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CHEBYSHEV TYPE ESTIMATES
FOR BEURLING GENERALIZED PRIME NUMBERS. II

WEN-BIN ZHANG

Abstract. Let N{x) be the distribution function of the integers in a Beurling

generalized prime system. The Chebyshev type estimates for Beurling general-

ized prime numbers in the general case

71

N(x) = x J2 Av log''" - ' x + 0(x log-'' x)
i/=i

is a long standing question. In this paper we shall give an affirmative answer to

the question by proving that the Chebyshev type estimates

0<liminf^^,    limsup^^<oo
-*—°°       X x—oo       X

hold even under weaker condition

f'-'{sup y  '
x<y

N{y)-yYáAl/\oi'"--xy
v=\

dx < oo

with p„ = t > 1 , 0 < px < 02 < ■ ' " < Pn , and A„ > 0. This generalizes a

result of Diamond and a result of the present author.

1. Introduction

Let y/(x) be the weighted counting function of the ordinary prime numbers.

Chebyshev was the first to establish the correct order of magnitude of y/(x) by

showing that there exist two numbers a > 0 and ß < oo such that

(1.1) liminf^l>a,     limsup^U/3.
x-»oo        X jc->oo X

The prime number theorem (P.N.T.) asserts that a = ß = 1. In [4], Diamond
established Chebyshev type estimates for Beurling generalized primes. Here we

shall generalize Diamond's result.

Let ¿P = {P;}/2i » wnere 1 < P\ < P2 < ■■■ , Pi: —* oo, be a set of Beurling
generalized (henceforth, g-) prime numbers and *V = {A,}^0 be the associated
set of ^-integers (see [1, 2]). Define

N(x)= J] !>    V(x)= ¿Z l°èPi-
i i ,a

"¡<x p';<x
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Beurling [2] proved that if

(1.2) N(x) = Ax + 0(xlog~y x)

for some constants A > 0 and y > 3/2, then the P.N.T. holds for <P. If
y = 3/2 in (1.2), the P.N.T. need not hold as Diamond [4] showed by an
example based on a continuous example of Beurling. Diamond [5] also showed

that if y > 1 in (1.2) then (1.1) holds. On the other hand, (1.1) is not generally
true if y < 1, as an example of Hall [7] shows.

Beurling investigated also the more general case in which

7!

(1.3) N(x) = x^^log^-1 x + 0(xlog~yx),
i>=\

where px < p2 < ■ • ■ < p„ and Ax, A2, ... , A„ are arbitrary real numbers.

He showed that if (1.3) with 1 < p„ = x < 2 holds for some An > 0 and
y > 1 + t/2 then lim^oo y/(x)/x = x, a generalization of the P.N.T. However,

if t > 2, even an 0(1) error term in (1.3) does not guarantee y/(x) ~ xx.

Still, Beurling proved that if (1.3) holds with pn = x > 2 for some A„ > 0 and
y > 1 + t/2 then there exist 0 < tx < t2 < ■■ ■ < tq < oo with q < [t/2] such

that

y/(x) ~ x < t - 2 ¿Z cos(/„ log* - arctg tv) > .

This gave rise to the long standing question of generalizing Chebyshev type

estimates for the case (1.3). In the present paper, we shall prove the following

theorem which gives an affirmative answer to the question.

Theorem. Let 0 < px < p2 < ■ ■ ■ < pn and Ax, A2, ... , An be arbitrary real

numbers. If

(M>     Í sup y '
x<y

dx < DCN(y)-yYdAvlog""-xy\
v=\ \)

holds with pn = x > 1 and A„ = A > 0, then there exist numbers a > 0 and

ß < oo for which (1.1) holds.

This theorem is a generalization of the results in [5, 8]. In particular, it has

the following immediate consequence.

Corollary. 7/(1.3) holds with pn = x > 1 for some A„ = A > 0 and y > 1,
then (1.1) is true.

The proof of the Theorem will utilize Beurling's asymptotic analysis [2], Di-

amond's approximate convolution inverse [5, 6], and the author's idea in [8].

Elementary convolution techniques [3] play the main role in the proof. It would

also be interesting to find an analytic proof.
We remark that (1.1) is not generally true if y < 1 in (1.3) as the example

of Hall mentioned above shows.

2. Preliminaries

In the proof of the Theorem, we shall make frequent use of multiplicative

convolution techniques which have been described in detail in [3]. In particular,

we need the following preliminaries.
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Let dt denote the Lebesgue measure on the Borel subsets of [1, oo). Let

p>0, 0 < e < 1. We define

(2.1) (Ô - et~E dt)» = 6 + ¿ P{p- 1>--^-fc+ l\-er° dt)k ,

k=\

where 5 represents point mass 1 at 1.  We note that the left-hand side is a
noninteger convolution power if p is not an integer. Hence,

(Ô - erE dt)»

,2.2, ^^g^-D-^-U,)^,.,,

Similarly,

(Ö + (1 - e)re dt)p

= S + ±p{p-l)-k\p-k + l)((i-e)r°dt)k

We note that the sum on the right-hand side of (2.2) and (2.3) has only a finite
number of terms and is easy to deal with if p is a positive integer. In the

discussion below, special analysis will be required if p is not a positive integer.

By the exponential representation [3], it is easy to prove the following for-
mulas

(Ô - er£ dt)p = exp{-"'-^r"'}
and

r       i_r(i-«)    -i
(S + (l-e)redt)p = explprE—^-dt\ ;

which are generalizations of (3.2d) in [3]. Therefore,

(a - ere i/z)"'+^ = (S- erE dt)Pi * (ô - sre dt)pï,

(ô + dt)" * (S - ere dt)p = (S + (l-e)re dty,

and

(2.5) (ô + dty*(o-rxdty = s.

Moreover, we have

(2.6) (Ô + dty * (ô - erE dty = (<5 + (1 - e)re dt)p * (Ô - er£ dt)x~p

if x > p.
We then consider the Mellin transform

F(s)
/OO

x-s(3-ex-Edx)p

(following [3], in this paper, an integral yx means yx+ except when x = 1,

in which case we take the lower limit to be 1-), which is convergent in the

half-plane Reí = o > 1 if p is not a positive integer. (Actually, it is easy to
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show | f*(S - et e dt)p\ = O(x) ; see the proof of Lemma 4.5.) By (2.1), we

have
k

ä^-n.-^-fc + i) /    -,    \*
-   +¿ ir! (í-(l-«)J

= -p{wog(i-F3(^)} = (1-FT(frï))'

where logz = log|z| + z'argz with -n < arg z < n . Therefore

r°° (9 - îv
(2.7) /    x~s(ô - ex~£ dx)p = ,   y „   J xx     for o > 1.

ii (i-(l-e))'

Similarly, by (2.3), we have

s»fOO

(2.8) l   «-(i + d-.lx-ÄJ'-j, _(,_„,,
for er > 1 - e . Furthermore,

P-Mc^ + ̂'^G^-^).

3. Asymptotic analysis

Instead of x £"=, ^v log''''"1 x on the right-hand side of (1.3) (or (1.4)), we

shall use Y^=\ Bp fx(ä + dtf" which is easy to deal with by using convolution

techniques. We first show that the latter is a good approximation of the former

by using Beurling's idea [2].

Lemma 3.1. Let p > 0, 0 < e < 1. If p = r is an integer, then, for x > 1,

/V(.-a)rW=(1-'r'^)'('°eXr'

+ £ (f'')£n,2-wf~*'<1 - O'-'"''-!'-**)'-'-' •
A:=l ■     ( ;

// />• is not an integer, then, for any positive integer m,

(1 -e)P-xx[-E(logxy-x
Í (Ô + (1 - e)re dty

(3.2) +E {P- X)^T(2p-k\P~k){X -e)p-k-lxl-EVogxy-k-x

+ om(xx-£(iogxy-m-x)

holds as x->oo, where the Om-constant is uniform for e satisfying 0 < e < eo

for each fixed £o < 1 •

Proof. It suffices to prove (3.1) and (3.2) with m > p.  The method of our

proof is standard. We consider the Mellin transform
/•oo p

F(s)=       x-s(ô + (l-e)x-edx)p = --;--
Jx (s- 1 +e)P
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for a > 1 - e. Therefore, for x > 1,

fx 1     f xssp~x
(3.3, |(¿ + (1_£)I-.¿lK = _^¡_T_j-¿í,

where oq > 1 - e, by Perron's inversion formula.

In the case p = r, the right-hand side of (3.3) equals

£(V>'-«>'-'-'¿L<rriT^

and (3.1) follows.
Hence, in the sequel, we assume that p is not an integer. As usual, we can

shift the integration contour of the integral on the right-hand side of (3.3) to
a loop, denoted by l„(\ - e), which consists of the half-line on the lower edge

of the real axis from -co to 1 - e - n , the circle C,(l - e), cut at the point

s = 1 — e — n, with center s = 1 - e and radius n sufficiently small, and the

half-line on the upper edge of the real axis from 1 - e - n to -co. Thus we

have

(3.4) (ô + (l- e)r* dty = JL /        ,,:,,,, ds.
J\ ¿m Jm-e) (s- 1 +ey

Let en be fixed and 0 < e0 < 1. Assume 0 < e < eo • Let a = j(l - e0).

Let 0< n <a and l'„(l -e) = l„(l -e)n{\s- I + e\ < 1-e-a}. Let l'-(l-e)
denote the remaining part of l„(l - e). Then it is easy to see that

cV"1

;(x-e)(s-l+ey

where, and thereafter without repeat, the 0-constant depends only on e0 and is

uniform for e satisfying 0 < e < eo . In the disk {\s - 1 + e| < 1 - e - a), we
have

sp-\ = (i-e^-i + Y/ {p~l){p-^---{p-k\l-Ey-k-x(s-l +e)k + R(s)

k=\

where

R(s) = 0(\s- l+e\m).

Therefore,

1    f xssp~x      ,      (l-ey~x   f xs
^—- / /-;-r- ds = -—z—-.— / -,-:-— ds
2>tz J¡,(x_e) (s-l+ e)p 2ni     y/i(1_e) (s - 1 + e)p

(3.5) / XSS".       ds = 0(x"/logx)..

771-1

(3.6)

(p-l)(p-2)...(p-k),.1     „„_,_,

k\

^U /       xs(s- l+ef-Pds
¿m Jl'(i-e)

j_ r x*R(s)   ds
lx'JiL(i-e)(s-l+e)p
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We denote by /,(0) and l'„(0) the respective translations of l„(l - e) and

/rç(l - e) via w = s - 1 + e . It is easy to see that

^-. I       -,-?¡-—ds=:^r I    ewXoêXw-pdw
2í"y/;(i-e) {s- l+e)P 2ni y/;(0)

(3.7) =x^i0ëP-ix(_L [    eww-Pdw + o(X, l+oe+a)

\2mJtyo) V log^x /

x'-Mog"-1* ,  _. „,    _i   .
=-=Tjf-+ 0(xa log    x).

In the same way we have

_L /        —    i , ^k-P ^ _ xl-£(logx)P-k~x

Finally, we have

(3.9)

^- Í       xs(s - 1 + e)k~P ds = X ~E^X)l~ ~  + Q(x" log"' x)
2nl Jl'n(\-e) l(P-k)

[ xsR(s) = 0 ( /•' £ ̂       _ t + rf  \

i/íd-í)(í-l+e) Va /

= 0(x1-£(logx)"-m-1).

Now, (3.2) follows from (3.4) to (3.9).   D

Lemma 3.2. Let p > 0, 0 < e < 1. If p = r is an integer, then

( (ô-eredty

<3'10) '^xmtQÄW Je   (l-e)k~" )    b (l-e)f'

// /> ¿s not an integer, then, for any positive integer m,

Í (ô-er£dt)P

771-1

= x y*(-l)"-xn-x sinn(p + n)T(p + n + 1)

(3.11) 77=0

. (J2*p+l)--¿p + k-l)e-k->\ (logx)-P—x

+ Om(x(logx)-P-m-x)

holds as x —> oo (where the Om-constant is uniform for e satisfying e0 < e < 1

for each fixed e0 > 0).

Proof. The proof is very close to the one of Lemma 3.1 and hence a sketch of

it will be sufficient. The Mellin transform

/oo x-^á-ex-^x)"

is convergent in the half-plane Re s = a > 1 - e if p = r is an integer. Hence,

s-l + ej       (s- I +e)r
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Therefore, by Perron's inversion formula,

l"is-*r'dty = -LI   x- is~[)r ds
J, (" ""       2W„.„ j (»-! + »)'

= ¿G)(-s>'¿Lo TeTW'*

-¿CM*'-  £
fc=0   VV ^<7=<T0

t/,_, v-  (-iriog"x , (-i)*+
„ W \ ~     (l-e)m+xnl     (l-e)k

k=0  v   ' N m+n=k-1 v y v ;
77I,7!>0

where (Jo > 1 - e , and (3.10) follows.

If p is not an integer, then F(s) is convergent in the half-plane a > 1 and

(3.12) holds for a > 1. Therefore, we have

fX,t fJsn 1       Í        Xs      (S-l)P        ,
/ (Ô - er£ dt)p = ^—        —,     ,     , flfo

7i 2tiz 7CT=CTo í (s - 1 + e)P

where r/o > 1 • Then we shift the integration contour to a new one, denoted by

l,,(l) with 0 < n < eo/4, which consists of the half-lines on the lower edge of

the real axis from -co to -n and on the upper edge from -n to -co, the

circle C, cut at points s = -n and s = 1-e + n, with center s = j(l-e) and

radius j(l - e) + n, the two line segments on the lower edge of the real axis

from 1-e + n to 1 - r\ and on the upper edge from 1 - n to 1-e + n, and

the small circle c„(l), cut at the point s = 1 - n, with center s = 1 and radius

n. Let r„(i) = l„(l) n {\s - l\ < £o/2} . Then, it is easy to see that

(3.13)

and

rx{S-er£dty = ^[   x- ,{s-l)\ds
Jx 2ni J,v{x) s (s-l+e)p

= —[    —    (S~V    ds + 0,(xx-E°/2lof>-lx)
2niJrix) s (s-\+e)pas + Ue°[X        ,0g    X)

-Í
2ni J,uX

x*  (s-iy  ds
((1) s (s-l + e)P

77! /    71

(3.14)

- Y(-iy [ y p^p + x)--^p + k-l)z-k-p

71=0 \fc=0 /

J-/
27TZ J,,

xs(s-iy+nds

,0)
1

h^/    xs{s-l)PR(s)ds
2711 JW)

where

R(s) = Om,eo(\s-ir+x).

Evaluating the integrals on the right-hand side of (3.14) as we did in the proof

of Lemma 3.1, we arrive at (3.11 ).   □

The following lemma is the main result of this section.
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Lemma 3.3. Let 0 < px < p2 < ■■ • < pn . Then there exist 0 < xx < x2 < ■■■ <

xm with xm = pn and xß = pv - k for some nonnegative integer k such that,

as x —► oo,

7! 77! .x

(3.15) x^Mioix)"'-1 =Y,B„      (S + dtf" + R(x),
v=\ p=l        Jx

where Bm = AnT(pn) and R(x) = 0(x(logx)_2+a) with a = may.{pu - [pv\,

v = 1,2, ... ,n} if pv, v = 1,2,... ,n, are not all integers and R(x) = 0

otherwise.

Proof. Without loss of generality, we may assume n = 1. We shall prove

(3.15) by induction. We first consider the case that px is not an integer. For

0 < px < 1, we have, by (3.2) with e = 0, m = 1, and p = px,

Axx(logx)P>-x = AxT(px) f (ô + dty> +0(x(logx)-2+"')

and (3.15) is true. Then, for k < px < k + 1 with k > 1, by (3.2) with e = 0,
m = [Pi] + 1 » a°d p = px, we have

^(logx)"-1 = AxT(px) j\ô + dty>

[Pi]_

- J2BßX(logxy>-P--x + 0(x(logx)-2+P'-^x).

n=\

Note that, for p= 1,2, ... ,[px], px- p are all nonintegers, px - p < k, and
Pi - P - [P\ - P] = Pi - [Pi] ■ Therefore, by hypothesis of induction, we have

Axx(logx)p'-x = AxT(px) J (ô + dty

1/>|] fx
+ J2Bn      (ô + dt)T" + 0(x(logx)-2+P>-lp>])

,.1 »I,=l   Jx

and (3.15) holds.
Similarly, by using (3.1), we can prove the truth of (3.15) when px  is an

integer.   G

4. Approximate convolution inverse

Let

m çx

(4.1) P(x) = YjBp I   (ô + dt)x»    forx>l

n=i        '

which is defined in (3.15) of Lemma 3.3, and P(x) = 0 for x < 1. Define a
function Qx(x) as follows. If xm and xm - xß , p = 1, 2, ... , m - I , are all

integers, let

(4.2), Qx(x) = maJsupmy)-P{y)KxM.
U<y y J
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If Tm - Xp , p = 1, 2, ... , m - 1, are all integers but xm is not, let

(4.2)2 Qi(x) = maxi sup |ArW ~ f Ml , (logexT^^'A .
U<?        y J

If xm is an integer but xm - xß , p = 1, 2, ... , m- 1, are not all integers, let

(4.2)3     Qi(x) = max/sup my) " f(y)l, (logex)"1^ , (logex)"3/2^2} ,

where

(4.3) /? = min{Tm -Tjli-/c:Tm-7V-l<T//<Tm-7V,l</z<m-l}

and

(4.4) y = max{T^ -Tw + /c + l:Tw-/c-l<T/i<Tm-/c, 1 <p<m-l}

so that 0 < j? < 1, 0 < y < 1. Finally, if Tm is not an integer and xm - Xp,

p= 1,2, ... , m- I, are not all integers, let

Qi(x) = max {sup |JV(y) ~ PWl, (logejc)-1-t"+It"1,

(4.2)4 U* >
(logcx)-1-í,(logíx)-3/2+3'/2 I .

Lemma 4.1. Let Qx(x) be the function defined in (4.2). Assume (1.4).   Then

there exists a function Q(x) defined for x > 0 such that

(4.5) Q(x) is nonincreasing;

/oo Q(x)x~x dx < oo ;

(4.7) Q(x) < 4Q(x2)   for allx>l;

(4.8) Q(x)>Qx(x).

Moreover,

(4.9) <2(x) = o(log-Vx);

for x > 1,

(4.10) f xrxQ(x/t)Q(t)dt < Cx minixQ(x), Í Q(t)dt\ ,

where Cx is a constant.

Proof. By Lemma 3.3, we have

(4.11) sup'^-^Usupv-'
x<y y x<y

N(y)-YjAv(logy) tPv-l

V=l

+ R(x)

where R(x) = 0((logx)_2+a) with a = max{/>v - [pu]} if pv , v = 1, ... ,n,

are not all integers and R(x) = 0 otherwise. Therefore, by (1.4), (4.2), and

(4.11),

i;
ßi(x)x   ' fix < CO.
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Moreover, Qx(x) is nonnegative and nonincreasing. Define Q(x) recursively

by setting

f Q,(l)   for0<x<2,

Q{X)    \max{Ö,(22m"1),4-1ß(22m-1)}   for22""'<x<22", meN.

Then we can verify that this function satisfies condition (4.5) to (4.9) as we did

in the proof of Lemmas 1 and 2 of [8].
Moreover, from Lemma 3 of [8], we have, for x > 1,

(4.12) I* xrxQ(x/t)Q(t)dt < CxxQ(x).

If x < 2, then

[XxrxQ(x/t)Q(t)dt<C2 fX Q(t)dt.

If x> 2, then, by (4.12),

f xrxQ(x/t)Q(t) dt < C'xxQ(x) < 2C'X f Q(t) dt

since Q(x) is nonincreasing. This proves (4.10).   D

Lemma 4.2. Let 0 < p < 1, e > 0, and T > 1. Let

( xi\ogex)P-x

a(x) = ap(x) = i T(p)

[O, ifx<T.

Then, for x > T,

ir^^^'^^l-aog^A/^)
• |x'-£+ [X (j)l~£ (loget)-V2+P'2 dt\ .

Proof. We have

/(x):=   f   da(t) * (S - erE dt)

= a(x)-ex'-£ (  a(t)r2+edt

(4.13)

'i

and

f a(t)r2+£dt = =j- [X rx+£(iogety-x dt
Ji i \P) Jt

= -=^- ( x£(iog^x)"-1 - reloger)"-1

+ (l-p) I* rx+e(logety~2dt\

by integration by parts. Hence

1
|/(x)| =

r(/>)

<

(l-p)fT{f)X~\logety-2dt(logeT)x~p
-re

T(p)(logeT)V-py2
|x'-£+ /"(y)'  \loget)-V2+pl2dt\.    D
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Lemma 4.3. Let 0 <xx <x2 < ■■■ <xm and 0 < e < 1/2. Assume xm = x > 1.

If x - Xp is a positive integer then

(4.14)

\ f*{S + dt)x* * (3- er'dty
\Jl

< Í (S + (I - e)r£dty~x +2e I (S + (I - e)redt)T.

If x - Xp is not an integer and xß > x - [x], then for any given T > 1, there

exists a constant C2 dependent on T but independent of e for which

(4.15)

f (5 + dty» * (Ô - erE dt)T
\Ji

< C2 iJX jQ(x/t)(S + (1 - e)r£dty~x + fX(S + (l- e)r£dtf~x\

+ 2eC21 T xrxQ(x/t)(S + (l- e)re dtf + f*(S + (1 - e)r£ dt)x\

+ CXoJeTr-A[{Ô + ({-t)r'dty

+ Í (ô + (l-e)redty*(loget)-3'2+?'2dt\ ,

where Q(x) and y are defined in Lemma 4.1 and in (4.4) respectively, C3 =

min{T(xp -x + k+l): x-k-l<Xp<x-k, I < p < m - 1}.

Proof. If r -tp is a positive integer, xß = x - k - 1 . Then we have, by (2.6),

I f(ô + dty* * (Ô - er£ dtf
\J\

=   ¡\ô + (1 - e)re dty-k~x * (Ô - et~£ dt)k+x
\Ji

< Í (<J + (1 -e)rEdty-k-x

•(•♦■*gCî,)«-*£H
< Í (ô + (l -e)r£dty-k-[ +2e Í (S + (1 - e)r£dtf .

This proves (4.14).

If x -Xp is not an integer and xß > x - [x], then there exists a nonnegative

integer k such that 0<t-/c-1<t^<t-t^ since x > 1. Let

f   x(logex)r"-r+l<      . _
,  v ft-   ,-rv    for X > T ,

a(x) = {   T(tíí -t + 7^+ 1)

) for x < T.
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£ At\k+l

(4.16)

I (ô + dtf" * (Ô - ere dtf

=  Í (ô + (l-e)r£dty-k-x*da(t)*(ô-er£dt)

+ Í (ô + (I - e)r£dty-k~x

\*(ô-eredt)*   d
t(loget) xu-x+k

da(t)
T(Xp-x + k+l)

+ f (6 + (i - e)r£dty-k-x

((ô + dty -x+k+l t(logetf
T(xp-x + k+l)

* (S - er£ dt)k+x

= I, +12 +13,

say. By Lemma 3.1 with e = 0 and Lemma 4.1,

T+k+x      x(logex)z"-T+k
\[ (ô + dty^

T(xp-x + k+l)\

< Cxx(logx)z»-z+k-x < C'2xQ(x),

since x -Xp- k> ß, where ß is defined in (4.3). Therefore,

|I3| < C2 JXxrxQ(x/t)(S + (l- e)re dty-k~x * (ô + er£ dt)k+x

(4.17) <c2í xrxQ(x/t)(ô + (i-e)redty-k-x

+ 2eC2 Í xrxQ(x/t)(S + ( 1 - e)re dtf.

Plainly, (3 + (1 - e)t~s dt)x~k~x is a nonnegative measure since x - k - 1 > 0

and we have

\h\ < C't F(Ô + (i - e)r£ dty~k~x * (6 + er£ dt)k+x

(4.18) <c'ijX(ô + (i-e)rtdty-k-x

+ 2eC\ Í (â + (1 - e)re dtf,

where the constant C'3 depends only on T. Finally, by Lemma 4.2 with p =
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Xp-x + k+l,

'   rx/t

|I.I =

<

da(u) *(ô- eu-e du) ) ((ô + ( 1 - e)re dtf-k-x * (5 - ere dtf'
i: (i

C^XogeT^-y)!1

(4.19) •{ô + (l-e)redt)t-k-l*(â + eredt)k

±c3(iJnx-AI*(ô^-e)r'dt)Z

+ (X(ô + {\-e)t-edt)z*(\o%et)-il2+yl1dt\ ,

since T^-T + fc+1 < y, where y is defined in (4.4). Now, from (4.16) to
(4.19), (4.15) follows.   D

Lemma 4.4. Let 0 < p < 1. Then

(4.20) f \(S-rxdty\ = 0(x(logx)-P-x).

Proof. We have

f^ k\ v    '        (k-l)\
k=l v '

-3     [n^P^-P)^-p)-"{k-p-l)lo%k-Xt\     x

- -\p + t2- k\ (k-iy.y

= ô-f(t)rxdt,

say. Then f(t) > 0. Therefore,

fX

I (ô-rxdty=i-jxf(t)t- dt
J\ J\

and hence

I* \(S - rx dty\ = 1+ r f(t)rxdt = 2- jX(3-rxdty

= 0(x(logx)-P~x)

by (3.11) with e= 1.   D

The establishment of the following lemma is a main step in the proof of the

Theorem.

Lemma 4.5. Assume x = xm > 1 and (4.5), (4.6), (4.7), (4.8). Then, for fixed
and sufficiently small e > 0, we have

Ue(x) := [   dN*(S- er£ dtf * Q(t) dt>0

for all x > 1 and Ue(x) -» oo as x -> oo.

Proof. We have
(S-er£dty = ô + ref(t)dt
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where
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_ ^ T(T-1)---(T-/C+1) ¿(lOgQ*

k=l v

k-l

(k-lj

Since t > 0, there exists a constant K such that

|t(t- 1)---(t-/c + 1)

k\

holds for k = 1,2, ... . Therefore, we have

<K

r£\f(t)\<Ker£J2
(e log t Jfc-i

k=i
(k-l)\

= Ke.

Hence,

Í  dN*(ô-er£dt)T = [  dN*(ô + ref(t)dt)

>N(x)- Í   dN * Kedt > N(x) - KeN(x)(x - 1) > 0

for 1 < x < (Ke)~x . The lemma is certainly true for 1 < x < (Ke)~x , since

the third convolution factor is everywhere nonnegative.

Therefore, we assume x > (Ke)~x  and e < 1/2 and shall utilize all the

convolution factors. We write, by (2.4),

UE(x) + (1 - e)r£ dtf * Q(t) dt

771-1 .X

+ J2bp    (s + dtY" * (s - et~E dt)T * 0(0 dt
(4.21) z«=i

+ f [dN -Y, Bß{o + dt)T" }*(S- er£ dtf * Q(t) dt
p=\

= Il+I2 + l3,

say, where A = AnT(p„) > 0 and £™=1 £„/,*(£ + dtf" is defined in (3.15).

We shall show that Ii is positive, that I] —► oo as x —» oo, and that 12 and I3

are negligible. Actually, we have

Ii >AÍ(o + (l-e)r£dt)*Q(t)dt = AÍ  (-)   *Q(t)dt

I>Axx~£ I   t~xQ(t)dt-*oo   asx->oo.

We then estimate |I2| and |I3|. By (4.8),

(4.22)
i:(

dN-^B^O + dtf" ] *Q(t)dt
p=i

<fxrxQ(x/t)Q(t)dt.
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If T is an integer, we have

|l3|</    /     ldN-J2Bp(ô + duy» J *Q(u)du
(4.23) Jl   Jl     \ p=i )

< CxxQ(x) + 2Cxe ( (Ô + (1 - e)r£ dtf * Q(t) dt

by (4.22) and (4.10). If t is not an integer, then x > 1, and we have

f m \

dN~Y,Bp(ô + dty* \*{S- er£dtf * Q(t)dt

= ldN-j^Bp(S + dtyA *(ô + (l-e)r£dty-[x]

*(ô-rx dtf-[x] * (S - er£ dtp * Q(t) dt,

665

since

(S - er£ dty-[T] = (ô + (l- e)r£ dt)x~^ *(S-rx dty~[T].

Therefore,

tx    rx/t ( m \

|i3l<y   J   \dN-y£Bp(ô + duy"UQ(u)du

((ô + (1 - e)r£ dty-[r] * \(S - rx dty~lr]\ * (Ô + er£ dtp)

<CX !   I iX  Q(u)du)((ô + (l-e)redty-W

*\(â - rx dty-W\* (Ô + er£ dtp)

= c, fQ(t)dt *\(s - r1 dty-w\

*(S + (l- e)r£ dtf-W * (Ô + er£ dtp ,

by (4.22) and (4.10). Then, by Lemma 4.4 with p = x - [x] and Lemma 4.1,

Í  \(ô-rxdty-[r]\*Q(t)dt<C4 í xrxQ(x/t)Q(t)dt

(4.24)

It follows that

< CXC4[m dt.

(4.25)
{/

|i3| < c\c, \\ (ô + ( i - e)r£ dty-w * Q(t) dt

+ 2e Í (ö + (l -e)r£dty *Q(t)dt j .
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To evaluate |I2|, we note that, by (4.10),

f(riß(ä('+(i-,,,r,*,H)fl(i)*
(4.26) = j d(tQ(t))*(ô + (l-e)r£dty-x*Q(t)dt

<CX f (ô + (l- e)r£dty~x * Q(t)dt

and

(4.27)
r(r^ß(s)(a+(i-e)^^)T)ßWi/i

< Cx I (ô + ( 1 - e)re dtf * Q(t) dt.

Let C5 be a constant such that

/ (log<?0~3/2+),/2 dt < C5x(logex)-3'2+?t2   for ail x > 1,

where y is defined in (4.4). Then

Í (loget)-^2+yl2 dt < C5xQ(x)   for all x > 1

by (4.8). Hence,

/ (loget)-3'2+?l2dt*Q(t)dt<C5 j xrxQ(x/t)Q(t)dt
(4.28) Jx Jx    x

<CxC5j  Q(t)dt      ■

by (4.10). Also, we note that if xM < x - [t] then, by an analogue of (4.24),

I ¡X(ô + dt)x» * (<? - er£ dt)x * Q(t) dt
\Ji

< f (ô + (l-e)r£dty-[x]*\(ô-rxdty-w-x>'\

*(ô + er£dtp*Q(t)dt

(4.29) < CiC4 ¡X(ô + (1 - e)r£ dt)*-™ * Q(t) dt*(ô + et~£ dtp

< CxcA fX (Ô + (1 - e)redty-[T] * Q(t)dt

+2e Í (ô + (l-e)rcdt)r*Q(t)dt\ .
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Therefore, by (4.14), (4.15), (4.26), (4.27), (4.28), and (4.29), we have

\h\ < ¿' \Bp\ | j\ô + (i - e)r£ dty~x * Q(t)dt

+ 2e Í (â + (l-e)r£dty*Q(t)dt\

+ Y^'\Bp\\c2(Cx + l) j (â + (l-e)r£dty-x*Q(t)dt

(4.30) +2eC2(Cx + l) fX(ô + (l-e)r£dty*Q(t)dt

(X(ô + (i-e)r£dty*Q(t)dt\
Ci(logeT)(x-y)/2

+ ¿"' |^|C,C4 { f (ô + (1 - e)t-y-W * Q(t)dt
p=\

+ 2e ¡X(ô + (1 - e)r£ dtf * Q(t) dt\

where
771-1 771-1 771-1

,77 »—,777

£• E . »• £p=i       p=\ p=i
denote the respective sums over all xß such that x - xß is an integer, such that

x - Xp is not an integer but xß > x - [x], and such that xß < x - [x].

We now choose a number T sufficiently large so that

í43n r;::\Bp\d+cic5)  a
{       ' C3(logeT)U-v)V 16

and fix it. If x is an integer, we can choose a positive number eo sufficiently

small so that (Ke0)~x >T, Ts° < 2 and that

(771-1 771-1 77Î-1 \

Y' \Bp\ + C2(CX + 1) Y" \Bp\ + CXC4 Y!" \Bp\ + C,    < j .
p=i p=i p=i J

Then, for e < e0, from (4.21), (4.23), (4.30), (4.31), and (4.32), we have

■XA     r*

Ue(x)>^-     (ô + (l-e)r£dty*Q(t)dt
(4.33) Jx

-C6I  (ô + (l-e)r£dty-x*Q(t)dt-CxxQ(x)

for x > (Ke)~x, where

771—1 771—1 771-1

C6 = Y! \Bp\ + C2(CX + 1)Y!' \bp\ + C'C4 y!" \bp\ ■
p=l p=l p=l
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By (3.1), there exists a number xo sufficiently large and independent of e such

that

j ¡X(ô + (1 - e)r£ dtf > C6 Ho + (l- e)r£ dty~x

holds for x > xo and all e satisfying 0 < e < eo ■ Hence, from (4.33), for

e < (Kx^)~x   (< e0) and x > (Ke)~x, we have

rx

Ue(x) >df(S + (l- e)r£ dtf * (2(0 dt

MO fX
- C6 /   (Ö + (1 - e)r£ dty~x /     ß(0 dt - CxxQ(x)

Jl Jxlxa

>4/ (ô + (l-e)r£dty*Q(t)dt

Uc6 ¡X\ô + (1 - e)r£ dtf'1 + Cx\ xQ(x)

since x > Xq and

/     0(0 dt < Q(x/x0)x < Q(Vx)x < 4xQ(x)
'X/Xo

by (4.5) and (4.7). Now, for sufficiently small e > 0,

±j\ô + (l-e)t-£dty*Q(t)dt

> ^ / (S + (l-e)r£dt)*Q(t)dt

a    rx a rx/Ke
=-x /   rx-£Q(x/t)dt>jxQ(x) rx~£dt

>^xQ(x)(Ke)£log±

> Í4C6 Í °(S + (1 - e)rc dtf'1 + C¡) xQ(x)

since (A:e)£ > ee > exp(-e~x). Therefore, UE(x) > ^1, for x > (Ke)~x.

If x is not an integer, we choose a positive number fio sufficiently small so

that

(771—1 771—1 m—l \

Y' \Bp\+c2(cx + i)Y!' \bp\+cic4y!" \B^\+ci2c4 < g •
p=l p=\ p=l )

Then, from (4.25), (4.24), (4.30), (4.31), and (4.34), we have

"\A  rx
ue(x)>^-l (ô + (i-e)r£dty*Q(t)dt

(4.35) -C6 Í (Ô + (1 - e)r£ dtf'1 * Q(t) dt

-C\C4{ (Ô + ( 1 - e)r£ dty-[r] * (2(0 dt.
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In the same way as above, by (3.2),

j ! (S + (l- e)r£dtf > C6 ! (ô + (l- e)r£dtf

+ c\c4 (X(ô + (i - e)r£dty-[z]

holds for x > xo and all e satisfying 0 < e < £o and hence, from (4.35),

Ue(x) >^f (ô + (l- e)r£ dtf * (2(0 dt

fXo fX
-C6 /   (Ô + (I - e)r£ dty~x /     (2(0 dt

Jl Jx/xo

rxo rx

-c\c4\  (ô + ( i - e)r£ dty-w /    Q(t) dt
Jl Jx/x0

>jf(è + (l-e)r£dty*Q(t)dt

-4(c6iXo(ô + (i-e)redty-x

+ C¡C4 [X°(ô + (l-e)t-£dty-[AxQ(x).

Therefore, for sufficiently small e > 0, c7£(x) > ¿Ix for x > (Ke)~x .   D

5. The proof of the Theorem

The proof of the Theorem follows the general idea in [5, 8].

Lemma 5.1. Suppose that

7!

(5.1) N(x) = xY A(logx)^-1 + 0(xlog~' ex).
i/=i

Then we have

( LdN*(ô-er£dt)T = Oe(x),

where x = p„ > 1.

Proof. We have

Í LdN*(S-er£dty

(5-2)        =  r LdP*(ô-et~£dty+ [X(LdN-LdP)*(S-er£dty

= Ii+I2,

say, where P(x) is defined in (4.1). If suffices to show that both lx and I2

0(x).
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Actually, from (5.1) and (3.15), N(x) - P(x) = 0(xlog_1 ex). Therefore,
we have

jX(LdN -LdP) = logx(N(x) - P(x)) - ( (N(t) - P(t))rx dt

= 0(x).

If x = r is an integer, then plainly,

I2 = o ( F xr ' (S + ere dtf}

(5J) =0(x(1 + ¿efc(^TjT/Xrl"£(log^-1^)

= 0(x).

If T is not an integer, then 0 < x - [x] < 1 and we have

I2= f (LdN-LdP) * (Ô - et'£ dty~[T] * (Ô - et~£ dtp

and, by Lemma 4.4,

\ F (LdN-L dP) * (Ô - er£ dt)T~^
\J\

« Fxrx\(ô-er£dty-lr]\

= x jx-' F \(S -er£dty-W\ + F ( Í \(ô -eu~£duf-^\\ r2dt\

«.x,

by integration by parts. Therefore, (5.3) is still true.

To estimate Ii, we consider the Mellin transform

H x~sL dP*(ô- ex~£ dxf = xBm (--—^—-r- - j—-,--)
Jx K m \(s - l)(s - 1 + ey     (s-l+eyj

^      fS'"(s-iy-^-x   sT'-x(s-iy-x*\

+ l^Tpßp{   (s-i+ey (s-l+ey   J
p=l

for a > 1. Then, by Perron's inversion formula,

I, =   / LdP*(S-er£dty

= xBm(t     xs s* r     xs      Si~x \

' 2ni \Ja=ao s (s - l)(s - 1 + ey Ja=<Jo s (s - 1 + ey     j

+ £t,Ä(/   ^-iy-^x       r   x^-Hs-iy-^A
^  »2m \Ja=ao s     (s-l+ey Ja=ao s     (s-l+ey       )'
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where ero > 1. As we did in the proof of Lemma 3.2, we shift the integration

contour to /,(1) and obtain

f       Xs 5T X
■*—■   I —-,-TT,-;-ï~ds= —(1 +0(1)),
2niJa=ao s (5-l)(í-l+«)t e'v        K "'

and

i    r    xssz"-l(s-iy-c" ,      _, _     ,_T+I_!,
2¡TiUT    (s-l+ey    d^O(x(logx) ™> x),

i   r   x^s^(s - iy~^~x    = 0(JC(1    )-t+t,)

2ttz Ja=ao s     (s-l+ey v  v   s  ;        ;

if x - Xp is not an integer. Also, as in the proof of Lemma 3.1, we obtain

1    f    xssT"~l(s- iy-x"

2ni

f    xs sff-^s-iy-^ , ,
L0T  (s-i+ey   ds = °(x   (log^   }'

2%iJa=aa s    {s-l+ey v       KB)>,io=o0

if x - Xp is an integer, and

2niJa=ao s (s-l+ey B= <T()

Therefore,

I, = £(1+O(1)) = 0(X).    D

We are now in the position to set up the upper estimate of the Theorem. The

starting point is the identity dy/*dN = LdN, an analogue of Chebyshev's one.

We convolve each side of it by (S - et~£ dtf * Q(t) dt, where x = xm = pn ,

and obtain

!  dN*(S-er£dty*Q(t)dt*dip

= I   LdN*(S-er£dty*Q(t)dt.

Proof of the upper estimate. Assume (1.4), then (4.5), (4.6), (4.7), and (4.8) hold
by Lemma 4.1. By Lemmas 4.5 and 5.1,

¥( x/B)< f  U£(x/t)dip(t) = 0(}

since Ue(x) > 1 for x > B .   D

To establish the lower estimate of the Theorem, we need one more lemma.

Lemma 5.2. Suppose that
7!

(5.4) A(x)=x^^(logx)^-1+o(xlog_1ex).

v=l

Then we have

(5.5) Ï LdN*(ô-rxdty = Ax + o(x)

where x = pn > 1 and A = xAnT(x) > 0.
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Proof. As in the proof of Lemma 5.1, the integral on the right-hand side of

(5.5) equals

I LdP*(6-rxdty+ Í (LdN - LdP) * (Ô - rx dtf = 1X+I2,

say. From (5.4) and (3.15), N(x) - P(x) = o(xlog-1 ex) and hence

( (LdN-LdP) = o(x).

It follows that

\ F (LdN-L dP) *(S-ri dty-[T]
\Jl

rx/M
<e        xrx\(S-rxdty-[x]\

+ K [   xrx\(ô-rxdty-[T]
JxIM>x/M

<e(C+l)x

for x sufficiently large, since C = J™ t~x\(S - t~x dty~^\ is convergent by

(4.20) with p = x - [t] . Hence

(5.6)       I2 = / (LdN -LdP)*(ô- rx dtf-[x] * (Ô - rx dtp = o(x).

To estimate Ii, we consider the Mellin transform

/ x-sLdP*(ö-x~xdxy

771-1

r«     (     l l\^r   R    ((s-\y-^-X        (S-Iy~^\

= '*»> \f-\ - f  + 2. ^B» {—f^;-7^^)p=i
for a > 1. As we did in the proof of Lemmas 3.2 and 3.1, we have

1       f        Xs (i - 1)T_T"_1
w-. I      —~—Tz;-^ = 0((logx)T"T")   or   0(x(logx)-T+T")
2*"   7(7=0-0    S S "

according as x - Xp is an integer or not and a similar estimate for

±.[
2ni Ja._

*{s-»~>dSm

CTO    J ■>

Therefore, by Perron's inversion formula,

Ix=  Í LdP*(ô-rxdty

= xB<"(l    Ts~hds~f    s^ds)
(57) \Ja=a0   ■>   ■»      i Jo=oo J /

v^1   »if    xs(s-iy-*»-x        r    xs(s-iy-^,\
^mut-^— ds-L^^^-ds)

= xBmx + o(x).

Now, (5.5) follows from (5.6) and (5.7).   D
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Proof of the lower estimate. Assume (1.4). Then from (3.15), (4.8), (4.9), and

(4.2), (5.4) is true. Hence, (5.5) holds by Lemma 5.2. Let

Ux(x):=  Í   dN*(ô-rxdty

(5-8) =  F dP*(S- r1 dtf + F(dN - dP) *(S-rx dtf

= 11+12,

say. We shall first show that both Ii and I2 are 0(1 + /* Q(t)dt) and hence
so is Ux (x).

Actually, if x is not an integer, we have

I F(dN - dP) * (S - rx dty-w\ « F xrxQ(x/t)\(ô - rx </0T~wl
\Ji Ji

by (4.2) and (4.8). By integration by parts, the right-hand side equals

ß(l) F \(ô - r1 dty-w\ -x F (f \(ô - u~x duy-w\\ d(rxQ(x/t))

<Q(l)F\(ô-rxdty-M\

+ x F ( í \(ô - u~x duy-[x]\\ r2Q(x/t)dt

since Q(x/t) is nondecreasing in t. Therefore we have

I F(dN-dP)*(ô-rxdty-[T]\
\Jl \

.. <& x(logex)-r+W-x +x F rx(logetyx+W-xQ(x/t)dt
(5-9) JX

<&xQ(x) + x I  rxQ(t)Q(x/t)dt

< xQ(x),

by Lemmas 4.4 and 4.1. If x is an integer, (5.9) is plainly true. It follows that

I2 =  / (dN - dP) *(ô-rx dty-W *(ô-rx dtp

« / xrxQ(x/t)(ô + rxdtp

M       ,       fx
= xQ(x) + xY (fc-i)i/   r2Q(x/t)logk ltdt

«x(2(x)+ ( xrxQ(x/t)Q(t)dt
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since r'(logOfc-1 « 0(0 °y (4-2). Hence,

(5.10) l2<£l+ F Q(t)dt

by (4.10).
To evaluate Ii, we have, by Lemma 3.2 with p = x - xß and e = 1.

I (5 - rx dty-x» = 0((logxy-z»~x)   or   O^logx)-^1«-1)

according as x - xß is an integer or not. It follows that

771-1

Il   =   l   +
'l

"•    " rx

YBp   (ô-rldty-*>
(5.11) z*=i      Jx

«xß(x)< 1+ Í Q(t)dt

by (4.8). Now, from (5.8), (5.10), and (5.11),

C/,(x)«l+ f Q(t)dt.

From the analogue of Chebyshev's identity, we have

I  dN*(6-rxdty*dip=í LdN*(ô-rxdty.

By (5.5), it turns out that

Ux (x/t) dxp(t) = Ax + o(x).
i;'i

We note that, by the upper estimate of ip(x),

fXp

JXUx(x/t)dy/(t) < K jX il + F' Q(u)du\ dtp(t)

k{¥(x) + JX ¥(xlt)Q(t)dt}

K¡<p(x)(l+ jB Q(t)dt\+C7x jX rlQ(t)dt\

< Csy/(x) + C7Kx [ rxQ(t)dt.
JB

For B sufficiently large, C-¡K /^ t~xQ(t)dt < \A . Fixing B , for x sufficiently

J\   \      jx

<

<

¡B l     W)"1 ^ 3V

large, we have C%y/(x) > \Ax . This completes the proof of the Theorem.   D
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