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TOTALLY MONOTONE FUNCTIONS
WITH APPLICATIONS TO THE BERGMAN SPACE

B. KORENBLUM, R. O’NEIL, K. RICHARDS, AND K. ZHU

ABSTRACT. Using a theorem of S. Bernstein [1] we prove a special case of the
following maximum principle for the Bergman space conjectured by B. Koren-
blum [3]: There exists a number & € (0, 1) such thatif f and g are analytic
functions on the open unit disk D with |f(z)] < |g(z)] on d < |z|] < | then
IIfll2 < ligll2 , where || ||l2 is the L? norm with respect to area measure on
D . We prove the above conjecture when either f or g is a monomial; in this
case we show that the optimal constant § is greater than or equal to 1/v/3.

1. INTRODUCTION

A function f on [0, 4+o0) is totally monotone if (—1)"f"(x) > 0 for all
nonnegative integers n and all x in [0, +o00). It is clear that if ¢ is nonneg-
ative then the function f(x) = e~** is totally monotone. It turns out that the
functions e~** are the building blocks for the set of totally monotone functions.
S. N. Bernstein [1] proved that a function on [0, +00) is totally monotone if
and only if there exists a finite positive Borel measure ¢ on [0, +00) such that

f(x)=/oooe“"da(t), x €[0, +00).

In this paper we use Bernstein’s characterization of totally monotone func-
tions to prove two estimates about the integral of totally monotone functions.
Specifically we prove the following theorems.

Theorem A. Suppose T > 0 and f(x) is totally monotone on [0, +o00). If
f(x) > eT* at the point x = 7%, then

| T > [ Y e T dA(x),
0 0

where dA(x) =e *dx.

Theorem B. Suppose T > 0 and f(x) is totally monotone on [0, +o0). If
f(x)<e T* for 0< x <2, then

/oo f(x)dA(x) < /oo e TxdA(x).
0 0
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As an application of the above results we shall obtain estimates on the Berg-
man norm of an analytic function on the open unit disk D in the complex
plane C. Recall that the Bergman space of the unit disk D consists of analytic
functions f(z) on D such that

111 = /D £(2)2 dA(z) < +oo,

where dA is the normalized area measure on D. | f|| above is called the
Bergman norm of f. The following conjecture was made in [3] concerning the
Bergman norm of an analytic function on D.

Conjecture. There exists a constant d € (0, 1) such thatif f and g are analytic
in D with |f(z)| <|g(z)| for d <|z| <1 then

[r@paae < [ 1s@rade).
D D

Note that the above inequality is trivial if the zeros of g (counting multi-
plicity) are also zeros of f, because the maximum principle then implies that
|f(2)] <|g(z)| forall z € D. It was also proved in [3] that the above conjecture
is true if the zeros of f (counting multiplicity) are zeros of g. In this case the
constant & is greater than or equal to 1/(2¢?).

As a consequence of our integral estimates on totally monotone functions we
show that the above conjecture holds if one of the two functions f and g is
a monomial. In this case we also show that the constant ¢J is greater than or
equal to 1/+/3. This answers a question of L. Carleson [2] who originally asked
the question for g(z) = z.

Theorem C. Suppose n > 0 isan integer and f isanalyticin D. If |f(z)| > |z"|
for 1/V2<|z| < 1, then

[1r@rdae) 2 [ 2P dac).
D D

Theorem D. Suppose n > 0 is an integer and f is analyticin D. If |f(z)| <
|z"| for 1/V/3<|z| < 1, then

/ (2P dA(z) < / |27 dA(2).
D D

The rest of the paper is organized as follows. In the next section we shall
present a simple proof for Bernstein’s characterization of totally monotone func-
tions. In §3 we prove the lower estimates, Theorems A and C. Section 4 is
devoted to the proof of the upper estimates, Theorems B and D. Finally in §5
we give a counterexample to show that the approach in this paper cannot be
used to prove the full conjecture stated earlier.

2. ANOTHER PROOF OF BERNSTEIN’S THEOREM

Recall that a function f on [0, +o0) is totally monotone if (—1)" (" (x) >0
for all x € [0, +o0) and all integers n > 0. S. N. Bernstein [1] proved that
the class of totally monotone functions on [0, +oo) coincides with the class of
functions f with a representation

f(x) = /Ooo e ™da(t), x €[0, +00).
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Bernstein’s original proof was based on some deep properties of exponential
polynomials. A much simpler proof can be found [4]. However, the publication
[4] is not available in English translation and is therefore almost unknown in
the West. For the reader’s convenience we include the short proof of Bernstein’s
theorem from [4].

Theorem 1. A function f on [0, +o0) is totally monotone if and only if there
exists a finite positive Borel measure o on [0, +o0o) such that

f(x)= /Oooe"" do(t), x €[0, +00).

Proof. A totally monotone function f has the following properties:

(a) f™M(x)=0(x"") (x = +00), n>1;

b) aJo X"/ (x)|dx = £(0) — f(+00), n>0.
In fact, since (—1)"f"(x) is nonnegative and nonincreasing, we have for x > 0
and n>1,

n — n n 2 x n n
/P00 = (=1)"f"(x) < ;/§ (=1)"f™(x)dx
2 fn— net) (X
=5l - (3)):

Now (a) follows from induction and (b) can be proved by integration by parts:

1 oo (_1)(n+1) 0o
el x"|f("+')(x)|dx= A A x"f("“)(x)a'x
n! 0 n! 0

— (,(1—_1)1”)!/0 x(ﬁll)f(")(x)dx

- /0 " fx)dx = £(0) - f(+00).

To complete the proof of Bernstein’s theorem, we observe that the functions
=" (0<x<n),
""’(X)"{o (n < x < +00),

converge uniformly on [0, +o00) to the function e ™™ as n — +oo. Applying
integration by parts again, we get

fx) - / fi(t)de = / (t = x)f"(t)dt
)n+l

—~~——————/x°°< XS0

n!

—1)(n+D) oo n
— ( l)n! n/; (l _ %) (nt)”f("“)(nt)dt

_ /0oo on (3)d (L’:mf /Ol(nt)"f("“)(nt) dt)

-/ " pulxt)do(t)
0
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where | o
onlt) = = /1 (=)™ D p(ne) £ (i) dt
T

From property (b) we see that the total variation of g, over [0, +00) is

% /0 " n(nt £ () e = £(0) — f(+00).

By Helly’s selection theorem there exists a subsequence {a,, (f)} that converges
almost everywhere to a bounded nonnegative nondecreasing function ¢(¢) on
[0, +0c0) . Finally the uniform convergence of ¢,(¢) allows us to take the limit
under the integral sign and obtain

(%) = f(00) = /0 e do(1)
or oo
f(x) = f(4+o00) + /0 e da(t)

for all x in [0, +00). Adding to ¢ a mass f(+occ) at 0 we obtain Bernstein’s
theorem.
Suppose f is totally monotone on [0, +00) and consider the function

F(x) = f(-logx), 0<x<l.

By Bernstein’s theorem there exists a positive Borel measure g on [0, +00)
such that

f) = [ e oty
0
for all x in [0, +00). It follows easily that
F(x)=/ x'da(t)
0

for all x in [0, 1]. This motivates the following:

Definition. A function f on [0, 1] is totally monotone if there exists a positive
Borel measure ¢ on [0, +0c0) such that

- [T xta
1) = [t dotr)
forall x in [0, 1].

It is clear from the definition that any function f(x) = x! with t > 0 is
totally monotone on [0, 1]. Similarly, if @, >0 forall kK >0 and

f(x)=iakxk, x €10, 1],
k=0

then f is totally monotone on [0, 1]. These are the functions that we shall
use in the estimates of the Bergman norm of an analytic function on the open
unit disk D.

Note that if f(x) = Y50, arx* with g, >0 then f((x) >0 forall n>0
and x € [0, 1). However, it is not true that totally monotone functions on
[0, 1] always satisfy f")(x) > O forall n > 0 and x € [0,1). In fact,
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VX is totally monotone on [0, 1] according to our definition, but the second
derivative of /x is negative on [0, 1).

3. THE LOWER ESTIMATES
If f(x)>e T* forall x € [0, +o0), it is obvious that
/ £(x)di(x) > / e~ T* di(x).
0 0

The main result of this section is that the above integral inequality remains valid

if f is totally monotone and f(x) > e~T* holds at the single point x = 4.

The result is sharp in the sense that any other point (different from =) will

T+1
make the above integral estimate false.

Theorem 2. Suppose T >0 and f is totally monotone on [0, +0). If f(x)>

e~T* at x = 711, then
| rwdi > [T e,
0 0

where dA(x) =e *dx.

Proof. By Bernstein’s theorem, there is a positive Borel measure ¢ on [0, +00)
such that

f(x)= /000 e ™da(t)

for all x > 0. For any a € [0, 1] we have

/0 " f(x) da(x) = /0 ” ( /0 e da(t)) e~ dx
[t [t

© a Y
[ eaoo] o )

= f(a)ae'™°.

Substituting a = 7+ we obtain

0 N A 1 ©
/0 f(x)dA(x) > T+leT+lf<T+l)Z T+ =/0 e T di(x).

This completes the proof of Theorem 2.

Corollary 3. Suppose a > 0 and f is totally monotone on [0, 1]. If f(x)> x*

at x = exp(—i7), then

1 1
/ f(x)dxzf x%dx.
0 0

Proof. Let x =e~'. Then

1 fe'e)
/ f(x)dx = / fle™")dar)
0 0
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1 00
/ x“dx = / e~ dA(t).
0 0

Since f is totally monotone on [0, 1], the function g(t) = f(e™") is totally
monotone on [0, +00). Also f(x) > x* at x = exp(——) implies that g(¢) >
e at t= # . The desired result now follows from Theorem 2.

and

Corollary 4. Suppose n > 0 is an integer and f is analyticin D. If |f(z)| >
|z"| for |z| = exp(— 2(n+1 ;) then

[ier ) > [ 122 ad).
Proof. Let f(z) =Y 5ooarz®. Then for x = exp(— 2(n+1)) we have

[o <]

2n 2n
Zlak|2x2k — L/ If(xe”)lzdtz _1_/ |x"ei”'|2dt=x2”.
k=0 27 Jo 21 Jo
It follows that

o0

> laPxk > x

k=0
for all x = exp(—7). Since the function S reolax|>x* is totally monotone
on [0, 1], Corollary 3 gives

1[0 1
/ (Z laklzxk) dx 2/ x"dx.
o \iZ 0

This is exactly the desired inequality

JERTE > [P as

Remark. The constant exp(— P10 +1)) in the above corollary is not unique (at
least in the cases » = 0 and n = 1). In fact, for n =0 and n =1 we can
replace the constant by 1/v2. Let F(x) denote the function Y 52, |a|?x*,
then F(x) is convex in [0, 1] and hence

F(x)>F($)+F'(3)(x-13)
forall x in [0, 1]. If F(x) > x" at x = }, then
1 1
[ Fwdx> [P+ P - bl dr = F3) 2 (60)d).

In the case n =0, 1, we clearly have (x")(}) = fol x"dx.

Corollary 5. Suppose n > 0 is an integer and f is analytic in D. If |f(z)| >
|z"| for 1/V2<|z| < 1, then

/ F(2) dd(z) > / |27 dA(z)
D D

Proof. This follows from Corollary 4 and the above remark.

4. THE UPPER ESTIMATES

This section is devoted to the proof of Theorems B and D stated in the
introduction.
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Theorem 6. Suppose T >0 and f is totally monotone on [0, +o00). If f(x) <
e~T* for 0< x <2, then

[ rwdiw < [~ e i,
0 0
where dA(x) =e *dx.

Proof. We shall only need the assumption that f(x) < e~7* for x = 0 and
x = 2. By Theorem 1 we can find a positive Borel measure ¢ on (0, +00)
such that

flx)= /Oooe"" dao(t), x € [0, +00).

Applying Fubini’s theorem we easily obtain

% _ [*da(1)
/Of(x)dl(x)—/o L

g(x)=A+ Be ¥, x>0,

Consider the function

where 4 and B are determined by the conditions

1 , |
g(T)zT-i_-—l’ g(T)=_(T:1_)2'

It is easy to see that

1 1 e’
A= - , B=—r—.
T+1 2(T+1)? 2T +1)2

Let
1
h(x)=m—g(x), x >0.
Then
i — 1 —2x
h(x)= —————(x 12 + 2Be
B 1 N eZT.e—Zx
T (x+ 12 (T+1)?
B e—2x €2T e2x

(T+1)2 (x+1)2]°

It is easy to show that the function e2*/(x + 1)? is increasing on [0, +00).
Thus A'(x) <0 for x > T and A'(x) >0 for 0 < x < T. This implies that
h(x) attains its maximum value at x = 7' and we must have h(x) < A(T)=0
for all x > 0. In other words,

L5A+Be'2x
x+1
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for all x > 0. It follows that
*do(x)

| aien = [T 485

0
SA/ do(x)+B/ e ¥ do(x)
0 0

= Af(0) + Bf(2) < A+ Be™*T

— 1 — = ~Tx
= —m —/0 e dﬂ.(X),

completing the proof of Theorem 6.

Corollary 7. Suppose a > 0 and f is totally monotone on [0, 1]. If f(x) < x®

for 1/e* < x <1, then
1 1
/f(x)dxs/ x*dx.
0 0

Proof. This follows from Theorem 6 and the change of variables x = e~’. See
the proof of Corollary 3.

Corollary 8. Suppose n > 0 is an integer and f is analyticin D. If |f(z)| <
|z"| for 1/e <|z| <1, then

[ < [ 1z paa)

Proof. Let f(z) = Y pooaxzX. Then |f(z)| < |z"| for 1/e < |z| <1 implies
that

o 1 2n ) 1 7 .
Z |ak'2x2k — %/(; |f(xe”)|2 dt < ﬂ/o |xnemt|2 dt = x2n
k=0

forall 1/e < x < 1. It follows that

oo

3 laPx* < x"

k=0
for all 1/e? < x <1 and hence
1 [ I
/ > laPx*| dx 5/ x"dx

since the function Y 4o, |ax|?x¥ is totally monotone on [0, 1]. This finishes
the proof of Corollary 8.

Remark. The constant 1/e in Corollary 8 above is not best possible. The fol-
lowing theorem improves the constant to 1/v/3.

Theorem 9. Suppose n > 0 is an integer and f is an analytic function in D.

If 1£(2)| < |2 for 1\3< |zl <1, then
/ f(2)PdA(z) < / |2 dA(z).
D D

Proof. 1t is easy to see that this is a direct consequence of the following result.
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Theorem 10. Suppose n > 0 is an integer and F(x) = Y72, apx* with nonneg-
ative coefficients. If F(x) < x" for 1/3<x <1, then

1 1
/ F(x)dx g/ x"dx = —1—
0 0 n+1

Proof. The case n =0 is trivial. We assume 7 > 1 in the rest of the proof.

That F(x) < x" for 1/3 < x <1 implies that either F(x) < x" for all
x € [0, 1] or there exists ¢ € (0, 1/3] such that F(c) = c¢". In the first case
the conclusion is obvious. So we assume that there exists ¢ € (0, 1/3] such
that F(c) =c" and F(x) < x" for ¢ < x < 1. Thus we have

a+ay+---+ap+ap +---=F(1),
Ao+ aic+ -+ " + app ™t ="

with F(1) < 1. We solve for a, and a,,; in terms of the other terms. Multi-
plying the first equation above by —c” and then adding the result to the second,

we get
Gua (™ =+ Y a(f - =M1 - F(1),
k#n,n+1
> ck—c*  1-F(1)
An+1 = Z akcn_cn+l- 1—-c °
k#n,n+1

Similarly, we obtain

k n+1
*—c 1 -cF(1)
an=_ Z akcn_cn+l+ l_c °
k#n,n+1
It follows that
1 > a
F()c)cbc:X:k+1
k=0
ay an Any1
= Y + +
k#n’n+lk+1 n+l n+2
1 Ck _cn+l Ck —ct
= Z Ak - +
k+1 (n+1)(c"—cml)  (n+2)(cm —cntl)

PR e () N A
n+1 1-c¢ n+l n+2)°

Since ¢ < 1/3 and n > 1, we clearly have
c 1

- — —— _<0.
n+1 n+2‘O
But 1 - F(1) >0 and 1 — ¢ > 0, we obtain
1
1
< -
/0 F(x)dx < o

Ck — entl Ck —n

1
+k#§+lak [k+ 1 (n+1)(c" — cn+1y + (n+2)(ct —cm+h)] -
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Writing ¢k — ¢ = ck — ¢"*!1 — (¢" — ¢**!) in the above series, we easily get
! 1
[ Fwaes
0 n+1

Ck _ Cn+1

+ E a [ 1 1
k — _
k#n,n+1 k+1 n+2 (n+1)(n+2)(c"—crtl)

The desired result now follows from the following lemma.

Lemma 11. Let
1 1 Ck_cn+l
k+1 n+2 (n+1D)(n+2)(c"—cl)”
Then D(k,n)<0 forall n>1, k>0, and c€ (0, 1/3].
Proof. First note that D(k,n)=0 if k=n or n+1.1If k>n+2, we have

D(k,n)=

1 1 cn+l
Dik, n) < n+3 nt2 (Dt -

c 1

T+ D(n+2)(1-¢) (n+2)(n+3)

_ ! (2e-24)

T (n+1)(n+3)(1-0) n+2
1 2 n+1

ST Dn+3(1-0 (§“n+2)

<0

It remains to prove the result for 0 <k <n-1.
When k=0 and n =1, a little simplification shows that

D, 1)=2ic(c—%) <0.

When k=0 and n > 2, we have

1 l+c+--+c"
D(k’”)‘"n+2'(n+1)(n+2)cn
n+1 1

“n+2 (n+ D(n+2)c

e (- <n_:1‘)7>

n+1 1 1
<" == ——
Sm+2)° <3n (n+l)2)
<0.
To prove the remaining case 1 <k <n—1, we write
n-k+1 1 — cnkel

D(k,n) = -

(k+1D)(n+2) (n+1)(n+2)(1=c)erk"
Since n -k + 1> 2, we have

-kl >1-¢2>1-c.
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It follows that
n—k+1 1
Dlke,m) < T D+ ~ e Dt Do+
n—k+1 n—k k+1
T kk+ )(n+2) (C S (n+D(n-k+ 1)) :

Let m=n—-k,then m>1 and

m+1 <c’"— k+1 )
cmk+ 1) (m+k+2) m+1)(m+k+1)) "
It is clear that for k > 1

D(k, n) <

k+1
m+1)(m+k+1) = (m+1)(m+2)°

Thus
m+1

m 2
D(k,n)S cm(k+l)(m+k+2) (C —m>

< m+ 1 1 2 >
“cmk+ D) (m+k+2)\3" (m+1)(m+2)
<0,

completing the proof of Lemma 11.

5. A COUNTEREXAMPLE

It is very natural to ask whether the conjecture stated in the Introduction
can be proved by using the method of this paper. In other words, one asks if
the following is true: there exists a constant § € (0, 1) such that if F(x) =
Sheoaxk, G(x) = 2 obixk, a >0, b >0 (k >0), and F(x) < G(x)
for 6 <x <1, then

/OIF(x)dxg/OlG(x)dx.

We show that this is false in general.
For any positive integer n let

1 . n+1
P(x) = (x—- n—+1> (1-x)" = ;)pkxk.

It is clear that P(x) > 0 for 1/(n+ 1) < x <1 and it is easy to show that
fol P(x)dx < 0. Let {a;} be a sequence of nonnegative numbers such that

ai > |pi| for 0<k <n+1. Now let
Fx)=)Y ax*,  G(x)=F(x)+P(x).
k=0

Then all the coefficients of F and G are nonnegative, G(x) > F(x) for
1/(n+1)<x <1, but

/OIG(x)dx</OlF(x)a'x.

Since n is arbitrary, no & exists with the desired property.
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