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ERGODIC THEORY FOR MARKOY FIBRED SYSTEMS
AND PARABOLIC RATIONAL MAPS

JON AARONSON, MANFRED DENKER, AND MARIUSZ URBANSKI

ABSTRACT. A parabolic rational map of the Riemann sphere admits a non-
atomic h-conformal measure on its Julia set where & = the Hausdorff dimen-
sion of the Julia set and satisfies 1/2 < h < 2. With respect to this measure the
rational map is conservative, exact and there is an equivalent ¢-finite invariant
measure. Finiteness of the measure is characterised. Central limit theorems
are proved in the case of a finite invariant measure and return sequences are
identified in the case of an infinite one. A theory of Markov fibred systems is
developed, and parabolic rational maps are considered within this framework.

0. INTRODUCTION

In this paper we study parabolic rational maps on C, the Riemann sphere.
More specifically, we consider the ergodic theory of such maps with respect
to conformal measures on their Julia sets. The nonsingular transformations in-
volved turn out to be Markov fibred systems. We develop a theory of Markov fi-
bred systems based on, and generalising [33], which also applies to some Markov
shifts and Markov maps of the interval.

A rational map T : C — C of degree > 2 is called parabolic if the restriction
T|y(r) is expansive but not expanding in the spherical metric on C (see [14]).
Equivalently (see [15]), J(T) contains no critical point of 7, but contains
rationally indifferent periodic points. For example, a Blaschke product (i.e., a
rational inner function on the unit disc (see [1])) with an indifferent fixed point
is a parabolic rational map whose Julia set is contained in the unit circle S'
(89).

Let ¢t > 0. A probability measure m on J(T) is called t-conformal for
I: C—-Cif

() = [ 1T dm
4

for every Borel set 4 C J(T') such that T, is injective (see [34]).
It turns out (Theorem 8.7) that, for 4 = the Hausdorff dimension of J(T),
the unique A-conformal measure for 7 is nonatomic. This result is obtained
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(Theorem 8.4) by analysing the asymptotic behaviour of inverse branches in
small neighbourhoods of indifferent periodic points using the flower theorem.
This analysis also gives improved estimates for # (Theorems 8.5 and 8.8), in
particular 1/2 < h < 2. Existence of an s-conformal measure was established
in [15], and it was shown in [14] to be unique, if nonatomic.

Let T :C — C be a parabolic rational map and m its h-conformal measure.
It is known (see [14]), that there is a topological Markov partition (see [31]))
with respect to which (J(T), m, T) is a fibred system. Also (see [14]), T is
ergodic and has a o-finite invariant measure u equivalent to m. We show in
addition that T is conservative and exact, and characterise finiteness of x4 in
terms of 4 and the Taylor expansion around indifferent periodic points.

For w a rationally indifferent periodic point and g € N such that 79 fixes
w with unit derivative, the Taylor expansion of 77 around w is of the form
z+a(z - w)P*' +-.-, where p = p(w) = p(w, q) does not depend on ¢ . Let
plo+1,

p(w)

Because of the existence of the nonatomic A-conformal measure we obtain
1 < a < 4. The invariant measure u is finite if and only if « > 2. For
example, if 4 <1 (in particular for the parabolic Blaschke products) then u is
infinite. For the polynomials z — z 4+ z2, z+ z—z%,and z ~ z2+ 1/4 the
measure 4 is finite (see §9).

In case the measure is finite we derive the central limit theorem for partial
sums of Holder continuous functions which vanish on neighbourhoods of the
rationally indifferent periodic points (Theorem 9.12). This is derived using weak
dependence structures of an auxiliary transformation (the jump transformation
of [33]).

In case the measure is infinite then 7 has Darling-Kac sets with contin-

ued fraction mixing return time processes and return sequences of the form
{n*~}p for 1 < a <2 and {jk;}, for a = 2 (Theorem 9.11). The exis-
tence of Darling-Kac sets, and regularly varying return sequence implies (see
[2, 3]) convergence in distribution of normalized ergodic sums, and, in case the
return time process is continued fraction mixing, we also have (see [4—6]) laws
of the iterated logarithm for the ergodic sums. These and additional results are
stated in detail (with definitions) in §1, which is a brief overview of the relevant
ergodic theory for nonsingular transformations.

Fibred systems have been studied in [33] and [36] with application to piece-
wise onto transformations of the interval and multidimensional versions have
been studied in [38]. As mentioned above, parabolic rational maps are Markov
fibred systems (see [14]), as are Markov shifts and Markov maps of the interval.
In §§2-7 we develop the basic ergodic theory of these maps, extending [33] and
[36], using Schweiger’s relaxation of the Renyi property (see [30]).

An irreducible Markov fibred system with the Schweiger property is either
totally dissipative or conservative ergodic (Theorem 2.5). A conservative, ir-
reducible Markov fibred system with the Schweiger property has a o-finite in-
variant measure and Darling-Kac sets with continued fraction mixing return
time processes (Theorem 3.1), has wandering rates (Lemma 4.2), and is exact,
if aperiodic (Theorem 3.2).

The fibred systems corresponding to parabolic rational maps (parabolic fi-

a = min
w
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bred systems) are studied in §§5-7. Proposition 5.6 provides the information
necessary to use the analysis of the asymptotic behaviour of inverse branches
in small neighbourhoods of indifferent periodic points using the flower theorem
to identify wandering rates. Whence the characterisation of finiteness of the
invariant measure, and calculation of the return sequences in case this measure
is infinite. In §§6 and 7 we prove central limit theorems for aperiodic, parabolic
fibred systems with finite invariant measures.

In §9, we show that parabolic rational maps are indeed parabolic fibred sys-
tems (Theorem 9.1). This enables application of §§5-7 for parabolic rational
maps, except for two last things: continuity of the invariant density for the jump
transformation and continued fraction mixing with exponential rates. These last
two things are provided by Theorem 9.6.

1. ERGODIC THEORY OF NONINVERTIBLE TRANSFORMATIONS

In this section, for the convenience of the reader, we collect without proof
some results on noninvertible nonsingular transformations of a Lebesgue prob-
ability space (X,.% , m). The proofs of most of the results can be found in
[29, 2-7].

Let T: X — X be a measurable transformation (thatis, 7-'4 € F V4 €
). The transformation T is called nonsingular if mo T—! ~ m, that is, for
AeF,

m(T~'4)=0 & m(4) =0.
The transformation T is called nonsingular on 4 € & if TA € ¥ and, for
Be¥F NTA,
mANT 'B)=0 & m(B)=0.
The transformation T is called invertible on A € ¥ if T is 1-1 on A4,
TAe % ,and T-':TA — A is measurable. The transformation T is called
invertible if T is invertible on X .

If T is nonsingular and invertible, then clearly sois 77!.

Suppose that T is a nonsingular transformation of X. Aset W € & is
called a wandering set (for T) if the sets {T-"W}%°, are disjoint. It is not
hard to show using an exhaustion argument that there is a set X; € & with the
properties

VvAeF nX;, m(4)>0,
3 a wanderingset W C A4 sm(W)>0,

and
W € & a wandering set = m(W\X,) =0.

The set X, is uniquely defined up to measure zero. It also satisfies 77! X, C
X; modm, since, if W is a wandering set then so is 7-'W . The set X, is
called the dissipative part of T, and in case m(X\X,;) = 0, the transformation
T is called (totally) dissipative.

The set X, := X\X, is called the conservative part of T, and T is called
conservative if m(X;) = 0. The set X, satisfies 7-'X, O X, modm. It can
be shown that for a set 4 € ¥ m(4) >0,

ACX. mod m & EIBOT":oo ae.onB YBe ¥ NA, m(B)>0,

n=1
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and that T : X, — X, is a (conservative) nonsingular transformation (when
m(X,) > 0).

The conservative part of a power of T is the same as that of 7 mod m.

If 3g € P(X), qo T~! = g ~ m, then clearly there can be no wandering
sets with positive measure, whence m(X,;) = 0 and T is conservative. Here,
and throughout, 2 (X) denotes the collection of probabilities on (X, F).

In case T is invertible, the conservative and dissipative parts of 7 can be
chosen to be T-invariant. For noninvertible, nonsingular transformations, this
is not necessarily the case, as illustrated by the following

Example. Let X =[0, 1), m be Lebesgue measure, and 7 : X — X be defined
by

2x, x €[0,1/4),
Tx=4q 2x-1/2, x€[l/4,1/2),
2x -1, x €[1/2,1).
Here, X, =[0, 1/2] and X; =[1/2, 1Jmodm.

A nonsingular transformation T is called ergodicif A€ ¥ and T-'4=4
mod m implies m(A)m(A¢) = 0. It is not hard to show that if Ty, is ergodic,
then

o0
T is ergodic < U T7"X. =X modm.
n=1
In the example, it is well known that 7|y, is ergodic, and, evidently,

U T-"X, =X modm,

n=1

so T is ergodic.

An invertible ergodic nonsingular transformation of a nonatomic measure
space is necessarily conservative. The example shows that this is not necessarily
the case for noninvertible, nonsingular transformations.

If T is a conservative, ergodic nonsingular transformation and u < m is
a o-finite T-invariant measure on X, then u ~ m. For nonconservative,
ergodic transformations, this is not necessarily the case, as illustrated by the
example, with Lebesgue measure restricted to the conservative part (0, 1/2)
being T-invariant.

If T:X — X is nonsingular then f — f o T defines a linear isometry of
L>*(m) whose dual preserves L'!(m). The restriction of this dual to L'(m)

is known as the dual, or Frobenius-Perron or transfer operator, denoted by 7A",
and defined by

/Tﬁgdmz/f-gonm.
X X

Note that the domain of definition of 7 can be extended to all nonnegative
measurable functions by the above formula.
It is not hard to see that for f € L'(m), f >0 a.e.

{xeX:iT"f(x)=oo} =X. modm.

n=1
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Also,
T is conservative and ergodic

& ZT”f=oo ae.VfelL'(m), f>0ae., /fdm>0,
n=0 X

and, if u <« m and %:h,then
poT'=pu & Th=h.
A nonsingular transformation 7 : X — X is called exact if

o0
Ae (T"F = m(A)m(A°)=0.
n=1
Suppose T is conservative and nonsingular, and let 4 € ¥, then m-a.e.
point of A returns infinitely often to A4 under iterations of T, and in particular
the return time function, defined for x € 4 by ¢(x):=min{n > 1:T"x € A},
is finite m-a.e. on 4.
The induced transformation on A (see [27]) is defined by

TAX = Tq’(x)x.

It is shown in [27] that T4 is a nonsingular transformation of (4, # N4, m|,),
and that
T ergodic = T, ergodic,

o0
T, ergodicand | J77"4=X modm = T ergodic.
n=1
If, in the above situation, ¢ < m|4 is a T4-invariant measure, and the measure
u is defined on X by

o) k p—1

wB)=> qlAnT*B \ | T—fA) =/Z lpoT*dg,
k=0 j=1 4 k=0

then (see [26]), # < m and po T~! = u. The above formula is known as

Kac’s formula.

Let (X,% ,u, T) be a conservative ergodic measure preserving transfor-
mation on a o-finite nonatomic measure space. Let 7 be the dual operator. A
set A €% with 0 < u(A4) < oo is called a Darling-Kac set for T if there exist
constants {a, > 0},>; such that

. 1 “ Ak
gggoa;T La = w4)
uniformly on 4.
In this situation, it follows that (see [3, pp. 1044-1045]) the system is also
pointwise dual ergodic:
There exist constants a, = a,(T), (n > 1), such that
1

I T”‘f=/fd,u a.e.
X

lim

n—oo an(T)
forany fe L\(X,F ,u,T).

k=0
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The sequence a,(T) is uniquely determined up to asymptotic equality, and
is called the return sequence of T . In case the return sequence turns out to be
regularly varying with index o € [0, 1], the asymptotic behaviour of

n—1
A\ (f ) = z f oT*
k=0
can be described almost surely and in distribution as follows:

Theorem [7, Theorem 1]. Assume that a,(T) = n*h(n) is regularly varying
with index o € (0, 1] or a = 0 and with h(n) ~ exp(fl' -”-Eﬂdt), where 1 is
monotonic, |n(t)] | 0 as t 1 oo, and |n(t)|/log t — oo as t — oo. Then for

any function f € L'(u)

. 1 1 .
A}l_rgo logNg na,,(T)S"(f) = /deu in measure.

Theorem [2, Theorem 1]. Let (X, % , u, T) be pointwise dual ergodic with
regularly varying return sequence a,(T) of index a € [0, 1]. Then for any
f € Li(u) the sequence S,(f)/an(T) converges weakly to a random variable
Y, [, fdu where

E(exp(zY,) Z 1_, +an

for ze€ C when 0<a <1 and for |z|<1 when a=0.

Here, “weak convergence” means that for any bounded continuous function
g:[0,0] =R, feLl, ge P(X), g< m, we have

[ (a—nz‘?—)snm) dq — E(g(Yau(f)))

as n — oo, where u(f) = [, fdu. For a = 0 the variable Y is clearly
exponential and for a=1, Y =1.

The almost sure behaviour of S,(f) for nonnegative integrable functions f
has been obtained in [4-7]. We repeat here the main results for completeness.
Define for 0 < a < 1

I'(l1 +a)

ac(l — a)l-e’

The stochastic process {f o S* }k>1, where (Q,.F, P, S) is a measure pre-
serving transformation, is called continued fraction mixing if

JceR, > P(ANS™"B) < cP(A)P(B) VneN, Aea{foS" e O,Bey
and,

K, =

dny €N, {en}n>n,, €n—0asn— oo
such that

VneN, Aeo{foS*}i), BEF, j>n;:
(1-¢;)P(4)P(B) < P(ANS™"*)B) < (1+¢,;)P(A)P(B).
The &, (n > n;) are known as the mixing coefficients.
The next four results are valid under the assumption that there is a Darling-

Kac set 4 for T whose return time process {¢ o T}},>, is continued fraction
mixing on 4.
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Theorem [4, Theorem 4]. Assume that the return sequence of (X, % , u, T) is
regularly varying with index o € (0, 1) and satisfies

an(T) ~ n*h(n).

Let ¢(n)1 and ¢(n)/n| as n1oo. Then:
If

3" < expl-Bo(m) < oo

n=1

Jorall B>1 then

. 1
lim sup

oo Neh(n/@(n))p(n)!~

a.e. for every f € Ll(n).
If

_Su(f) < Ka /X fdu

(o]

3"+ expl-B(n)] = oo

n=1

forall B <1 then

lim sup —

1
n—oo Neh(n/é(n))p(n)!-«
a.e. for every f € Ll (u), and

Su(f) > Ko /X fdp

1

im Sup < h(nToglog(m))flogTog(my—=-"/) = K"/Xf u

a.e. for every f € Ll(n).

Proposition [5, Proposition 1]. Assume that the return sequence of (X, %, u, T)
is regularly varying with index 1 and satisfies

an(T) ~ nh(n).

Then there exists a constant Kt € (0, 1] such that

X 1
lim sup o etogy 1) = K7 [ S

a.e. for every f € LL(u).
Moreover, if h(n/loglog(n)) ~ h(n) as n — oo, then

lim sup #,I)Sn(f) = /deu

n—00 (
a.e. for every f € Ll(n).

Theorem [6, Theorem 1]. Assume that the return sequence of (X, , u, T) is
regularly varying with index o € (0, 1) and satisfies

a,(T) ~ n*h(n).
Then the random functions
1

Stn () (teRy)

b= neh(n/loglog n)(loglog n)!-«
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form a relatively compact set in the Skorokhod space D(R.) and its set of accu-
mulation points is

{x : Ry — Ry : x absolutely continuous, increasing, and || x'(t)||piji-ag,) < Ka}-

Theorem [7, Theorem 2]. Assume that T has a Darling-Kac set whose return
time process is continued fraction mixing with rates ¢, = O(1/(logn)?) (6 > 0),
and

an(T) = n*h(n)
is regularly varying with index o € (0,1] or a« = 0 and with h(n) ~
exp(flt -'lﬁtgdt), where n is monotonic, |n(t)| | 0 as t 1 o, and |n(t)|/logt — oo
as t — oo. Then for any function f € L'(u)

: 1 & 1
1\}1—1»20 log N ; na,,(T)S"(f) - /de” a.e

2. CONSERVATIVITY AND ERGODICITY OF MARKOV FIBRED SYSTEMS
We consider various measurable and nonsingular transformations of the non-
atomic probability space (X, ¥ , m).
In this paper, a (Markov) fibred system on X will mean a pair (T, %), where
T: X — X is such a transformation, and % C % is a countable partition of
X, generating ¥ , satisfying the following conditions.

The Markov property.
TB = U b VBeR
bER ,bNTB#>
This version of the Markov property is topological (i.e. set theoretic). It is
also possible to work with a measure theoretic version:
TB = U b modm VBeZ
beR , m(bNTB)>0

Local invertibility. For every B € %, m(B) > 0 and T is nonsingular,
invertible on B.

For k> 1, let
k-1

Hy'=\| T Z,
j=0
andfor 0 <k </ < o0,let 9,:’ denote the og-algebra generated by Uﬁ;,'( T-% .
For b= (b, ..., b,) € #" set

n
b=\ T/*'bj e .
j=1
Remark. If [b] =[b1, ..., by] € #}~", then it follows from local invertibility
and the Markov property that

m([b]) > 0 & m([byc, b)) >0 (1<k<n-1)

and, in this case, T" : [b] — Tbh, is nonsingular and invertible on [b].
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It follows that if X C #N and X,, is the closed support of m with respect
to the product discrete topology on %N, with T : X,, — X,, the shift, then
(Xm, T) is a topological Markov shift.

Accordingly, a fibred system (T, %) is called irreducible if

VB,B' €%, IneN>m(BNT"B)>0,
and is called aperiodic if
VB,B'e#, 3neN>m(BNT"B')>0 Vv >n.

Clearly,
T conservative and ergodic = (T, #) irreducible,

and
T mixing with finite invariant measure = (7', %#) aperiodic.

Indeed the irreducibility (aperiodicity) of (7", #) is equivalent to the topolog-
ical ergodicity (mixing) of the underlying topological Markov shift.
Let (T, #) be a fibred system on X . A subclass is a subset @ # #' C #
such that
Thc |J B vbeZ'.

Be#x'

Let #' C % be a subclass. Define X' := |J,c4 b; then clearly TX' C X' C
T-'X'.Incase TX' = X', (T, ') is called a subsystem (sometimes denoted
by X').

If X' is a subsystem of (T, %), then TX' = X' C T~'X’,and X' isa
union of elements of {7Th: b € #}. Clearly, a union of subsystems is itself a
subsystem, and a fibred system having no proper subclasses is irreducible.

If {Th:b € #}| < o, then any disjoint family of subclasses is finite,
and each subclass has a further subclass which is a subsystem. Any subsystem
(T, #') also has the property that |{Th: b € #'}| < co. Thus every subsystem
has an irreducible subsystem.

If, in addition, (T, %) is not irreducible, then it is not hard to see that
for any b € &%, there exists n € N such that T"b is contained in a proper
subsystem. It follows, that if X, is the union of all the irreducible subsystems,
then

oo
UT"X% =X modm.

n=1

Set, for ne N, and Be %)™ ',

dmoT"
AB) = 8a(B) = T
By local invertibility, A(B) >0 a.e.on B.
Let .
X = U Byt
neN

Z, = {[b] € Z : m([b]) > 0},
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and for C € R, set

& . A(B)(x) }
?C,T={B€5§’:—§C for mxm ae. (x,y)€BxB ;.
It follows from local invertibility that if [b] € .%’é‘" NZ(C, T), then for m-a.e.

x €[b],

m(Tb,) = /M A([b]) dm = Mm([b)A([b])(x),

where M e [C~!, C].
Therefore, if [b] € Zy'n&(C,T), [Bl € #~'nZ(C,T), and also
[b, B1€ £(C, T), then,

’é‘j < m(Tbn)m([b’ ﬁ]) < C3

m(b)m([B) ~

or, equivalently,
©) C3m([B1ITbn) < m(T~"[B]I[b]) < C*m([B1|Tha),

where the latter inequality is also valid for [b, f] = @. The formula (Q)
states that the metric distortions of powers of T are uniformly bounded. This
phenomenon will sometimes be referred to as the bounded (metric) distortion.

Example 1 (Markov shift). Let .S be a countable set, and let P be a stochastic
matrix on S. Set

X={x=(x1,x,...) €SN:py, 5., >0Vk>1},
T : X — X the shift, # = {[s]}ses, and for g € L(S), g, > 0 Vs, define
me P(X) by
n—1
m([sl 3 sy sn]) = qS| Hpsk,skH-
k=1

It follows that (7, #) is a fibred system, and that for » > 1, and [s] =
[sl, cee ,Snlegg_l,

A"([s])zm(l[s])pzt’, ae.onls,? (t€S).

Hence,

[s1,..., 5 €Z(C, T) & %’q—q" €[C™", C] (whenever py, (, ps, i > 0)
Sn , ' dt

& [s,]e&(C, T).
For s € S, if 1/2 < q;/ps,: < 2 whenever p; , > 0 then [s] € #(4,T).
Clearly, for s € S, there is g € Z(S) with this property.

Lemma 2.1. Suppose (T, #) is a fibred system such that $(C, T) = @; , and
inf{(m(B) : B € T#} > 0. Then there is a T-invariant probability ¢ < m,
with g—};— € L> and such that [di,‘f; > 0] is a subsystem. In case |T#| < oo,

dq
dm

log € L®(m|x).
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Proof. Since £(C, T) = 3 ,and &% generates F# under T, it follows from
bounded distortion (V) that Vn > 1, [b]€e Zy~',and A€ F,

“>m(A|Tb,) < m(T~"A|[b]) < C*m(A|Tby).

Set ={Tb:be F}, and suppose m(B) >e>0VB e B. For A€ ¥ and
n > 1, we have

m(T~"4) =Y m(T~"A|[b])m([b])
be#"

3
<CY mAITb)m(wD < S mia).
€
be#Z"
Hence
1 3 dmo Tk

n dm
k=0

sup
n>1

< oo,

[e o]

and the sequence {% pIya é ‘%—},,ZI is weak*-compact in L*°(m). Any weak
limit is the density of a T-invariant probability on X . In other words, there is

a probability ¢ < m on X such that go T~! =g and 4% € L®(m).

Set
va(A)=>_ m(4B) Y m(T"Ya) (neN,4e¥).
Bep ac# ,Ta=B

then, by the above,
mT"4) 5
——re[C, C neN,AeF
o €l 1 )

and > (T--1g)
dvy — ac® , Ta=p M~ ""Va
dm ~ 2 m(B) Ls.

Bep
By construction of ¢, there is a subsequence n; — oo such that

nk-l

hm—Zm(T‘fA) qg(4) VAesF,

k—oo N
whence

ank L°°_(’m) Z Zaeﬂ,Ta=B q(a) g = d_y ,

dm oy m(B) dm
where

vd)=Y. Y 4“m4B) VAeF
Bep ae#,Ta=B

and

It follows that
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Let £ = {be€ X :q(b) >0} and X' = Jyc4 b. Evidently [g—,q,; > 0] =
X'. Next we claim that (7', %#’) is a subsystem. To see this, note that, for
be R, [4L>0] on Th, hence Th C |J,cp a, and #' is a subclass. As
T-YX'\TX') C X\X', it follows that g(X’\TX') = 0, whence, by the above,
TX' = X' and X' is a subsystem. In case |T.#| < oo, the nonzero values of
;‘,-‘;';,— are uniformly bounded below. Hence, the nonzero values of g-,% are also

uniformly bounded below, whence log 44 € L®(m|x:). ¢

Example 2. Let P be a stochastic matrix defined on S =Z by py pt1 = p,
and p, ,—1=1-p,where pe (0,1).

Let X C ZN be defined as in Example 1, let T : X — X be the shift, and
define m € #(X) by

n—1

m([S[ LR} Sn]) = qS| Hpsk,skﬂ )
k=1

where ¢; = 75 .

Eﬂ = {[s]}sez , then (T, #) is an irreducible fibred system, and Z(C, T)
=% for C =420,

However the conclusion of Lemma 2.1 does not hold since T is totally dis-
sipative for p # 1/2, and T is conservative, ergodic, and with an infinite
invariant measure 4~ m for p=1/2.

Example 3. As in the example of §1, let X =[0, 1), m be Lebesgue measure,
and T: X — X be defined by

2x, x €0, 1/4),
Tx=< 2x-1/2, x €[l/4,1/2),
2x -1, x e[1/2,1).

If # =/{[0,1/4),[1/4,1/2),[1/2, 1)}, then (T, %) is a fibred system,
and (1, T) =% ,since T' =2.

The conservative part of T is [0, 1/2), and this is the subsystem of Lemma
2.1.

Lemma 2.2. Suppose (T, #) is a fibred system such that £(C, T) = ﬁlz and
{Tb:be H} <oo,andlet X, € F be the conservative part of T . Then

U T-"X, =X modm.
n=1

Proof. By Lemma 2.1, if X’ is an irreducible subsystem, then
3geP(X"), g~omlx, qoT ' =g,

whence X' C X.. If X, is the union of the irreducible subsystems of (7', %),
then XoC X,. ¢

As shown above,

UT"Xo=X modm

n=1
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whence -
U T-"X.=X modm. ¢
n=1

Schweiger property. The Schweiger property is 3C € R, , and a collection of
sets Z(C, T)CZ(C, T) such that

[ble Z(C,T),[Bl€Z,[B,b]#2 =[B.bleZ(C,T)

and
U B=X modm.
BeR(C,T)

It follows from this that #Z(C, T) generates ¥ .
Clearly, if #(C, T) is such a collection, then
Z(C, TYCH(C,T),
where
Z(C,T):={bleZ(C,T):[B1€ X, (B, bl #2 =[B,b]€Z(C, T)}
and so T has the Schweiger property if and only if

U B=X modm
BEZ(C,T)

for some _C > 1. Itis not hard to show that if T is conservative and ergodic,
and Be #(C,T), then T has the Schweiger property with respect to

g(c’ T) = {[bl"" ,b,,]ﬂT_"B:nZO, [bl, ,bnlee%on_l}.

If (T, %) is an irreducible recurrent Markov shift, then it is well known that
(T, #) is conservative ergodic, and, by the discussion of Example 1, (T, %)
has the Schweiger property if and only if £(C, T) # @ for some C > 1.
Indeed, it now follows that any irreducible, recurrent Markov shift has the
Schweiger property with respect to some initial probability distribution.

Lemma 2.3. Suppose (T , #) is a fibred system which has the Schweiger property
with respect to #(C, T), and suppose A€ Z(C,T). Then

VBEF NA, neN, [ble B, IMe[C°, C9

Sm([b]NT~"B) = Mm([b]n T~"A)m(B|A).
Proof. Suppose A = [a] = [a1,...,a,] € #(C,T), and fix [c] € Z(C,T).
For k> 1 and [b] € ﬂ({‘" , it follows from bounded distortion () that

m([b, a,c]) = W(—AJ{a_,,)m([b’ a])m([c]) (since [b, c]€ Z(C, T))

_ ppp b, a)) .
=MM m{al) m([a, c]) (since [a,¢c], [c]€ £(C, T))

= MM'm([b, al)m([a, c]|4),

where M, M’ € [C~3, C3], and the result follows since #Z(C, T) generates
F. O
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Theorem 2.4. Suppose (T, #) is a fibred system which has the Schweiger prop-
erty withrespectto Z(C, T). Let X, be the conservative part of T , and suppose
Ae Z(C,T). Then

Y m(T"d)=00 = ACX. modm
n=1

and
> m(T™"4) <o = AC X\X. modm.
n=1

In particular, X, and X; are both unions of sets in Z(C, T).

Proof. The second implication is clear. To prove the first, suppose 4 €
H(C,T) and m(4A\X,) > 0. Then
3BeF N4, mB)>0, 3) m(T"B)<oo,

n=1

whence, by Lemma 2.3,

Y m(T"4)<oo. O
n=1

Theorem 2.5. Suppose (T, %) is an irreducible fibred system which has the
Schweiger property. Then T is either conservative or totally dissipative; if T is
conservative, then T is ergodic.

Proof. Assume that
U B=X modm.
BEZ(C,T)
It follows from Theorem 2.4 that

X, = U B  modm.
BEZ(C,T)NX,

Therefore, it follows from irreducibility that T is either conservative, or to-
tally dissipative. Suppose T is conservative. Since #(C, T) generates ¥ , it
follows from bounded distortion (9) that

m(T~"A|[b])

-3 3 n—1
i ATTh,) €[C3,C% VneN,bleZ'nR(C,T), AcF.

Now suppose that 4 € F, T-'!4=A,and m(4) > 0. Then

m(4]|[b])
m(A|Tby)

By the martingale convergence theorem, for m-ae. x € X,

€[C3,C% VneN,[beZ'nZ(C,T).

m(A|[bi(x), ..., bu(x)]) = 14(x) asn— oo,
where, for n > 1, b,(x) is defined by 7" 'x € b,(x) € Z# .
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By conservativity of T, if [b] =[b), ..., by] € #Z(C, T), then, for m-a.e.
x €[b], Tkx e[b] (thatis, (bgsi(x), ..., brin(x)) =b) for infinitely many
k , hence
14(x) -3 3
m(AITEY) e[Cc—, C’.

It follows that
A= U B modm.
BER(C,T), m(ANB)>0

Since m(A4) >0,
Be Z(C,T) > BC A modm.
By irreducibility, if B’ € #(C, T), then
3k >0>5mBNT*B)>0,
whence B’ C A. Thus A =X modm, and T isergodic. ¢

Suppose that (7', #) has the Schweiger property, with respect to the collec-
tion #Z(C, T), and let Nc: X — NUoo be defined by

Ne(x)=inf{n e N: [b)(x), ..., by(x)] € Z(C, T)}

where inf@ := co. Then N¢- < o a.e.
Schweiger’s jump transformation T* : X — X is defined by

T*(x) = TN<®(x).

By the Schweiger property, 7*(x) is defined for m-a.e. x € X .
If T: B - X isonto VB € &#, then (X,% ,m, T*) is a nonsingular
transformation. In general, by the Markov property,

va>1, 31,C# > T*"X = Ub.

ber,
Clearly, T*"X > T*"*'X, and 7, D Tn4 Vn > 1, whence
o0
X* = ﬂ T*"X = Ub mod m,
n=1 bet

where =), cnTn-

It is not hard to show that (X*, %, m|x., T*) is a nonsingular transforma-
tion in case m(X*) >0 (ie., T # 2).
Lemma 2.6. Suppose (T , &) is a fibred system with the Schweiger property, and
inf(m(B): Be T#} >0. Then m(X*)>0.
Proof. Let B ={Tb:b e #}; then it follows from inf{m(B): Be€ T#} >0

that
AFYC K, |HFo| <o BNHy#2 VB e B.

Also,

vn>1, 3@+ Z, CE > T"X= ] B.
BeZ,
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Since, for every n > 1, T*"X is a union of sets in S, it follows that 1 <
|#n N FHp| < 0 Vn > 1, whence, since #, D K1,

(%o (| Zun P # 2,
neN neN

whence m(X*) > 0. ¢

Note that N is a stopping time with respect to % in the sense that [N¢ =
nle #"!' vneN.
Define the partition

Z*=|J X n[Nc=nlnZy".
n=1

It follows that (7*, #*) is a fibred system on X*, and & (C, T*) = @";‘
Also, by the Markov property,

{T*b:be #*}C{Tb:be H},
whence
{Tb:be F} <oco=|{T*b:be F*} <0
and
inf{m(B):Be T#} >0= inf{m(B): Be T*#*} > 0.
Lemma 2.7. Suppose (T, %) is an i/rzeducible fibred system which has the
Schweiger property, and suppose [b] € # . Then
VAeF, m(A)>0, IneN > m([bjnT~"4) > 0.
Proof. Assume

U B =X modm.
BER(C,T)

Fix [b] € # and suppose [a] = [a;, ..., a,] € #Z(C, T). By irreducibility,
there is a [b’] C [b] such that m([b’, a]) > 0. Clearly, [V, a]e #(C, T), and
it follows from bounded distortion (Q) that if [c] € #Z(C, T), then

MV, ) 2 o m(b, ahm((e)

> Gt Ml l)i= nmla, <)),
whence, for 4 € ¥ N|a],
m([b]N T~%4) > nm(A).

The result follows as

VAeSF, m(A) >0, Jale Z(C,T) > m([alnA4)>0. ¢
Theorem 2.8. Suppose (T , %) is an irreducible fibred system with the Schweiger
property, and inf{m(B): B € T#} >0. Then T is conservative and ergodic.

Proof. Suppose T has the Schweiger property with respect to #Z(C, T).
By Lemma 2.6, m(X*) > 0, whence (T*, #*) is a fibred system such that
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g(C,T*)=F#* and inf{m(B): Be T*%#*} > 0. By Lemma 2.1, the conser-
vative part of T*, X, has positive measure, and, by Theorem 2.4, is a union
of setsin Z(C,T*)CH. If We%F and m(W) > 0 is a wandering set
for T, then, by Lemma 2.7, for some n € N, m(X.nT-"W) > 0. The set
W, =X.NT"W is also a wandering set for 7. Since W, C X, C X*,

oo oo

Ur-w.cUrw.cw;,

v=1 v=1
whence, by the conservativity of 7* on X., m(W,) = 0. This contradiction
establishes the conservativity of 7. By Theorem 2.5, T is ergodic. ¢

Examples: Markov maps of the interval. A map 7 : I — I (I a bounded
interval) is called Markov if there is a partition & of I into intervals such
that

1. VA € &, T|, is strictly monotonic and extends to a C 2-function on
A.
2. (T, %) is a fibred system.

It can be shown (using the methods of [35]) that if in addition

(a) for each A € %, A contains at most one fixed point,

(b) the set A of indifferent fixed points is finite,

(c) Ve>03p(e)>1 2T'x > p(e) Vx € A\B(A, ¢),

(d I>0>5 T | on(y—-n,y)n4,andT' 1 on (y,y+n)NA4,V¥VyeA
(here for y € A, A, € & and y € 4,), and

(e) |T"|/(T")? is uniformly bounded on I,

then (7', &) has the Schweiger property with respect to

{lai, ..., an): either w,, ¢ Aora,_; # a,}.

3. INVARIANT MEASURES, DARLING-KAC SETS, AND EXACTNESS
FOR MARKOV FIBRED SYSTEMS

Theorem 3.1. Suppose that (T, #) is an irreducible fibred system having the
Schweiger property with respect to #(C, T), and T is conservative. Then T
is ergodic and there is a o-finite, T-invariant measure [ ~ m such that

logj—’/:l— € L*(B) VBeZ(C,T).

Moreover, any A € #Z(C, T) is a Darling-Kac set for T whose return time
process is continued fraction mixing.

Definition (see §1). Let (X, ¥ , m, T) be a nonsingular transformation, g ~
m a T-invariant probability, and # C ¥ a partition of X .

The system (T, %) is called continued fraction mixing with respect to the
T-invariant probability g ~ m , if

3ce€R, 3 q(b)NT"B) < cq([b)g(B) VneN,[ble ', BeZ,

and

3n €N, {en}n>n,, &n—0 asn— oo
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such that
VkeN, Ae B, BeF, n>n:

(1—en)g(A)g(B) < qANT *IB) < (1 +¢4)q(4)q(B).

Induced systems. Suppose (7, #) is a fibred system and 7 is conservative.
For A€ % ,let 9 : A — N be the first return time to 4 under 7', namely,
¢(x) =min{n € N: T"x € A}. (By conservativity, ¢ < oo a.e. on 4.) The
induced transformation on A is defined by T x = T?®)x .

If keNand A€ FF ! then [p = n] € &' ¥n € N. In this case,
define the partition

Hq=Jlo =nlnFg+e-t.
n=1
It follows that (T4, %#,) is a fibred system on A, the induced fibred system on
A.
Proof of Theorem 3.1. The ergodicity of T follows from Theorem 2.5.

To show the existence of an invariant measure with the required properties,
it suffices (see §1) to show that for every 4 € #Z(C, T), there is a T4-invariant

measure i ~ m|4 such that log g;‘% € L>(A).

This is indggd the case by Lemma 2.1, as T4(b) = A Vb € #,4, and
G(C,Ty) =(H4)+ as A€ Z(C, T).

To complete the proof of the theorem, it suffices to show that every 4 €
H(C, T) is a Darling-Kac set whose return time process is continued fraction
mixing.

For Ae Z(C, T),

Z(C,T)= (%), and Tyb=A Vbe Ry,

and so, by bounded distortion (©), there exists a D > 0 such that
1 _ . _
Bq(b)q(B) <q(bNT;"B)<Dq(b)g(B) Vn>1,beZy ', BeF nA.

It follows from [9] that (T, %#,) is continued fraction mixing, whence, evi-
dently, A4’s return time process is continued fraction mixing, and, by the main
lemma in [3], 4 is a Darling-Kac set for 7. ¢

The following theorem generalises, and was inspired by [36, Theorem 1].

Theorem 3.2. Suppose that (T, %) is an aperiodic fibred system having the
Schweiger property with respect to #Z(C, T), and T is conservative. Then, T
is exact.

Proof. By Theorem 2.5, T is ergodic. Suppose

AeﬂT‘”?, m(A4) >0,
n=1

then

Yvn>0, 34, €F > A=T7"A,.
It follows that A, = T"A, whence A =T""T"A, and
T—kAn+k =Tk Tn+kA — Tn(T—(k+n)T(k+n)A) =T"A = A,.
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Since m(4) >0,

B =B, .... B1€Z(C,T) > m(AN[B]) > 0.

Set
p(x)=min{n e N: T"x € [B]}.

Then ¢ < oo a.e. as T is conservative and ergodic. Define 7* : X — [B] by
T*x =T*Wx.

Then T*|ig) = Tjp), the induced transformation which is conservative and er-
godic on [B]. For k> 1, let

k-1
o(x) =Y o(T"x).
j=0
Then T*x = T%®)x and
(g, (x)+15 +-- » bo(x)] = [B].
Forevery x€ X and k> 1,
[bl(x) PRI b¢k(x)+u(x)] € ‘%(C i T) ’
whence, by bounded distortion (©) and the Schweiger property,
m(A|[by(X), ..., by, x)+v(X)]) = CZm(Ag, (x4 |TB.).
It follows from the martingale convergence theorem that, for a.e. x € 4,

m(A|[bi(x), ..., by, (x)+»(X)]) = 14(x) ask — oo,

whence
li&glfm(A¢k(x)+leﬂy) >0
and
liminf m(A4y, (x)+») > 0.
k—o0
Since T*|ig; is conservative and ergodic on [B], T*~'[f] = X, and

m(An[B]) > 0, it follows that

G T*"4=X modm.

n=0
Suppose x € X and ¢ € N, are such that T*'x € 4, and
lim infm(A¢k(T.,x)+,,) >0.
k—o0
Then
3e >0 3 m(Ay, (Tox)+v) > € Vk large.
Recall that

Ag, . x)+v = Ag(Trx) 40 (x) 40 = T¢'(X)A¢k(T"X)+v-
Next, we claim that

3, >0 3BeF, m(B)>e = m(T*%B)>e,.
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To see this note first that
3, CEO7! 3 |F| < 00 and m ( U b) >1-¢/2.
beR,

The map T%() is invertible and nonsingular on every b € %, , whence, since
|Ze| < o0,

Vo' >0 3BeF ,mBnb)>nforsomebeH =m(T"9B)>ry.
It follows from the definition of %, that

m(B)>e = IbeFH > m(Bnb) >

2| Fe|

and the claim is established.
From the claim, we obtain that

li;fn inf m(A4y, (x)+») >0 a.e. on X.

To establish the theorem, it is sufficient (again, by the martingale convergence
theorem) to prove that

lim sup m(A4gy, (x)+» N TH,) >0 a.e. on X.

k—o0
To see this, let x € X with m(4y,(x)+,) > & >0 for some & > 0 and all large
k . By aperiodicity of (T, %#)
IpoeN >m(T?B,) > 1-¢/4, Vp 2> po.

By ergodicity of T*|ig,

1 2po, 12135 Y lyppoT* =00 ae.onX.
k=1

As before,

3%, . CENTINTB, > |Bp, ol <ooandm( U T”'b) >1-¢/2,
beR,, .

whence

€
D1 >
3b € Hp,e 3 M(Ap,(x)+r NT"'D) 2 2| %y, el

for large k. Also as before, there exists & > 0, such that

ifBeS, andbe %, . >mBNT"b)> then

_&
2|$pl ,CI ’

m(T~"Bnb)>¢, and hence m(T"""BNTRB,) > ¢.
This shows that

M(Agx)-pv NTBY) = m(T™7' Ay, (x)40 N TH,) > &

for large k.
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Because of the choice of p;, we have
&1 <m(Ay, (x)-p+v NTH)
= m(Ay,x)+o,T+x)=pr+v N TBv) = M(Ay;x)+o N TH,)
for infinitely many j, and
limsup m(Ag, (x)+» N TH,) > &1.

k—o0

This establishes the theorem. <
4. WANDERING RATES FOR MARKOV FIBRED SYSTEMS

Suppose that (7', #) is a conservative, ergodic fibred system having the
Schweiger property with respect to Z(C, T).
Let Ae ¥ .Set A=A and

k-1
Ae=T A\ |J T4, (k>21), ca(4)=np4), (k=0),
j=0

where u ~m and poT-' = u. The wandering rate of A is defined by

Lin)=pn (U T"A) =Y c(A).
/=0 k=0

(see [2] or [36]). The following is a generalisation of Theorem 3 of [36]. Let
F denote the ring generated by #Z(C, T).

Theorem 4.1. Suppose that (T , %) is a conservative, ergodic fibred system hav-
ing the Schweiger property with respect to Z(C, T). Then 3L(n) 1

Lg(n)~L(n) asn—ooVBeS, , BCAe %K.

Proof. 1t is sufficient to show that if 4 € % is a finite union of sets in
H(C,T), then

Ly(n)~ Lg(n) asn—o0, VBeF NA, m(B)>0.
The proof of this is based on Thaler’s proof of Theorem 3 in [36], and uses

Lemma 4.2. Suppose that (T , &) is a conservative, ergodic fibred system having
the Schweiger property with respect to #Z(C, T), and suppose that A € F is a
finite union of sets in Z(C, T). Then

IM>15Vk>1,Be¥FNA,

k=1 k-1
p[T* B\ TV 4| <MmBu|T* 4\ |JT74].

j=0 j=0
Proof. First, since A € & is a finite union of sets in #(C, T), by Theorem
3.1,

du
> —_— .
M 215 €[l/M, M] on 4

Also, since T is conservative and ergodic, for B € # , we have by Kac’s

oo 1
u(B)=Y u (A nT'B\ T-fA) )
j=1

formula,

1=0
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Thus, for Be $ N4 and k> 1,

00 k+1-1
(T"‘B U T—JA) =) u (T—<k+’>BnA\ U T-fA)
=1 Jj=1

00 k+1-1
<MY m (T-<’<+’>B nA\ U T-fA) .
Jj=1

I=1
Using bounded distortion (©) and the Schweiger property, it is not hard to see

that
3IK>135VBeF nd, k,I>1,
k+1-1 k+1-1
m (T“"*’)BnA U T—fA) <KmB)m | T-*®D4an4\ |J T-fA)
j=1 j=1
whence

©o k+l-1
(T"‘B U T-fA) <MK m(B)m (T—<’<+’>A na\ |J T‘fA)
Jj=1

I=1

0o k+l—-1
<MK m(B)u (T-<k+’)A na\ | T-fA>
Jj=1

I=1

= M*Km(B)u ( U T- JA)

Continuing the proof of Theorem 4.1, let B € % N A. Then
n n k-1
JT*4 U T*BcA\B) LT a\B) \ | JT 74,
k=0 k=1 j
whence

n k-1
Ly(n) — Lp(n) < p(A\B) + D _ u (T"‘(A\B) \ U T-fA)
j=0

k=1
< Mm(A\B)L4(n)
by Lemma 4.2. Using this, we obtain for any fixed d > 1,

Lg(n)~Lg(n+d) asn— oo
>L n)

Ant_:O T-JB(

d
> (1 -Mm (A U T-fB> ) L4(n).
j=0

This establishes Theorem 4.1 since

d
m(A UT‘fB)—>O asd —oo. ¢

j=0
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Recall that if (T, &) is a fibred system, then, for p > 1,sois (77, %} 1.
If (T, ) is aperiodic, then so is (T?, %#§ Y. If (T, #) has the Schweiger
property, then so does (77, %Z¢ ~1). Clearly, it can be fixed that

Z(C, TP) CH(T).
From this follows

Proposition 4.3. Suppose that (T , %) is an aperiodic, conservative fibred system
having the Schweiger property with respect to #(C, T). Then

L(T?,n)~ L(T,pn) asn— oo ¥Yp>1.

Next we recall the relationship between wandering rates and return sequences
for a conservative ergodic fibred system (7', %) with the Schweiger property.
Suppose that the return sequence for 7T is given by

n
a,(T) ~ Zuk asn— oo,
k=1
where u; >0 Vk € N. It follows from Theorem 3.1 and the asymptotic renewal
equation (see [3]) that

Zu,,x”rv; I asx(1”, VAe¥F, ACBeZ(C,T),
o 1 —xcq(x)

where -
ca(x) = cr(A)xk.
k=0

Incase L(n):= Y ;_, ¢k isregularly varying with index a € [0, 1), it follows
from Karamata’s Tauberian theorem that
1 n
I'(l + a)[(2 — ) L(n)
In §9, this will be used to identify the return sequences of parabolic rational

maps from their wandering rates, which will be calculated (also in §9) using
results established in the next section.

an(T) ~ as n — oo.

5. PARABOLIC FIBRED SYSTEMS

Suppose that (T, %) is a fibred system having the Schweiger property with
respect to #Z(C, T). It follows from the definition of #Z(C, T) that NcoT >
Nc — 1 whenever No > 2.

In this section, we assume that the fibred system is irreducible, and that
|IT#| < oo. We also assume that the collection #(C, T) satisfies the addi-
tional properties that

NcoT = N¢ -1 (N¢ >2),
| %y N[Nc =2]| < oo,
T :[Nc >2]— T[N¢c >2] isinvertible,
and also

T([Nc = INT[Nc = 2]) = X.
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These assumptions are satisfied by parabolic rational maps, as will be seen
in the sequel, and, accordingly, we shall call a fibred system satisfying them
parabolic (with respect to #Z(C, T)).

If (T, %) is a parabolic fibred system, then, by Theorems 2.8 and 3.1, T
is conservative and ergodic, and there is a g-finite, 7-invariant measure x4 on
X equivalent to m. Let P = [N¢c > 2]. Then T : P — T(P) is nonsingular
and invertible, and we obtain that there exists a unique inverse branch of T,

f:T(P)— P.
Clearly, f.(P)C P (since TP > P). Whence, for n > 1,
fr:T(P)—> P

is defined.
Since |(TP\P)NZ| < oo, it follows that for every a € (TP\P)NZ# there
is an eventually periodic sequence {b,}2, (b, = bn(a)) such that
fra=\(b,, ..., b,al (n>1).
Writing

(bryoeisbny.c)=(1,.... 0, B, ..., Ba),

where r = r(a) and d = d(a), we have byyy,r, =B (K>0,0<v <d-1),
whence

f;dk”"'ya_c_[ﬂu,-..,,Bl,ﬂdw--’ﬂVH] Vk>0,0<v<d-1.

Lemma 5.1. Suppose that (T, %) is a parabolic fibred system with respect to
R(C,T). Then X* =X and (T*, #*) is irreducible.

Proof. Note first that if x,y € X, N¢(x)=1,and T"y = x, then
Ik <n > T*y=x.
It follows from irreducibility and the Markov property of (7, %) that

[ o]
VBe | J#', beZn[Nc=1], 3n>1 3T"B2b.
k=1

It now follows from the equality T([N¢c = 1)\T[N¢ = 2]) = X that
VB,B' e |J &', In>1>5T"B2OF,
k=1

which yields X* = X and the irreducibility of (7T*, #*). ¢

By Lemma 2.1, there is a 7*-invariant probability g ~ m such that log ;‘fr,% €
L>®(m). It is not hard to show that if

W(B):= Y a(T*BN[Nc > k),
k=0

then 4’ o T~! = u’ < m, whence, by conservativity and ergodicity of T,
u=cy' , where ¢ € R, is a constant. We assume that ¢ = 1, that is,

(®) w(B) =" a(T™B [N > k).
k=0
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It follows from (#) that
U([Nc <v]))<v VreN

Lemma 5.2. Suppose that (T , #) is a parabolic fibred system with respect to
H(C,T). Then

Ly(n) = u([Nc <nl)+0(1) asn— oo,
where A=[Nc=v]l(v>2) and p~m, poT ' =p.

Proof. Set Ay = A and A, = T™*A\U'Z T~/a (k > 1). Then Ly(n) =
koo X(A4x) and Ay = [N¢c = v + k] U By, where By, C [N¢ < v] are disjoint.
Thus,

La(n) =Y w([Nc =v +k]) +u (U Bk>

k=0 k=0
= u([Nc <n]))+0(1). ¢

Lemma 5.3. Suppose that (T, #) is a parabolic fibred system with respect to
RH(C,T). Then

W(INe <) = [ (N amdq+0(1) asn—co.
Proof. For n>2 and k > l,X
2+k<Nc<n+k]CT¥[Nc<n]C[Nc<n+kl],
hence
q(lk+2 < Nc < k+n]) < g(T7*[Nc < n]n[N¢ > k) < q([k+1 < N¢ < k+n))

and

#([Nc < n)) =Y q(T~*[Nc < n]n[Nc > k))

k

(=]

k=0
iq([k+ 1< Nc<k+n])+0(1)
>k Ang([Nc = k]) +0(1)

=1

k
=/(NC/\n)dq+0(1), asn—oo. ¢
X

For x € T(P) we denote

dmo fr

an(x) = dm

and

An(x) = A(bl y vy b,,)(f,;"(x)),
where f!'(x) €[bi, ..., b € #f . Clearly Ay(x)0a(x)=1.
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Lemma 5.4. ‘Suppose that (T, %) is a parabolic fibred system with respect to
H(C,T). Then

Vv>2, BE[Nc=vINZ,™', Yvn>1, forae xeB

i(k An)m(f*B) = Dm(B) i(k A )8y (x),
k=0 k=0

where D € [C~%, C?].
Proof. First, note that if [b] € %' N[Nc = v], then [b] € Z(C, T), and
there exist b, b,, ... € # such that

L) =[bn, ..., b1,b]  (n2>1).
Clearly, f([b]) € #Z(C, T) and hence

fora.e. xe[b],n>03D e [1/C?, C?]>

(/b))
On(x) =D o))

Thus for a.e. x €[ble Y 'N[Nc=v] and n>1,

Sk nmym(rim) = Y-k An) [ odm
k=0 k=0 [b]

= Dm([b]) Y (k A n)dy(x),
k=0

where D € [C~2, C?]. ¢
Theorem 5.5. Suppose that (T , #) is a parabolic fibred system with respect to
R(C,T),andlet v>2 and K =R~ N ([Nc =v]). Then

AM > 15 forae (xp)pex € H b, VneN
bek

ML) < 0 30k Amau(e) < ML(n)

beK k=0
In particular,

,u(X)<oo¢>Zn8 )< oo forae x€T(P).
n=0
Proof. By Lemmas 5.1, 5.2, and 5.3,

oo

L(n) ~ Z(k An)g([Nc = k]) ~ > _(k An)g(f¥[Nc =v])

k=0

i k Anym(f{[Nc =v])) =D i(k A n)m(f¥B)
k=0

—DEZik/\n Ok(xB),

BeK k=0

BeK k=0
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where |logD| < ||10g 9%||1(m) and E € [C~2, C?]. This proves the first part
of the theorem. The second part follows since, clearly, u(X)=1lim,_, L(n). <
Proposition 5.6. Suppose that (T, %) is a parabolic fibred system such that

u(X) = oo, and suppose that 5-,‘% is uniformly continuous on ZN in the sense
that
Ve>0, 3n>1 >
dq dq
Z4 - 24 = <k<n).
- 78| <e weyeX sh) =t (1 sksn

Then

Liny~ > Z_ca,,ik/\n (fF*+r+va) asn — oo,
k=1

a€TP\PNE v=0

where c;,, > 0 Va, v, and where r = r(a) and d(a) are as defined before
Lemma 5.1.

Proof. By Lemmas 5.2 and 5.3,

() ~ Yk Ang([Nc =k]) ~ Yk Ang(f¥(TP\P))

k=1 k=1
o0
~ Y S (kAan)g(ffa)
a€TP\PAZ k=1
(a)-1 oo
~ Y d Z > (k An)g(f2++a) asn — .
a€TP\PNF v=0 k=1

Since

JEA () = (Bus oo s Brs Bas -+ s Buwr) in BN

for x ea and 0 <v <d -1, it follows by the continuity of L that

YVae TPA\PNZ#Z,0<v<d-1, 3¢,>0 >
dq

yr o fAk+rtv(x) »¢,, ask - ocoVxea,

and hence
q(f;dk+r+ua) ~ ca,,,m(f,,dk”*”a) as k — oo.
The proposition follows from this. ¢

6. MIXING PROPERTIES OF FIBERED SYSTEMS
WITH FINITE INVARIANT MEASURES

The first goal of this section is to establish

Theorem 6.1. Suppose that (T , %) is an aperiodic fibred system such that for
some C € Ry, .

gcCc, n=%,,
there exist By, £ C £ such that |Fy| < o, and TX, C Xy, where X; =
Upes, B (i =0, 1). Then there is a T-invariant probability q ~ m such that
log ;‘,’-,9,; € L*°(m), and (T, %) is continued fraction mixing.

The proof is presented in a sequence of lemmas.




522 JON AARONSON, MANFRED DENKER, AND MARIUSZ URBANSKI

Note that under the assumptions of Theorem 6.1, since 7X = X modm,
necessarily TXy C X; modm . Also, |{Th:b € #}| < o, and so by Lemma
2.1 there is a T-invariant probability ¢ ~ m such that log ;‘,’;‘;— € L>®(m).

Lemma 6.2. Under the assumptions of Theorem 6.1,
JLER,3VneEN, AcH ', BeX:
. _ 1 _q(ANnT~"B)
either g(ANT™"B)=0, or —<>—"——————2<L.
4 ) L= q(4)a(B)

Proof. If A=][a] e .9?6’" , BeZ,and m(ANT~"B) > 0, then, by bounded
distortion (Q),

m(ANT~"B)
m(A)m(B)
The result follows from this since [{7h:b € #}|<oco and log 5’% eL>*(m). ¢

Remark. In case |#| < oo, the continued fraction mixing of (7', %) follows
from Lemma 6.2 and Corollary 2.4 of [12].

Lemma 6.3. Under the assumptions of Theorem 6.1,
InyeN>T"B=Xmodm VBeH, n>ny.
Proof. Since || < oo, by aperiodicity
INeN>m(BNT™"B')>0 VYn>N,B,B €%,
whence, by the Markov property,
XoCT"B modm Vn>N, Be%,.
Since TBC Xy VB € # ,
XoCT"B Vvn>N+1,BeZ#
and, since TX;, D X,
XCT'Bmodm Vn>N+2,BeZ#. ¢

C3m(Ta,)' < <Cm(Ta,)™".

For b e %, and b’ € #, such that b’ C Th set
Eb,b)={ceF : T(c)=T®"),ccT®)}.
Remarks. Suppose @ # [by, ..., byl € Zy~'. Then
bie Z = bi_y, biy1 €,

since TX; C Xp and
bje#y, bjy1 € #,beB(bj,bjt1) = [by,...,bj,b,bjy,..., 0] #e.
Lemma 6.4. Under the assumptions of Theorem 6.1,
I>0>5vVAeFH, Be# ,BCTA:

m U Cl>n.
Ce#®(4,B)
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Proof. {€(A,B): A€ Hy,Be # ,BCTA}<o0. <

If Ae &y, Be%,and p €N, define
Dp(4,B)={CeZ™':ANT"CNT"?B # 2}

and

D,4,B)= |J C

CeP,(4,B)

Lemma 6.5. Under the assumptions of Theorem 6.1,
VpeN3T’B=XmodmVB e %,
39,>0 >m(Dy(4,B) >y, VA,BeZ.

Proof. Suppose A = [by,...,b,] and B € xR , and recall that T7+"4 =
X, ANTPB+#@,and Z,(4,B)# 2. If

[C] = [C| 9 sy Cp] egp(A, B),
then, by bounded distortion (0),

p
m(Dy(4, B) 2 m(ie) > pyr [,
=1

where D = C3/ min{m(Tbh):b € £}, and if
dlc]=[c1, .- ,Cplegp(A, B) ¢, €% V1<k<p,
then

m(Dy(4, B) 2 Tt

where & = mingeg, m(B).
If not, then 3[c] =[c1, ..., ;] € Z,(4, B) so that ¢, € #; for some k. If
Cj G._%o, Cj+1 Ggl ,and r € g(Cj, Cj+|) , then

[cr,...,¢iyr,Cig2s ..., Gl €Dp(A, B).

If ¢, € #, then a, € %, and, for r € F(a,, c1), [an,r,C2,...,¢) €
9,(4, B).

Set L={1<j<p:cje#}. Then, denoting ¢y = a,,
Dp(A,B) 2 {[c},...,c)):ci=¢c;Vig¢g L,ci€B(cio1,c)VieL}=:D(c).
Hence

m(Dy(4,B))> Y m(c]) = ,ﬂ'L's” >y,
[c']€Z(c)

where 7 is as in Lemma 6.4, and

: p
yp=%<&gvﬁ>,o

Lemma 6.6. Under the assumptions of Theorem 6.1,

JLeR,,peN 5VneN, AcH',BeZ:
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1 —(n+p)
1 qg(ANnT B) <L
L q(A)q(B)

Proof. The upper bound follows from Lemma 6.2.
For p € N such that TP B=X VB € R,

m(ANT-?*"B) > D=3m(A)m(D,(A, B))m(B)
> 2 m(A)ym(B) VneN,Acel™, BeZ.

The result follows since log 44 € L (m). ¢

Proof of Theorem 6.1. The continued fraction mixing of (7T, .%#) follows from
Lemma 6.6 by [9], and Theorem 6.1 is established. ¢

7. CENTRAL LIMIT THEOREM

In this section we assume that (7', #) is a finite aperiodic and parabolic
fibred system with respect to #(C, T), and that the T-invariant measure u
is finite. In particular,

[e o)
wA) =Y q(Nc>ulnT™4) (1€ ).
u=0
Let up = u/u(X) denote the equivalent probability measure. Under the as-
sumptions, the jump transformation need not to be aperiodic as well. How-

ever, it follows that the other hypothesis in Theorem 6.1 is satisfied by setting
Hy =FZN[Nc =1].

Theorem 7.1. Let (T, #) be a finite aperiodic and parabolic fibred system with
respectto #Z(C, T), and let there be two periodic points x ,y € X with relatively
prime periods p and p' respectively, such that their forward orbits are contained
in [Nc =1). Then (T*, %#*) is aperiodic and continued fraction mixing.
Proof. By Lemma 5.1, (T*, #*) isirreducible. Let T/x € 4j € Z (0< j <p)
and T'y € B; € #Z (0<i<p'). Then, by the Markov property,

Aj+lgTAj, AOQTAP——I (OSJSp_z)a

Bi.1CTB;, ByCTB,_, (0<i<p'-2).
By irreducibility there exist n, m > 1 so that 4y C (7*)"By and By C
(T*)™Ap. Since T =T* on [N¢ = 1] it follows that

Ag © (T*)P Ao N (T*)" ™ Ao 0 (T*)™"+0 4.

Since the common divisor of p, n+m, n+m+p’ is 1, (T*, #*) is aperiodic.
By Theorem 6.1 it then follows that (7*, #*) is continued fraction mixing. ¢

By Lemma 5.3, 4:= [ Ncdq = u(X) < oo, and by the ergodic theorem




MARKOYV FIBRED SYSTEMS 525
Let f € L*(u) and define
F1X) = £() + F(Tx) + -+ f(TVW=1x) — Ne(x) /X fduy  (x€X).

It follows immediately that
Ne—1

— _ o Tk
wr) o= [ fau= [ > fertda,
hence ¢(f*) = [, f*dg =0, and that f* € L?(q) in case
Y n?q([Nc =n]) < .

n>1

o2(f*) = aX(f /X(Zf )2

k=0

Denote

In this section we prove
Theorem 7.2. Let (T*, #*) be absolutely regular with mixing coefficients

B(n) = Sup{/sup{lq(ElF) ~q(E)|: Fe(F)5ada: E€(F )5 k2 0}

satisfying

Zﬂ(n)C/(HC) < 00

n>1
forsome { > 0. Let f be a bounded measurable function such that f* € L*(q)
and such that

n = If* = Eg(f*I(F Wl S Cn728 (n21)
Jor some constant C > 0. Then

cr=q((f*)? +224(ff‘ (T") < 0

I=1
converges absolutely, lim,_,. 62/n = lim,_. 62(f*)/n = c¢s, and, if ¢; # 0,
then f satisfies the central limit theorem, that is,

Jim s (L{%kzou T~ () < t]) = [ e

forany teR.

Corollary 7.3. Let (T*, #*) be aperiodic, and let f be measurable with respect
to o(Ef") for some m >0 such that f* € L2(q). If 02 = 62(f*) — oo, then
62 = nh(n), where h is slowly varying on R at infinity, and [ satisfies the
central limit theorem, that is,

lim 4o ([? Y (foTH - () < t]) - o= [ ew(-w/2)du

" k=0

forany teR.

The proof of Corollary 7.3 is a modification of the proof of Theorem 7.2,
observing that, by Theorem 6.1, (T*, #*) is continued fraction mixing. For
the proof of Theorem 7.2 the following maximal inequality is needed.




526 JON AARONSON, MANFRED DENKER, AND MARIUSZ URBANSKI

Lemma 7.4. Let (T*, £*) be as in Theorem 7.2 and let g € L*(q) be a
bounded measurable function satisfying q(g) =0 and

1/2
&= (/ |g—Eq(g|<9*)3)|2dq) <cnt (nx)

for some C > 0. Then
o2/n=02(g)/n—cg asn— oo,
where -
ce=4q(g")+2) a(g go(T")) < o0
I=1

converges absolutely, and if cg # 0, then for every ¢, n > 0 there exist ny and
J0 > 0 such that for n > ny and 0 < N < yn

([o<;<~ Y g (TY|2 nan}) <e.

Proof. 1t is well known [24] that by the assumptions in the lemma, o2 ~ cgn
Since (T*, %*) is absolutely regular it is also aperiodic, hence, by Theorem
6.1, (T*, #*) is continued fraction mixing with respect to .Z*.

Denote by
g(ENF)

win) = S“"{ 2(B)a(F)

the continued fraction mixing coefficients of g with respect to #*.
Let &, n >0 and fix py so that for p > py, w(p) < w(po) < 1. Denote

J
=3 go(T").
1=0

Let ny and &y > O be chosen in such a way that for n > ng, N < don, and
p =p(N) ~ N1-0/2

-1’: Fe(FH8,; Ee(?"‘)’g;kzo}

C(N +2p)p~ 2% < on12p
4N3C?

4+2C<8/2
“aln? -
12803
= -po) (1- 52 ) >0,

2p||gllec < 0nn/8,
and 3002
o
— N+ap 5 < &/2.
n° MINg<i<N Y10y
Let n > ng and 0 < N < dpn be fixed. Let

Co=1S7(8)] = 0an/2; 1S(8) < 0an/2 (0 < j < D)],

where

SUe) = go (T, & =EQ@EIF"):
=0
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Then

a([ISk+3(8)] 2 0u1/4])
[58.20()1 > oun/a: max is7(&)I > oun/2]

q(C:n ”S?V+2p(g)| > on/4])

a(Cin [1S%125(8) - S%8) < Z21])

v

(o}
a (Cin[1%425(8) =522, (&) < T3 1805(8)- S0 < 2211 )

vV A\
M= IM= 1= 1= 2

1 (C' n [ng/+2p(g) Ste2p(8)] < aré'l])

...
1l
o

> (1-y(p) (‘ - x4 ([1S%2(8) = Sty (9] 2 )>
x g ([max 1S(2)] > "‘2’"])-

0<t<N

Since by a crude estimate
E(SY12p = Sk12p)? S (N +2p)*E(g - 8,)* < C(N +2p)’p* % < 6},,,,
we obtain

16E(SY., )2 3202
q([1S%42,(8)] > oan/41) < il < N
ain azn

Moreover, since

0 ([1S8125(8) ~ Stpe)] 2 %21]) < 125

for 0 <t < N, it follows that

a | mas, 159001 aunr2]

< ‘I(”Sm.zp 8)| > a.n/4])
T (1= w(p))(1 — maxoc,<n q([ISY,,(8) = S22, (8)] > 0.1/8)]))
32a'N+2p

<eg/2.

—_— . _2
n? miNp<(<N Y10n
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Finally observe that

(

_ 0
ma i () @ﬁax«mﬁanwﬁ)

<q({30§1SN 31(g - &) e (T2 %})

IA

a([Ite - &) o ()12 1))

2 302
W _INC e

> <
q([orgggvS (g )l -annD <e O
Proof of Theorem 7.2. Let 0 < < y(1). Choose n > 0 so that for t € R

t+4n _
\/2_/ exp( ) du <.
T

Set g = f — uo(f). Since g is absolutely regular with rates as in the theorem,
it is well known (see [24]) that f* satisfies the central limit theorem:

,}i‘{,‘oq([al_nzn:f*°(r)k D \/_/ exp( )a’u
k=0

Nn(x)

ZNC (7

M= 1=

IA

I

Il
(=]

Whence

Let

By definition, n < M, and so

n M, M,

ZgoTl—ZgoT1= ZgoTI.
=0 =0 I=n+1
The difference M, — n has possible values 0, 1,2, ... . If My(x)—n=p>1

and ! = Yo, n,x) Nc((T*)'x), then [ < n by definition, and (T*)MX)x =
T'x . Hence NC(T’ ) > M,(x)—n=p and Nc(T"x) = Nc(T'x)—(n-1) =
equivalently T"x € [N¢c = p]. Hence, setting py = [16,47'/%||g||Z11,

\/Z n . M, .
pl |52 goT! =D goT | 2n| | <> u(Ne=p) <9,
" li=0 1=0 p>m

if n is chosen large enough. Therefore there exists k; such that for n > k > k;

n M,
U -—\/——4 Z goT - Z goT!>2n| ] <20.
R P [=M;+1

Let ng and Jy be determined by ¢ and 2—’1\/7 as in Lemma 7.4. We may choose
k; so large such that k; > 2ng, w(k;A~') < d, and, since n~!'N, — A~!,

W([2IN, — A7'k| > dok 5 (k > ki)]) < 0.
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21l ) <0

and, since f* satisfies the central limit theorem uniformly in u € R,

([ 5 D
" =k 4-141
([GnA 1 Zf u+")\/_0n/A])
’70n
wo([8 722
S#/ exp[ ]a"v+26+A’1§'Az|
\/2_7:/ exp[ ]dv+36

Here we used that g2 is regularly varying with index 1 by Lemma 7.4 and hence
Un ~ \/Z O',,/A .

Next observe that by definition for k£ < n

M, N,
Z gOT1= Z f*OTI

I=M;+1 I1=N;+1

Choose n; > k; so large that for n > n,

VA |&
.u?n'z

ZgoTl
1=0

kyA™!

Y ST (T

=0

Therefore, if n > n,, it follows from the above thatq

([ 5 er=)

1=0

Na
gu([g > f*o(T*)[§t+3n]) +36

I=Nk|+1

</¢([2|N1 <ol (I >ky); \/_ Z f*o(T*)’<t+3n]) 46.

n[Nk+l
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Using the definition of u in terms of ¢ in §5, it follows that for n > n,

ﬂ([g;(f°T'—uo(ﬁ)St])

Ne=j; 2INoT" - A7 1| < dol (I > ku);

u=0 j=u+1

NpoT*
V4 > f*o(T*)’oT“sz+3nD + 46.

o
" I=N oTu+1

Note that for j > 4 and x € [N¢c = j] we have that T*(T“x) = T*x
by definition of 7* and that N,(T“x) N;(x) by definition of No and N;.
Therefore, using continued fraction mixing and Lemma 7.4,

ﬂ([ —?Z(fﬂ"—#o(ﬁ)st])
" =0
o oo nA~!
$46+u§_: > q([Nc=j; %_4 > f*O(T*)’St+4nD

1=k1A_|+1

([ | g
+qg| [Nc=J; max max —
2|lw—ki/A|<dok; 2|lv—n/A|<don On

v n/A
M oy - Y oy >nD
I=w+1 1=k, [A+1

u=0 j=u+1

nA~!
RS f*o(T*)’St+4nD

On ka4l
> n/2D

)

l€[w, ky [A+1]
VA &L
Ne=j; = D [fo(T)<t+4y

Y fro

l€[v,n/A]

+ Ne=7; max VA4
T\NMCT quifii<oon on

+ Nc =7j; max
(I( c=J 2lv—n/A|<dyn 0',,

<45+ Y q ( n
u=0 j=url I=k A="+1
+(1+p(1)g([Ne = j))
VA N
x q (lzw rrl.l/,4|<¢s0,, On IGIUZ;/A]f (T > 77/2]) +(1+ w(1))

.

Y ey

I€[w, ky [A+1]

x q([Nc = jlq ([ max V4

2lw—k; /A|<doki On
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na~!
Nc=j;? > fO(T*)’St+4n])

u=0 j=u+1 "Ik A= 141

+(4+24(1 + y(1)))o.
Using the asymptotic normality for f* and the w-mixing property we obtain

nd~!
4([Nc=f;g > f*o(T*)’§t+4n])

"ok A-141

siia(

na~!
S(1+'//(k1A_'))(I([Nc=f])q([? > f*°(T*)ISl+4TI}>

"ok A-141

t+4n _
< (14 w(kA~")a([Ne = ) (m/ exp[ . ]du+3a)

Consequently,

([ 0er-min <]
" =0

0o 00 t+4
<Y Y (+wikid™)g ([NC—J])(\/—/ e | - ]du+3a)

u=0 j=u+1

+(4+24(1+ y(1)))o

SiiQ([NC_]])\/—/ exp[ ]du

u=0 j=u+1

+3° 3 a(INe = jDIw(kaa™")(1+38) + 361+ (4 + 24(1 + y(1)))5

u=0 j=u+1
< B )/ ex p[ ] du+ (4 +94(1 + w(1)))é.
The lower bound is proved similarly. ¢

8. CONFORMAL MEASURES FOR PARABOLIC RATIONAL MAPS

In this section, we study parabolic rational maps. For completeness we begin
with some notation. Let T : C — C be a rational map of the Riemann sphere
C equipped with the spherical metric d. We denote by J(T) the Julia set of
T . Recall that T|;r) is expansive if there exists f > 1 (an expansive constant)
such that

supd(T"(x), T"(y)) 2 B
n>1

forall x,y e J(T), x #y. This property does not depend on the metric. On
the other hand, a rational map T is called expanding if

Imn>1 3 vxeJ(T), (T () > 1.

Recall from [14] that a rational map T : C — C of the Riemann sphere C
is said to be parabolic if the restriction T'|;r) is expansive but not expanding
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in the spherical metric on C. It is proved in [15] that T is parabolic if and
only if the Julia set J(7') contains no critical point of 7, but contains ratio-
nally indifferent periodic points. Denote by A the set of rationally indifferent
periodic points of 7 . It is known that this set is finite (see [28]).

The proof of the following elementary fact can be abstracted from [36, pp.
81, 82].

Lemma8.1. If b>0 isareal, p>1, and {x,}2, is a decreasing sequence of
positive reals such that

lim x, =0 and lim fol”“ =b,
n—oo n—oo x,’§
then
im =2 = (bp)~"?  and  lim 222l _ pppy-C+Die,

n—oo p—1/p n—oo np—(p+1)/p

Now let T : C — C be a parabolic rational map. Using a homographical
change of coordinates we can suppose that co does not belong to the Julia set
J(T). In particular, co is not a rationally indifferent periodic point of T .

Suppose that 0 is a rationally indifferent fixed point with 77(0) = 1. Then
on a sufficiently small open neighbourhood ¥ of 0 a holomorphic inverse
branch T ' ¥ - C of T is well defined which sends 0 to 0. Moreover,
we can suppose that V' is so small that on V' the transformation T ! can be
expressed in the form

Ty (2)=z—azPt' + @zP*? + a3zt + -

where a # 0 and p is a positive integer. Consider the set {z : az? € R and
azP > 0} . This set is the union of p rays beginning in 0 and forming angles
which are integer multiples of 27" . Denote these raysby Ly, Ly, ..., L,.

For 1<j<p,0<r<oo,and 0<6 < 2n let S;(r, 8) C V be the set of
those points z lying in the open ball B(0, r) for which the angle between the
rays L; and the interval which joins the points 0 and z does not exceed 6.
Using the power series for T ' in ¥, an easy computation shows the angular
stability,

VO>03r(0)>030< 60, <OVI<j<p
Ty ' (Sj(ri(8), 60)) C Sj(c0, 0),
and the contractive property that there are f > 0 and J; > 0 such that
1Ty (2)] < |2

for every 0 # z € §;(d;, B)U---US,(d;, B). The following version of Fatou’s
flower theorem (see [19; 20; 8, Theorem 3.12; 17, §3.7; 18, Exposé 1X]) shows
that the Julia set J(7T) approaches the fixed point 0 tangentially to the lines
Ly, L,,...,L,. This can be precisely formulated as follows.

Lemma 8.2 (Fatou’s flower theorem). For every 6 > 0 there exists r,(0) > 0
such that

J(T)N B(0, r,(6)) C Si(r2(6), ) U---US,(r2(8), 6).
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Since the Julia set J(T) is fully invariant (T~-!(J(T)) = J(T) = T(J(T))),
we conclude from this lemma and the contractive property that for 0 < J, =
min{d;, r,(B)} we have

To“(J(T) NB(0, d,)) c J(T)N B(0, J7).

Thus all iterations 7, " : J(T)NB(0, 6,) = J(T)NB(0,d3), n=0,1,2,...,
are well defined. From angular stability, Lemma 8.2, and the contractive prop-
erty we obtain a contractive angular stability:

V0 >03r;0)>0VI<j<p
T\ (Sj(r3(6), 6) N J(T)) € S;(r3(6), 6).
Put 6 = min{d,, r3(B)}. Fix z € J(T)N B(0, é) and for every n >0 let
zp =Ty "(2).
It follows from the contractive property, contractive angular stability, and

Lemma 8.2 that
lim z, =0

n—oo
and therefore, in view of Lemma 8.2, a simple computation based on the power
series for T;! proves that

. Zp— 2
lim | n n+1| =1
n—00 |Zp| = |Zpy1]

Hence, again by the power series for T H

. |2n|—|2n+l| _
P

In view of this and the contractive property, we conclude that Lemma 8.1 applies
to the sequence x, = |z,|. Thus,

| Zn]

i = —1/p
am =i = alp)
and
im Iznl - |Zn+l|

- —(p+1)/p
Am = e @l(alp) :

Combining all this, we get
. |Zn = Zpaa| _ —(p+1)/p
Jlim B Zeell — fal(lalp) 0.

Now let w € C be an arbitrary rationally indifferent fixed point of T with
T'(w) =1 and let V) c C be an open neighbourhood of w of diameter not
exceeding an expansive constant for 7 : J(T) — J(T) and with the following
properties: There exists a unique holomorphic inverse branch 7,! of T de-
fined on ¥V, which sends w to w. Moreover we suppose ¥, to be so small
that

T,'(V,nJ(T)) c V,)nJ(T)
and that 7! is given on V/, by

' () -w=z-w-a(z-0f*" +a(z-0fP?+a(z -+

where 0 # a € C and p = p(w) is a positive integer (sometimes we write
p(T, w) in order to indicate the map under consideration).
Using the translation that maps w to O as a change of coordinates, we obtain
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Proposition 8.3. If T : C — C is a parabolic rational map and w € C is a
rationally indifferent fixed point of T with T'(w) = 1, then there exists an open
neighbourhood V,, C V) of w such that for every z € V,,N J(T) we have

|zn — 0|

i = =-1/p

tim Ze 2l (app)
and

|Zn — Zn41]

im Ln fntll —(p+1)/p
Jim Sl = lal(lalp) ,

where z, =T, "z.

Combining Proposition 8.3 and the Kdbe distortion theorem (see [22]) we
obtain the next result.
We shall prove the following.

Theorem 8.4. Let w € A be a fixed point with T'w = 1. For any zev,
define T'w = W 4 ;
— lim i nP()+1)/p(w)

8(z) ll’fn inf |z — P+ —————

I(T") za|
and
1
2(z) =limsup|z — w|p(w)+l M
n—oo |(T™) zy| ’
then

lim g(z) = lim g(z) = (|a|p(w))~C@+D/p(@),
Z—w— Z—w

In particular, there is a constant C(z) € Ry such that
C(z) R < |(T"Y 24 < C(2)n

Proof. Put p = p(w). Without loss of generality we can suppose that @ = 0.

Since J(T) N Crit(T) = 2, it follows from the flower theorem that for every

0< 0 <m=m/p, 3r;(8) > 0 such that

U T7(Crit(T)) N (S1(r3(6), O) U---US,(r3(6), 9)) = 2.

n=0

For every 0# z € C let
1 n
D(Z)——B(Z, §|Z|COSE).

By the flower theorem there exists r4 > 0 such thatif z € J(T) and |z| < r4

then
/4 n n n
D(z) 51 (’3 (E) ’ 5)“'“”5” (’3 (55) ’ 5)

and therefore all holomorphic inverse branches of all iterations 7", n =0, 1,
2, ..., are well defined on D(z). In particular, we denote by 7, " : D(z) - C
the inverse branch of 7" which sends z to z,. It follows from the power
series for TO"l that there exists 0 < rs < ry such that if |z| < rs, then z, €
B(z, }|z|cos 35) - Thus, by the Kobe distortion theorem and the definition of
D(z), we get for every n > 1

U2) ™M zn = zn] W7 (2llz = 21] < U220 = Znat ],
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where #(z) = k(2|z, — z|/|z|cosm/2p) and k is the function appearing in the
Kobe distortion theorem. Hence, in view of Proposition 8.3, we have
|z[P*

-1 1zP*
(¢(2)) "Z 7 ||a| lalp) =% < g(z) < (Z)<t(z)I ||a|(|a|1?) 5.

The theorem follows from the power series for To‘l , lim,,¢(z) = 1 and
lim,o(|2P*!/|z - z1]) = 1/]a] . &

Next, we extend the definition of p(w) given by the power series of T;! to
the set A of all rationally indifferent perodic points w of T putting p(w) =
p(T9, w), where g > 1 is taken so that T9(w) = w and (79)(w) = 1. Note
that p(w) does not depend on g with these properties. We shall prove the
following.

Theorem 8.5. If T : C — C is a parabolic rational map, then h = HD (J(T)) >
max{p(w)/p(w)+1:w € A}.

Proof. Since J(T") = J(T) for every n > 1, we can suppose that A consists
only of rationally indifferent fixed points w with 7’(w) = 1. Take an arbitrary
point w # z € V,NJ(T) and consider r > 0 so small that the ball B(z, 2r)
contains no iteration of a critical value of 7. Therefore (compare the proof
of Theorem 8.4) for every n > 1 there exists a unique holomorphic inverse
branch T;" : B(z, 2r) — C of T" defined on B(z, 2r) and determined by
the condition T, "(z) = z,. The radius r is also assumed to be small enough
such that T;!(B(z, 2r)) N B(z, 2r) = @. Then for all positive integers k # [

T *(B(z, 2r))n T (B(z, 2r)) =

By [15, Theorem 13(iii)] there exists an h-conformal measure m for T :
J(T) — J(T). In view of this, and the Kobe distortion theorem it follows
from conformality of the measure m that

1> m(T;"(B(z, 1) > K™"m(B(z, )Y [(T;") ()",
n=1

n=1

where K is the constant appearing in the Kobe distortion theorem. Since
m(B(z, r)) > 0, this formula implies that the series Y ov, |(T;")'(z)|" con-
verges. Therefore, as

(T (2" = (T (za) 7",
it follows from Theorem 8.4 that 4 > p(w)/(p(®w) + 1). The proof is finished.
¢

Corollary 8.6. If T : C — C is a parabolic rational map then HD (J(T)) > 1/2.

We now prove the main result in this section.

Theorem 8.7. If T : C — C is a parabolic rational map then there exists exactly
one h-conformal measure for T . Moreover this measure is nonatomic.

Proof. By [15, Theorem 13(iii)], there is an A-conformal measure for 7. By
[14, Theorem 4.6], this measure, if nonatomic, is unique. Since J(7") = J(T)
for every n > 1 and since any ¢-conformal measure for T is also z-conformal
for T, the existence of a nonatomic A-conformal measure for 7" for some
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n > 1 will establish the theorem. Consequently, we can suppose that all ratio-
nally indifferent periodic points of T are fixed points and their derivatives are
equalto 1.

From Theorems 8.4 and 8.5 we deduce that there exists a constant ¢ > 0 such
that for every rationally indifferent fixed point w and every point w # z € V,,

I(Clw, z) > ) V(> h—0) Yk > 1)

ST (@) < C, Y
n=k n=k

Now let W, =B(A, 1), n=1,2,..., and let
K,={ze€J(T):T*(z) ¢ W, forevery k >0}.

The sets K, are closed and forward invariant under 7. Since J(7) contains
no critical points of 7', we obtain from [16, §5], an increasing sequence {t,} C
(0, h], and probability measures m, € #(K,) (n > 1) with the properties

ma(T(A)) 2 / T dm,
A
for every special set A C J(T) and
ma(T() = [ [Tl dm,
A

for every special set 4 ¢ J(T) disjoint from W,. (A set 4 € & is called
special if T: A — T(A) is invertible.)

Let m be an arbitrary weak accumulation point of the sequence {m,}>, C
PJ(T)). Fix k> 1. Since T : J(T) — J(T) is an open map, and since
J(T) contains no critical points of T, it follows from [16, Lemma 3.3] that

m(T(A)) = /A |T'|* dm

for every special set 4 ¢ J(T) disjoint from W, , where t, — u. Therefore
letting kK — oo we conclude that this is true for every special set 4 C J(T)
disjoint from A and, since |7’(w)| =1 for every w € A, for every special set
A c J(T). Consequently m is a u-conformal measure for 7 : J(T) — J(T).
As u < h, it follows from [15, Theorem 14] that u = h .

In view of [15, Lemma 6(ii)], it is sufficient to show that m(A) = 0. To this
end fix w € A and consider the ring

R ={zeC:r|T'|"'<|z-w| <},
where ||T'|| = sup{|T'(z)|: z € J(T)} > 1 and where r > 0 is so small that
B(w,r)cCV,.

Since J(T) contains no critical points of T, since the w-limit set of critical
points of T intersects the Julia set J(7) only on A, and R(w) N J(T) is
compact, we can find finitely many points, say, x;, ..., x; € R(w)nJ(T), and
positive reals ry, ..., r, such that

R(w)NJ(T)C B(x1, n)U---UB(xg, ry) CB(xy,2r)U---UB(xg, 2ry) C V,
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and forevery i=1,...,¢q

B(x;, 2ri)n | T"(Crit(T)) = &
n=0

Hence forevery i=1,...,q and every n > 1 there exists a unique holomor-
phic inverse branch 77" : B(x;, 2r;) = C of T" suchthat T, "(x;) = T,,;"(x:) .

Fix a neighbourhood ¥V C V,, of w. Since T : J(T) — J(T) is expansive
and r < diam(V,,) does not exceed an expansive constant of 7 : J(T) — J(T),
we conclude that for every w # x € B(w, r) N J(T) there exists n > 0 such
that T"(x) ¢ B(w, | T’||"'r). If we denote by n(x) the smallest integer with
this property, then 7"*) € R(w). Thus by the above,

q 00
volT)c{wul U 7B, m),
i=1 n=n(V)
where n(V) = min{n(x): w # x € VN J(T)}. Therefore using the properties

of {m,} and the Kobe distortion theorem we obtain for every k > 1

m(VNJ(T)) <K% Z (") (o)l mye (B (xi , ri))

¢4 o
<K Z Z (i)™

where K is the constant appearing in the Kobe distortion theorem. Hence,
putting C = K"max{C(w, x;): i =1, ...q}, it follows that for every k so
big that ¢, > h — o we have

m(VNJ(T)<C i
n=n(V)

Thus, letting k — oo

m(VnJ(T)<C Z

n=n V)
This proves that m(w) =0, since n(V) - o0 as V |w. ¢

The following is a strengthening of [15, Theorem 17], that the (2-dimensional)
Lebesgue measure of J(7T) is equal to zero.

Theorem 8.8. If T : C — C is a parabolic rational map then h = HD (J(T)) <
2.

Proof. Suppose otherwise that 4 = 2 and let m be the 2-conformal measure
in Theorem 8.7. Put X = J(T)\U;2, 7 "(A). By Lemma 10 in [15], there
exists a constant B > 1 and for every x € X there exists a sequence {r;(x)}%,
of positive reals decreasing to 0 such that

m(B(x, rj(x)))
ri(x)?

B !'< < B.
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Fix ¢ > 0 and denote by A the (2-dimensional) Lebesgue measure on C.
Since A(J(T)) =0 by [15, Theorem 17], and since lim;_ rj(x) = 0 for every
x € X, there exists a radius r(x) being of the form r;(x) such that

A ()U B(x, r(x))) <e.
€X

Now by the Besicovich covering theorem (see [21]) we can choose a countable
subcover {B(x;, r(x;))}2, of the cover {B(x, r(x))}xex of X, of multipicity
bounded by some universal constant C > 1. Therefore we obtain

r(x;)? = Bn~! il(B(xi , (X))

i=1

m(X) <3 m(B(xi, r(x)) < B

i=1

~
Il
—_

e

< Bn~!'CA (G B(x;, r(xi))) < BCrnle.

i=1
Thus, letting ¢ — 0, we obtain m(X) = 0. Since m is nonatomic, it implies
that m(J(T)) = 0. This contradiction finishes the proof. ¢

The next lemma will be used in the sequel.

Lemma 8.9. If E C V,NnB(w, rs)NJ(T) is a Borel set and w ¢ E, then there
exists a constant c(E) such that

p(w)+!
)n vt = ¢(E),

nllrg) m(T,"(E)
where rs is as defined in the proof of Theorem 8.4.
Proof. Put again p = p(w) and also a = %‘h . Let rg = inf{%|z|cos5”5 1z €
E}. Since w ¢ E, we see that rg > 0. We shall prove the following claim:
VYo > 1 3r; > 0 such that:

If Gc J(T), GNE # @, and diam(G) < r;
then 3g¢ = go(0, G) such that Vg > qo

o~'¢°m(T,;%(G)) < liminf m(7;"(G))n*
< limsup m(T;™(G))n® < ag°m(T;%(G)).

n—oo
Take 0 < r; < r¢ so small that k2?%(r;/r¢) < /o (k denotes the function
appearing in the Kobe distortion theorem) and fix z € G. For any n > 0 put
Gn = T;"(G). Since T;"(Gq) = T;"(G,) forall n,q >0, it follows from the
Kobe distortion theorem that

("1
— 4 — <liminf m(7;"(Gy))n"
T—n 1h
< limsupm(T_"(G ))na < \/Em(G )limsup |( z4 ) I
W q a

n—oo n—oo n-¢

(V@)™ m(G,) lim inf =
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for every ¢ > 1. In view of Theorem 8.4 and Proposition 8.3 there exists ¢g
so large that for every g > ¢qq

T-ny h
(Vo) (alp)*(alp)"q° < liminf 2 |
T-—ny|h
DT < Vatapy=(atpyae

< limsup

n—oo

Therefore we get for every g > qo
o~ '¢°m(G,) < liminfm(T‘”(Gq))n"

hmsupm( "(Gg))n® < aq°m(Gy).

Therefore the observations that T,;"(G,) = T, "*%(G) and limy, oo (2H2)> = 1
finish the proof of the claim.

Now fix ¢ > 1 and partition E into finitely many mutually disjoint Borel
sets Ey, ..., E; with diameters not exceeding r,. It follows from the claim
that, setting

q= max{qo(a, El), ey qO(a’ ES)} s
we obtain

lign infm(T,"(E))n* > li'{n g)lfm(T(;"(El))n" +- 4 li;n g}fm(Taj”(Es))n“

2 07'q*(m(T59(E) + - + m(T59(Ey)))
=07'q*m(T;%(E))

and
limsup m(T,"(E))n® < limsupm(T,"(E,))n* + - -- + limsup m(T ;" (E;))n®
n—oo n—oo n—oo
<oq*(m(T,(Ey)) + -+ + m(T59(Ey)))
=0aq°m(T,*(E)).
Consequently,

limsup,_,.. m(T,"(E))n* 2
=~ liminf,_ . m(Ty"(E))n> —
Therefore, letting o \, 1, the lemma follows. ¢

9. PARABOLIC RATIONAL MAPS AS PARABOLIC FIBRED SYSTEMS

Let T:C — C be a parabolic rational map of the Riemann sphere C
equipped with the spherical metric d. Denote by A the set (not empty, fi-
nite) of rationally indifferent periodic points of T .

By Theorem 8.7 there is a nonatomic A-conformal measure m on J(T).
We consider T to be a nonsingular transformation of the probability space
(J(T), &, m), where F denotes the g-algebra of Borel subsets of J(T).
The first result of this section is

Theorem 9.1. There is a partition # for T such that (T, %) is a finite, ape-
riodic, parabolic fibred system with aperiodic jump transformation.

The proof is by construction of a suitable topological Markov partition and
is in a sequence of lemmas.
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A topological Markov partition &/ for a continuous map S on a topological
space X is a finite collection of closed sets {B} such that

U B=X; B=F,
Bey

VBes Iy c /> SB= | 4,
A€

{B°: Be %} aredisjoint.

One of the additional properties will be that S|p is one-to-one for every B € & .
It follows from this that necessarily
S@B)c |J o4 VBes.
Acst

It has been shown in [14] that every open expansive map (in particular T :
J(T) — J(T)) admits a metric p generating the same topology, so that the
map is expanding in the sense of Ruelle [31] with respect to p, that is,

I>0and A< 135Vx,y € J(T), p(T(x),y)<nIyeJ(T)>TQy)=
and
p(x,y) <Ap(T(x),)').

Consequently (see [31, 14]) such a map admits Markov partitions of arbitrarily
small diameter. Since the metrics p and d induce the same topology, the
relevant results in §4 in [14] can be reformulated in the following lemma.

Lemma 9.2 (Construction). Let B > 0 be an expansive constant, so small that
for every pair of rationally indifferent periodic points w # «w' € J(T),

dist(T(B(w, 2B)), A\T({w})) > 28,
dist(B(w, 28), B(w', 2B)) > 0.

Then there exist 0 < § < B and a Markov partition & = {A,, ..., As} such
that
(1) diamT(4y) < 6 for 1 < k < s. In particular, T|p is 1-1 for every
Bey« .

(2) If T(4e) N (J(T)\B(A, B)) # @, then all inverse branches T, " of
T" : C — C are well defined and analytic on B(T(Ay), 20) for every
n>1.

(3) If Nigjen T+ (Int(Ay)) # @ and T(A,)NI(T\B(A, B) # @, then
there exists a unique analytic inverse branch T, " : B(T(Ay,), 26) —» C
of T" such that

n

T(Ay,)) =U T~ (4y,).

(4) m@o«)=0.
(5) max{diamB: B € ZJ} -0 as n — oo.
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Lemma 9.3. Without loss of generality there are two (repulsive) periodic points
with relatively prime periods whose orbits are outside of B(A, B) and in the
interior of sets in &/ .

Proof. Since the repulsive periodic points are dense in J(7) there exist two
(repulsive) periodic points with relatively prime periods whose orbits are con-
tained in the union of the interiors of the sets 4 € & . Refining the Markov
partition and taking a smaller neighbourhood B(A, ) proves the lemma. ¢

Lemma 9.4 [14]. (1) Let

X=J(\|JT"0%)
n=0
and Z ={b=ANX: A€ X}. Then (T, X) is an aperiodic Markov fibred
systemon (X, # NX,m, T ).
(2) Let

Z(C,T)=A[b1, ..., bal: baN(J(T)\B(A, B)) # &},

where C = (k(1/2))", with k the constant appearing in the Kobe distortion
theorem. Then (T , %) has the Schweiger property with respect to Z(C, T).

Lemma 9.5. (1) (T, %) is parabolic with respect to #Z(C, T).
(2) The jump transformation (T*, %*) is aperiodic.

Proof. By the construction in Lemma 9.2, every point in X has at most one
preimage in B(A, B). Therefore T|n.>3 is 1-1 and T([N¢ = I\T[N¢c =
2]) = X, since [N¢c > 2] C B(A, B) and (T, #) is parabolic.

It follows from Lemma 9.3 that there are two periodic points of prime periods
whose orbits are contained in [Nc = 1], whence, by Theorem 7.1, the jump
transformation is aperiodic. ¢

It now follows from Theorems 3.1, 3.2, and 4.2 that (T, %) is conservative
and exact, has a o-finite invariant measure x4 ~ m, and has wandering rates. It
follows from Theorem 6.1 that (7*, #*) has a finite invariant measure g ~ m,
and is continued fraction mixing.

The next result establishes additional properties needed for the central limit
theorem for 7 (in case u is finite), and the identification of wandering rates
of T (in case u is infinite).

Definition. For &/ a partition of J(T), let C(&/) denote the collection of
bounded functions f: J(T) — R which are uniformly continuous on A4° for
each 4 € &, and let L(%/) denote the collection of bounded functions f :
J(T) — R which are uniformly Lipschitz continuous on A4° (with respect to
the spherical metric d) for each 4 € & .

__If & is the Markov partition as above, then the above is nonvacuous as

A° = A for each 4 € &/ . We fix & as the Markov partition and denote
C=C),and L=L(¥). Let

= max su X
I/l = max sup [/(x)

and

_ L/ (x) = S)l
I/l = Wflle +max sup “=zr—3—
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then (C, || +|lc) and (L, ||-||L) are Banach spaces, L = C, and bounded sets
in L are precompact in C by the Arzéla-Ascoli theorem.

Definition. Let S be a countable set. A function f: SN — R is called Holder
continuous if

Ire0,1), M>0>5Vn>1,
x,yeSN, bi(x)=b(y) (1<k<n) = |f(x)-f)<Mr.

Remark. By the bounded distortion properties used in the construction of
Z(C, T), we have that

Jte(0,1), M>0 > max diam B < M?".
BEA"

Therefore, if f € L, then f o n* is Holder continuous on #*N, where
n* . Z*N — J(T) is such that b;(n*(y;,...)) = yn. Also, if f € L, then
f om is uniformly continuous on #N, where n : #N — J(T) is such that
bu(m(y1, ...)) = yn. This is because

max diam B—0 asn — oo.
BER!

Moreover, if f € L vanishes on some neighbourhood of A, and

SOx) = f(X)+ f(Tx) + - + f(TYW N (x)),
then f™*) o n* is bounded and Hélder continuous on Z*N .

Theorem 9.6. (a) 9 € L.
(b) (T*, #*) is continued fraction mixing with exponential rates.

Proof. By part (2) of Lemma 9.2, all inverses are defined and analytic in some
neighbourhood of J(T)\B(A, B). For points in this neighbourhood, no preim-
age is a critical point of T . Thus the collection of inverse branches of {7"},en
forms a normal, and hence, equi-Lipschitz continuous, family in this neighbour-
hood with respect to the spherical metric. It follows from the Kobe distortion
theorem that the logarithms of the absolute values of the spherical derivatives
of the inverse branches of {7"},en form an equi-Lipschitz continuous family
in this neighbourhood. It follows from this that the family of inverse branches
of {T"},en and their Jacobians with respect to m form an equi-Lipschitz
continuous family on [N¢ = 1].

Whence, the collection of inverse branches of {7*"},cn and their Jacobians
also form an equi-Lipschitz continuous family on the interior of each set 4 €
& N[N¢ = 1]. Since T*~'[N¢ > 2] C [Nc = 1], and since the inverse branches
of T* agree with inverse branches of 7 on [Nc > 2], it follows that the
collection of inverse branches of {7*"},cn and their Jacobians form an equi-
Lipschitz continuous family on the interior of each set A € & . This implies
that if f € L, then {T‘*” Sf}nen is a uniformly Lipschitz continuous family on
the interior of each set 4 € % , and hence, by the Arzéla-Ascoli theorem, every
subsequence has a subsequence converging in C to a limit in L. It follows

from this that there is a 7*-invariant probability ¢ ~ m such that 5-,‘% € L.

Recall from previous sections that log di,‘{; € L*(m).
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Now let 7* denote the dual operator to f— foT on L'(q) . Specifically
A* oT
T f= z 1T‘a|721|hp afofa,

acxE* p

where p = 5—,% ,and 1, : T*a — a (a € #*) are the inverse branches of 7™*.
Also, for k € N,

Tk DoT
T*f= )" I |nl"—=f o
ac k!

where 7,: T*a; — [a] (a € #;*~!) are the inverse branches of T*. To prove
(b), we shall apply the theorem of Ionescu-Tulcea, and Marinescu [25]. To do
this, we must show that

T*n
(1) sup{%:feL,neN}<oo,
c
(2) bounded sets in L are precompact in C,
and

(3) 3re(0,1),ReR,, keN > [T*flL<rlfllL+Rlfllc VfeL.

Since, 7*1 =1, (1) is clear. As mentioned above, (2) follows from the Arzéla-
Ascoli theorem. To prove (3), we note first that there is a number M € R,
such that

d(tx, 1y) < M|T'(x)ld(x, y)
whenever x,y € 4°N(J(T)\A), A € &, and T = 1,15 an inverse branch of
T** (k € N). Using this, we see that

T f(x) = T** f()]
d(x,y)

<SMilIfllc+Mllfle Y, Izl
ae‘gook—l
sup{g([a]) : a € Z5* '}

<M|fllc + MCY|fIL mingcz q(7a)
a

Since
sup{q([a]):a € Z;*"'} -0 ask — o0
and min,c g q(Ta) > 0, it follows that (3) is satisfied for some k € N.

As T is exact, it follows from [25] that there exist p € (0, 1) and K € R,
such that

Fonf_ / £l <Ko"Ifl.
X L

To deduce statement (b) from this note that for [a] = [ay, ..., an],
DoTy
p b

Tml[,] = 1T‘a,,|7;|

and, by the above,

sup {

o 28l
*q({a)

:keN,[a]=[a.,...,ak]eﬂg""}<oo,
L




544 JON AARONSON, MANFRED DENKER, AND MARIUSZ URBANSKI

whence

o T 11
M= s“"{ 4@

:neN,aeﬂJ""}<oo
L

and
| T*"+* 114 — g([a])llc < KMp*q(la]) Vn,keN,aeR;"".

This is statement (b). ¢

Remarks. (1) It follows from statement (a) that Fd,% is uniformly continuous
on RN with respect to the product topology.

(2) As a consequence of statement (b), we obtain that for any set 4 €
H(C,T)N[N¢c =1], (T4, #,) is continued fraction mixing with exponential
rates. This is because T4 =T, and %4 =%} .

Recall that P = [N¢ > 2] is defined in §5 for parabolic fibred systems and
that f, is the unique inverse branch of T such that f, : T(P) —» P. Clearly
fo = T;! on sufficiently small neighbourhoods of rationally indifferent periodic
points w. Therefore, since m is h-conformal, we obtain from Theorem 5.5
the following.

Proposition 9.7. Let u be the T-invariant measure equivalent to the h-conformal
measure m. Then u is finite if and only if for some (every) z € P

> n
> TR <

n=1
where z, = fI'(z).

For w e A, let
_ plw)+1
a(w) = p(w)

where p(w) is as in §8, and let

b

a = min a(w).
WEA

Theorem 9.8. Let T : C — C be a parabolic rational map with o-finite T-
invariant measure u ~ m. Then the following assertions are true:

(1) If a > 2 then u is finite.
(2) If a < 2 then there exists a constant c, >0 such that

lim X _

n=o0 p2—a

Cp-
(3) If a =2 then there exists a constant c, >0 such that
L(n)

i =c,.
nsoo logn  *

Proof. By Proposition 4.3 it suffices to prove this theorem for a positive iteration
of T . In other words, we can assume that A consists only of fixed points and
T'(w) =1 forevery w € A. By Theorem 4.1, L(n) ~ L4(n) for A =[N¢c =2].
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(1) follows from Proposition 9.7 and Theorem 8.4. By statement (a) of Theorem
9.6, Proposition 5.6 applies, and
d(a)—l [ee]
Limy~ Y Y caw ) (kAn)m(f2++a) asn - oo,
aeTP\PNZ# v=0 k=1
where ¢,,, >0Va, v.

Clearly, for every a € TP\P and v, 0 <v < d(a), there exists w, , € A >
fdktrtv(x) > w,,, Vx €a.

By Lemma 8.9 m(fdk+r+vq) ~ £1&:2)  Hence,

kowa,v) *

> (k Amym(fEFrra) ~ N (koA n)i(t(fw’:)) ~c"(a,v)n* @) aspn - oo

k=1 k=1
This proves (2) of the theorem. ¢

As an immediate consequence of this criterion we get the following
Theorem 9.9. If h =HD (J(T)) < 1 then the measure u is infinite.
Theorem 9.10. If h > 1 and p(w) =1 for every w € A then u is finite.

Remarks. (1) If B is a Blaschke product then J(B) C S!, whence h < 1.
By the Denjoy-Wolff theorem (see [11]), there is a fixed point w € U, the
closed unit disc, such that B"(z) — w for every z € U° and B"(z) — 1/@
for every z € U¢. B has no critical points on S!. Therefore, if B'(w) = 1
(and necessarily @ € S!), then B is parabolic and Theorem 9.9 applies. In
case B”(w) = 0 then B is conservative with respect to Lebesgue measure on
S!. This follows for example from [1, Theorem 3.8]. Consequently J(B) = S!,
since otherwise B"(z) — w as n — oo for z € S'\J(B) and hence there would
be wandering intervals for some power of 7. Here, a =3/2 and p=2. In
this case, the exactness, pointwise dual ergodicity of B, and form of return
sequence (established in Theorem 9.11 below) follow from [1, Theorem 3.8],
which Theorem 9.11 strengthens and generalises.

(2) The simplest example satisfying the assumptions of Theorem 9.10 is pro-
vided by the polynomial z — z — z2 (note that this map is conjugate by a
linear map to z+— z+ 22 and z+— z2+1/4). For z+~ z—z%, A= {0} and
p(0) = 1. Since the critical point 1/2 is not in the Julia set, z — z — z2 is
parabolic. It is shown in [39, 37] that the Hausdorff dimension of its Julia set
is greater than 1.

Theorem 9.11. Suppose that
a=min2@ 1,
weA p(w)
(hence the T-invariant measure u is infinite). Then the dynamical system
(J(T), &, u, T) is conservative and exact, has Darling-Kac sets whose return
time processes are continued fraction mixing with exponential rates, and has a

return sequence given by
1

a—1
. —‘—c,,r(a)m—a)" when 1 <a <2,
)~ 1n when a = 2
cylogn T

Here c, is as in Theorem 9.8.
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Proof. By Lemma 9.5, (T, &%) is an aperiodic, parabolic, finite fibred system
with respect to #Z(C, T). By Theorem 2.8, T is conservative and ergodic. By
Theorem 3.2, T is exact. By Theorem 3.1, any set in #(C, T) is a Darling-
Kac set for T whose return time process is continued fraction mixing. By
Theorem 9.8 the wandering rates L(n) satisfy

Lin N{c,,nz“l (l1<a<?2),
cylogn (a=2)
as n — oo. In the present situation, as explained in §4, Theorem 3 in [2] or the

argument in [3, p. 1044], combined with Karamata’s Tauberian theorem shows

that
n 1

Ln)TA+yI2-7)°
where y = 2 — «. This implies the theorem. ¢

an(T) ~

The following two results concerns the central limit theorem in case of a finite
invariant measure. We do not know whether such a result holds for all Holder
continuous functions.

Theorem 9.12. Let u be finite (a > 2). Then for any Hélder continuous function
f:J(T) = R which vanishes on some neighbourhood of A and satisfies u(f) =
0,
cr=q((f ) +2>_ q(f* fH(T)) < o0
I=1
converges absolutely, and if ¢y > 0 then f satisfies the central limit theorem:

lim 4 ([WZ( () )S’D

ngo w(I(T))

forany teR.

Proof. By (b) in Theorem 9.6, (T*, . %#*) is continued fraction mixing with
exponential mixing rates. By the remarks before Theorem 9.6, f* is bounded
and Hélder continuous on %#*N. Hence Theorem 7.2 implies the theorem.

%

Theorem 9.13. Let p be finite, and let f be measurable with respect to Z[" for
some m > 1 such that f* € L*(q). If 62(f) — 0o as n — oo, then

ax(f) = nh(n)

where h(n) is slowly varying as n — oo, and f satisfies the central limit theo-

rem.:
. VEI(T)) & L) D
lim ([———— foT! - <t
an(/f) g ( )

n—oo u(J(T))

= ”(\‘2_3;)) /_too exp <;2u_2> du

forany teR.
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Proof. This follows immediately from Corollary 7.3. ¢

Remark. Theorem 9.12 is true for all functions f with the property that f* is
bounded and Hélder continuous on #Z*N .
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