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KLOOSTERMAN SUMS FOR CHEVALLEY GROUPS

ROMUALD DABROWSKI

ABSTRACT. A generalization of Kloosterman sums to a simply connected Cheval-
ley group G is discussed. These sums are parameterized by pairs (w, t) where
w is an element of the Weyl group of G and ¢ is an element of a Q-split torus
in G. The SL(2, Q)-Kloosterman sums coincide with the classical Klooster-
man sums and SL(r, Q)-Kloosterman sums, r > 3, coincide with the sums
introduced in [B-F-G, F, S). Algebraic properties of the sums are proved by root
system methods. In particular an explicit decomposition of a general Klooster-
man sum over Q into the product of local p-adic factors is obtained. Using
this factorization one can show that the Kloosterman sums corresponding to a
toral element, which acts trivially on the highest weight space of a fundamen-
tal irreducible representation, splits into a product of Kloosterman sums for
Chevalley groups of lower rank.

1. INTRODUCTION

The classical Kloosterman sums [KI1] are defined for any triplet of integers
m,n,and ¢, ¢ >0, by the formula

Sm,n,c)= >

x,y mod ¢
xy=1 (mod c)

ezm» mx + ny
c .

These sums are connected with many problems in number theory (for an over-
view of number theoretical applications of Kloosterman sums see [D-I]. In [B-
F-G, F, S] generalizations of Kloosterman sums to certain trigonometric sums
related to the Bruhat decomposition of GL(n) are introduced. These sums are
defined as follows. Let 7 and U, denote the diagonal and the upper triangular
unipotent subgroups of GL(n, R), respectively, and let 8, , 6, be characters of
U, that are trivial on the subgroup U,(Z) consisting of elements of U, with
integral matrix coefficients. Let 1 € T and let w be a generalized permutation
matrix in GL(n, R) (with +1 nonzero entries) corresponding to a Weyl group
element w. Then the Kloosterman sum corresponding to the data 6,, 6,, ¢
and w is defined by the formula

(L.1) S(61, 0251, w) = 61(by)0s(b)

where the summation ranges over representatives b;twb, of distinct elements
in finite set U, (Z)\U.(Q)twU,.(Q) N SL(n + 1, Z)/Uy(Z) where U,(Z) =
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UQ)Nw~'U(Z)w. This sum is well defined if certain conditions are imposed
on 6, 6, and ¢. In particular ¢ has to be of the form

t =diag(l/c, c1/c2, cafc3, ..., Cne2/Cn=1),

where ¢, ¢, ..., cu—1 are nonzero integers. One easily shows that GL(2)
sums coincide with the classical Kloosterman sums. The related Kloosterman
zeta function is defined by the formula

Zu(61, 6255) = S S(01, 025 1, w)r.
t

The summation ranges over all ¢ = diag(1l/cy, c1/¢c2, ¢2/C35 ..., Cn—2/Cn-1),
where ¢, ¢, ..., Cy,— are positive integers, s = (S, $2,...,Sy—1) 1S an
(n—1)-tuple of complex numbers and =5 = ¢;"'¢c; ™. ¢, """ . It is observed
in [B-F-G] that the generalized Ramanujan conjecture about Fourier coefficients
of nonholomorphic cusp forms follows if the zeta functions Z,(6,, 6,; s) have
a suitable meromorphic continuation.

In hope of obtaining better understanding of Kloosterman sums (1.1) we
develop a theory of Kloosterman sums for a Chevalley group scheme G. These
sums are associated with the following data: a field £ and a subring R of &k,
a subset C of positive roots in the root system of G, an element ¢ of the
split torus in the group G(k) of k-points of G and a pair of characters ¢
and y of certain unipotent subgroups U_(k) and Uc(k) of G(k) (¢ and y
are required to be trivial on subgroups U_(R) and Uc(R), respectively). The
Kloosterman sum corresponding to the data is

(1.2) Sclt, ¢, w) =) ¢y (w)
where the summation ranges over a full set of representatives of
U_(R)\U-(k)tUc(k)NG(R)/Uc(R)

of the form u'tu, where u' € U_(k) and u € Uc(k) (we show in what cir-
cumstances the sum is finite). It turns out that the sums Sc(¢, ¢, ) are gen-
eralizations the sums defined by (1.2). We prove various algebraic properties of
sums (1.2) by root system methods. In particular, we obtain a decomposition of
a generalized Kloosterman sum over Q into a product of “local” Kloosterman
sums defined over Q,. Using this decomposition we give an explicit decom-
position of Kloosterman sums into a product of classical Kloosterman sums in
some special cases.

My thanks are due to D. Goldfeld for an introduction to the subject of Kloost-
erman sums and encouragement during my work on the paper. I am also thank-
ful to V. Deodhar, B. Haboush and H. Jacquet for useful discussions.

2. GENERALIZED KLOOSTERMAN SETS AND SUMS

Let L be a semisimple Lie algebra over C of rank r. Suppose that H is
a fixed Cartan subalgebra of L, ® C H* is the root system corresponding to
H with the Weyl group W, A is a fixed basis of ®, &t = {a;, az, ..., an}
is the set of positive roots, h;, 1 < i <r, x,, a € ®, is a fixed Chevalley
basis for L. We also let A denote the lattice of integral weights of ® (for
definitions see [H]). Let G denote the (“simply connected”) Chevalley group
scheme [Ch, K, Bo] associated with the above data. Let k be a field. Then
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the group G(k) of k-points of G can be described as follows. Let V' be any
complex, faithful representation of L, such that Z-linear span of the set of
weights of V' coincides with A. Recall that 4 € H* is a weight of V' if

Vi={veV, hv=pu(hy}#{0}.

Let M be any admissible lattice in ¥ [H, §27] and let V(k) =k ®z M . For
any a € ® and ¢ € k let U,(¢) be an element of End, (V' (k)) given by the

formula
(1) Z &

where v is any element of M. Then Ua(é) is in fact an automorphism of
V (k). Moreover

Us@)™' = Us(=¢) and Un(& + 1) = Ua(&)Ua(n),
Ua(é)Uﬂ(ﬂ)Ua(_ )Uﬂ HU1a+jB Cl jé ’7])

forany a, B e ®, a+ B #0, &, n € k. The product on the right-hand side
of (2.1) is taken over all roots of the form ia+ j# (i, j are positive integers)
arranged in some fixed ordering, ¢; ; are integers depending on o, f#, and
the chosen ordering, but not on 7 and ¢. Moreover, [X,, Xg] = c11X44p if
a+ B is a root (for proofs see [St]). Then G(k) coincides with the subgroup
of Aut,(V(k)), generated by the set {U,({); a € @, & € k}. We also let T'(k)
denote the split torus in G(k).

Let V' be any complex finite dimensional representation of L, and let M’
be an admissible lattice in V’. Then V'(k) = k ®z M’ admits a k-linear
action of G(k) such that

2.1)

(1®v) = Zé"‘

forany a € ® and £ €k and v e M ’. For any weight u, the corresponding
T (k)-weight space is V,(k) = k®z (V,NM’). We recall how T(k) and U,(¢)
act on spaces Vﬂ’(k) , it € A. Suppose that v € V#’(k). Then

‘tv=t(u)v foranyte T(k),

where the map (u, t) — t(u) defines a group homomorphism form A x T'(k)
to k* (the homomorphism is independent of V' and M'). If a € ®, £ €k,

then
'U S @ /l+na

n>1
Let R be any subring of k containing 1. Then

G(R)={g € G(k); g(R®z M)=R®z M, for any admissible lattice M
in any complex representation of L}.

A result of Chevalley [Ch] states that
G(R)={g € G(k); g(R®z M)=R®z M}

where M is an admissible lattice in a faithful representation V' of L such that
the Z-linear span of the weights of V' is A.
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Let C be subset of ®. C is said to be closed if a, € C, a+p € ®,
implies e+ f € C. A subset I of a closed set C is called an ideal of C if
ac€l, peC, a+ p implies a+ B el.

Example. Let w be an element in the Weyl group W . Then
P(w) ={a € d"; w(a) e d7}
is a closed subset of @+ .

Let C be a closed set and let Uc(R) denote the subgroup of G(k) generated
by elements U,(§), a € C, £ € R (we write U, = Up, and U_ = Up_).
Clearly, Uc(R) C G(R). If Cn(-C) = @, (2.1) implies that any element u
of Uc(R) can be written uniquely as the product

U= Uy (€1)Uay (&) -+ Uay (Ca)

where (o}, o), ..., a}), d =#(C),isany orderingof C and &, &, ..., & €
R (&,&, ..., ¢&; are called the coordinates of u).

Definition. For any ¢ € T(k) we define the sets
Yc(t) ={g € G(R); g=xty, xe€ U_(k), y € Uc(k)},
Y(t) = Yo (1) = U-(k)tU, (k) and Kc(f) = U-(R)\Yc(t)/Uc(R).

If w is an element of the Weyl group, we write Y, = Yp(,) and K, = K P(w) -
Ky (?) is called a Kloosterman set. The following proposition summarizes basic
properties of sets Y- and K.

Proposition 2.2. (i) If C C C' then Yc(t) C Yci(t) and Kc(t) C Kei(t) (under
the obvious inclusion maps).

(ii) t# ¢ then Yc(t)NYc (') =@ forany C,C'. If t7'f € T(R) = T(k)N
G(R) then the elements of Kc(t) and Kc(t') are in a one-to-one correspondence
via the map y — yt~'t'.

(iii) Yc(t) # @ then t(A) € R for all dominant weights A € A .

(iv) Let u'tu € Y(t) for some t € k, and assume u' = [] cq U-a(é-0a)
U = [loeor Ua(&a) (products taken in a fixed order), é_,,¢&, in k. Let p =
(Xaco+ @)/2 and let {A,; o € A} be the set of fundamental weights relative to
A. Then there exists a positive integer N such that t(Np)é_, and t(Np)é, are
in R for all a € ®*. Moreover t(A,)é_ and t(A)é, arein R forall a € A.

(v) Let v denote the quotient (abelian group) homomorphism k — k/R.
Assume that R satisfies

(Py) For any x € R the set v({y € k; xy € R}) is finite.

Then Kc(t) is either finite or empty.

Proof. (i) and (ii) are straightforward. For (iii) let 1 be a dominant weight and
let V' be the irreducible representation of weight A with a highest weight vector
v. We can assume that v is contained in a Z-basis of an admissible lattice
M of V [H, §27]. Therefore 1 ® v belongs to a free R-basis of R®; M.
For any g € G(k), we let f(g) denote the 1 ® v-component of g(1®v). If
g=u'tue Y(t) then f(g)=1t(A) € R by properties of the action of T'(k) and
Ui (k) on weight spaces of V' (k).
Part (iv). We need the following fact due to Chevalley [Ch, Bo].
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Lemma 2.3. For any a € ®*, there exist functions Fy, defined on G(k) with
values in k and polynomials P., with integer coefficients in respective indeter-
minants x+p, 0 < B < a, such that

(i) Prq =0 if a is a simple root,

(i) if g € G(R) then Fi,(g) € R,

(iii) lf 8§ = U—oq (”—al)U—az(”—az) e U—am(”—am)tUal(”m )Uaz("—az) e
U_a,,(Na,,) where t € T(k) and n, €k, a € ®, then

Fio(g) = t(2p)N+a + Pra(nep, 0< B < a).

The lemma implies the first part of (iv) by induction on the height of a given
root (height of a root is the sum of its simple root components). For the second
part we consider a simple root o and the irreducible representation V' of the
highest weight A,. Let v be the highest weight vector. Let v, be a nonzero
vector in the weight space V; 1) = Vi,—., Where g, € W is the reflection
corresponding to «. We may assume that v and v, , belong to a Z-basis of an
admissible lattice M in V (see [H, 27.1]). Therefore 1®v and 1®wv, belong
to a basis of Kk ®z M. For any g € G(k), we let f,(g) denote the 1 ® v,-
component of g(1®wv). A calculation based on properties of weight spaces [H,
20.1] shows f,(u'tu) = t(A,)¢—, € R. Finally, let 9 denote the automorphism
of G(k) induced by the automorphism of @ sending a root a to —a. Then
Ja(OW'tu)™") = fu(B(u)td((w) ")) = ~t(A)Ma € R.

Part (v). In view of (iv) it is enough to prove the following lemma.

Lemma 24. Let (o), aa, ..., am) be an ordering of ®* such that {ay, aa,...,
ag}, 1 <q<m, isanideal in ®*. For any finite subset S of k/R we set

q
Yd = {1‘[ U (&) 0(&) € S}.
i=1
If R satisfies property (P1) then n(Y{) is finite (here n: U, (k) — U, (k)/U.(R)
is the quotient homomorphism).
Proof of the lemma. The lemma is trivial in the case ¢ = 1. Assume g > 1.
For any £ € k we define Z{(£) = YJ -1 Us,(§) . The assumptions of the lemma
imply that n(Y{) C U;‘.':, n(ZJ(&;)) for some &; € k. Consequently it is enough
to show that n(Z{(¢)) is finite for any ¢ € k. We observe that U,, (—¢)Z{(¢) C
Y;!,‘l for some finite set S’ of k/R since by identity (2.1) the coordinates
of elements in U, (—¢)ZJ(&) are polynomial functions of the coordinates of
elements in Y¢ , and the polynomials involved depend only on the ordering of
the roots. By induction on g we obtain #(n(ZI(£))) = #(n(U,,(—¢)Z(&))) <
#(r(YS)) < oo.

The next proposition will allow us to prove properties of Kloosterman sets
by induction on the rank of the Lie algebra. We recall that ® is a subset of a
real vector space E equipped with a scalar product ( , ). As usual we write

(A, u) = 2.4 for any elements A, u € E , such that u # 0. With this notation

)
A={AeA;(A,a)eZforall a €D}
and the fundamental weights A,, a € A, are defined by conditions

(Aas V) =0a,y forall a,yeA.
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Proposition 2.5. Suppose that R C k satisfies the property

(P2) Let x € k. If x™ € R for some nonnegative integer n then x € R. Let
u'tu € Yc(t) and let t(4,) be a unit in R for some a € A. Let Uci(k) (resp.
U’ (k)) denote the subgroup of U.(k) (resp. U’ (k)) generated by elements
Ug(n),nek, BeC (resp. Ug(n), nek, B e ®) such that (A,, B) = 0.
Then there exist elements y € U_(R) and x € Uc(R) such that yu' € U’ (k)
and ux € Uci(k).

Proof. We need the following general fact about root systems.

Lemma 2.6 (Special filtration of sets of roots). For a simple root a we let
B =B(a)={B € ®"; (4, B) > 0}

(B is just the set of all positive roots with nonzero a-component). We define
B, = {a} and, inductively, we let B, denote the set of elements B in B such
that if (As, B)B = >.;Bj. Bj € B, then either B; = f forall j or B; € By,
for some j (observe that B,_; C B,). Then B =J{B,;n>1}.

Sketch of a proof. Clearly, it is enough to consider irreducible root systems. In
the case of a root system of type G,, the lemma can be verified by inspection.
In remaining cases, the lemma follows, since {# € B; ht(8) < n} C B, for
all n,n=1,2,... (here, ht(B) = 3  cxCa, if B =) ,caCa). The above
statement can be derived from the following two facts:

(1) In any root system positive roots of equal height are linearly independent
over the reals.

(2) If @ C E is an irreducible root system of type different than G,, than
for any positive root S there exists a real valued function f defined in E,
such that:

(1) f(yg }i')ZS f)+ f(¥') and f(qy) = qf(y) forany y,y' € E and
q = b b 9t
(ii) f(B)#0 and f(B) > f(B’) for all roots B’ with ht(8’) > ht(B).

We now come back to the proof of Proposition 2.5. For a fixed o € A, we let

B(a)={ﬂ€(p+a <)'a9 ﬂ)>0}={ﬂl’ﬂ2,--- ’BN}

where the ordering (f8;, f2, ..., Bn) of B(a) is consistent with the filtration
{Bn} of the lemma (i.e. if B, € B, and B; ¢ B, for some n then i < j). Let
g =u'tu € Y(t) where ' = U_p (&)U_p,(&2) - U_g,(En)uy for some u; €
UL(k) and u = uyUp, (nar)Up,,_ (Mar—1)--- Up, (m)uz where, i) < iy <--- <
im, {ﬂ,‘, s Biys ooy Biy} = B(a)NC and u; € Uc/(k). Tt is enough to show
that &, 1 <i< N and 5, 1 <i< M, arein R. We will prove this using
the following general fact about weight spaces of a fundamental representation
of L.

Lemma 2.7. Let a € A, B € &, ¢ = (A,, B) and let V be the irreducible
representation of weight A,. Then )—Z;l X—c‘!ﬁv = v on V; . Consequently %ﬂ
maps V) isomorphically onto V; _.p since ag(Ay) = Ao —cf and dim(V; ) =
dim(V;,_.g) = 1. Moreover, if =i, — EBGA—{a} ngB where ng are nonneg-
ative integers, not all equal to zero, then V, = {0}.
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Proof of the lemma. The first assertion follows directly from the identity

X_f;xf,g ~ min(a, ¢) x(_aﬂ—k) hﬂ Ca—c+2k x;’c—k)
dal T & (a-k) k c—k)

where B is any positive root and kg = [xg, x_g] [H, §26.2]. The second
assertion follows from the Freudenthal’s multiplicity formula [H, §26.2].

We continue the proof of Proposition 2.5. Let v be a highest weight vector
contained in a basis of an admissible lattice M of V. Since M =P,y MOV,
(see [H, §27]) we can assume that the basis consists of weight vectors. For any
BieB, i=1,2,...,N,let v; denote a basis vector of weight ag (4,) =
Ao — (Ao, Bi)Bi. For any g € G(k), let fi(g) denote the 1 ® v; component of
g(1 ® v). By the definition of sets B;,i=1,2,..., N, one obtains f|(g) =
t(Ae)¢; and inductively

JiU—p,_ (=€j-1)U_p,_,(=¢j-2) - U_p,(=€1)8)

= (wa) f{(U_p, (&) U_p,,, &41) - U_p, (&n)) = t(Aa)E P
for j = 1,2,..., N. Therefore property (P2) implies £; € R for all j.
Similarly, we obtain n; € R for all j, replacing g with 9(g~'), where ¥ is
the automorphism of G(k) induced by the automorphism of the root system
® sending aroot § to —f8. ‘

Let J be a subset of the set of simple reflections and let A; C A be the
corresponding set of simple roots. Let ®; denote the root system obtained
by taking the set of roots in ® which are linear combinations of roots in A; .
Let W; denote the Weyl group of ®; (for a discussion of subgroups of the
Weyl group, or more generally a Coxeter group, see [D1, D2]. Then the groups
G’(k), Ul(k), and T’(k), associated with ®;, can be naturally identified
with subgroups of G(k), Us(k), and T(k), respectively. Note that with this
identification ¢ € T7(R) if and only if #(4,) = 1 forall a € A\A,; . If t € T/(R)
and C C @7 is a closed subset then YZ(t) = {g € G/(R); g = xty, x €
U/(k), y € Uc(k)} and KL(t) = UZ(R)\YZ(2)/Uc(R) are subsets of Yc(?)
and Kc(t), respectively.

From now on we assume that R C k satisfies properties (P1) and (P2) (for
example Z C Q, and Z, C Q, satisfy (P1) and (P2)).

Proposition 2.8. Let C be a closed subset of ®+. (i) Let C; = Cn®,;. If
te T/ (k) then K{ (1) = Kc(1).

(i) If C Cc ®; and Kc(t) is not empty then t(,) is a unit in R for every
a € A\A J .
Proof. Part (i) is an immediate consequence of Proposition 2.5. For part (ii)
let g = w'tu € Yc(t) where t € T(k), ' € U_(k), and u € Uc(k). Then
t(A.) € R, a € A, by Proposition 2.2, part (iii). Fix a € A\A;. We can write
u' = xy where x is a product of elements U_g, f € ®*, (4,, f) =0 and y
is a product of elements U_g, f € ®*, (4., ) > 0. Let V be the irreducible
representation of weight A, with a highest weight vector v. We can assume
that v belongs to a Z-basis of an admissible lattice in V. Therefore 1 ® v
belongs to a basis of V(k) =k ®; M. For any g € G(k), we let f(g) denote
the 1 ® v-component of g(1 ® v). Then

flg)=fu ey~ x Y = fu 'y = t(-4.) = (1(2a)) ' € R
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since x~!(1®v) = 1®v by Lemma 2.7 and since no sum of roots in ®; equals
a sum of roots in B(a).
It can be shown that P(w) C @, for any w € W, . Therefore we have

Corollary. If w € W; and t € T’ (k) then K] (t) = Ky(1).

Definition. For any closed subset C of ®*, ¢t € T(k), such that Kq(t) # &,
and a pair of characters ¢: U_(k) — {z € C, |z] =1} and y:Uc(k) — {z €
C, |z| =1} which are trivial on U_(R) and Uc(R) respectively, we define

Sc(t, ¢, w) = ¢()y(u)

where the summation ranges over a full set of representatives u'tu of K¢(2),
where ¥’ € U_(k) and u € Uc(k) (note that Kc(¢) is finite, since we have as-
sumed that R C k satisfies property (P1)). We will call Sc(t, ¢, w) a general-
ized Kloosterman sum associated with C, t, ¢ and y . We write S, (t, ¢, ¥) =

SP(w)(t> ¢ ’ V/) .

Example 2.9. Let ® = {a, —a} be the root system of type 4,, R = Z and
k=Q. Then G(Q)=SL(2,Q) and T(Q), U-(Q), U,(Q) are, respectively,
the diagonal, the lower triangular unipotent and the upper triangular unipotent
subgroups of SL(2, Q). A simple computation shows that if w = g, ,

T Tk

then Sy (¢, ¢, ) = S(—m, n, c) where S(-m, n, c) is the classical Kloost-
erman sum.

Example 2.10. Let R=7Z, k = Q and let ® be the root system of type A,
in its standard representation as a subset of R™*! (see [B or H, p. 64]). We
identify the Weyl group W of ® with the group of permutation matrices in
GL(r+1,Q). Let S(6,,6;;t,w) be the GL(r + 1, Q) Kloosterman sum
defined by formula (1.1). We define w; = wow™'wy!, t; = wotwy"', ¢(y) =
61(wy 'ywo), ¥ € U_(Q) and y(x) = 6((wow)~'ywow), x € Uy(Q) where
wy is the long element of the Weyl group (this is the unique element of W send-
ing each positive root to a negative root). Then Sy, (t1, ¢, w) = S(6:, 62; t, w)
if the right-hand side of the equation is well defined. To verify this identity we
may assume that the element b, is the definition of S(6,, 6,; ¢, @) belongs to
Uy (Q) . Consequently

wobytwby(wow) ™' = wob (wo) ™ wot(wo) T wowby(wow) ! € Yy, (1)).

In fact the map x — wox(wow)~! gives the desired bijection between K, (¢1)
and U, (Z)\U,(Q)twU,(Q)NSL(n +1,Z)/Uy(Z).

Next proposition summarizes elementary properties of generalized Klooster-
man sums.

Proposition 2.11. Let C,t, ¢ and yw be as in the definition of generalized
Kloosterman sums.

(i) If t € T(R) then Sc(t, ¢, ) =#(Kc(1)=1.

(ii) If t; € T(R) then

Sc(tty, ¢, w) =Sclt, ¢', w) = Sc(ty, ¢, w' )
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where ¢'(x) = ¢p(txt™1), x € Uy(k), w' (v) =w(t~'yt) and y € Uc(k).

(iii) Let © be any automorphism or anti-automorphism of G(k), defined
over R, such that it preserves T (k) and for any a € ®* (resp. o € ®~) and
¢ € k one has $(Ux(&)) = Upa)(rsg) for some ry € R* and &(a) € ®* (resp.
Ya) € D). Then

Sc(t, d, ¥) =Ssc)(¥(1), s, ¥p)

where ¢g(x) = ¢(87'(x)), x € U_(k), and wy(y) = w(3~'(¥)), ¥ € Uyc)(k).

The following proposition reveals when a Kloosterman sum related to a given
root system ® reduces to a Kloosterman sum related to a root subsystem ®; .
Notation is the same as in Proposition 2.8.

Proposition 2.12. Let C,t, ¢, v be as in the definition of Kloosterman sums.
We define t, € T(k) by the formula t\(A,) = t(Aa) if a € Ay and t1(4,) = 1
fOI’ a € A\A J -

(i) If C C ®; then t; € T(R) and Sc(t, ¢, y) = SL(tt;', ¢, w'i') where
the right-hand side is the Kloosterman sum in G’ (k).

(ii) Let t € T’ (k) and let C; = CN®,;. Then Sc(t, ¢, y/)SéJ(t, o, ).

The proposition follows directly from Propositions 2.8 and 2.11.

Corollary 2.13. Let t,t, € T(R) be as in Proposition 2.12 and let w be an

elementin W . Then Sy(t, ¢, w) =S5 (117", ¢, w''') where W, is the unique
element of W; such that P(w) N ®; (it can be shown that such element w,
always exists).

This is a generalization of a result about GL(r + 1)-Kloosterman sums ob-
tained in [F, Proposition 3.6 and S, Corollary (3.11)].
3. GLOBAL AND LOCAL KLOOSTERMAN SUMS

In this section we assume that either R=ZCk=Q or R=Z,Ck=0Q,
where p is a prime. We let ¥ and ¥, denote the fundamental characters of
the additive group k, trivial on R, in the respective cases. Explicitly, if &k = Q
then W(x) = e?** and if k = Q, then

oo -1

¥y ( > anp”) =e ( > anp") :
n=—N n=—N

We observe that if x € Q then

¥(x) =[] ¥,(x).
p
Let C beaclosed subset in either @+ or &~ anlet Uc(k) be the corresponding

subgroup of G(k). We say that a group homomorphism ¢:Uc(k) — {z €
C; |z| =1} is a rational character, defined over R, if

) (H Ua(éa)> =V (Z daéa> where d, € R, &, €k

a€C a€C

(the product is taken in a fixed order, and ¥ is the fundamental character of
k/R).
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Remark. We say that a root in C is indecomposable in C if it is not a sum
of roots in C. Let D be the set of indecomposable roots in C. Then one
can show that the commutator group [Uc(k), Uc(k)] coincides with the group
Uc\p(k) . Consequently any rational character of Uc(k) defined over R is of
the form

() ¢ (H Ua(éa)) =Y (Z daéa> where d, € R, & €k,

a€ED a€D

and vice versa, given numbers d, € R, a € D, then formula (x) gives a
rational character of Uc(k). It is clear that if C = ®* then D = A. It
has been pointed out to the author by V. Deodhar that in root systems whose
elements are all of equal length, set D for C = P(w) is given by the formula
D = {a€ P(w), l(wa,) =l(w) — 1} where [(+) is the length function on W .
We observe that if k = Q, then ¢(x) =[], ¢p(x) where

?p (H Ua(éa)) = le (Z aaca) .
a€C a€C

We will assume that the characters ¢, ¥ appearing in definition of generalized
Kloosterman sums are rational, defined over R.

Proposition 3.1. Let C be a closed subset of @+ andlet t € T(Q) and let ¢, y
be rational characters defined over Z of U_(Q) and Uc-(Q), respectively. Then

SC(ta ¢al// HSP ¢pa Wp

(S?. denotes the G(Q,) Kloosterman sum).

Proof. We first notice that if p does not divide #(p) then ¢t € T(Z,) and
S%(t, ¢p, Wp) = 1 by Proposition 2.11. Therefore the proposition will follow
if we show that the natural embedding

) — [[ k&)

plup)

is in fact a bijection. This fact is an immediate consequence of the following
lemma.

Lemma 3.2. Let C be a closed subset in either ®* or ®~ and let Uc(Q,) be
the corresponding subgroup of G(Q,). Let S be a finite set of primes and let
Xxp € Uc(Qp) for p € S. There exist elements y, z € Uc(Q) such that x,z
and yx, belong to Uc(Z,).

Proof of the lemma. Let (o), oz, ..., ay) be an ordering of C such that
{a1,a2,...,0a4} is an ideal in C for any g, 1 < g < N. We then have
xp = Uy, (él,p)Uaz(éé,p) T Ua,,(éq,p) for some C1,p:8,p5 58,0 €Qp. W
proceed by induction on ¢ . Clearly, the lemma holds if g = 1. Assume ¢ > 1.
We may suppose that ¢, , = ¢ € Q, p € §. Consequently, U, (-&)x, =
Ua (€] ) Uay (&3 )+ Us,_,(&;_y ;) for some & ., &5 ..., & , € Qp by
formula (2.1). By inductive hypothesis there exists y’ € Uc(Q) such that
V' Uy, (=&)xp € Uc(Q) for all p € S. Therefore y = y'U,, (=¢) satisfies the
desired property.
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Corollary 3.3 (Multiplicativity of generalized Kloosterman sums). Let ¢t and ¢
be elements of T(Q) such that t(p) and t'(p) are relatively prime. Then

SC(tt,’ ¢, '//) = SC(ts ¢/, W)SC(t/’ ¢"a V/)
for some characters ¢' and ¢" .
Proof. By Propositions 3.1 and 2.11,

SC(tt H SP t ¢p H '//P H SP ¢pa '//p

plt(p) plt'(p)
Since the character ¢ is rational, there exist d, € Z, a € A, such that

(zen)

for any x = [],cqp+ U-a(7.) € U-(Q). Consequently

¢'<x)=l1'(2t(—a>dana) and ¢/ (x (zt o), m.).

a€A a€A
For each a € A, we chose b,, ¢, € Z, such that

(3.4) by — dot(—a) € t'(Aa)Z, forall p|t'(p)
and
(3.5) Ca — dat'(—a) € t(Aa)Z, for all p|t(p)

Since t(—a) isin Z,) (resp. t'(a) is in Z,) whenever p|t'(p) (resp. p|t(p))
such choice of b, and c, is possible by the Chinese Remainder Theorem.
We define the characters ¢’ and ¢” by formulae ¢'(x) = ¥(},cp Ca?le) and
¢"(x) = ¥(X,ca balla) . Assume now that xty € Y2 where p|t(p). By Propo-
sition 2.2 t(A,)7. € Z,, . Hence ¢l’,' (x) =¢'(x) and

t ¢, H Sp ¢p B '//p
plt(p)
By a similar reasoning we obtain
Sc(t', 9", w) =[] S, 85, wp)
plt'(p)
and the proof is complete.

Corollary 3.6. Let C be any closed subset of ®* and let t € T(Q) satisfy
(t(Aa), t(Ap)) =1 forall o, B €A, a# . Then

c(t, o, v) Hsma,naa Aa))
a€A
where n, =0 if a & C, w(U,(&) = ¥(n,é), £ €Q, if ae C and m, =
—d,t(—a+2A,), a € A. In particular (under the above assumptions about t) the
Kloosterman sums Sy (t, ¢, w), w € W are products of classical Kloosterman
sums.

Proof. Let a € A be fixed. We observe that #(—a + 24,) is an integer since
—a+24a =} gep—{a} —{, B)Ag is a dominant weight. We define the element
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to € T(Q) by the formula #,(4g) = t(/lﬂ)‘saﬂ , a, B € A. Proposition 3.3 implies
that

SC(I’ ¢’ '//) = SC(ta s (»bl s W)SC(t(ta)_l > ¢H s V/)
where ¢'(x) = W(X ,ca Calla) and ¢"(x) = ¥(X,cp balla) With b, and ¢, de-
termined by the formulae (3.4) and (3.5). In fact we can take ¢, = do(t2;!(—a))
=t(—a+2,), b =0 and cg =0, by =dpto(-p) for B €A, B # a. Con-
sequently, Example 2.9 and Proposition 2.8 imply

Sc(t, ¢, w) =S(Ma, o, 1(Aa))Se (225", ¢, W)

where S (tt; 1, ¢", y) is the Kloosterman sum for the group G’ correspond-
ing to the weight lattice of the root subsystem @' of ® whose base is A’ =
A — {a} and the closed set C' = C N®'. We observe that if f # o then
to(—B)tt; (=B + 245) = t(—B + 245) and therefore the induction on the rank
of @ implies the statement of the corollary.

Example 3.7 (Kloosterman sums for the long element). We assume that @ is
an irreducible root system and we let o, a3, ..., a, be the basis of ® as
described in root systems tables in [B, Chapter VII]. We let m;; = (w;, ;)
be the Cartan integers. Suppose that ¢, ¢, y are as in the definition of a
Kloosterman sum, and we let C = P(wy) = ®*. We also put d; = d,,,
ni = ng,, and ¢ = t(dy,), 1 < i < r. If ¢; are pairwise relatively prime,
Corollary 3.4 implies

Swo(t, ¢, W) =HS(mi7 nj,Cj) Where mizdich_mU’ l= 19 2, e L
i=1 J#i

For rank 2 root systems we have

Swo(t’ ¢, V/) = S(_dlc2 > Ny, Cl)S(—dZC] , N2, CZ) if @ is of type AZ 5

Su(t, ¢, w) =S(=dic2, ni, c1)S(—da(c1)*, na, ¢2) if @ is of type By,

Swo(t, o, v)= S(—d1(62)2 , Ny, Cl)S(—dzcl , Ny, C2) if ® is of type C,,

Suo(t, ¢, w) =S(—di(c2)*, ni, €1)S(=daci, ny, ) if @ is of type Ga,
if (¢;,c)=1.

The problem of evaluation of Kloosterman sums in the general case (that
is, if numbers #(4,), a € A, are not necessarily pairwise relatively prime)
is much more difficult. The strongest known results concerning evaluation of
GL(n, Q,)-Kloosterman sums can be found in [S, §4]. Also in [S] a necessary

and sufficient condition for existence of GL(n, Q,)-Kloosterman sums is given.
Such a condition for Chevalley group Kloosterman sums is discussed in [D].
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