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NEW INVARIANT EINSTEIN METRICS ON
GENERALIZED FLAG MANIFOLDS

ANDREAS ARVANITOYEORGOS

ABSTRACT. A generalized flag manifold (or a Kéhlerian C-space) is a homoge-
neous space G/K whose isotropy subgroup K is the centralizer of a torus in
G . These spaces admit a finite number of Kihler-Einstein metrics. We present
new non-Kihler Einstein metrics for certain quotients of U(n), SO(2n) and
G, . We also examine the isometry question for these metrics.

INTRODUCTION

A metric g on a Riemannian manifold M is called an Einstein metric if
Ric(g) = cg for some constant c¢. Einstein metrics are generally considered as
privileged metrics on a given manifold [Be, pp. 1-5]. In this paper we present
Einstein metrics for some examples of homogeneous spaces called generalized
flag manifolds.

Let G be a compact, connected and semisimple Lie group. A generalized
flag manifold is a homogeneous space M = G/K whose isotropy subgroup K
is the centralizer of a one-parameter subgroup exptw of G. Here w is an
element in the Lie algebra g of G. A generalized flag manifold is also referred
to as a Kdhlerian C-space. We shall use this terminology from now on.

Equivalently, M is the adjoint orbit Ad(G)w of w under the action of the
adjoint representation Ad of G in g. It follows that the isotropy subgroup K
is the centralizer of a torus in G [B-F-R, Wa]. The Kihlerian C-spaces have
been classified in [B-F-R and Wa}: there is an infinite sequence of homogeneous
spaces for each of the classical Lie groups and a finite number for each of the
exceptional ones.

It is known that each of these spaces admits a finite number of invariant
complex structures [Alek-Pe, Be, B-F-R] and that there is a one-to-one corre-
spondence between invariant complex structures (up to a sign) and invariant
Kihler-Einstein metrics (up to a constant factor) on M [Be, Alek]. It is also
known [Wa-Zi] that for some of these spaces the normal metric is Einstein. In
this paper we present new invariant Einstein metrics for certain examples of
these Kédhlerian C-spaces. The presentation is organized as follows:

After reviewing in §1 the Lie algebraic description of the space G/K, we
describe in §2 the so-called t-roots which will enable us to reduce the number
of the unknowns in the Einstein equation. In §3 we describe G-invariant metrics
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on M and in §4 we give a Lie algebraic expression for the Ricci tensor of such
a metric, which is a corrected version of the one in [Alek]. In §5 we present the
Einstein equation for the Kihlerian C-spaces SU(n)/S(U(n;) x --- x U(ny)),
SO0(2n)/U(ny) x --- x U(ns) and G,/U(2) and give solutions in some cases,
and in §6 we examine which of the metrics obtained in §5 are isometric. We
obtain

Theorem A. (1) SU(n)/S(U(n;)xU(ny)xU(ns)) admits precisely four invariant
Einstein metrics (up to scale). Three of them are Kdhler and one is non-Kdhler.
(2) SUn)/S(U(1) x --- x U(1)) (with n factors equal to U(1)) admits
precisely four invariant Einstein metrics if n = 3 and at least n!/2+ 1+ n if
n > 4. The n!/2 metrics are Kdhler and the remaining 1+ n are non-Kdhler.

Theorem B. SO(2n)/U(m) x U(m) (n = 2m) admits precisely ten invariant
Einstein metrics. Six of them are non-Kdhler.

Theorem C. G,/U(2) admits precisely three invariant Einstein metrics. One is
Kdbhler and two are non-Kdhler.

Explicit formulas for the above metrics can be found in §5 (Theorems 5, 7, 9,
11). Theorems A(1) and C have also been obtained by Masahiro Kimura [Ki],
using the variational approach of Wang-Ziller [Wa-Zi].

The author wishes to express his sincere gratitude to Professor Martin Guest
for his inspiring suggestions, as well as to the referee for his valuable comments.

1. LIE THEORETIC DESCRIPTION OF M = G/K

Since G is semisimple and compact, the Killing form
(X, Y)=trad(X)ad(Y)

of g is nondegenerate and negative definite on g thus giving rise to an orthog-
onal decomposition of g as the direct sum g = ¢dm. Here ¢ is the Lie algebra
of K and m =#¢t.

Moreover the tangent space 7,M can be identified with m. This identifica-
tion is given by

d
X = X*(p) = 7 (exptX -p)

For any vector space V' denote by V'€ its complexification. We fix a Cartan
subalgebra hC of the complexified Lie algebra € ; then the Cartan decomposi-
tions of g€ and ¥C are given as follows:

9C=bc+zg("), £€ = b€ + Z g@, mC= Z g@

a€R a€Rg a€Ry

, XeEm,peM.
=0

where R, Rk are the root systems of the pairs (g€, hC) and (¢C, hC) respec-
tively. The root system R is decomposed as R = Rx U Ry, where Ry, is
called the set of complementary roots. The spaces g'® are the 1-dimensional
root spaces whose elements X, are characterized by the equation [H, X,]
= a(H)X,, H € hC. We recall [Var, W] that for any root o« we can choose
elements E, € g (a € R) which have the properties (E,, E_,) = —1,
[E., E_,] = —H,, where H, is determined by the equation (H,, H) = a(H)
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for all H € b€, as well as [E,, Eg] = N, gE,ip fora, B € R, a+ B € R,
with coefficients N, g (structural constants) These satlsfy Ny p=0ifa+p ¢
R, Na,ﬂ = -Nﬂ,a, N_a,_p = =Ny, B if a4+ B € R and Na”g = Nﬂ,)' =
Nyoifa,p,yeRanda++y=0

The real Lie algebra g is the fixed point set of the conjugation X + iY —
X +1iY = X—iY in gC. This maps g/ into g(~*) [Sa, p. 185; Var, p. 289] and
it is possible to choose the elements E, such that E, = —E_, [B-F-R, p. 618].
Then {E,+ E_,, i(E, — E_,)} span gN (g @ g(~*)). Finally, let h=gnH*.

2. t-ROOTS

Having the reductive decomposition g€ = (€C@mC associated with the Kihler-
ian C-space M = G/K and the decomposition R = RxUR)s of the root system
R, we set

=ZE)Nh={X ebh:d(X)=0Vee€ Rg}.

(Indeed, Z(¢€)Nh={X € €C:[X, Y]=0 forall Y e (€ =h@ Y 4., CEs}N
b—{XeEC [X,0€1 =0, [X,E))=0Vp € Rg}nh={X €€ : X €

hC, G(X)E; =0V¥p € Rg}Nh={X €h:¢(X)=0V¢ € Rg}).
If b* and t* are the dual spaces of h and t, consider the restriction map

k:p* -t

aw— k(a)=af,

and set R, = k(R) = k(Ry) (note that k(Rg) = 0). The elements of R, are
called t-roots.

To our knowledge t-roots were first introduced in [Alek-Pe], although the
above definition appears implicitly in [Sie]. The benefit from these is that
there is a one-to-one correspondence between t-roots 7 and irreducible ad,(¢)-
invariant submodules ME = 3", ,,_, CE, of mC [Sie, A]. These submodules
are inequivalent, hence one has a nice description of invariant metrics and in-
variant complex structures on M [Alek-Pe].

3. INVARIANT METRICS

A G-invariant metricon M = G/K can be described by an ad,(¢)-invariant
scalar product g on m [Ko-No II, p. 200]. It is also standard practice for
convenience to extend g without any change in notation to mC. Let {w®:a €
R} be the vector space basis in (m€)” which is dual to the basis {E, : a €
Ry} : w*(Eg) = 6; . We fix a system of positive roots R* = R} U R}, where
Ry =RgkNR*, Rj, =Ry NR* and set Rf = k(R*).

Proposition 1 [Alek]. Any real ad,(¢C)-invariant scalar product g on mC has

the form
g = Zgawavwa zgt Z w*VvVo

a€R;}, T€ERY a€k™'(1)

where oV p = 3(W®p+pO ), 8 € R, and g, = gg if ot = Bl s0
the invariant Riemannian metrics on a Kdhlerian C-space M = G/K depend
(modulo the scale factor) on |RY}| parameters.
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4. THE Riccl TENSOR AND THE EINSTEIN EQUATION

In this section we give a detailed proof of Alekseevsky’s formula Ric(X, Y) =
tr RxRy + tr Txy [Alek] for the Ricci tensor of the invariant metric in Propo-
sition 1, and the corrected Lie algebraic expression for this in the case of a
Kéahlerian C-space. Thus the Einstein equation reduces to an algebraic system
of equations.

Let ( , ) be a G-invariant Riemannian metric on M = G/K and g the
corresponding scalar product on m. Denote by 2°(M) the space of all the left
invariant vector fields on M. Recall the map

g~ Z (M)

d
X~ X*(p)= ‘—ﬁ(exth~p) .
1=

under which we got the identification m ~ T,M . Notice that [X*, Y*] =
-[X, Y]".

There is a 1-1 correspendence between K-invariant connections V on M and
K-invariant linear maps A (connection functions) defined by

Ax(Y)= (Vx.Y*—Ly.Y")|,, X,Yem.

Here o is the identity coset in G/K and Lz is the Lie derivative with re-
spect to Z . The linear operator Ay is skew symmetric with respect to g i.e.
gAxY,Z)+g(Y,AxZ)=0.

The Levi-Civita connection V (compatible with the metric ( , )) satisfies
the equation

2Vx-Y", Z%) = (X", Y*], Z*) + (Y™, [X*, Z*]) + (X", [Y™, Z7])
from which we obtain that
Vx- Y|, = —%[X, Y], +UX,Y)
where the operator U : m x m — m is determined by the condition
28(U(X,Y),Z)=¢(Z, X],,Y)+8(X,[Z, Y],).

The operator A can also be written in the form:
1
Ax(Y) = -2—[X, YIn+U(X,Y).

For all the facts above we refer to [Ko-No II, pp. 191-201], [Be, pp. 182-183],
and [Gue, pp. 227-229].

For later use we need an expression for the vector U(X, Y) with respect
to the basis {Eg : B € Ry} of mC. Let U(X,Y) =3 cgEp. Then for any
Y € Ry

208 =28 (Y cpEp, E-y) = 8UE—y, Xln, ¥) + (X, [E_y, Y]n)

SO

1 1

UX,Y)=3 3 o &Y. [Ep. Xu) +8(X, [E-g. Yu)]Ep.
BERy
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In particular

1
U(Ea, Ea)= Y 2,8 Ee> [E=p Ealn)Ep

1
=§:—N_ w8(Eas E_g+0)Eg =0
g P 8( p+a)Ep

since —f + a # —a. By a similar argument it follows that U(E,, E_,) =0.
For X, Y € mC we define operators Ry, Txy in mC by
TarZ = 3(X, [V, ZW+[Y, X, Zk),  ZenC,
RxY =Vx.Y*|,.
Thus Ry is determined by the equation
—28(RxY,Z)=g(X,[Y, Z]n)+&(Y,[X, Z]n) + 8(Z, [X, Y]n).

Proposition 2 [Alek]. The Ricci tensor for the Adg(K)-invariant metric g is
given by:
Ric(X,Y)=trRxyRy +trTxyy, X,Y emC.

Proof. The set {F,} = {(Ea + E_3)//28a, i(Ea — E_3)//28 : @ € R}}
constitutes an orthonormal basis for mC with respect to g.
By [Wal, Lemma 7.1, p. 288] the curvature tensor R(X, Y) is given by

gR(X,Y)X,Y)=2g(X, Y]n, [X, Y]n) + g(I[X, Y], Y], X)

+ 2800, X, X, YlaJa) + 380X, IF, 1Y, Xlulu)

-gUX,Y),UX,Y)+gUX,X),UY,Y)).

For simplicity we work with the associated quadratic forms. We compute the
left-hand side.

Ric(X, X)= > g(R(X, F.)X, F,)

a€R},
= % > 8(X, Fuln, [X, Falw) + Y g([X, FJ, Fu], X)

+5 Y 8K, X, Elaln, F) + 5 X 8(0Fs, [Fa, Xluln, X)
- g(U(X, F), UX, F)+ Y g(UX, X), U(F,, Fa)).

For the right-hand side we need to compute tr R x% and tr Tyy . For the latter,
using the invariance of g we have

trTxx =y g([X, [X, Fale, Fa) =Y (X, [[X, Fle, F)).

For Ry we have

Bl W

Ry==3[X, Jn+U(X, )

=500 Tnt UK, )= 1K, Ta
=AX"[X, In
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thus
trRx% = trAx? +tr[X, In’ - 2trAx[X, Im
= =) g(AxFa, AxFa)+ ) g(IX, [X, Flulm, Fa)
+2) " &(IX, Faln, AxF)

1 1
= - S (G0 Fadn + VX, F2), 5UX. Fila + UK, )
+) g(X, [X, Flnln, Fu)

+2Y g (X, Faln. 31X, Fula + UK, Fy)

=~ 32 40X, Ea, X, FiJ) - Y g(U(X, F), U(X, E)
- &(X, Fuln, U(X, F.))
+>8(X, [X, Flnln, Fa) + D 8([X, Foln, [X, Faln)
+23 (X, Fluln, U(X, F.)

= 23 40X, Ela, [X, Flu) - Y 8(U(X, F), UX, )
+)8(X, Faln, UX, F))+ ) g([X, [X, Falnln » Fa)

= 3Y 8K Fulu X, Fulu) - Y 8(U(X, F), UK, )

(using the formula for g(U(X, Y), Z))

+5 381X, Eiln, Xl Ea) + 3 Y 80X, (X, Fuln, Fulu)
+Y8(X, [X, Faluln, Fa)

= 23 8(lX, Fln, X, Eln ~ Y 8(U(X, E), U, F))

+5 280K, X, Fulul, B)+ 5 3 80, (X, Fuln, Full)

If we sum trR% and tr Tyx we get the left-hand side, and the proof will have
been completed, provided we show that  g(U(X, X), U(F,, F,))=0.

Now, U(F,, F,) = 0 since this reduces to computing U(E,, E,) and
U(E,, E_,), which are zero as shown before.

The Ricci tensor is now determined by its value on the basis {E, : a € Ry}.

Proposition 3. The Ricci tensor for an invariant Riemannian metric g described
in the previous section is given by

Ric(E,, Eg) =0, a,B€Ry,a+pB ¢ Ry,

. 1 N2
Ric(Ea, E-a) = (@, )+ 3 M y+7 3 —L (g2 (gurs— &)

PERK BERy,
a+PER

where R}, = Ry — k= (k(a)).

8a+p 8B
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Remarks. (a) The restriction in the second sum above, comes from the fact
that if B € k~!(k(a)), then a + B ¢ Ry . (Indeed, if o+ B € Ry, then
k(a+ B) € Ry; but k(a+ B) = k(a) + k(B) = 2k(a) which is not a t-root.)

(b) The Einstein equation Ric(g) = cg reduces to an algebraic system of
|R7| equations with |R}|+ 1 unknowns, namely g; (7t € R}) and c. Since
Ric(4g) = Ric(g) we can normalize either one of the g, or ¢ to 1, so essentially
we get |RY| equations with |R¥%| unknowns.

Proof. The first part is direct from the relation [E,, Eg] =0 if a+ 8 ¢ Ry,
Proposition 2 and the definitions of Tyxy and Ry.

For the second, fix an E, in mC. Then for any operator T on m€ (using
the orthonormal basis {F,})

wT= Y —g(T(E), E-).

a€Ry @

By Proposition 2, we need to compute trTg g . and trRg, Rg_, . We have

1
rTge,= Y, —&TrE.(Ep), E_p)
BERN &

= %Z giﬁg([Ea s [E—as Eglel, E_p)

1 1
+3 3 g 8E-w, (B, Egh], E-p)

11 1 1
=53 8Ea: [Ewas Bkl E-a) + 53—~ 8([Ea [E=a, Eglt], E-p)
* Ba

11
+ Etg: ([E—a > [EQ N E—a]!], Ea)

1 1
+ gﬂ;ag—ﬂg(w_a, [Ea. Eglt], E—p)
11 1

1
=35 Haa Ea yEo)+ 3 — E,, N—a E~a , E_
2 Ul £l Eoo) 5 30 o8B, Moo pEoig). B

(assuming —a+ B =¢ € Ry, a+ f =y € Rg)

11 1 1
+5— —Ha, E—a ,Eu + 5 - E—a’Na Ea 7E—
5.8 L E)+5 D el 8Easp), E_p)

Qa

B#—a
11 1 1
=s—g(a(Hy)Ey, E_o) + 5 EaaN—aa E >E—a
2gag( (Hy) ) 2¢§ ga+¢g([ ,at+0Egls E_(ate))
K
11
+§g (a(Hy)E_o, E,)

1 1
+ 'i Z g([E—a ) ]Va,—(a+l//)E—l//] ) Ea-H//)
wERK a+y
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a, a a, 1
= ( 5 ) + ( 5 EZ —g N_i,a+¢Na,$8(Eatrg > E_(are))
n a+¢

1
+3 _Na —(a N—a,— E-a s Eo
2 zw: Cary 2@V v8(E—(a+y)> Eaty)

=(a,a)+ § : N—a,a+¢Na,¢=(a,a)+ § : N2
#ERK PERK
a+¢€R

We now come to trRg, Rg_,. Using a similar argument as for U(X, Y) we
get that

RyY = -1 gl[g([x, Yln, E_y) + g(X, [Y, E_ylu)

2}'€RM ¥
+ &Y, [X, E_,]n)]E,.

Replacing X by Z,Y by E,, and E, by Es, gives

1 1
RzEy=-5 ) —I8(Z. Eyln, E_5) + 8(Z, [Ey, E—5]n)
JERy &

g(Ey, [Z, E_s]m)]Es.

Applying Rz to RxyY we get

ReRxY =3 Y —lg(lX, ¥ln, E_,) + £(X . [V, E_l)

y,6€Ry 5789

+8(Y, [X, E_y]lm)]
x[&(Z, Eylm, E_s) + 8(Z, [Ey, E_s]n) + &(Ey, [Z, E_5]n)]Es.

Thus

1
trRg, R, = Y —g&(Re,Re_,(Ep), E_p)

ﬂERM
Z

B.v.,0

{g([E-a s Eglm, E_y) + 8(E_a, [Ep, E_y]n)

AI

+ g(Eﬂ ) [E—a ) E—}’]m)}
X {g([Ea ’ E}']m 9 E—J) + g(Ea ) [E)’ ] E—J]m)
+ g(E)’ s [Ea s E—J]m)}g(EJ s E—ﬂ)

= —Z {N_o,p8(E_arp, E-;)+ Ng,,8(E—a, Ep_,)
g gy

+ N—a,—yg(Eﬂ ’ E-—a—}')}
X {Nu,yg(Ea+)” E—ﬂ) + N, ,—ﬂg(Ea 5 Ey—ﬂ) + Na,—ﬂg(Eya Ea—ﬂ)}
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1 1
4 Z 8a+y8y (N—c,a+78 + Naty, —y8a+ Noa, - 8asy)

X (Ny,y8at+y + Ny,—(a+y)ga + Na,—(a+y)gy)

(Ng,a8a+p — Ng,—(a+8)8a — No,~(a+5)&8)

X (Natg,-a88 — Not+p,—p8a— N_o,—p8a+p)
1
7 —————(~Na,p8a+p — Na, g8 + No, p8p)

X (N_oq-p88+ N_,—p8 — N_o,—p&a+p)
1 N, gN_, _
=20 P (g0 + Barp — 85)(8a — Zarp + 8)
B

8a+p 88
>

2
8 ga+ﬂgﬂ

(82— (gasp — 85)%) -

-

5. SOLUTIONS OF THE EINSTEIN EQUATION FOR CERTAIN KAHLERIAN C-SPACES

In this section we present the Einstein equation for certain Kihlerian C-
spaces and in some cases we give explicit solutions. Here we would like to
mention that in the process of solving the systems of the Einstein equations to
be presented below, we include the Einstein constant in the equations, but then
rescale in order to present the solutions (up to scale) in a simple form.

(A) The space SU(n)/S(U(ny) x ---x U(ny)), n= ini.

A Cartan subalgebra for the complexification of the Lie algebra su(n) consists
of the diagonal matrices

n
hc={diag(sl,£2,...,sn) e €C, Zs,:o}.

i=1

The root system has the form R = {¢; — ¢ : i # j} and the positive roots

may be chosen as R* = {¢; —¢; : i < j}. For convenience we set
82=8n|+.,.+n,~_|+a, i=1,...,s, a=l,...,n,~.

Then the root system for the complexification of the subalgebra denoted by
t=s(u(n) x---xu(n)) is Rx = {e; — ¢, : 1 <a#b < n}. So we get
Rt ={e} —¢}: l<a<b<n,,sj,—£{,: i<j}, Ry={ef—¢:1<a<b<
ni}, Ry ={ei—¢:i<j}.

The center of ¢ as a subalgebra of hC is of the form

: 1 1,2 2
diag(e', ..., e ,¢€°,...,¢€°,...,¢&,...,&)

(where ¢’ appears n; times, i = 1, ..., s) hence the number of the positive
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t-roots (by restricting the roots ¢/, — &) is %s(s -1).

The Killing form for SU(n) is (X, Y)=2ntr XY, we have (o, a)=1/n
for all roots a, and root vectors E, that satisfy (E,, E_,) = —1 are of the
form Ej =E, _eg/ v2n where E eic] is the root vector corresponding to the

root &, —Ei . The structural constants are all equal to 1/v/2n. From Proposition
3 we get

i e 1 omi+n =2 1
Ric(EL}, Bfy) = -+ =2 4 i

(8% — (g1 - gj1)%)
2n 4n ol gugjr " ' !

where g;; = g(EX ,Ell),1<i<j<n.

ab
Proposition 4 [Alek). For the space SU(n)/S(U(ny) x --- x U(ns)) the Einstein
equation reduces to the system

n
8il&ji

1
(%) n,~+nj+§ Z
l#i,j

(8% - (g — &) = &ij

of 1s(s — 1) equations with 1s(s — 1) unknowns g;;.
For s =3 we get

Theorem 5. The space SU(n)/S(U(n;) x U(ny) x U(ns)) admits (up to scale)
precisely four invariant Einstein metrics:

(@) gu=n1+ny, giz=n+2n+n3, g3=ny+ns,
(d) g2=n+ny+2n3, ga=n+n3, g3=n+n;,
(©) gu=n+ny, gz=n+n3, g3=2n+ny+ns,
(d) gn=n+ny, gz=n+n3, g;3=ny+ns.

The solutions (a)-(c) are Kdhler metrics and (d) is non-Kdhler. Notice that if
ny = ny = n3 then (d) is Wang-Ziller’s normal Einstein metric.

(B) The space SU(n)/S(U(1) x ---x U(1)) (n factors equal to U(1)).

Everything said in case (A) applies here so we only set EY = E, _, and n; =
nj =1 in () to obtain

Proposition 6. For the space SU(n)/S(U(1) x ---x U(1)) the Einstein equation
reduces to the system

1 1 X
2 I;,:j gilgjl(glj (gzl gj[) ) 8ij

of in(n—1) equations with in(n— 1) unknowns g;;.

It is known [W-Z] that besides the Kahler-Einstein metrics the above spaces
admit the normal metric on M = G/K (this is the canonical metric on a
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homogeneous space which is induced by minus the Killing form of g restricted
to m) as Einstein. This is given by setting all the numbers g;; equal. The exact
number of Einstein metrics for any # is not known in general though. We only
get the following result:

Theorem 7. The space SU(n)/S(U(1) x --- x U(1)) for n = 3 admits (up to
scale) the normal and the Kdhler-Einstein metrics and for n > 4 admits at least
n!/2+ 1+ n Einstein metrics. The n!/2 metrics are Kdhler-Einstein, one is the
normal metric and the remaining n are given explicitly as follows:

&i=gj=n-1, L#S, J#5,
8=n+1, k,l#s(1<s<n).

(C) The space SO(2n)/U(ny) x ---x U(ng), n= XS:”"'

A Cartan subalgebra for the complexification of the Lie algebra so(2n) is of
the form
= {diag(e;, —€1, ..., &n, —€n) & € C}.
The root system has the form
R={x(ei—¢j):1<i<j<njU{x(ei+e):1<i<j<n}

and the positive roots may be chosen as the forms R* = {¢; —¢; : 1 < i <
J<nju{e+e 1 <i<j < n}.. The root system for the subalgebra
€€ =u(m)x - xu(n) is Rx = {el—¢,: 1 <c+#d < n;}, thus we have R}, =
{eh—¢), eh+ej:i<j,eh+e): a<b}and Ry ={el—¢,:1<c<d<n}.

The center of €€ as a subalgebra of hC has the form

1 1

diag(e!, —&', ..., e!, —e', ..., e, =&, ..., &, —¢), geC,

(where &' appears n; times, i = 1, ..., s) hence by restricting the roots 8;—8;;
(i<J), eh+e) (i<j), ei+e, (a<b)in Z(eC) we get is(s — 1) +
js(s—1)+s= 32 positive t-roots.

The Killing form for SO(2n) is (X, Y) =2(n—1)trXY, (a,a)=1(n-1)

for all roots a, and root vectors Ea satisfying (Ea, E_a) = —1 are E‘:{7 =
(3vVn-1E,_,, F;] = (vn E, , G (3vn— Eypers : the struc-
a—%

tural constants have absolute value n-— 1 . The calculatlon of the Ricci
tensor is more laborious in this example due to the three “kinds” of roots. We
obtain:

1 ni+n;—2 1 n
ij Jji i J ! 2 _ (g, — o)
Ric(E;, E} ) = I 1) + dn-1) + 8(n 1)121 e ,l(g” (81— 8&j1)")

n—l Ejf (&5 = (fa = fi))

1 -1
n—l)fh

1 nj-1

~ (g% — (fij —h)Y),

2

+ 8o &~ = h))

+

8(n—1) fijh;
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1 ni+nj—2 1 n
+
2(n - 1) 4n-1)  8(n- 1) Z ; 8il8j

Ric(FH , Fji) = (f = (8 = &in))

8(”—1 Z f[g] gjl))

1
8(" - 1) gl]
1 2 N
=T sy U

2

(f2 (85— hi)")

+ — )%,
1 ) 1

. i i\ n 2
Rlc(Gab’ Gba) - 2(n ) 2(n — 1) + 4(n — 1) IZ#I gilf;'l (h12 - (gil - f;l) )

where g, = g(EX,El), f;=gF}, Fl) 1<i<j<s), h=
g(G.,,Gl,), 1<i<s.Weget

Proposition 8. For the space SO(2n)/U(n;) x --- x U(ny) the Einstein equation
reduces to the following system of s® equations with s* unknowns gi;, fij, hi:

1 n;
ni+nj+ = _
i iTH {lgj gilgjl(g” gzl gjl Z ffj g,, fjl) )

I#i,j

e — 2 1
f_,h (gu (f; h) ) f

1

(k- (fij - hj)z)} = &ij,

1 2 / 2 2
ni+nj+x i — fi)) + = (fu—8&
i+ 2{1#2131 ” g]< — (&= f)’) %;j Togy o~ U= &)

n; — 1 2 nj—1
+ e (f5—(8ij—h)") + gj,'jhj (f2— (& —hj) )} fij»
2(n; - 1)+ —L(h? = (8u — fu)*) =

1f

For s =2 and n; = ny = m the system has four unknowns f, g, hy, hy.

Theorem 9. The space SO(2n)/U(m) x U(m) (where n = 2m) admits (up to
scale) precisely ten invariant Einstein metrics, explicitly given as follows:

2m—1+vV2m -1
3 _m2 — —m3 2 _
(c)-(d)h2=7m m?—-3m+1+£2(2m 1)\/2m(2m +7Tm 5m+1),

(m-1)3m-1)

m
g=‘/mh2, f=8, m=1,
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3_ 2 B — —
(e)-(6) y = == 3m 1 20m = L)y Im(om) + T~ Sm + 1)
(m-1)(3m-1)

m
g=\/mh1, f=g, h=1,

@ g=m, h=m-1), f=2m-1), h=0Cm-1),
(h)yg=m, hh=Bm-1), f=2m-1), hh=(m-1),
() g=C2m-1), h=0Bm-1), f=m, h=(m—-1),
G)g=2m-1), h=(m-1), f=m, hh=3m-1).

The metrics (g), (h), (i) and (j) are Kdhler and the remaining six are non-Kdéhler.

b

(D) The space G,/U(2)

A Cartan subalgebra of the complexification of the Lie algebra G, consists of
matrices of the form

he = {diag(O, &1, 82,83, —61, —€2, —€3), & €C, Y & =0}

(usually viewed as a subalgebra of so(7)).

The root system has the form R = {zxe;, &, F(& + &), £(¢; — &),
+(2e1+63), (e1+2¢62)}, and RE = {e1—&2}, Ry, ={e1, &, —(e1+€2), (261 +
€2), (€1 + 2¢2)} . Here k = u(2) and its center as a subalgebra of hC has the
form

diag(0, ¢, ¢, —2¢, —¢, —¢, 2¢).

We get three positive t-roots, thus three unknowns for the Einstein equation:

&1 = g(Ee| ) E—e.) = g(Esz s E—ez) » &= g(E—(s|+ez) ’ E(e.+ez)) s
83 = g(E28|+82 ’ E—(28|+82)) = g(E£|+2£2 5 E—(el+282)) .

In this example there are “long” and “short” roots a and f whose relation is
given by the Dynkin diagram of G; as (a, a) = 3(8, B). So we can normalize
by setting (¢,, &) = 1 and then compute gradually the structural constants
from the relation N? ; = 2&t)(a, a) where p, g are the largest nonnegative

integers such that f + ko is a root (—p < k < q). From Proposition 3 we
obtain

Propesition 10. For the space G,/U(2) the Einstein equation reduces to the
Jollowing system of three equations and three unknowns g, g, g3:
Ric(E;, , E_;))

3 1/ 3 5 2 2)
=1+>+5(—(g-(&— +—(gf - (& - =8,
>+ 3 ( gzgs(gl (&2 —&)7) gl gz(gl (&1—-8&)) ) =&

i 1 6 2 2 822
RIC(E81+82 ’ E—(81+82)) =1 + Z (E(gz - (gl - g3) )+ 4—g—12 =&,

. 3 1/ 3 ,
RiC(Eze, +e, » E—(26)4¢,)) = 3+ 3%32 (@(&% - (&1 — &) )) = &.

Theorem 11. The space G,/U(2) admits (up to scale) precisely three Einstein
metrics. One is Kdhler, given by gy =1, g,=2, g3=3. The two non-Kdhler
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Einstein metrics are given by g, = 1, g,, g3, where g, and gy are the two
positive (real) solutions of the system

3g7 —9g7 — 68383+ 202,83 — 16g3+9=0,
9g? —9g2 — 4glg; +24g, — 16g3+ 3 =0.

Notice that in the examples (C) and (D) the normal metric is not Einstein.

The Kihler-Einstein metrics. There are two ways to decide which of the metrics
presented above are Kihler-Einstein. The first is the independent calculation
from the formula g, = k(a, d), a € R}, where ¢ is half the sum of the
positive roots in Rj,. We refer to [B-F-R, pp. 626-627] for a proof of this
formula.

For the second, we can use the following necessary and sufficient condition
for the metric g in Proposition 1 to be Kihler with respect to a choice of an
invariant complex structure. According to [Alek] the metric g is Kahler if and
only if the numbers g, satisfy the relations

8o+ 88 = &atp> a,ﬂ,a‘i'BGR?L,

(we also refer to [A] for a detailed proof of this relation).

It is easy to check which of the solutions presented above satisfy these re-
lations, so we can identify the Kéhler-Einstein metrics. It is also possible to
simplify the systems of Propositions 4, 6, 8, and 10 by using the relations
8a + 88 = 8a+p > in Which case the solutions of the new systems are the Kéhler-
Einstein metrics.

6. ISOMETRIC AND NONISOMETRIC EINSTEIN METRICS

Here we examine which of the Einstein metrics presented in §5 are isometric.

According to the variational approach to Einstein metrics, the critical points
of the total scalar curvature functional T(g) = [,,S(g)d vol(g) on the space
of Riemannian metrics of Volume 1, are precisely the Einstein metrics. In this
case the Einstein constant ¢ in the equation Ric(g) = cg is equal to S(g)/n
(n = dim M) [Mu, p. 522]. Thus if two Einstein metrics with volume 1 have
different Einstein constants, then they can not be isometric. So in the following,
when we say that we compute the Einstein constants, we mean that we take the
explicit solutions of the Einstein equations, normalize the volume, and then
calculate the Einstein constants from (any of) the equations.

We now turn to our examples. If the integers n,, n,, n3 are distinct,
then the metrics of Theorem 5 are not isometric since their Einstein constants
are different. The volume is given by gf;-"z gf;"’” g22§'2"3 . Notice though, that
if n; = n, (say) then we get Alekseevsky’s Proposition 2.3 [Alek], where the
metrics (a) and (c) are isometric.

In Theorem 7 we gave three classes of Einstein metrics: the normal met-
ric, the n!/2 Kihler-Einstein metrics, and the » new metrics. The volume is
given by [] g,-zj , and we get the same Einstein constants only among the Kéhler-
Einstein metrics and among the new metrics. All the Kihler-Einstein metrics
are isometric via automorphisms of SU(n)/T, T a maximal torus, which cor-
respond to elements of the Weyl group of SU(n), and the same is true for the
new metrics.
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In Theorem 9 the volume is given by /2™ gz”‘zh;”(’"_')hg”(’"_l) , and we get
the same Einstein constants for the pairs of metrics (a)-(b), (c)-(e), and (d)-
(f) as well as for the Kihler-Einstein metrics (g), (h), (i) and (j). All these
constants are different among themselves. Now, there is an automorphism
of SO(2n)/U(m) x U(m) corresponding to an element of the Weyl group of
SO(2n) which has the effect (on an invariant metric) of switching 4, and A, .
There is an automorphism corresponding to an outer automorphism of SO(2n)
which has the effect of switching / and g. Hence, any two of our invariant
Einstein metrics which have the same volume are isometric via such automor-
phisms. So for SO(2n)/U(m) x U(m) we obtain four nonisometric invariant
Einstein metrics, one of which is Kihler.

Finally, by approximating the Einstein constants numerically in Theorem 11,
we see that they are all different.
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