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CHEBYSHEYV TYPE ESTIMATES
FOR BEURLING GENERALIZED PRIME NUMBERS. 11

WEN-BIN ZHANG

ABSTRACT. Let N(x) be the distribution function of the integers in a Beurling
generalized prime system. The Chebyshev type estimates for Beurling general-
ized prime numbers in the general case

n
N(x)=x z Ay log? ! x + O(xlog™” x)
v=1
is a long standing question. In this paper we shall give an affirmative answer to
the question by proving that the Chebyshev type estimates

0 < liminf y(x ), lim sup — W( )

X—00 X—00

hold even under weaker condition
oo n
/l x"{ili[;y“' Np) =y A dogm 'y } dx < oo

v=1
with pp =7t2>1, 0<p; <py<---<pn,and A, > 0. This generalizes a
result of Diamond and a result of the present author.

1. INTRODUCTION

Let w(x) be the weighted counting function of the ordinary prime numbers.
Chebyshev was the first to establish the correct order of magnitude of w(x) by
showing that there exist two numbers « > 0 and f < oo such that

(1.1) 11m1an( ) >a, limsup——= W( ) <B.
X—00 X—00

The prime number theorem (P.N.T.) asserts that a« = # = 1. In [4], Diamond
established Chebyshev type estimates for Beurling generalized primes. Here we
shall generalize Diamond’s result.

Let & = {p;}2,, where 1 < p; < p, <..., p; = o0, be a set of Beurling
generalized (henceforth, g-) prime numbers and . = {N;}°, be the associated
set of g-integers (see [1, 2]). Define

=2 L yx)= 3 logp.

i i,a
ni<x pr<x
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Beurling [2] proved that if
(1.2) N(x) = Ax + O(xlog™" x)

for some constants 4 > 0 and y > 3/2, then the P.N.T. holds for & . If
y = 3/2 in (1.2), the P.N.T. need not hold as Diamond [4] showed by an
example based on a continuous example of Beurling. Diamond [5] also showed
that if » > 1 in (1.2) then (1.1) holds. On the other hand, (1.1) is not generally
true if y < 1, as an example of Hall [7] shows.

Beurling investigated also the more general case in which

n
(1.3) Nx)=xY_ A,log” ' x + O(xlog™" x),

v=1
where p, < p; < --- < p, and A4, Ay, ..., A, are arbitrary real numbers.
He showed that if (1.3) with 1 < p, = 7 < 2 holds for some 4, > 0 and
y > 1+1/2 then lim,_,, ¥(x)/x = 7, a generalization of the P.N.T. However,
if T > 2, even an O(1) error term in (1.3) does not guarantee y(x) ~ 7x.
Still, Beurling proved that if (1.3) holds with p, =7 > 2 for some 4, >0 and
y > 1+ 1/2 then there exist 0 < ¢; <t <--- <f; < oo with g <[1/2] such
that

q

w(x)~x {r —2) cos(t, logx — arctg t,,)} )
v=1

This gave rise to the long standing question of generalizing Chebyshev type

estimates for the case (1.3). In the present paper, we shall prove the following
theorem which gives an affirmative answer to the question.

Theorem. Let 0 < p; < py < --- < py and Ay, Ay, ..., Ay be arbitrary real
numbers. If

(1.4) / x~! {supy‘1

1 x<y
holds with p, =t >1 and A, = A > 0, then there exist numbers o > 0 and
B < oo for which (1.1) holds.

This theorem is a generalization of the results in [5, 8]. In particular, it has
the following immediate consequence.

Corollary. If (1.3) holds with p, = v > 1 for some A, = A >0 and y > 1,
then (1.1) is true.

Np)-» A,log” "y

v=1

}dx<oo

The proof of the Theorem will utilize Beurling’s asymptotic analysis [2], Di-
amond’s approximate convolution inverse [5, 6], and the author’s idea in [8].
Elementary convolution techniques [3] play the main role in the proof. It would
also be interesting to find an analytic proof.

We remark that (1.1) is not generally true if y < 1 in (1.3) as the example
of Hall mentioned above shows.

2. PRELIMINARIES

In the proof of the Theorem, we shall make frequent use of multiplicative
convolution techniques which have been described in detail in [3]. In particular,
we need the following preliminaries.
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Let dt denote the Lebesgue measure on the Borel subsets of [1, co). Let
p>0, 0<e<1. We define

2.1) (6 — et dt)? 5+Z” p-1: (” kA D o dr,

where & represents point mass 1 at 1. We note that the left-hand side is a
noninteger convolution power if p is not an integer. Hence,

(6 —er-tdnP
(2.2) p—1)- k + log“~'r\ _,
a+<z” Ap kD o o m)t dt.
Similarly,
6+ (1-e)~tdr)r
5+Z” (” k41 (1 - eyrme deyk

(2.3)

— DY —_— k_l
=a+<kz”(” D kf” k+1)(1—s)kzzg_l)t!)t‘edt.
=1

We note that the sum on the right-hand side of (2.2) and (2.3) has only a finite
number of terms and is easy to deal with if p is a positive integer. In the
discussion below, special analysis will be required if p is not a positive integer.

By the exponential representation [3], it is easy to prove the following for-
mulas

|
— et~ dtP = _
(0 —et™2dt) exp{ p Tog? dt}

and

1—¢=(1-9)
—eVrtdtr = LI .
0+ (1-¢)tdet)’ =exp {pt Tog? dt} ;

which are generalizations of (3.2d) in [3]. Therefore,
(O—et~tdt)ytPr = (6 —et 8 dt)” x (0 — et~ ¢ dt)",

(24) (O+dt)y’x(0—et™2dt) =(0+ (1 —e)t~tdt)”,
and
(2.5) (6+dt)y x(6—t'dt) =6

Moreover, we have
(2.6) (O+dt)y’ x(0—et™2dt)" =0+ (1l —e)t™8dt)’ x (0 —et™ 2 dt)~
if t>p.
We then consider the Mellin transform
F(s) = / X730 —ex"dx)?
1

y+

. except when x =1,

(following [3], in this paper, an integral f)f means

in which case we take the lower limit to be 1-), which is convergent in the
half-plane Res = o > 1 if p is not a positive integer. (Actually, it is easy to
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show | [["(6 — et=¢dt)?| = O(x); see the proof of Lemma 4.5.) By (2.1), we
have
f o pp=1) - (p—k+1) ® ey )
F(s)—1+z 2] —8/1 x*7¢dx
plp - p k+1) ( - \*
=1+ Z s—(l—¢)

= exp{Plog (1 - s_—Ti_—5>} - (1 - S—(sTs))p ’

where logz =log|z| + iargz with —n < argz < m. Therefore

(2.7) /loo x50 —ex"tdx) = (SES—(IP—:-)-)-; foro > 1.
Similarly, by (2.3), we have

* -5 _ —& st
(2.8) /1 XTE+ (1= e dx) =

for o > 1 — ¢. Furthermore,
/oox“lo x (0+dx)? = ( s - s )
, & AN AN A

3. ASYMPTOTIC ANALYSIS

Instead of x 3"_, 4, log” ' x on the right-hand side of (1.3) (or (1.4)), we
shall use ZZ;, By [[(6 +dt)*™ which is easy to deal with by using convolution
techniques. We first show that the latter is a good approximation of the former
by using Beurling’s idea [2].

Lemma 3.1. Let p >0, 0<e< 1. If p=r isan integer, then, for x > 1,
(1 _ s)r—lxl—e(logx)r—l
I'(r)

/X(a +(1— eyt dey =
(3.1) '

+Z(r—1) r— ) k)(r—k)(l 8)r—k 1,1— E(Ing)r k—l.

If p is not an mteger, then, for any positive integer m,

x e _ (1 —g)P~x!¢(log x)?~!
/1(5+(1 £)r¢ i) = )

m— l
(3.2) + Z - 1 I((/')r 5) k)(p - k)(l _ a)p k— l 1- £(logx)p —k—1

=1

+ 0,,,(xl ¢(logx)?~™1)

holds as x — oo, where the Op,-constant is uniform for ¢ satisfying 0 < ¢ < g
for each fixed ey < 1.

Proof. 1t suffices to prove (3.1) and (3.2) with m > p. The method of our
proof is standard. We consider the Mellin transform

F(s)= /loo XS0+ (1 —e)xcdx) =

sP
(s—1+¢)°
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for ¢ > 1 —¢. Therefore, for x > 1,
(3.3) /(5+(1—s) ednp = [ XS 4
) I 270 Jogag, (S— 1 +8)7 77

where gy > 1 — ¢, by Perron’s inversion formula.
In the case p = r, the right-hand side of (3.3) equals

= r-1 1 x5
- r—k—1
Z( k )(1 £) 2mi J,_ —a (s—1+s)’"kd

k=0

r—1
_ r—1 _ ayr—k-1 1 1—¢ r—k—1
_k=0( K )(1 €) F(r—k)x (log x)
and (3.1) follows.

Hence, in the sequel, we assume that p is not an integer. As usual, we can
shift the integration contour of the integral on the right-hand side of (3.3) to
a loop, denoted by /,(1 —¢), which consists of the half-line on the lower edge
of the real axis from —oco to 1—¢&— 7, the circle Cy(1 — &), cut at the point
s =1—¢—n, with center s = 1 — ¢ and radius 5 sufficiently small, and the
half-line on the upper edge of the real axis from 1 —& -7 to —oo. Thus we
have

1 x$sP!

4 1—¢)t* ——ds.
(3.4) /(5+( ety = Znt/,(,_e)(s—l+s) s

Let ¢ be fixedand 0 < gy < 1. Assume 0<ée<¢gy. Let a= %(l—so).
Let 0<n<aand [(1-&)=L(l-¢e)n{ls—1+¢/<1-e-a}. Let [;/(1-¢)
denote the remaining part of /,(1 —¢). Then it is easy to see that

(3.5) / Xt O(x*/ log x)
. ——ds = 0(x*/logx),
W(ime) (5= 1+ €)P &

where, and thereafter without repeat, the 0-constant depends only on & and is
uniform for ¢ satisfying 0 < e <e¢y. Inthedisk {|s—1+¢|<1—-¢e—a}, we
have

(1-g)r~! mz p— - 2) (P k) _gypk-1(s_ 1 4 )k + R(s)

where
R(s)=0(s—1+¢™).
Therefore,
1 x$sp—1 _(1—¢)! x5
E/,é(,_e) Goirer YT i /,,(,_e) Goirep ™
N Z E=1(C=20=K) | _pppeie
(3.6)

1 xX5(s—1+e)k*ds

278 Jp1-e)

1 X*R(s)
a — < ds.
</I:',(l—6) (S -1 +£)P

2ni
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We denote by /,(0) and /;(0) the respective translations of /,(1 —¢&) and
[,(1—¢) via w=s—1+e¢. Itis easy to see that

—1—/ X ds = X e/ eV 18Xy =P du
2mi I(1—e) (S -1 +8)p 2mi 1:(0)

- 1 x—l+8+a
(3.7) =x""tlog’ ' x | =— / eYwdw+ 0 <—p)
2mi 11(0) log X
x!1=¢log’ ' x —1
= + O(x*log™ x).
Gy ToNee
In the same way we have

1 _ x!~¢(log x)P—*~!
38) — xXS(s—1+e)krds=
ST T —F)

Finally, we have

st(S) /l—s . o
T\ _1 9
(3.9) /1;(1 —e) (s—l+e)d 0( A x°lo—1+¢™ ?do

= O(x'¢(log x)?~™"1).
Now, (3.2) follows from (3.4) to (3.9). O
Lemma 3.2. Let p>0, 0<e< 1. If p=r is an integer, then

+0(x*log™ " x).

(3.10) k

x(& —et~tdt)’

1
—e ( 1 r € n 1

x!- Z (kgzl <k>(_1——_e)k—_") log" x + 0o

If p is not an mteger then for any positive integer m,

/ (6 — et di)’

m—1
=x) (- !z tsina(p+n)(p+n+1)
(3.11) ,,2:;,

(i P(/) + 1) /7 +k - ) —k—p) (logx)—p—n—l

+ Opm(x(logx)=P~m= ‘)

holds as x — oo (where the O,,-constant is uniform for ¢ satisfying ¢y < e < 1
Jor each fixed ¢y > 0).

Proof. The proof is very close to the one of Lemma 3.1 and hence a sketch of
it will be sufficient. The Mellin transform

F(s):= /loox‘s(é —ex " ¢dx)?

is convergent in the half-plane Res =o > 1 —¢ if p =r is an integer. Hence,

(3.12) ﬁ(s)=(1_ € )’z((s—l)’

s—1+e¢ s—1+e¢)’
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Therefore, by Perron’s inversion formula,

x _ 1 x5 (s=1)
_ € P — R S
/1 (0 —er™*d1) 2ri /a=,,0 s (s—1+¢) ds

= Z ( ) 2ni /F% x?‘(s__llﬂv ds
=k\;=0(;)(—s)k(xn-e y el (g—_li’;k)’

m+n=k—1
m,n>0

where gy > 1 — ¢, and (3.10) follows.

If p is not an integer, then F (s) is convergent in the half-plane ¢ > 1 and
(3.12) holds for o > 1. Therefore, we have

- x5 (s-=1)
e 0P — A S P A
/ (0 —er™dn) = 2ri /Uwo s(s—1+¢)? ds

where gy > 1. Then we shift the integration contour to a new one, denoted by
I,(1) with 0 < 7 < &y/4, which consists of the half-lines on the lower edge of
the real axis from —oco to —#n and on the upper edge from —# to —oo, the
circle C, cut at points s = —n and s = 1 —¢+n, with center s = 3(1 —¢) and
radius %(1 — &) + n, the two line segments on the lower edge of the real axis
from 1 —¢+17n to 1 —n and on the upper edge from 1 -5 to 1 —¢+ 7, and
the small circle c,(1), cut at the point s = 1 —#, with center s = 1 and radius
n. Let [,(1) = l,(1)n{|s — 1| < &/2} . Then, it is easy to see that

X S _ p
/ G—etcdnr = [ X =D 4
3.13 1 27[! I(1) N (S— 1 +8)p
G = 1 x_sﬂds_,_o (x!~%/210g7! x)
i Jpy s (s—1+¢) %
and
1 x5 (s—1)
2_7n/,,(1)—s_(s—1+8)ﬂ as
Z u +1 +k-1 _
(3.14) "=10 k=0
=— x5(s - 1)t ds
2mi /1,',(1) ( )
1 / s
— x5(s — 1)PR(s)ds
2ni () ( )"R(s)
where

R(s) = Om (IS = 1|m+l)-

Evaluating the integrals on the right-hand side of (3.14) as we did in the proof
of Lemma 3.1, we arrive at (3.11). O

The following lemma is the main result of this section.
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Lemma 3.3. Let 0< py < py <---< py. Then there exist 0 < 1, <13 <--- <
Tm With 1, = p, and 1, = p, — k for some nonnegative integer k such that,
as x — oo,

(3.15) xiA,,(logx)""" ZB/ (0 +dt)™ + R(x),
v=1

where B, = A,T(p,) and R(x) = O(x(logx)~2**) with o = max{p, — [p,],
v=1,2,....,n} if p,, v=1,2,...,n, are not all integers and R(x) =0
otherwise.

Proof. Without loss of generality, we may assume n = 1. We shall prove
(3.15) by induction. We first consider the case that p; is not an integer. For
0< p; <1, we have, by (3.2) with ¢e=0, m=1,and p=p,,

Aix(logx)”~! = A4, T(p1) /‘ x(é +dt) + O(x(logx)~2*7)

and (3.15) is true. Then, for k < py <k +1 with k> 1, by (3.2) with ¢ =0,
=[p1]+1,and p = p;, we have

Ax(logx)~! = A,T(py) / (6 +doyP
1

[p1]
- ZFﬂx(logx)”"”“ + O(x(]ogx)’z"'l’l-[m]) .
u=1

Note that, for u=1,2,...,[p1], p1 —u are all nonintegers, p; —u < k, and
p1— 1 —[p1 — 1]l = p1 — [p1]. Therefore, by hypothesis of induction, we have
Arx(logx)" ! = 4T(py) [ (6 -+ o)
1

[pll X
+ Z B” [ (5 + dt)t“ + O(x(logx)_2+ﬂl—[l7|])

and (3.15) holds.
Similarly, by using (3.1), we can prove the truth of (3.15) when p; is an
integer. O

4. APPROXIMATE CONVOLUTION INVERSE

Let
(4.1) EB / (0 +dt)™ forx>1
which is defined in (3.15) of Lemma 3.3, and P(x) = 0 for x < 1. Define a
function Q;(x) as follows. If 7,, and 7, —7,, u=1,2,..., m—1,areall
integers, let
(4.2); Qi(x) = max{sup —_IN(y); PO x"/z} .
x<y
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If tw—1,, n=1,2,..., m—1, are all integers but 7, is not, let
(4.2), Qi(x) = max{sup V) - PO , (logex)“"'"*[""]}.
x<y y
If 7,, is an integer but 7, —7,, u=1,2,..., m—1, are not all integers, let

(42: 0= max{m"”—wI (togex) 14, togex) 21271},

where

(43) p=min{ty-1u-k:itm-k-1<t,<tpm—-k,1<u<m-1}
and

(44) y=max{ty—tm+k+1itp—k-1l<tu<tp—-k,1<u<m-1}
sothat 0< <1, 0<y< 1. Finally, if 7, is not an integer and 7, — 7,,
u=1,2,...,m—1, are not all integers, let

Q1(x) = max {sup M , (logex)—l—tmﬂrm] ,
x<y y

(4.2)4
(logex)™!7#, (logex)™3/2+/2 } )

Lemma 4.1. Let Q;(x) be the function defined in (4.2). Assume (1.4). Then
there exists a function Q(x) defined for x > 0 such that

(4.5) ) is nonincreasing;

(4.6) / 0(x)x~! dx < oo;

(4.7) Q(x) <4Q(x?) forallx >1;

(4.8) Q(x) > Oi(x).

Moreover,

(4.9) Q(x) = o(log™ ' ex);
forx>1,

(4.10)

/1 t“Q(x/t)Q(t)dt<C1mm{xQ /Q dt}

where C, is a constant.
Proof. By Lemma 3.3, we have

sup —————= < supy~!
x<y y x<y

=3 A, (logy) | + R(x)
v=1

where R(x) = O((logx)~%**) with a = max{p, —[p,1} if p, v=1,...,n,
are not all integers and R(x) = 0 otherwise. Therefore, by (1.4), (4.2), and
(4.11),

/oo Qi1(x)x tdx < .
1
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Moreover, Q;(x) is nonnegative and nonincreasing. Define Q(x) recursively
by setting
Oi1(1) for0<x<2,
Q(x) om= 1 1 om= 1 om= 1 om
max{Q;(2¢" ), 47'Q(2¢" )} for2 <x<2, meN.
Then we can verify that this function satisfies condition (4.5) to (4.9) as we did
in the proof of Lemmas 1 and 2 of [8].
Moreover, from Lemma 3 of [8], we have, for x > 1,
(4.12) / x—1Q(x/0)Q(1) di < ClxQ(x).
1
If x <2, then
[ xrowmendr<ci [ ow
1
If x > 2, then, by (4.12),

[ xrtewmewai < cixow) <2ci [ o
1 1
since Q(x) is nonincreasing. This proves (4.10). O
Lemma 4.2. Let 0<p<1,e>0,and T>1. Let
' x(logex)?~!

a(x) = ay(x) = { o)
0, ifx<T.

ifx>T,

Then, for x > T,

TE
_ —&
/ da(t) (6 —et "”‘ (TogeT) PP ()

x -
. {x"‘5 +/ (f) s (loget)=3/2+r/2 dt} )
1 t

/ do(t —et™tdt)
=a(x) —ex! "/ a()t~ e dt
I

(4.13)

Proof. We have

and

X 1 X
Nt de = —/ =1+ (loget)?~ ! dt
/1"” w57 [ e tlogen

!
—— 3 x?(logex)?~! — T%(logeT)”"!
7 { ¥ (logex)? - T(logeT)

X

+(1 -—p)/ t~'*¢(loget)? 2 dt}

T

by integration by parts. Hence

! 1 Texl—e ) X x\1-¢ ) p_2d

I (x)| - r(p) (logeT)"/’ - ( - p)/ (7) (Oget) t
TE

< {x"": +/x (f)l_e (loget)~3/2+r12 dt} . O
~ I'(p)(logeT)1=-P)/2 Y
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Lemmad3. Let 0< 1, <1< <Tp and 0<e<1/2. Assume t,, =7 > 1.
If ©— 1, is a positive integer then

/ (6 +d0) « (5— e~ di)*
1

(4.14) ) .
_ —& -1 _ —& T
5/1 6+ (1 — )2 di) +2.g/1 (6 + (1 — eyt di)".

If T —1, is not an integer and t, > v — [1], then for any given T > 1, there
exists a constant C, dependent on T but independent of ¢ for which
(4.15

/ (0 +dt) + (6 — et~ dt)*
1

<G {/lx §Q(x/t)(5 +(1—g)tde ! + /x(a +(1—g)® dt)"’}

1
rEG {/X xt7'Q(x/0(0 + (1 - )™ do)" + /X(J +(1- 8)1'8dt)r}
! 1
T® X s
* Cylloge T2 {/1 0+ (1—¢g)*dr)

+/ (5+(1—s)t“dt)‘*(loget)‘3/2+"/2dt} ,
1

where Q(x) and y are defined in Lemma 4.1 and in (4.4) respectively, Cy =
min{l'(t, —t+k+1):1-k-1I<t,<71-k,1<pu<m-1}.

Proof. If -1, is a positive integer, 7, = T — k — 1. Then we have, by (2.6),

X
/ (8 +di)™ % (6 — et~ d1)*
1

X
/ B+ =)t~ 2dt) % x (6 — et~ 2 dt)k+!
1

< /x(é +(1—g)t~td)tk!
1
okt log ™'t _,
*(54—28;( / )(1—8) Z[—_—l)![ d[)
x(S 1—e)t2d) %1 +2 X(S 1—¢e)t tdr)".
5/](+( &)t ¢ dt) +8/l(+( ey tde)

This proves (4.14).

If 7 -1, is not an integer and 7, > 7 — [7], then there exists a nonnegative
integer k suchthat 0<t-k—-1<7,<7—k since 7> 1. Let

T, —T+k
x(logex) forx>T,
a(x) =

MNr,—t+k+1)
0 forx<T.
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Then we have
X
/ (8 +de)™ x (8 — &1~ )"
1
X
- / (6 +(1 - e)r=c )y k=1 x da(t) x (8 — et-* di)*+!
1

* _ —& k-1
+/](6+(1 e)ttde)

t(loger)s—t+k ) e ksl
(4.16) *(dl"(r,,-—t+k+l) da(t) | x (6 — et~¢dt)

* _ —& t—k—1
+/l(6+(1 e)t~tdt)

Tu—T+k+1 _ t(loget)™—Ttk )
*((5+dt) dr(‘t#—1+k+1)

x (0 — et~ e dr)k+!
= Il + 12 + 13 R

say. By Lemma 3.1 with ¢ =0 and Lemma 4.1,

x(logex)t—T+k

/x(a +dt)t,,—t+k+l _
1

< Cix(logx)™ =1 < C3xQ(x),
since T— 1, — k > B, where B is defined in (4.3). Therefore,

L] < Ch /x xt71Q(x/0)(0 + (1 —&)t™8dt)* %=1 x (0 + et~ ¢ dp)*+!
1
(4.17) <Cj / . xt=1Q(x/1)(6 + (1 — &)t dt)T—*~!
1

+2¢C} /x xt71Q(x/t)(6 + (1 — e)t~¢dt)".
1

Plainly, (6 + (1 —&)t~¢dt)**~! is a nonnegative measure since T—k —1 >0
and we have

X
IL| < C} / (6 + (1= &)1=2 dt)k=1 x (6 + £~ dt)k+!
1
X
(4.18) < / (6 + (1 - g)r=t dr)e=k-!
1

X
+ 2sc;/ 0+ (1 -¢e)tde)r,
1

where the constant C; depends only on 7. Finally, by Lemma 4.2 with p =




BEURLING GENERALIZED PRIME NUMBERS 663

T,—-T+k+1,

Lf=

/x (/X/‘ do(u) * (6 — eu™® du)) @+ -y 2dny ™1« (5 —er~*dn)¥)
1 1
TC

<— /x (i)l_e +/X/t(6 + (1 = e)u~t du) = (logeu)~3/2+712 4y
~ Cy(logeT)(-1)12 t 1

(4.19) B+ =) td)TT* w6 + e dn)k

< —TC—{ /X(5+(l—s)t'“dt)’
= Ci(logeT)(1-012 | J;

X
+ ] (6 + (1 — &)t~ed1t)" x (loget)~3/2+7/2 dt} ,
1

since 7, — T+ k+ 1 <y, where y is defined in (4.4). Now, from (4.16) to
(4.19), (4.15) follows. O

Lemma 44. Let 0< p < 1. Then

(4.20) /x (6 —t7'dt)?| = O(x(logx)~"7").
1
Proof. We have

(6 _ t—l dt)ﬂ =0+ i p(p - 1)(p— 2)(/7 —k+ 1)(—1)kt_l (IOgt)k_l dit

par k! (k- 1)!
= p(1-p)2=p)---(k-p—1)logt™'e] _
=5_{p+k§< P)( D k= (k_l)!},,d,
=4d - f(n)t'dt,

say. Then f(¢) > 0. Therefore,

/ (6 -ttdry =1 —/ f(Hetde
1 1
and hence

X e _ x o x .
/1|(5 1 dey| 1+/] Fotdi=2 /.(5 1 dryp
= O(x(logx)™""")
by (3.11) with e=1. O

The establishment of the following lemma is a main step in the proof of the
Theorem.

Lemma 4.5. Assume 1 =1, > 1 and (4.5), (4.6), (4.7), (4.8). Then, for fixed
and sufficiently small ¢ > 0, we have

Us(x) == /1 T AN« (8 — et dr)y + Q) dt > 0

Jorall x > 1 and Ug(x) - 00 as x — oo.
Proof. We have

(6—et™tdt) =0+t f(t)dt
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where

t(t—1)---(t-k+1) (log t)k—!
=Z=:T k! (e)* k-1

Since 7 > 0, there exists a constant K such that
(t=1)---(t—-k+ l)l

k!
holds for k =1, 2, .... Therefore, we have
(e o)
_ _ (elogt)k!
4 < 3 A A———
78 f(2)] < Ket kz_l k=D Ke.

Hence,
/x dN*(J—et‘edt)’=/x dN x (0 +t°f(t)dt)
1
> N(x /dN*Kadt>N(x) KeN(x)(x—-1)>0

for 1 < x < (Kg)~!. The lemma is certainly true for 1 < x < (Ke)~!, since
the third convolution factor is everywhere nonnegative.

Therefore, we assume x > (Ke)~! and ¢ < 1/2 and shall utilize all the
convolution factors. We write, by (2.4),

Uy(x) = 4 /X((s + (1 =)t~ dn) x Q(t) dt

+ZB/ (6 +di)™ + (6 — e di)* + Q(1) dt
(4.21)

+ /x (dN - Z B,(o + dt)’ﬂ) (0 —et™dt)" xQ(t)dt
1

n=1
=L+ +1;,

say, where 4 = 4,I(p,) > 0 and 7" B, [['(6 + dt)™ is defined in (3.15).
We shall show that I; is positive, that I; — oo as x — oo, and that I, and I5
are negligible. Actually, we have

I > A/lx(d +(1—e)~tdn)* Q) dt = A/lx (?)'_c 0(1) dt

X
ZAx"‘/ t7'Q(t)dt - >« as x — oc.
1

We then estimate |I;| and |I3|. By (4.8),

[ (dN Y B+ dz)fu) - Q1) dt
1

pu=l1

(4.22) < / " xt10(x/00(1) dt
1
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If 7 is an integer, we have

>4 x/t m
Ihls/l /1 (dN—ZBu(Mdu)“)*Q(u)du

n=1
< CxQ(x) +2Cye / x((s +(1—e)redt) « Q1) dt
1

(0 +et72de)”

(4.23)

by (4.22) and (4.10). If 7 is not an integer, then 7 > 1, and we have

(dN - i B(6 + dt)’ﬂ) (0 —et=*dt) + Q(t) dt

u=1

= (dN - zm:Bﬂ(d + dt)ru) x(0+(1—e) ¢ dt)‘t—[‘[]

u=1

x (0 —t71d0)" " x (6 —er~2dt)D x Q1) dt,
since

@ —ettd)y =5+ (1 —e)cdn) (-1 dp)17,

/ ! (dN - zm: B,(6 + du)fu) « Q(u) du
1

Therefore,
u=1

T3] S/l
(6 + =g 2dt)y s |(d -t dt) ) x (6 + et~¢ dt)lT)
< ¢ / ’ / 7 o du) (6 + (1 — eyt drye1
B 1 1

% [(0 = t71dt)y [« (6 + er~¢ dp)17)
=C / Q) dtx|(6 =t dr)* 17
1

(0 +(1—e)ttdt)y (6 +et~2dn),

by (4.22) and (4.10). Then, by Lemma 4.4 with p = 7 — [7] and Lemma 4.1,

[ 16 - dne o an < ¢, [ oo
(4.24) : :

< C1C4/le(t)dt-

It follows that

3| < CCy { / ’ 0+ (1—e)t~2dn)™ W« Q1) dt
(4.25) !

+ 2¢ /x(é +(1—¢)t~tdet)" = Q(¢)dt } .
1
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To evaluate |I;|, we note that, by (4.10),

[ (" ey va-owsaur) awa

(4.26) = / ’ d(tQ(t)) x (0 + (1 —e)t~2dt)"' « Q(¢t) dt
1
<c / 6+ (1— eyt ey« (1) dt
1
and

[ (" 50()6+a-owwaur) o

(4.27) ]
< c,/ O+ (1—e)—tdi) + Q(t)dt.
1
Let Cs be a constant such that
X
/ (loget)™3/2*7/2dt < Csx(logex)™3**2 forall x > 1,
1
where y is defined in (4.4). Then
X
/ (loget)=32712 dt < CsxQ(x) forall x > 1
1
by (4.8). Hence,
X X
/ (loget)~3**"/2 4t x Q(t) dt < Cs / xt=1Q(x/)Q(1) dt
(4.28) ! e
<acs [ omadi
1

by (4.10). Also, we note that if 7, < 7 — [7] then, by an analogue of (4.24),

/ "6+ dby x (6 — et di) Q) dt‘
1

X
< / 0+ (1—e)t~edt) |6 — 1~ dp)=11-7u|
1
+ (0 +et~tdnl« Q(r)dt
X
(4.29) < CiCq / @+ —e)td)y s Q1) dt+ (6 + et~¢ dr)l
1

< CiCy {/lx 0+ (1 =&~ tdt) [« Q(t)dt

+2 a/x(d +(l—e)t™¢dt)" = Q(t) dt} .
1
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Therefore, by (4.14), (4.15), (4.26), (4.27), (4.28), and (4.29), we have

m—1

Ll < S 1B, { / @+ (- eyt dn ! « Q1) dt

u=1

+ 28/1 G+(1-en dt)’*Q(t)dt}
m—/l’ X
+Z |B,,|{C2(C1 + 1)/ 0+ (1—e)t~tdt)* ' xQ(t)dt
u=1 !

(4.30) +2eCy(Cy + / (0+(1—e)~*dn) *Q(t)dt

T¢(1+ C,Cs) .
* C3(logeT)(l1 5y/2/ (0 +(1-e)*dr) *Q(t)dt}

m—1
+ 3" |BuCiCy { /1 (6 + (1 — e)r=e)1 % Q1) dt

u=1

+2 /x(a + (1= &)t i) x Q1) dt} ,
1

where
m—1 m—1

/ n m—llll
DI IDY
u=1 u=1 u=1
denote the respective sums over all 7, such that 7— 1, is an integer, such that
T — 1, is not an integer but 7, > v —[7], and such that 7, < 7 —[1].
We now choose a number T sufficiently large so that

nm—1
S Bl(1+GiCs) a4
Ci(logeT)(1-7)/2 16

and fix it. If 7 is an integer, we can choose a positive number ¢, sufficiently
small so that (Kegy)~! > T, T% < 2 and that

(4.31)

m—1 m—1
" A
(4.32)  2¢ (Z‘ |By| + C2(Cy + 1) Z |Bu|+ Ci1Ca Yy |B,,|+C,) <3

u=1 u=1 u=1
Then, for ¢ < g, from (4.21), (4.23), (4.30), (4.31), and (4.32), we have

34
Us(x) > = | (6+(1—¢)78dt)" «Q(t)dt
(4.33) 4 /

e /. 6+ (1 &)t dD)™" + Q(1) di — CxQ(x)

for x > (Kg¢)~!, where

ml m-—1

n
Cs—z |By| + C2(Cy + 1) z |Bu| + C1Ca) |Byl.

u=1 n=1 u=1
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By (3.1), there exists a number x, sufficiently large and independent of ¢ such
that

A4 et * e et
4/1(5+(l e)=*dr) 2C6/1(6+(1 &)t~ dt)

holds for x > xp and all ¢ satisfying 0 < ¢ < ¢y. Hence, from (4.33), for
e < (Kx)™' (<¢&) and x > (Ke)~!, we have

Uy (x) > g / 6+ (1= eyt dnT« Q1) dt
1

—C6/xo(5+(1—e)t'ea't)’~1 " Qudi- CixQ(x)
1 x/xo
A [ —& g\t
25/} (6 + (1= &)t~ da)* x Q(1) dt
- (4C6/ 6+ (1 - ey dry! +C1>xQ(x)
1

since x > x2 and

" Q) dt < Q(x/xo)x < Q(VE)x < 4x0(x)

Xx/xo

by (4.5) and (4.7). Now, for sufficiently small ¢ > 0,
X
% / @+ (1 =)t tdt)"«Q(t)dt
1

A [ .
ZZ/. (6 + (1 — &)t dt) = Q(t) dt

4 * A 1/Ke
= Zx t_l—aQ(x/t)dtZ ZxQ(x)/ t—]_edt
! 1

> 2xQ(x)(Ke) log -
> (4C6/ 0(6 + (=)t 2d) 1 + Cl) xQ(x)
1

since (Ke)® > ¢® > exp(—e~!). Therefore, U,(x) > I, for x > (Ke)™'.
If 7 is not an integer, we choose a positive number &, sufficiently small so
that

m—1 m—1 m—1

[ " m A

(4.34) 2¢ (Z |Bu|+ C2o(Ci+ 1)) By + CiCa Y |B,,|+C|2C4) <3
u=1 pu=1 u=1

Then, from (4.25), (4.24), (4.30), (4.31), and (4.34), we have
U.(x) > 144 0+ (1—¢)~8de)" xQ(t)dt

1
(4.35) ~ Cs / "6+ (1= et dnT < Q) dt
1

- CiC4 /lx(é + (1 =)t edt)y M« Q(r)dt.




BEURLING GENERALIZED PRIME NUMBERS 669

In the same way as above, by (3.2),
A X X
Z/ 6+ (1—g)tdn) > C(,/ 6+ (1 — eyt dy™!
1 1
X
+ CiCy / 0+ (1 —e)t~¢dt) 1
1
holds for x > xo and all ¢ satisfying 0 < ¢ < gy and hence, from (4.35),
A X
Ug(x) > 5/ O+ (1—¢)8dt)" xQ(t)dt
1

—Cs /lxo(d +(1—¢)ttdt)™! . Q(t)dt

Xx/xo

G, / "G+ -ecdy W [ ow)di
1

x/xo

A4 [ —& J4\T
27/1 (6 + (1 e)t=¢ di)* x Q(1) dt
—4 ( Cs/ 6+ (1)t dny!
1
2 o _ —& —[1]
+ cla,/l (6 + (1 — &)t dr) )xQ(x).

Therefore, for sufficiently small ¢ > 0, U,(x) > 4111 for x > (Ke)~!. O

5. THE PROOF OF THE THEOREM
The proof of the Theorem follows the general idea in [5, 8].

Lemma 5.1. Suppose that

(5.1) N(x) = xiA,,(logx)””“ +O(xlog ' ex).

v=1
Then we have
/ LdN +(6 — et~ d1)* = O,(x),
1

where T=p, > 1.
Proof. We have

X
/ LdN « (6 — et~ d1)*
1

(5'2) x —& T * —& T
= [ LdPx(6—etdt)"+ | (LdAN - LdP)x (6 — et *dt)
1 1

=1 +1,,

say, where P(x) is defined in (4.1). If suffices to show that both I, and I, are
O(x).
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Actually, from (5.1) and (3.15), N(x) — P(x) = O(x log™!ex). Therefore,
we have

/ "(LdN - LdP) = log x(N(x) — P(x)) - f (NG - Py dt
1 1
= 0(x).

If ©=r is an integer, then plainly,

L=0 (/ xt™ (0 +et® dt)’)

1
(53) =0 (X (1 +,§8kﬁ/f t—l—a(logt)k—l dt))
= 0(x).

If 7 is not an integer, then 0 < 7 —[t] < 1 and we have

X
L= / (LAN — LdP)* (6 —et=°d)" 1« (6 — et dn)l?)
1

and, by Lemma 4.4,

X
/ (LAN — LdP) (6 — et~ dt)*"17)
1

X
<</ xt7Y(6 — et dt)*1)
1

=X {x“ /lx (6 —et~edr)™1| + /lx </11 [(0 —eu™® du)"ml) =2 dt}

<X,

by integration by parts. Therefore, (5.3) is still true.
To estimate I, , we consider the Mellin transform

o . B . 57 B Sr—l
/1 X*LdPx* (0 —ex¢dx) _TB’"((s—l)(s—l+8)’ (S_1+g)f)

m—1 T _ ‘t—‘!“—l T,—1 —_ T—Ty
o ()
u=1

(s—1+¢) (s—1+¢)
for o > 1. Then, by Perron’s inversion formula,

X
I = / LdP+( — et di)*
- J1

e (f E S g 2y
2w \Joog, S (s=1)(s—1+¢) omgy § (S—148)T

m—1
B" x5 ST“(S _ l)t—t,,—l / x$ st,,—l(s _ l)t—r,, )
+ #Z 3T ([,=00 s (s—-1+¢)7 ds o=ay S (s—1+&) as|

=1
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where gy > 1. As we did in the proof of Lemma 3.2, we shift the integration
contour to /,(1) and obtain
1 x° st _X

0 Sy 5 G T ey = g o)

and

1 xS st“_l(s - I)T—t” _ —T4+7,—1
m/ﬁ%—s—wds—O(x(logx) ),

S oTufe — 1)T—Tu—1
- fa . x?s—-—((:_ e 5 ds = Olx(logx) ™)
if T— 1, is not an integer. Also, as in the proof of Lemma 3.1, we obtain
S oTu—1 -1

% /mo gcs_s__(?és_l_—;lzT_ ds = O(x'~¢(logx)*"1),

1 xS st(s = 1)t

270 Joug, S (S—1+8)
if T— 1, is an integer, and

ds = O(x'"%(logx)™™"),

1 x5 sT-1 _ l—¢ -1y
20 Jyg, s 5= 146N ds = O(x*(log x)™

Therefore,
I = :—1(1 +o(1))=0(x). O

We are now in the position to set up the upper estimate of the Theorem. The
starting point is the identity dy xd N = LdN , an analogue of Chebyshev’s one.
We convolve each side of it by (J — et~ ¢dt)" « Q(t)dt, where T = 7,, = py,
and obtain

/ AN (0 —et=2 dt)"  Q(t)dt + dy
1

= /deN* (6 —et™8dt)" x Q(t)dt.
1

Proof of the upper estimate. Assume (1.4), then (4.5), (4.6), (4.7), and (4.8) hold
by Lemma 4.1. By Lemmas 4.5 and 5.1,
X
w(x/B) < /] Un(x/0)dy (1) = O(x)
since Ug(x)>1 for x>B. O
To establish the lower estimate of the Theorem, we need one more lemma.
Lemma 5.2. Suppose that
n
(5.4) N(x)=x)A,(logx)*~" +o(xlog™" ex).

v=I

Then we have

(5.5) /IdeN*(é—t“ di)" = Ax + o(x)

where T=p, > 1 and A=14,I'(t)>0.
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Proof. As in the proof of Lemma 5.1, the integral on the right-hand side of
(5.5) equals

X X
/ LdPx(6 - t-'dz)f+/ (LdN = LdP)+ (6 —t='dt)" =1, + 1,
1 1
say. From (5.4) and (3.15), N(x) — P(x) = o(x log™! ex) and hence
/ (LAN — LdP) =o(x).
1

It follows that

X
/ (LdN — LdP)+ (6 — t~' d)™10
1

x/M
< s/ xt~ (6 — ' de)* 1|
1

X
+K xt™Y(6 -t )T
x/M

<e(C+1)x

for x sufficiently large, since C = [°¢7!|(6 — ¢=!d¢)*~17]| is convergent by
(4.20) with p =t —[1]. Hence

X

(5.6) L= / (LdN = LdP)+ (6 — t=' dey « (6 — t=' de)l = o(x).
1

To estimate I, , we consider the Mellin transform
X
/ XSLdP* (6 — x'dx)"
1
A= (s— D70l (s— 1)
= TBm <S——1 - E) + Z TﬂB/‘ < §T—Tu - Sf_tl"H )
u=1

for ¢ > 1. As we did in the proof of Lemmas 3.2 and 3.1, we have

1 x$ (S — l)t—f,‘—l _ -1, —T+1T,
i /a=ao i ds = O((logx)™" ™) or O(x(logx) )

according as T — 7, is an integer or not and a similar estimate for

| xS (s—1)""
2mi /,,=ao s st ds

Therefore, by Perron’s inversion formula,

X
I = / LdP+(6 -t~ di)*
1

3} s
=th(/ ZC—Lds—/ x—zds)
(5.7) o=ay § §—1 o=0y §

m—1 s T—7,—1 s -1
xS (s—1)"% xXS(s—1)"%
+ Y 1B, ( / — e —ds - / = ds
/l=| ag=0(

g=0)

=1TBmXx +0(x).
Now, (5.5) follows from (5.6) and (5.7). O
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Proof of the lower estimate. Assume (1.4). Then from (3.15), (4.8), (4.9), and
(4.2), (5.4) is true. Hence, (5.5) holds by Lemma 5.2. Let

Ur(x) = /1 AN+ (6 — -1 di)*

(5-8) - /x dP*((S—t“‘dt)’+/x(dN—dP)*(§—t“dt)’
1 1

=1 +1,

say. We shall first show that both I; and I, are O(1 + flx Q(t)dt) and hence
sois Uj(x).

Actually, if 7 is not an integer, we have

X
/ (AN = dP) % (6 — ' dr)™1
1

< / " xt10(x/0|(6 = 11 dpy1)
1
by (4.2) and (4.8). By integration by parts, the right-hand side equals
* _ 1 [ty _ * ! -1 7—[1] -1
o) [ 16— eyt —x [ (/1 (6 - u™ du) |)d(t Q(x/1)
_ 1 gyye-ia]
<o) [ 15—yt
X t
_ 1 7—[1] -2
+x/1 (/1 (0 —u"du) |)t Q(x/t)dt

since Q(x/t) is nondecreasing in ¢. Therefore we have

X
/ (AN —dP)x (6 —t~dr) 1
1

(5.9) < x(logex)*HI=1 4 x/ t~Y(loget) "1 Q(x /1) dt
. 1

< xQ(x)+x /x 7'Q(0)Q(x/t)dt
1
< xQ(x),

by Lemmas 4.4 and 4.1. If 7 is an integer, (5.9) is plainly true. It follows that
X
L= f (AN = dP) % (6 — -1 di)*10 5 (6 — 1~ dp)l"
1

< /x xt71Q(x/)(6 + ™' dn)lF]

1
= xQ(x) + xi 1 /x 172Q(x /1) logt " tdt
= (k-1

< x0(x) + / " 10 /00(1) dt
1
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since t~!(log?)k~! <« Q(t) by (4.2). Hence,
X
(5.10) L<l+ / 0t dt
1

by (4.10).
To evaluate I;, we have, by Lemma 3.2 with p=7t—-17, and e =1,

/ "6 = 1 dty = = O((logx)™% ") or O(x(logx)"")
1

according as 7 — 7, is an integer or not. It follows that

m—1 X
1 =1+ZB,,/ (6 = =1 diy—
(5.11) w=t

< xQ(x) < 1+ /lx (1) dt
by (4.8). Now, from (5.8), (5.10), and (5.11),
U(x)k 1 +/1xQ(t)dt.
From the analogue of Chebyshev’s identity, we have
/lx AN x (6 —t7'dt)" xdy =/ledN*(6-z—‘dt)’.
By (5.5), it turns out that
/lx U(x/t)dy(t) = Ax + o(x).

We note that, by the upper estimate of y(x),
X X x/t
[ vmavi <k | (1 + [ ow du) dy (1)
1 1 1

<kfwe+ | “wx/0 e}

gK{y/(x) (1 +/lBQ(t)dt) +C7x/th"Q(t)dt}

< Cgy(x) + C;Kx /X t~'Q(r) dt.
B

For B sufficiently large, C;K [ t~'Q(t)dt < 1A4. Fixing B, for x sufficiently
large, we have Cgy/(x) > %Ax. This completes the proof of the Theorem. O
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