSI AND G. VALLA

ABSTRACT. Let 4 = R/I be a graded algebra over the polynomial ring R =
k[Xo, --., Xn]. Some properties of the numerical invariants in a minimal free
resolution of A are discussed in the case A isa “Short Graded Algebra”. When
A is the homogeneous coordinate ring of a set of points in generic position in
the projective space, several result are obtained on the line traced by some
conjectures proposed by Green and Lazarsfeld in [GL] and Lorenzini in [L1]

INTRODUCTION

If X C P} =P" is a projective variety, its homogeneous coordinate ring has
a minimal free resolution whose numerical invariants have been the objects of
several recent investigations and conjectures (see for example [G, GL, EK, EK1,
HSV, L3, BG, TV, CRV2]).

Most of this recent work deals with the linear part of the resolution and in
fact it explains in many cases its geometric significance.

In this paper we consider a graded algebra A4 := R/I where R is the poly-
nomial ring R := k[Xp, ..., X,] over the algebraically closed field k. The
graded R-module 4 has a minimal free resolution

E:0-F,—----—-E —-R—-A4-0

where h = hdg(4) and E, = @ R(-d,;).

If we let ¢ be the initial degree of the homogeneous ideal I, we get d,; >
p+t—1 for every p and j and then we let a, be the multiplicity of the
minimal shift p+¢—1 in E,.

The resolution E is said to be linear if f, =a, forevery p=1,...,h.
This means that E is as simple as possible, in the sense that the maps between
the E;’s are given by matrices of linear forms.

In [GL] Green and Lazarsfeld generalize this notion by saying that the reso-
lution E has property (N;) if B, = a, forevery 1 < p <i. They studied this
condition in the case of a finite set of points or an algebraic curve extending
and clarifying classical results on generation by quadrics.
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In particular they proved that if X is a set of 2n + 1 — i points in general
position in P" (1 <i<n),ie. withno n+1 of them lying on an hyperplane,
then X satisfies property (N;) (see [GL, Theorem 1]).

If X consists of 2n + 1 — i points, distinct but not necessarily in general
position, then (N;) may fail for X but Green and Lazarsfeld propose the
following

Green-Lazarsfeld Conjecture (GLC for short). Let X be a set of 2n + 1 — i
points in P" with 1 <i<n. If X fails to satisfy (N;) then there is an integer
k < n and a subset Y C X consisting of at least 2k + 2 — i points such that
(a) Y is contained in a linear subspace Pk c P".
(b) (N;) fails for Y in P*.

It is easy to see that GLC holds if s < n+ 2. In [EK] Eisenbud and Koh
proved GLC for six points in P? and eight points in P*.

A weaker version of this conjecture is the following.

(glc) Let X be a set of 2n + 1 — i points in P* with 1 < i < n. If for every
k=i,...,n—1,no 2k +2—1i points lie on a linear subspace P* of P", then
X satisfies property (N;).

We say that the points of X are in GL position if X verifies the assumptions
of the above statement.

One of the main results of this paper is an extension of the result of Green
and Lazarsfeld on the way towards a proof of the (glc) . For a set X of
("*'=1) + n— i distinct points in P", we introduce the notion of g/ position
and prove that if the points of X are in g/ position then X satisfies (V;) (see
Theorem 2.5). For ¢ = 2 general position implies g/ position and g/ position
implies GL position, thus proving that our result is on the midway between
the theorem and the weaker conjecture by Green and Lazarsfeld.

Since GL position implies g/ position for six points in P? and seven in
P4, we get a proof of glc, and in fact of GLC, for these numbers of points
(see Proposition 2.8).

We remark that in the case of a set X of s = ("*'™!) + n — i points in
gl position we can prove that the Hilbert function of X, or better of the
homogeneous coordinate ring 4 of X, is as big as possible. This means that
H, (i) := dimy 4; = min{s, ("}')}, or, which is the same, that the points of X
are in generic position (see [GO]).

This implies that the minimal resolution of 4 has only two possibly nonzero
shifts at every E;, namely i+¢— 1 and /+ ¢, whose multiplicities we denote
by a; and b; respectively.

In [L1] Lorenzini stated a conjecture on the resolution of a general set of
points in generic position. With our methods we can rephrase this conjecture
in the following way.

Let X be a set of s distinct points in P” in generic position. Let ¢ be the
integer defined by the inequalities

(n+t_1>5s< <n+t>
n t

and let m be the least integer such that
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Notice that m > 1, since s < (/') by the definition of ¢.

Minimal Resolution Conjecture (MRC for short). There exists a not empty open
subset of (P")* consisting of sets of points in generic position for which a,,| =
bn_1=0.

A very natural consequence of our approach proves that the sets of points in
generic position with the expected numerical invariants form an open set which
of course has to be proved to be not empty.

The starting point of our investigation is a very general result, proved in
[CRV2], which provides an explicit way to compute the integers a;.; in the
resolution of any graded algebra 4. Hence in the first section of the paper we
use this method to compare the resolution of two graded algebras 4 = R/I and
B = R/J under suitable assumptions.

Then we study some property of the resolution of algebras with maximal
Hilbert function, called “Short Graded Algebras” in [CRV1].

The main results for the class of short graded algebras are Proposition 1.6
where an explicit formula connecting the integers a;,; and b; is given, and
Proposition 1.7 which provides a sufficient condition for a short graded algebra
to verify property (N;). This last result extends to a considerable extent a
theorem proved by Lorenzini in [L3] with a very heavy approach (see [L3, pp.
25-39)).

In §2 we study the minimal free resolution of those particular short graded
algebras which are given by the homogeneous coordinate rings of a finite set of
points in generic position.

In this case we can translate the problem of the computation of the integers
a;;1 into a problem of linear algebra. We produce a matrix M; whose rank is
related to the numerical invariants of the resolution by a nice formula proved
in Proposition 2.1.

Then we apply this method to prove our main theorem which we have de-
scribed as a first step towards a proof of the (glc).

In the last section of the paper we use the previous work to give some sporadic
result on the resolution of points in the projective space.

First we are able to compute all the numerical invariants of the resolution
of a set of s = 2n + 1 — i points lying on a rational normal curve in P" (see
Proposition 3.1).

It turns out that if we have n+ 3 < s < 2n+ 1 points on the rational normal
curve in P”, they do not satisfy the MRC. For seven points in P3 in general
position also the converse holds (see Proposition 3.3).

Finally we describe all the possible resolutions of five points in P? and six
in P3 (see Propositions 3.6 and 3.7).

In particular we prove that we get the same numerical invariants in the res-
olution of these two different configurations of six points in P3:

(a) Five points are on a plane, but four are never on a line.

(b) Three points are on a line and the other three points are on another line.

This proves that the minimal resolution cannot distinguish the geometrical
configurations of the points. This should be contrasted with a recent theorem
of Hoa, Stuckrad and Vogel (see [HSV, Theorem C]) which proves that for
n + 2 points in P” different configurations correspond to different numerical
invariants in the minimal resolution.
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1. GRADED ALGEBRAS

Let k be an algebraically closed field, R the polynomial ring k[ Xy, ..., Xa],
I an homogeneous ideal of R with initial degree ¢t and A4 the graded algebra
R/I. Let E be a minimal graded free resolution of 4 over R:

E:0—-E,—----—>E -R—-A4-0

where h = hdgr(A) and E; = GB . It is well known that d;; > i+¢—1

for every i and j. We denote by a, the mult1p11c1ty of the shift i +7—1 in
E;.
Since the resolution is minimal we get

a; = dimk(Tor,R(A, k)iyi—1) foreveryi=1,...,h.

We can compute TorX(A4, k) using a resolution of k which can be obtained
by the Koszul complex of Xj, ..., X,. Let V be a fixed k-vector space of
dimension n + 1; then the Koszul resolution of k is given by

n+1 )

0= A" VeR-n-1)2 A"V o R(-n)
— s AVERE-1) 2Rk —0

where the J; are the usual Koszul maps.
Since 4, = R, forevery p <t—1, tensoring by 4 and taking graded pieces,
one finds that Torf(A , k)iyi—1 1s the homology of the complex

/\i+l V@R, /\i VoR,. | — /\i—l VoA,

For any j > 1 we shall denote by K the kernel of 6; in degree ¢+ j. Thus

K; is the kernel of the usual Koszul map NVeR — N re R, which is
still denoted by J; .

The following crucial result (proved in [CRV2]) was suggested to us by the
Green-Lazarsfeld’s paper [GL].

Proposition 1.1. Let [ be any integer, 1 < i < h. With the above assumptions
and notations, we have

iy = dlmk [(/\I Ve It) N Ki]
Proof. The proof is the same as Proposition 1 of [CRV2].

To compute the dimension of the vector space K; we first need the following
easy lemma:

Lemma 1.2. Forany t>1 and i, h > 0 we have

g(—ly‘f“ S [ B Gty | Gl |
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Proof. We give a proof by induction on ¢ > 1. If t = 1 the equality holds.
Now

Jg(—l)"f(“f_ 1)<,~+tf1—j>
(S [ R G [

j=0
and, by the inductive assumption, this is equal to
i+t (h+t-1 N h+t-1 h\ _[(i+t\[ h+t
t—1)\i+1+1¢ t i+1) 7\ ¢ i+t+1
Now we fix a basis ¢y, ..., e, of V. Given a positive integer r we denote
by U(r) the set of r-tuples {j;, ..., j,} suchthat 0<j; <--- < j, <n. Then

it is clear that a basis of A"V is given by the vectors {¢; := e, A---Ae; }jcu() -
With these notations we prove the following result which is possibly known.

Proposition 1.3. Let i be a positive integer, 1 <i < n andlet K; be the kernel
of the Koszul map \'V ® R, - N'™'V ® Ryyy. Then dimy K; = (=) ("})
and a basis of K; is given by the set S; of the vectors d;41(¢j ® T), where
Jj€U(i+1) and T runs in the set of monomials of degree t— 1 in the variables

Xo,..., X

froof ) Usi::g] the Koszul complex in degree i + ¢ it is clear that the resolution
or
K =Im (/\"+1 VeR- - N\V ®R,)
is given by
0= A" VeR = N VOR =K —0
Then

t .
dim, K, = 3>~ dime (A" ¥ 0 R
h=1
t
et (R (n+t—h
;( 2 <i+h>( t—h )

=1
t_l(_l)’—f‘*']( n+1 )(n+]>
‘= i+t—j J

If we apply the above lemma we get the first assertion of the proposition.
Now it is clear that {d;;,(¢; ® T)} where j € U(i+ 1) and T runs in the
set of all monomials of degree ¢ — 1 in R is a system of generators of K.
Let /1 be the biggest index of the variables in T'; if & > j;;; and T = X, P,
we consider the vectors &, =e;, A---Aé, A---Nej, , Nep® X, P for every
r=1,...,i+ 1. We remark that d;,,() € S; for every r. Now

I
N

i+1
Siva(ej Ny ® P) = (=1)3(g; @ Xy P) + Y _(—1)+1E,.

r=1
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Hence ¢; ® T — /1 (—~1)#-1¢, € Kerd;, | and we have

i+1 i+1
Sia1(e; ® T) = Gi (Z(—l)'*"-lc,) = S (=16 ).
r=1 r=1
It follows that the vectors in S; form a system of generators of K;. The
conclusion follows if we can prove that the cardinality of S; is dimy K.
Now the number of elements j € U(i + 1) such that ji;; = k is (¥); each
of them is multiplied by all the monomials of degree ¢ — 1 in the variables
Xo, ..., X; which are (**/™') . It follows that the number of elements in S;

g(lf)(k+t—l> g<1+l><i+£:;—l>

(1+l—1>§ j+z+t—1)= <l+tl—1><rlz:tt)

which is the dimension of K.

If S is an ideal of R, to avoid confusion, we will sometimes denote by
a;(Q), instead of a;, the multiplicity of the minimal shift in each free module
of the resolution of R/S.

We assume q;(3) =0 if i=0 or i >codim$.

Let I and J be ideals of R with the same initial degree t. We want to
compare the resolutions of R/I and R/J .

A first trivial result which follows immediately from Proposition 1.1 is the
following.

Corollary 1.4. If I and J are ideals of R with the same initial degree t and
J; C I, then a;(J) < a;(I) for every integer i.

A more subtle result is given by the next proposition where we need some
additional assumptions on / and J.

Proposition 1.5. Let I and J be ideals of R with the same initial degree t.
Suppose 1 is perfect of codimension h, J, C I, and depth(R/J) > depth(R/I).
Then forevery i=1,..., h

ai(I) < a;i(J) + <lf 1) (dimy 1, — dimy J,).

Proof. Since k is an infinite field and I is a perfect ideal, we may find linear
forms in R which are a maximal regular sequence on R/I and also a reg-
ular sequence on R/J. Hence we may assume that / and J are ideals of
k[X,, ..., X,] of initial degree t such that J, C I,.

By Proposition 1.1,

a,(I) = dim, [(/\"‘ Ve 1,) n K,»_,]

and

ai(J) = dim, [(/\i“' Ve J,) n K,_.]

where V is a fixed vector space of dimension 4.
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We denote by U the k-vector space A'"'V ® I, and by W the k-vector
space /\"'1 V ®J;;since W C U it is easy to see that
dim, (U N K;_;) < dimy (W N K;_;) + dim; U — dimy W.
The result follows since dim; W = ( ) dimy J; and dim; U = (,2,) dim, 1, .

We shall see later that the inequality given in the above proposition is sharp.

It is clear that Proposition 1.1 becomes more useful if the resolution of A
has only two possibly nonzero shifts at every E;, namely i +¢—1 and i+¢.
In fact, in this case, if we know the multiplicities of the minimal shifts, we get
all the numerical invariants of the resolution.

We are in this situation if 4 is a “Short Graded Algebra” (see [CRV1]), that
is a Cohen-Macaulay graded algebra whose Poincaré series is given by

S (h+i—1\ )/
Py(z) = ( . z'+cz! (1-2z)?
= (5 (")

Here d is the Krull dimension of A4, ¢ is an integer > 2, A is the codimension

of I and c is an integer such that 0 < ¢ < (*+71).

If we denote by s the multiplicity of 4 , we have s = ("+,’l‘1) +c.
We remark that the integer ¢ defined by the inequalities

(h+t_1)§s< <h+t>
h t

coincides with the socle degree of 4 and with the initial degree of 4. From
this it follows that a minimal graded free resolution for A4 is given by
0 R(~t—-h®R(~t—h+1)* - ... 5 R(—t— )" ® R(-t — i + 1)%
— -+ > R(-t-1)"@®R(-t)" 5 R—-A4-0
for some aq;, b; > 0.

By the particular Hilbert function of 4, we get a; = ("*;") —cand b, =c.
A detailed proof of these observations can be found in [L2 and CVRI1].

In the following we assume that 4 = R/I is a short graded algebra.

It is clear that in any graded free resolution there is a relationship among
the multiplicities of the same shift. For a short graded algebra this connection
between a;.; and b; can be read in the following way.

We assume by =0 and a,=b, =0 if r>h.

Proposition 1.6. Let i be any integer, 0 < i < h. With the above assumptions
and notations, we have

‘ _bA+<"+"l>(h+’)_ (h)
aiy1 = 0; j t4i s i)

Proof. Since A is Cohen-Macaulay, we may assume that Xy, X, ..., X,
is a maximal regular sequence on R/I . Hence we may prove the result with
R = k[X,, ..., X;] and A an artinian graded k-algebra with the given free
resolution and Poincaré series P4(X) = oo (RN XR 4 (s - ()X
We consider 3 5e;X’ where
e =1,
ep=-=¢€_=0,

e = (~1Y ™ @y —by_) ifj> 1.
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We claim 5 i
- XJ

_ 208

PA(X)— (I_X)h l}

or, which is the same,

ran= (gom) (£0°E))

For every d > 0 we have

d—t+1
dimd; =dimR; + Y (-1)"(a; — bi_y) dim Ry_,_;4,

i=1

d
=dimR; + Y _(=1)/7*"(aj_1 — bj_ ) dim Ry_;.
j=t

Now, if we set for short ¢, = dim R, = (**%~!), we obtain

d
(Zerf) (chX") = epco+ (€gcy +e1c) X +- -+ + (Zej(:d_j) ) G

j20 k>0 J=0

But
d d

> ejcaj=eocat+ D (1) (@1 — bj—)ca;
=0 j=t

d
=dimRy+ Y (1) (@) i1 — bj_()cs_; = dim 4.
j=t

It follows that
Yo e X = Py(X)(1 - X"

- (£ 04 b (1)) (£ )

and then forany i =0, ..., & we get

@iy — b= (-1)*eiy

=com{ e () (L)
+(—1)"('§) [s— (”*;l‘l)]}
S () () () )

J

Since it is easy to see that (/7" (*H-Y) + (M) (") = () (B, the con-

clusion follows by Lemma 1.2.

i+t i i i+t
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Several authors (see [GL, EK, MNV]) are interested in knowing when the
minimal graded free resolution E of a graded k-algebra A is “right linear”.
More precisely, for a given integer i > 1, they study under which assumptions
A satisfies the following property:

(N:) Ei=R(-j—t+1)% forl<j<i

where ¢ is the initial degree of 4.

In [GL] it is proved that if A is the homogeneous coordinate ring of a set of
2n + 1 — i points in linear general position in P”, i.e. with no n+ 1 of them
lying on a hyperplane, then A satisfies (V).

In [EK and MNYV] extensions are given of the above result. In each of these
results A is a short graded algebra.

It is clear that, for a short graded algebra A4, the property (V;) is equivalent
to b; = 0; in fact, since 4 is Cohen-Macaulay, if b, = 0, then b, = 0 for
1<j<i.

The last result of this section gives a first application of Proposition 1.5.
It concerns a useful criterion for a short graded algebra to have a right linear
resolution.

Proposition 1.7. Let I and J be ideals of codimension h in R with the same
initial degree t. Suppose that J, C I, and R/I , R/J are short graded algebras.
If property (N;) holds for R/J , the same is true for R/I .
Proof. Let p := dimy I, — dimy J;; since R/I and R/J are short graded al-
gebras, by their particular Hilbert function, we get that s(J) —s(I) = p where
s(I) stands for the multiplicity of R/I and the analogous for s(J).
Since R/J satisfies (N;), by Proposition 1.6 we have a;,(J) = (") (")) -

i t+i
s(J )('Z) ; moreover by Proposition 1.5 we have

st a0+ (1)o= ("N (1) - sw-n(7)
(-l

Using again Proposition 1.6, we get the result.

2. POINTS IN P”

Let X be a set of s > n + 1 distinct points in P”, not contained in any
hyperplane. We denote by I the defining ideal of X in the polynomial ring
R := k[Xy, ..., X,] and by 4 the homogeneous coordinate ring of X, 4 :=
R/I. We assume that ¢ is the initial degree of /.

After a suitable changing of coordinates, we may assume that the first #n + 1

points of X are the coordinate points, that is X = {Py,..., P,, Qy, ...,
Qs—n-1}, where Py := (1,0,...,0),...,P, := (0,0,...,1) and Qy :=
(Uo, Ukyy - s Uky) fOr k=1,...,s—n—1.

We want now to translate the problem of the computation of the integers
a;y; into a problem of linear algebra.

By Proposition 1.1 we must compute the dimension of the k-vector space
(NVeIL)NK;. Let a € \'V ®1,; using the notations introduced after Propo-
sition 1.1, we can write a =3 ;) & ® F, with F, € I,. This implies that the
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F,’s must vanish on P, ..., P,, hence in F, we cannot have monomials of
the form X} forevery # =0, ..., n. Since o € K;, by Proposition 1.2 a is
also a linear combination of the vectors d;;,(¢;® T) where j € U(i+1) and T
is a monomial of degree ¢ — 1 in Xo,..., Xj,, . If a =2A61(e; ® X[ ')+

with h e j,weget a=xA(ej A---ANéyA---Nej,, ®Xj)+---.

It follows from this and the remark on the F,’s that A4 should be zero.

This means that we can delete from the given basis S; of K; the vectors
div1(e; ® X}7') with j € U(i+1) and h € j. It is clear that the number of

these vectorsis (77)(i+1) = (n+1)(?) and we are left with dimy K;—(n+1)(})
vectors which we are going to describe in a more suitable way.

For every j € U(i + 1) we denote by W(j) the set of (ji+1 + 1)-tuples of
nonnegative integers A := (hg, ..., h; ) with S h,=t—1 and h, <t-1 if
rej.

Moreover if j € U(i+ 1) and h € W(j) we let

Jixt

Ty = Xloxh ... x/im,

Jixt

With these notations we can write an element a € (A' ¥V ® I;) N K; in this way
a= Z'ljhaiﬂ(sj ® Th)
N
where je U(i+1),he W(j) and 4, € k.
If we rewrite a = 3, ;) (& ® Fp), the Fp’s must vanish on the “extra”

points Qy, ..., Qs _n_1.
We get in this way (s —n — 1)("*") linear equations F,(Qx) =0 in the 4,
which determine a matrix M; of size (s —n—1)("*') x (dimg K; — (n+1)(})) .
We can label the rows of M; by pk, pe U(i), k=1,...,s—n—-1 and
the columns by jh, je U(i+ 1), h € W(j). Since we have

i+1

a= Z'ljh (Z(_l)r+lejl ANEN /\éjr A---Nej,, ®X}}Th)
Jj,h

r=1
the matrix M; can be easily described as follows:

(_l)r+1(Xerh(Qk)) lfp = {.]l 5 ey jra ey ji+l}’

M;(pk, jh) = ;
Pk, Jh) {0 otherwise.

Now it is clear from this description that we get the following formula for
ajty .

Proposition 2.1. If 1 < i < n, with the above notations we have

a1 + rank(Mi) = dimk Ki-(n+1) <’:>

If A is a short graded algebra this result can be coupled with Proposition 1.6
to get all the numerical invariants of the resolution.

In the case of a set X of distinct points, the homogeneous coordinate ring
A of X is a short graded algebra if and only if the Hilbert function of A is as
big as possible, that is H(¢) := dim; 4, = min{s, (
the points of X are in generic position (see [GO]).

n+t

+1} or, which is the same,
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It is possible to prove that almost every set of s points in P” is in generic
position, in the sense that the points in generic position in P" form a dense
open subset of (P")S .

Remark 2.2. Let X be a set of s points in generic position in P” and ¢ the
integer defined by the inequalities

<n+t— 1) <s< <n+t>
n n
Using Propositions 1.2, 1.6 and 2.1 we have

ajr = b,' + dlmk K; - S(IZ) = dlmk K; - (n + 1) <’:> - rank(Mi).

Hence we get rank(M;) = (s—n—1)(") —b; < (s—n—-1)(7).

Since the size of M; is (s —n — 1)("!") x (dimy K; — (n + 1)()) it follows
that the maximum possible value for rank(Af;) is the integer min{dim; K; —
(n+1)(1), (s—n=-1(1}.

It is natural to guess that in the “generic” case this maximum is achieved.

This leads to the following conjecture:

ifs(?) < dimy K;, then rank(M;)=(s—n-1) (7)

or equivalently b; =0, a;;; = dim; K; — s<’;> ’

ifs(?) > dimy K;, then rank(M;) = dim; K; — (n+ 1) (:l)

or equivalently a;,; =0, b, =s (’:) - dimy K;.

It is easy to see that we can rewrite s(7) > dimy K; as t[("}) — 5] <si and
this gives the above formulation for the MRC.

This remark leads in a very natural way to the expected numerical resolution
and also proves that the sets of s points having this numerical resolution form
an open set of (P")*. The main problem is to prove that this set is not empty.

For points in the generic position Corollary 1.4 and Proposition 1.7 imme-
diately give a result obtained with much effort by Lorenzini in [L3].

If X consists of points in the generic position, when it is necessary we de-
note the integers a; and b; by a;(X) and b;(X) respectively and we say that
property (N;) holds for X if it holds for the homogeneous coordinate ring of
X.

Theorem 2.3. Let X beaset of s points in generic position, ("*'7') <s < ().
(a) Suppose s < ("*') — 1. If a;(X) = 0, then X is a subset of a set Y
consisting of s + 1 points in generic position with a;(Y)=0.
(b) Suppose s > ("*:='). If property (N;) holds for X , then there is a subset
Y of X consisting of s — 1 points in generic position for which (N;) holds.
Proof. We denote by I(X) and I(Y) the ideals of X and Y respectively.
(a) It is clear that we may choose a point P such that if ¥ = X U {P} we

have I(Y), G I(X);. Hence Hx(t) < Hy(t) and then Y consists of points in
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generic position. Since s+ 1 < ("}'), the initial degree of I(Y) is again ¢ and
so the conclusion follows by Corollary 1.4.

(b) It is known that it is always possible to take a point P off of X in
such a way that ¥ = X \ {P} consists of points in generic position. Since
s—1> ("™!="), the initial degree of I(Y) is again ¢ and the conclusion follows
by Proposition 1.7.

We now come to the main result of this section. The main tool is the following
lemma which plays a central role in the paper.

Proposition 2.4. Let X be a set of s points in generic position in P". Let i be
a positive integer, 1 < i < n; then the following facts are equivalent:

(1) X satisfies (N;),

(2) b;=0,

(3) a1 < (7 ‘)(’:I,’) s(;

(4) rank(M,) (s-n-1)(").
Proof. We have seen that b; = 0 implies b; = 0 for every j < i, hence
(1) © (2). Now (2) & (3) by Proposition 1.6 and (3) < (4) by Proposition
2.1.

\

Theorem 2.5. Let X C P" beaset of s = (""'""Y+n—i points, 1 <i<n,
with the following properties:

(a) there are n points of X spanning an hyperplane which does not contain
other points of X .

(b) any set of ("*'™') points of X containing all the others s — n points of
X s in generic position.

Then

(i) X consists of points in generic position.

(i) X satisfies (N;).

Proof. After a suitable changing of coordinates, we may assume that the hy-

perplane asin (a)is X, =0 and X = {Py, ..., P,, Oy, ..., Qs—n—1} where
Py, ..., P, are the coordinate points of P".
(1) Let us consider the set Y = X\{P, ..., P,—;—1} which is a subset of X

consisting of ("*'~!) points. From (b) the points of Y are in generic position.
Denote by I and J the defining ideals of X and Y respectively. Since I C J
the initial degree of I is ¢. Now

Hy(t) = dimy R, — dimy I, = Hy(£) + dimy J, — dim I,

- (" +;‘ 1) +dimy J, — dimy 1.
Hence the conclusion follows if we can prove that dimy J, —dim, I, > n—i.
Since every pomt Q, (4o, ..., ujn) has u;, # 0, we can find A € k such
that A £ 0, S52) . u; . Hence every point of Y does not lie on the hyperplane
AXp, = Xp_i+---+ X,_; and this implies that F := X,_; + --- + X,_; — AX,,
is a regular element modulo J. By the particular Hilbert function of Y we
have J + (F)/(F) = (Xo, ..., Xp)' + (F)/(F), hence X} € J + (F) for any
j=0,...,n—1i-1. This implies that for every j we can find suitable
G;e R, 1 such that the forms F; := X} + FG; arein J,. Now it is clear that
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Fy, ..., F,_;_, are linearly independent and they generate a subspace W of
R, such that W NI, =0. It follows that dimy J;, — dimy I, > n — i as desired.

(i1) Since X consists of points in generic position, by Proposition 2.4 we must
prove that rank(M;) > (s—n—1)(}). As above we denote by jh (j € U(i+1)
and s € W(j)) the columns and by pk (p € U(i), k=1,...,s—n—1) the
rows of M;.

It is clear that if we fix j € U(i + 1) with j;;,; = n then A runs in the
set W(j) consisting of the exponents of all monomials of degree ¢z — 1 in
Xo, ..., X different from X!~', ..., X;~!. Hence W(j) has ("*,”') — (i +
1) =s—n—1 elements. Thus if we consider the submatrix M/ of M, obtained
by fixing the columns ji with j;,; = n and the rows pk with p; < n, we get
a square matrix of size (s —n — 1)("). We shall prove that det(M}) # 0.

Now it is clear that for a fixed j € U(i + 1) with j,; =n,onthe s—n—1
columns jh we have possibly nonzero entries (—1)"+!(X,7},)(Qk) only on the
s—n—1 rows ik with i={j,,..., ji}.

Hence M) splits in (7) blocks of size (s — n — 1) whose determinant is

1
+(Uy1n - Uis—n—1)ndj) Where d; is the determinant of the matrix

Aj = {Th(Qk)}hEW(j); k=1,..,s—n—1-

Since Qy, ..., Qs—n—1 donot lie on the hyperplane X, = 0, we have u;, # 0
forevery j=1,...,5 —n—1. The conclusion follows if we can prove that
dj#0 forevery j.

But if dj = 0 for some j € U(i + 1), then the square matrix of size
("**=1), whose rows are given by all monomials of degree ¢ — 1 computed

on an yooes Qson—1, Pj,, ..., P, = P, respectively, would have the follow-

ing shape
(A j . )
0 Iy

and thus its determinant would be zero. This implies that we can find an hyper-
surface of degree ¢—1 passing through a set of ("*'~!) points of X containing
P,,0y,..., Qs_n_1: acontradiction.

In the following if a set of points satisfies conditions (a) and (b) of the above
theorem we say that they are in g/ position.

It is clear that if ¢t = 2, Theorem 2.5 extends Green and Lazarsfeld’s result
(see [GrL, Theorem 1}). In fact, if we have 2n+1— points in general position,
then no n + 1 of them lie on a hyperplane, and so they are in g/ position.

On the other hand the following result shows that our theorem is a step
towards the proof of the Green and Lazarsfeld conjecture.

Proposition 2.6. Let X C P" be a set of 2n+ 1 —1i points (1 <i <n) in gl
position. Then the points of X are in GL position.

Proof. Let Py, ..., P, be the points generating the hyperplane 7 which does
not contain other points of X; let Y := X\{P,, ..., P,}. Let us assume by
contradiction that there exists a set Z C X consisting of 2k + 2 — i points on
a linear subspace P* of P" with i<k<n-1.

Let p be the number of pointsin ZN{P, ..., P,}. Then p < k + 1 since
Py, ..., P, are independent points of n. If p =k +1,the n+k —i+1
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points of ZU{Py, ..., P,} are on an hyperplane which is necessarily = . Since
n+k—i+1>n+1 we get a contradiction.

If p < k,the pointsof YNZ are atleast 2k+2—i—k = k+2—i. If we adjoin
to Z the remaining points of Y, which are atmost n+ 1 —i—(k+2—-1i) =
n—k—1, we get asetof n+ k —i+ 1 points on an hyperplane. Since
n+k—i+1>n+1 and this set contains Y , this gives a contradiction.

We produce now two examples showing that for a set of 2n + 1 — i points
the inclusions of sets

{Points in general position} oints in g/ position}

oints in GL position}

are strict. This proves that our extension of Green and Lazarsfeld’s theorem is
consistent but does not prove the GL conjecture.

Example 1. Let X = {Py, P,, P,, P3, O\, Q;} C P3 where Py, P, P,, P; are
the coordinate points of P> and Q; = (1,1,1,1), 0, =(-1,2,1,1). The
plane X, — X3 = 0 contains the points Py, Py, Q;, 0>, so the points are not in
general position. Now the plane X3 = 0 contains only the points Py, P, P»,
and the plane Xy+2X; —3X; =0 contains only the points P;, Q;, Q. Hence
the points of X are in g/ position.

Example 2. Let X = {Py, ..., Ps, Qi, 0,} C P° where Py, ..., Ps are the co-
ordinate points of P’ and Q,:=(1,1,1,1,0,1),0,:=(1,1,2,2,3,0).

It is not difficult to see that seven points of them are not on a P* and 5 are
not on a P3 that is the points are in GL position. We prove now that they
are not in g/ position .

In fact X4 = O is a hyperplane containing Py, P,, P», P3, Ps, Q;, Xs=0
contains Py, Pi, P, P3, Py, Q», Xo— X; =0 contains P, P3, Py, Ps, Q), 0
and X, — X3 =0 contains Py, P, Py, Ps, Q;, @,. Now it is easy to see that,
however we choose three points of X , they lie on one of the above hyperplanes
which contain six points of X . Thus our set X cannot verify condition (b) in
Theorem 2.5.

However we can prove that the converse of Proposition 2.6 holds if X con-
sists of six points in P3 or seven points in P*. Hence, in these cases, Theorem
2.5 proves Green and Lazarsfeld’s conjecture. In fact in [CRV3] we prove that
for n + 3 points spanning P” the weaker version is equivalent to the strong
one.

First we observe the following facts.

Remark 2.7. Let X be a set of n + 3 distinct points of P" in GL position.
This means that n points of X are never on a linear subspace P"~2, and
n + 2 points are never on a linear subspace P"~!. After suitable changing of
coordinates, we may assume X = {Py, ..., P,, Q1, Oz} where P, ..., P, are
the coordinate points and Q := (¥, ..., V), Q2 := (20, --- Zn) -

Let D;; be the minor | 7'|. Then

(1) If for some i we have y; =0 then y; #0 for j #1i.

(ii) If y; =0 for some i=0,...,n,then z; #0.

(iii) If for some integers i, j, 0 < i < j < n, we have D;; = 0, then
viziyjzj #0 and Dy #0 forevery k #1,j.

c {p
c{p
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In fact if y; =y; =0 with i # j, then X; = X; =0 isa P"~? containing n
points of X . If y; = z; =0, then X; =0 isa P""! containing n + 2 points
of X. Finally if D;; =0, then y;z; = y;z;, hence, using (i) and (ii), we get
viziyjzj # 0. On the other hand if D;; = D = 0, it is easy to see that we
have again n points of X on a P"2. This proves the remark.

Proposition 2.8. If X consists of six points in P? or seven points in P*, the
Jollowing conditions are equivalent:

(a) The points of X are in GL position.

(b) The points of X are in gl position.

Proof. By Proposition 2.6, we must prove (a) = (b). In both cases we have

n + 3 points in P"; as above we may assume X = {Py,..., P,, Q1, Q»}
where Py, ..., P, are the coordinate points and Q; := (¥o, ..., Vn), @2 =
(Zo, ooy Z,,).

Let n = 3; by Remark 2.7 we can choose a permutation {i, j, h, k} of
{0, ..., 3} suchthat y;, y;, z;, zx, Dij, Dy are different from zero. Then it
is easy to see that the hyperplane spanned by P,, P, and Q; does not contain
any other points of X and however we choose four points of X containing
P;, P;, Q, they are not on a hyperplane.

Let now n = 4; in the same way as before, using Remark 2.7, we may as-
sume that y;, y;, zy, 2z, zr, Dij, Dpi, Dy, , Dy, are different from zero where
{i,j, h,k,r} is a permutation of {0, ..., 4}.

Then it is easy to see that the hyperplane spanned by P,, P, P, and Q,
does not contain other points of X and however we choose 5 points of X
containing P;, P;, O, they are not on a hyperplane.

We end this section by relating our Theorem 3.5 with a similar and recent
result by Einsenbud and Koh. They extended the theorem by Green and Lazars-
feld by proving that a set of ("*.~')+n—i pointsin P* (1 <i < n) imposing
independent conditions on forms of degree ¢— 1, verifies property (N;). We re-
mark that, for this number of points, imposing independent conditions on forms
of degree t—1, is equivalent to saying that every subset of ("*fl“) points is not
on an hypersurface of degree t—1. Hence, if ¢ = 2, this condition is equivalent
to general position. We guess that it should imply our g/ position, but, for the
moment, we cannot prove it. However the following example shows that also
if ¢t > 2, our result is not a consequence of Einsenbud and Koh theorem.

Let X = {Py, ..., P3,Q1,...,Qg} CP?> where Py, ..., P; are the coor-
dinate points and @, = (0,1,0,1),Q, = (1,0,1,0),05 = (1,1,0,0),
Q4 = (O’Oa 13 l)’ Q5 = (Oa 1, 1,0)’ Q6 = (laO,Oa l)a Q7 = (la 1,1, l)a
Qs=(0,1,1,2).

It is easy to see that these points are in g/ position by looking at the plane
spanned by P, Q>, Q4. On the other hand, if we delete Py and P;, we get ten
points which lie on a quadric. Hence these points do not impose independent
conditions on forms of degree two.

3. FURTHER APPLICATIONS

As a first application of the previous results we give a complete description
of the minimal free resolution of points in generic position lying on a rational
normal curve in P".
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Let C be the rational normal curve in P”. It is known that C is the image

of the morphism ¢ : P! — P" defined by ¢(¢, u) = (t*, " 'u, ..., tu"', u").
Hence the homogeneous coordinate ring of C is the ring
A=k[t", " u, ..., " um.

It follows that the Hilbert function of C is H¢(r) = nr+1 for every r > 0.
Since A is Cohen-Macaulay of initial degree two and socle degree one we get
that A is a short graded algebra with a linear resolution:

0—- R(-n)%' - ... > R(-2)">R—-A4-0

where a; :=a;(C) = j(;},) forevery j=1,...,n-1.

If we consider a set X of s points in generic position lying on C, then they
lie on a quadric and thus we must have s = Hy(2) < Hc(2) =2n+ 1. On the
other hand if we have n+1 <s < 2n+1 points lying on C, they are in general
position and so in generic position.

Proposition 3.1. Let X beaset of s=2n+1—1i, 0 <i < n, points lying on
the rational normal curve C in P". Then
¥ a;(C) ifj>i+1,
! B j(;:f)_s(jfl) fr<j<i
Proof. The points of X are in general position hence, by the result of Green
and Lazarsfeld, b; = 0 for every j < i. It follows by Proposition 1.6 that
a;(X) = j(31]) —s(;7,) forevery j<i+1.

Letnow j>i+1;then 2n+1—i>2n—j+2. Let Y be any subset of X
consisting of 2n—j+2 points. By Corollary 1.4, we get a;(C) < aj(X) < a;(Y).
Since the points of Y are again in general position and 2n — j+2=2n+1-—
(j — 1), by the result of Green and Lazarsfeld we get b;_;(Y) = 0 hence, by
Proposition 1.6, a;(Y) = j(i1]) — (2n - j+2)(;")) .

The conclusion follows since it is easy to prove that

() anmivn(,)={0, Bz
I\j+1 TFOG-1) T if1<i<n-L

We remark that the others invariants of the minimal resolution of the points
of X can be computed by using Proposition 1.6.
The following example shows that the inequality of Proposition 1.5 is sharp.

Example 3. Let X beasetof s <2n+1 points on the rational normal curve C
in P" and Y any subset of X consisting of s — 1 points. Let s=2n—j+2,
1 < j < n; then by Proposition 3.1 we have a;(X) = a;(C) = j(,},) and
a(Y)=j(™) -2n—-j+ 1)(;2,) - As in the proof of Proposition 3.1 we see

Jj+1
that j(;'ﬁ) —(2n-j+2)(;")) = j(;},) and then a;(Y) = a;(X) + (;",) for
1<j<n.

If we have a set X of s < ("}?) points lying on a rational normal curve C

in P" then a,_; # 0. In fact, by Corollary 1.4, we get a,_(X) > a,_1(C).
From this it follows that, if we have n+3 < s < 2n+1 points on the rational
normal curve in P”", then they do not satisfy the (MRC). In these cases we
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have m < n—2 , hence to satisfy the (MRC), we need a,,,, = 0. This implies
a; =0 forevery j > m+1 and in particular a,_; =0.

Lorenzini proved this fact for seven points in P3 and for 8 points in P*
lying on the corresponding rational normal curve (see [L1]).

In the following proposition we show that for seven points in P3 in general
position also the converse holds.

Proposition 3.3. Let X be a set consisting of seven points in P3 in general
position.

Then X satisfies the (MRC) if and only if the points do not lie on a rational
normal curve in P3 .

Proof. Since the points are in general position, they are in generic position. In
this case m = 1 and then X satisfies the (MRC) if and only if a; = 0. We
only need to prove that if a, # 0 the points lie on a rational normal curve.
If a, # 0, we have a nonzero element a = Z?=0e[ ® F; € [AV @ LN K|,
where I is the defining ideal of X in k[Xj, ..., X3]. In particular F; € I,
forevery i =0,...,3, and 2?:0 X;F; = 0. Since the points are in generic
position, dimy I, = 3 and so we may write, for example, F; = Zf=0 o F; .
Hence Y2, XiFi+ X3(X 2 aiFi) = 2 (Xi + 0 X3)F; = 0.

Now my := Xg + apX3, my := X, + o1 X3, and m, := X5 + az X3, form a
regular sequence in R, hence we have Fy = Lhm, —limy, Fy = —Lmgy + lom; ,
F, =1limy - lym, , for some [y, [;, [, € R,. It follows that our points lie on the

locus
. my m; mp
C.{rank(l0 I, 12>§l}.

In order to prove that C is a rational normal curve, we need only to prove that
for any (¢, u) # (0, 0) the linear forms tmg + uly, tm; + ul,, tmy + ul, are
linearly independent (see [H, p. 104]).

To prove this assertion we need firstly to prove that F;, F, are independent.
But if

0=AF + uF; = A(lomy — lhmg) + u(limo — loym,)
for some A, u € k, then

mo(uly — AL) = lo(umy — Amy).

Since the points are in general position, the quadric F; is irreducible, hence
my and [y are independent. This implies um, — Am, = omg for some o € k ;
since mgy, m;, my are independent, we get A = u =0 as desired.

Now let assume that for some Ao, 4,4, € k we have Ao(tmgy + ulp)
= Ai(tmy + uly) + Ax(tmy + uly) that is Ag(tmg + uly) = t(Aymy + Aam,y) +
u(Aily + A205).

If for example ¢ # 0 we get A,m; + Aamy = Agmo + %(Aoly — A1y — A2la) .
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This implies

my Aimy + Aymy
det ( lo ).111 + A0, )

= WP = oFi = mo(l + daly) = lo [omo + = (Rolo = Maly = Al
= mo(Aih + Aaly = Aolo) + %10(/1111 + Aaly = Aolo)
= (mo + -1;-10) (1111 + Ay — /1010).

Since in I, there is no reducible quadric, we must have 4, F, — A,F| = 0,
hence A, = Ay = 0. Thus Ag(tmg + uly) = 0 which implies 1o = 0, otherwise
mo = —%ly and F; would be reducible. Since the same argument works also in
the case u # 0, the conclusion follows.

Now we come to the last application of our results.

Let X be aset of n+2 distinct points spanning P” . Then, as usual, we may
assume X = {Py, ..., P,, Q} where P, ..., P, are the coordinate points. Let
Q:=(up, ..., u,) andlet s be the number of nonzero coordinates of Q. Then
2 <s<n+1 and it is clear that different values of s correspond to different
configurations of the points. In a recent paper it has been shown that these
different configurations have different free resolutions (see [HSV, Theorem CJ).
We prove now that this is also the case for five points in P2, while for six
points in P3 we show that different geometrical configurations can have the
same numerical resolution. In fact we can give a complete description of all the

possible free resolutions for five points in P2 and six in P3.

Proposition 3.6. Let X be a set of five points spanning P?>. The minimal free
resolution of the homogeneous coordinate ring A of X is given by

(i) 0 » R(—4)? - R(-3)?® R(-2) —» R — A — 0 if the points are in generic
position.

(ii) 0 = R(-=5)® R(-3) — R(—4) ® R(-2)* - R — A4 — 0 if the points are
not in generic position.
Proof. 1f the points are in generic position, the Hilbert function of an artinian
reduction B of A is given by Hg(0) =1, Hg(l) = Hg(2) =2 and Hp(n) =0
for every n > 3. From this we get that the defining ideal is generated by a
quadric and two cubics. The conclusion follows.

If the points of X are not in generic position then Hy(2) =4, Hx(i) =5 for
i > 3. From this it follows that the Hilbert function of an artinian reduction B
of A isgiven by Hp(1) =2, Hp(2) = Hg(3) =1 and Hp(n) =0 for i > 4.
Hence the resolution of A4 is given by

0— R(-5)®R(-42&R(-3)% > R(-4)" @ R(-3)" ®R(-2)> 5 R— 4 — 0.

Since B3 # 0 and dimy B, = 1, the socle of B has no elements of degree two,
hence b, = 0. This implies a, # 0 otherwise B would be Gorenstein. But
a, < dimy By, hence a, = 1. The conclusion follows.

Now let X be a set of six points spanning P3. It is not difficult to prove
that they are in generic position if and only if four points of X are never on
a line. (see [CRV3] for a more general result). It follows that the geometrical
configurations for X are the following.
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C,: The points of X are not in generic position.

C,: The points of X are in GL position, or, which is the same, five points
of X are never on a plane and three never on a line.

C;: There are five points of X on a plane but four are never on a line.

C,: Three points of X are on a line and three on another line.

Cs: Five points of X are never on a plane, but three are on a line and the
other three are not on a line.

Proposition 3.7. Let X be a set of six points spanning P3. The minimal free
resolution of the homogeneous coordinate ring A of X is given by

(a) 0— R(—6)@® R(-4)2 - R(-5)>® R(-3)* - R(-4)® R(-2)° - R —
A—0 incase C;.

() 0 — R(-5)? - R(-4*® R(-3)? - R(-2)* > R — A — 0 in case
C,.
() 0— R(-52@®R(-4) —» R(-4)*® R(-3)* - R(-3)?®R(-2)* - R —
A—0 incase C; or Cy.

(d 0— R(-5)2— R(-43®R(-3)*— R(-3)®R(-2)* > R—>A—0 in
case Cs.

Proof. We prove the result in several steps.

Step 1. If the points are not in generic position the Hilbert function of A4 is
H40) =1, Hyl) =4, Hy(2) =5 and Hy(i) = 6 for i > 3. From this it
follows that the Hilbert function of an artinian reduction B = S/J of A4 is
given by Hp(0) = 1, Hp(l) = 3, Hp(2) = Hp(3) =1 and Hg(n) = 0 for
every n > 4. Hence the resolution of A is given by

0 — R(—6) ® R(—5)" ® R(-4)® — R(-5)" @ R(-4)"» & R(-3)®
— R(-4) ®R(-3) @ R(-2)° - R— A — 0.

Since dimy B, = dimy B3 = 1, it is clear that J has five generators in degree
two and one in degree four. Hence b, = 0 and ¢; = 1. By the alternating
sum we get a; = 6 and a3 = b, + 2. If a3 = dimy B, = 3, B; would be in
the socle and B, = 0. Hence a3 = 2 and b, = 0. In the same way we get
by <dimy B, = 1, thatis b3 =0 and ¢, = 2. This proves (a).

Now we may assume that the points are in generic position. Hence the Hilbert
function of an artinian reduction B = S/J of A is given by Hg(0) = 1,
Hp(1) =3, Hp(2) =2 and Hp(n) =0 for every n > 3. This implies that the
resolution of A is given by

0 - R(-5)2®R(-4)® — R(-4)2®R(-3)* — R(-3)""®R(-2)* = R — 4 — 0.
Step 2. If the points of X are in generic position then a3 <1 and 2 <a; < 4.

Proof. If a3 > 2, we would have two linear forms, say L, M € S; in the socle
of B, hence (L, M), C J,. Since dimy(L, M); =5 and dim; J, = 4 we get
a contradiction. Moreover by the alternating sum we get a, = 2+ b; . Hence if
a >4 then a;+b; >4+4—-2= 6. This is a contradiction by the main result
in [ERV].

Since our points span P3| as usual we may assume X = {P,, ..., P;, Q),
0,} where Py, ..., P; are the coordinate points and Q; := (yo, ..., ¥3), Q2
= (Z(), ey 23).
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By the theorem of Green and Lazarsfeld if the points are in GL position
then property (N;) holds, hence b; =0

Step 3. If three points of X are never on a line, then a3 =0.

Proof. We have a3 = dimg[(A’V ® I(X)2) N K,]; if a € (A*V @ I(X)2) N K,
then using the description given at the beginning of §2, we may write a =
205i<j<3'1’i18if®Xin where Eij=ey\- NEiN-- -/\éj/\~~-/\e3 and ).in,'Xj €
I(X) .

As in Remark 2.7, if three points are never on a line, Q;, @, have at most
one zero coordinate. Hence a = ¢;; ® 4;;X;X; and since a € K, weget a=0.
From this it is clear that if the points of X are in GL position the minimal
free resolution is

0— R(-5)%>— R(-4®R(-3)> - R(-2)* = R— A4 0.
This proves (b).
Step 4. In case C; we have a; =4 and a; = 1.

Proof. By Step 2 we need only to prove that a3 > 1 and a; > 4.
We may suppose that five points are on Xy = 0, thatis yg =z =0. Itis

2
clear that we have d;(e; Aex Ae3 ® Xg) e AV®IL,NK,, hence a3 > 1.

On the other hand by Proposition 2.1 we have a; + rank(M;) = 8 . Now
looking inside the matrix M, it is easy to see that rank M; < 4 and hence
a > 4.

Step 5. In case C4 we have a =4 and a3 =1.

Proof. It is clear that we may assume r : Xo = X; =0, 5s: X, = X3 =0,
Yo=y1=2,=23=0 and y,y3z¢z; # 0. It is clear that

2
(53(6’1/\82/\6’3®X0—-€0/\€2/\€3®X1)E/\ VelLnk,,

hence a3 > 1. Also it is easy to see that the matrix M; has only four rows
which are different from zero, hence rank(M;) < 4 and a; > 4. Steps 4 and 5
prove (c).

Step 6. In case Cs we have a, =3 and a; = 0.

Proof. Let us first consider the case where there is a line containing two co-
ordinate points and one “extra” point. We may assume that P, P;, O, are
on Xo = X; = 0. Then y,y3; # 0 and since five points are never on a plane
also zgz, # 0; moreover (z,, z3) # (0, 0) otherwise Py, P, Q, would lie on
X, = X3 = 0. Hence we may assume yy = y; = 0 and y,y3z92,2z3 # 0. With
these assumptions it is easy to see that a; = 0 and rank(M;) =5, hence a; =3
as desired.

Finally let us assume that there is a line containing Q,, @, and for example
P; . With the notations as in Remark 2.7, this means that Dy; = Dy = D13 =0.

In this case it is easy to see that yg, y1, V2, 2o, 21, 22, D3 are different
from zero, otherwise we get 5 points on a plane.

Hence we may assume for example z3 # 0. Since all the coordinates of Q>
are different from 0 we get a; = 0, while looking inside the matrix M;, we
can easily prove that rank(M,) = 5. Hence a; = 3 and the conclusion follows.




ON THE RESOLUTION OF CERTAIN GRADED ALGEBRAS 409

Some of the results here were discovered or confirmed with the help of the
computer algebra program COCOA written by A. Giovini and G. Niesi (see
[GN]).
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