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BAIRE CLASS 1 SELECTORS FOR UPPER
SEMICONTINUOUS SET-VALUED MAPS

V. V. SRIVATSA

ABSTRACT. Let T be a metric space and X a Banach space. Let F: T — X
be a set-valued map assuming arbitrary values and satisfying the upper semicon-
tinuity condition: {t € T : F(t) N C # @&} is closed for each weakly closed set
C in X . Then there is a sequence of norm-continuous functions converging
pointwise (in the norm) to a selection for F . We prove a statement of similar
precision and generality when X is a metric space.

INTRODUCTION

Several articles have appeared in recent years on upper semicontinuous set-
valued maps and, in particular, on the selection problem which we shall be
mainly concerned with in this paper—notably the work of Jayne, Rogers, and
their collaborators. For the sake of brevity, we shall confine ourselves to stating
the recent results that led most directly to ours and a few remarks motivating
our work. We urge the reader to consult the papers listed in the bibliography
for earlier history and a more elaborate description of the problem (we would
particularly recommend [9, 10, 12]).

In what follows T will always be a metric space, X a topological space
(we shall be interested in the cases when X is a normed linear space with its
weak topology or a metric space), and F: T — X a set-valued map on T into
P(X) — 2. We postpone all definitions to §1.

The statements below are only meant to be indicative and some of them are
stated in versions slightly weaker than in the original—to which we refer the
reader.

Theorem A (Jayne-Rogers [9]). Let X be metric and F: T — X be upper
semicontinuous. Then F has a Borel class 2 selection.

Theorem B (Jayne-Rogers [9], see also Hansell [5]). Let X bemetric. If F: T —
X is upper semicontinuous and F(t) is complete for each t, then F has a Borel
class 1 selection.

Many interesting examples of upper semicontinuous maps arise as ones taking
values in a Banach space, e.g., maximal monotone maps (of which the subdif-
ferential is a special case), attainment maps, and metric projections (see [10,
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11, 12]). Here the problem becomes more subtle (and difficult) owing to the
presence of more than one topology. Indeed, in this context, the upper semicon-
tinuity is usually with respect to (the possibly nonmetrizable) weak and weak*
topologies.

Theorem C (Jayne-Rogers [10]). Let F be a weakly upper semicontinuous set-
valued map on T taking values in a fixed weakly compact subset of a Banach
space X. Then F has a norm Borel selector. When, in addition, F assumes
only weakly compact values, there is one of the second Borel class.

Theorem D (Hansel-Jayne-Talagrand [7]). Suppose T is hereditarily Baire and
X is a Banach space. If F is weakly upper semicontinuous and weakly compact-
valued, then F has a norm Baire class 1 selection.

Theorem E (Jayne-Rogers [11]). Let X (respectively X*) be a Banach space
(respectively a dual) with the Radon-Nikodym property. Suppose F is weakly
(respectively weak*) compact-valued and weakly (resp. weak*) upper semicon-
tinuous. Then F has a Baire class 1 selection.

As the variety of hypotheses in the theorems above suggests, their proofs
are based on different principles. The proof of Theorem A hinges on the Cho-
quet ‘boundary’ of F and a careful calculation of the topological nature of the
graph of F. Hansell’s proof of Theorem B on the other hand is on the clas-
sical Kuratowski-Ryll-Nardzewski [14] pattern in a nonseparable version. In
Theorem C, the authors invoke a theorem of Amir and Lindenstrauss to restrict
attention to spaces of type Cy(I'), and special geometric properties of Coy(I")
enable them to carry over the arguments in [9]—a complex argument. Theorem
D, in a quite different spirit, is based on Baire category arguments through the
use of a recent Namioka type theorem of Chistensen-Saint-Raymond [4, 17]
stating that any minimal, compact-valued upper semicontinuous map is single-
valued on a dense G5 set. Finally, the proof of Theorem E proceeds via the
formulation of the interesting notion of a topology ‘fragmentable by a metric.’
The observation that the Radon-Nikodym property ensures that on any bounded
subset the weak (or weak*) topology is ‘fragmentable’ by the norm allows the
authors to obtain a selection on the Kuratowski-Ryll-Nardzewski principle.

Our work arose in an attempt to understand these theorems and see them
in a single scheme and in the hope that thereby one could dispense with the
technical hypotheses. In this article we shall present a complete solution in
the case of maps taking values in a Banach space (actually any normed linear
space) with its weak topology (which, with some qualification subsumes the
metric case)—namely,

Theorem. Let T be a metric space and X a Banach space. Let F: T — X bea
set-valued map assuming arbitrary values and satisfying the upper semicontinuity
condition: {t€ T : F(t)NnC # @} is closed for each weakly closed set C in X .
Then there is a sequence of norm-continuous functions converging pointwise (in
the norm) to a selection for F .

It turns out that arguments elementary in principle yield precise results in
complete generality. A key ingredient is the proof of the special case (a state-
ment of which we have been unable to find in the literature!): any weakly con-
tinuous (point-valued) map on a metric space into a Banach space is a pointwise
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(norm) limit of a sequence of norm-continuous functions. While such distinc-
tions are misleading in the multi-valued case, notice that in the separable case
the above easily follows from the fact that a weakly open set in a separable
Banach space is a norm F, (and was indeed established by Alexiewicz and
Orlicz [1]). Even this corollary is perhaps not without interest. To see what
this could mean we note that this yields a particularly transparent proof of the
Orlicz-Pettis Theorem: every weakly unconditionally convergent series is norm
unconditionally convergent.

A word on the class of the selectors. Easy (and well-known) examples show
that our results are the best possible (and as far as we are aware, ours is the first
instance when (even Borel) class 1 selectors have been obtained without any
assumption on the values of F, in any situation). But quite apart from this,
this seems to be the right level of precision to aim for. As Jayne and Rogers [12]
have observed, the points of continuity of a selector have canonical properties
in concrete cases. The underlying principle seems to be the following. Let
us restrict attention to the important class of minimal (in the natural ordering
through graph inclusion) upper semicontinuous, compact-valued maps (e.g., the
maximal monotone maps). Assume further that the metric space 7T is a Baire
space. Let F: T — X be upper semicontinuous and compact-valued, and
let f be a (norm) Baire class 1 selection for F obtained from the Theorem.
By the relevant generalization of Baire’s classical theorem the set of points of
norm continuity of f, C, is a dense G;. It is easily seen that the closure of
{{x, f(x)) : x € Cs} is the graph of an upper semicontinuous, compact-valued
map, which must coincide with F when F is minimal. And so one has a
proof of the theorem of Christensen-Saint-Raymond referred to earlier: any
minimal, weakly upper semicontinuous, compact-valued F is point-valued and
norm upper semicontinuous on a dense G set.

When X is metric, the existence of Borel class 1 selectors follows imme-
diately, via an appropriate embedding, from the Banach space case (since we
make no assumptions on the values of F). Unfortunately, examples are easily
constructed to show that one cannot in general obtain Baire class 1 selectors.
However, even in the metric case our selectors do have the important property
that they are continuous outside a meager set.

Some months after we had done our work we heard that Hansell had in-
dependently proved our Theorem in the cases when X is a metric space or a
separable Banach space (in both cases Theorems A-E guarantee the existence
of Borel selectors). We have also learned that Jayne and Rogers have obtained
some refinements of their results yielding, e.g., selectors of the respective Baire
classes in Theorems A and B.

The paper is organized as follows. In §1 we fix the notation and do the
preliminary work, and in §2 we establish the main results and put together
several remarks and questions.

It is doubtful if the author would have embarked on this work had he not
been visiting University College London during the academic year 1984-85.
He is grateful to Professors Jayne and Rogers for arranging this visit, the De-
partment of Mathematics for its hospitality, and the Science and Engineering
Research Council, U.K., for generous financial assistance. Quite apart from his
indebtedness to their work, the author wishes to acknowledge the discussions
he had with Professors Jayne and Rogers, and for their comments and useful
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suggestions on a first draft. He shall particularly remember the kindness shown
to him by Professor Rogers. Thanks are also due to Iwo Labuda, who was
another visitor at University College, and to G. Debs for comments on the
manuscript. We are also grateful to T. S. S. R. K. Rao for helpful conversa-
tions.

1. PRELIMINARIES

In what follows T will always stand for a metric space and X for a topolog-
ical space. The symbol 4 will always stand for the distance function whatever
the metric space under consideration. When Y is a metric space and y € Y,
B(y; &) will stand for the open ball of radius ¢ centered at y. When Y isa
normed linear space we will simply write By for its unit ball. When A is any
set, A will denote its closure in the relevant topology.

A reference for most of the notions we use is Kuratowski [13], and we refer
the reader to it for a general definition of the Borel and Baire classifications of
sets and functions. Recall however that the sets of additive class 1 in 7 are
the F, sets and the sets of multiplicative class 1 are the G5 sets. Subsets of T
that are simultaneously F, and G; are referred to as sets of ambiguous class
1.

When f is a function on 7T into X, f is said to be of Borel class 1 if the
inverse image of every open setin X is F, in T . The function f is Baire class
1 if it is a pointwise limit of continuous functions. The former of these two
classes of functions is closed under uniform limits. The Baire class 1 functions
are of special importance and have the following interesting property: the set
of discontinuity points of any Baire class 1 function is a meager F, in T (for
metrizable X). While we shall not meet any Borel functions of class bigger than
one in what follows, we have referred to the class 2 functions in the introduction:
a function f: T — X is Borel class 2 if f~Y (V) (= {te T: f(t) e V}) isa
countable union of Gj sets for each open V in X .

Every Baire class 1 function is always Borel class 1 (for metrizable range)
and it is a classical theorem that when X is the unit interval (more generally,
a finite product of intervals), the converse holds. This is far from being the
case in general. The selectors we construct will easily be seen to be Borel class
1. Furthermore, they arise as uniform limits of functions with a particularly
simple structure and Proposition 1.3 below will enable us to conclude that they
are actually Baire class 1, when X is a normed linear space. We now proceed
to introduce this class of maps and put down a few of their properties—we shall
meet them often in the rest of the paper.

We will find it convenient to deal with functions that may not be defined
on the whole of T (partial functions). We will continue to use the notation
“f+ T — X” even when f is partial. However, a function f: T — X must
always be taken to be defined on the whole of T unless we explicitly use the
epithet “partial.”

Definition 1.1. Call a partial function f: T — X rudimentary if the domain of
f is the union of a discrete (in T) family of open sets on each of which f is
constant.

Notice that the definition of rudimentary depends on the underlying space
T even when f may be defined only partially on it, since the domain of f
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must be expressible as a union of a family (of open sets) discrete in T . Strictly
speaking, for a partial function we should always say “rudimentary on 7,” but
we have subsumed this by our notation f: 7 — X even when f is partial, and
shall just say “rudimentary” unless there is scope for confusion as in the next
definition.

If f:T—> X and 4 C T, then the abbreviation f|4 will denote the restric-
tion of f to A.

Definition 1.2. Call a function f: T — X rudimentary of class 1 if there is a
sequence of pairwise disjoint ambiguous class 1 sets A,, such that Ule Am =
T and f|A, is rudimentary (on A4,) for each m.

The next two propositions are trivial.

Propeosition 1.1. Suppose {B,} is a sequence of pairwise disjoint sets of ambigu-
ous class 1 such that UnZl B, =T and f,: B, — X is rudimentary of class 1
foreach n. Then f: T — X, defined by

f(t) = fut) forte By,
is rudimentary of class 1.

Proposition 1.2. Let V be a discrete open cover for T . Suppose for each V € V
there is fy:V — X rudimentary of class 1. Then f: T — X, defined by

f(O)y=fr(t) forteVv,
is rudimentary of class 1.

We shall now observe that the classical arguments (see [13]) are easily modi-
fied to show that when X is a normed linear space, any uniform limit of rudi-
mentary class 1 functions is Baire class 1 (with respect to the norm topology on
X).

Lemma 1.1. Let X be a normed linear space. Suppose f and g are rudimen-
tary class 1 functions on T into X such that ||f(t)—g(t)|| <é& foreach teT.
Assume further that {f,} is a sequence of continuous (in the norm) functions
on T into X converging pointwise to f. Then there is a sequence of norm-
continuous functions g, — g pointwise such that for each n, || g,(t)— fu(?)|| < €
for all t.

Proof. Since f and g are rudimentary class 1, it is easily seen that g — f is
rudimentary class 1. Further, g — f takes values in B(0;¢&). Let 4, be a
sequence of pairwise disjoint ambiguous class 1 sets such that {J,,, 4m = T
and such that (g — f)|4,, is rudimentary for each m. For each m > 1 we
may write Ay = J,>; Amn, With A, increasing and A4,,, closed for each n.
Put F, =U,,_, Amn. Then each F, is closed and {J,5, Fn =T .

Fix n > 1. Observe that (g — f)|F, is continuous on F,. By the Dugundji-
Borsuk extension theorem (which applies since X is a normed linear space [2])
(g — f)|F, has a continuous extension h, on the whole of T into B(0;¢).
It is easily checked that h, — g — f pointwise. To complete the proof take
&n = hn + ./;l .

Proposition 1.3. Let X be a normed linear space. If f is the uniform limit of
a sequence of rudimentary class 1 functions on T into X, then f is Baire class
1 (in the norm).
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Proof. Let f,: T — X be a sequence of rudimentary class 1 functions converg-
ing uniformly to f on T into X . Without loss of generality we may assume
that for each n > 1, || f,(2) — fa+1(2)|| < 1/2" for all ¢. We shall now construct
a double sequence of continuous functions {4,,} on T into X satisfying:

(i) foreach n>1, hyy — f, pointwise, and
(ii) for n,m>1, ||hym(t) = hnpr, m(2)I| < 1/2%.

The construction is by induction on n. For the base step, notice that the argu-
ment in Lemma 1.1 yields a sequence of continuous functions {4;,,} converging
pointwise to f; . Suppose {Am}m>1 has been constructed. Apply Lemma 1.1
to f, and f,4; (playing the role of f and g respectively) and the sequence
{hnm}m>1 with & =1/2". Call the sequence given by the lemma {h,1, m}m>1 -
This does the job.

Finally, notice that for fixed ¢ € T, the inequality

mm (2) = SO < Wmm(2) = Pum (Ol + [ nm(2) = Sa (D)
+ /() - S

in conjunction with (i), (ii), and the fact that f,(¢) — f(¢) ensures that the
diagonal sequence {Am,m,} converges pointwise to f .

What happens for general metric spaces X ? Simple examples and the argu-
ment above (which is just the classical proof rewritten) suggest that a minimum
requirement is that Tietze type extension theorems must hold for maps on T
into X . Hansell has claimed [6] that for such X the Borel and Baire classi-
fications do coincide for the large class of ‘o-discrete mappings.” All the maps
we construct are easily checked to be g-discrete. Why then have we taken the
trouble to prove Proposition 1.3? Unfortunately, the proof of [6, Theorem 6]
is not correct (and does not seem rectifiable)—since all the previous authors in
the subject have invariably invoked Hansell, this must be a small gap in their
proofs.! However, as we shall observe in the next section, standard embedding
arguments ensure that for our purposes Proposition 1.3 suffices.

When f: T — X and X is a normed linear space, f is weakly continuous if
it is continuous with respect to the weak topology. Similarly norm-continuous,
weakly Borel, etc., have the obvious meanings.

By a set-valued map (or multifunction) F: T — X we mean a function on
T into P(X) - {@}. The graph of F (notation: Gr(F)) is the set {(¢, x) :
x € F(t)}. For A C T, F(A) will denote {x € X : x € F(t) for some
t € A}. The multifunction F: T — X is called upper semicontinuous (u.s.c.)
if for each closed C in X, theset F~!(C)={te T:F(t)nC # @} is closed
in T . These are natural objects. One way in which they pervade the literature
is as set-valued ‘continuous’ extensions of continuous maps, when there is no
continuous extension—the closure of the graph of the sin% function on [0, 1]
being a prototype (see Labuda [15] for an elaboration on this theme). For
examples in function spaces see [10, 11, 12]. We shall come across a couple of
nonstandard examples later in the article. When X is a normed linear space
equipped with the weak topology, we shall call such an F weakly u.s.c.; and
when X is equipped with the norm topology, norm u.s.c.

I The referee has pointed out that all the applications of the results of [6] are valid for an absolute
extensor for metric spaces (in particular, a normed linear space). See [19, pp. 389-390].




UPPER SEMICONTINUOUS SET-VALUED MAPS 615

There is a strong connection between upper semicontinuity and compactness.
When X is compact and F is closed valued (i.e., F(¢) is closed for each ¢),
F is us.c. if and only if the graph of F is closed in T x X . The following,
though simple, is the key fact about upper semicontinuity, and appears in some
form or the other in every paper on the subject.

1.4. Let F: T — X be upper semicontinuous. Suppose a sequence {,},>1
in T convergesto t € T, and x, € F(t,). Then either x, € F(t) for infinitely
many n, or {x,} has a strict accumulation point x € F(¢).

2. THE MAIN RESULTS

For clarity and ease of exposition we shall split up the proof of our Theorem
into several steps, essentially by proving special cases first. Our first step will be
to present one ingredient in the proof by proving the point-valued case of our
Theorem.

Theorem 2.1. Let T be a metric space, and X a normed linear space. Suppose
f: T — X is a weakly continuous point-valued function. Then f is a pointwise
(norm) limit of a sequence of norm-continuous functions.

Proof. We will construct a sequence of rudimentary class 1 functions converging
uniformly to f.

Since T is metric there is a o-discrete base for the topology on T . There-
fore, fix a o-discrete base U = |J,, U, , where each U, is a discrete family
of open sets. For each U € U choose and fix a ty € U and put xy = f(tv).

Define, for n > 1, the partial function f,: T — X with domain J{V : V €
U,} by

t)=xy ifteU, UelU,.

Since U, is a discrete family, the definition above is unambiguous. Plainly, for
each n > 1, the partial function f, is rudimentary. Furthermore, since U is a
base for the topology on T, foreach t € T and n > 1 thereisan m > 1 such
that f,(¢) is defined and f,,(f) € f(B(t; 1)). Since f is weakly continuous,

it follows that, for each ¢ € T, there is a sequence m;, m,, ... such that
Jm,(t) is defined for each k, and
S (8) = f(2).

By the Hahn-Banach theorem, there must therefore be a subsequence of the
sequence of all finite rational linear combinations of the sequence f,(f) con-
verging in the norm to f(¢).

Consider now the sequence of functions {gm}n>1 obtained by taking all
finite rational linear combinations of the functions {f,},>; . It is easily checked
that each g,, is a rudimentary partial function on 7. Furthermore, from what
we have seen above we know that foreach t € T and ¢ > 0, thereisan m > 1
such that

(%) gm(t) is defined and || f(t) — gm(?)|| <.
Fix /> 1 and put for m > 1,

AL, = {t € T : gn(t) is defined and || f(t) — gm(2)|| < 1/1}.
In view of (x) above, U, 45 =T .
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Let V be a discrete family of open sets such that |JV = domain(g,,) and
such that g, takes the constant value g} on V € V. Then

Ay =V n{t: () e B(gm; 1/D)}: V € V}.

As V is discrete and f is weakly continuous, A., is the intersection of a
closed set and an open set, and so of ambiguous class 1.
Define h;: T — X by

h(t) = gm(t) ifteal, -] 4.

k<m

For each / > 1, h; is rudimentary of class 1, and plainly #; — f uniformly in
the norm. By Proposition 1.3, f is Baire class 1 in the norm.

It is interesting to observe that the above yields a particularly transparent
proof of the well-known Orlicz-Pettis theorem.

Corollary 2.1 (Orlicz-Pettis). Let X be a Banach space. Every weakly uncondi-
tionally convergent series in X converges unconditionally in the norm. Equiva-
lently, every weakly subseries convergent series in X is subseries convergent in
the norm.

Proof. The equivalence is easy and well known. We will prove the subseries
version. Let {x,} be a sequence in X and assume by hypothesis that for every
sequence n; < ny < --- of integers, w-Y_ > x, exists. We now identify each
such sequence n; < n; < --- with the element of the Cantor space such that
a(k) =1 iff k = n; for some i. Consider now the map F: 2% — X defined
by

F(o)=w-Y_ X,
i>1
where n; < n; < --- is an enumeration (may be finite) in increasing order of

{k :a(k) =1}.

By hypothesis, F is weakly continuous on 2% into X. By Theorem 2.1,
therefore, F is a pointwise limit of norm continuous functions, and so (since
2¢ is a complete metric space) F has at least one point of norm continuity, aj .
Let m; < m; < --- be an enumeration of {k : ap(k) = 1}. Assume to begin
with that this sequence is infinite. Observe that since F is norm-continuous at
Qo ,

(%) W-me,. -0 ask — 0.

i>k
Fix now any sequence n; < n, < ---. We have to show that } ., x,, exists.
Let a, be the element of 2% which is 1 precisely on the set {m,, ..., m;} U

{nks1> Nky2,---}. Then ap — ap, and so, by the norm continuity of F at
ag,

k
Exm,+w-z x,,,—w-Zx,,,, —0 ask — o0.
i=1

i>k+1 i>1
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-0 ask - 0.

w- Z Xn, — W- Z Xm,

i>k+1 i>k+1

By (x), therefore,

-0 ask - 0.

WY X,

i>k+1

It follows that the sequence Zf;l Xp, 1s Cauchy in the norm and this completes
the proof when {k : ag(k) = 1} is infinite. The other case is similar.

One reason for writing out Theorem 2.1 separately is that it brings out clearly
the central role of the metric nature of the domain and the Hahn-Banach
theorem—that is one ingredient in the proof of our Theorem. The rest of
the proof is essentially a careful combination of the above with §1.4. The next
lemma is basically the proof of the Theorem for closed-valued F .

Lemma 2.1. Suppose X is a normed linear space and F: T — X a weakly
u.s.c. set-valued map. Then there is a sequence {h,},>, of rudimentary class 1
mappings on T into X satisfying

(@) [12n(8) = Ansa (DI < 1/27 V1, and
(ii) B(ha(1); 1/2")NF(1) # 2.

Proof. As in the last theorem, by fixing a o-discrete base U = J,,, U, for T,
with each U, discrete, we can get a sequence of rudimentary partial functions
{fa(t)} such that (now), if again we pick (and fix) ty € V and xy € F(ty) for
each V € U,, we have, f,(t) € F(ty) for t € V (via the definition f,(t) = xy
for teV).

Again, for each k > 1, and every ¢, there is an m > | such that

Sm(t) is defined and  f,(t) € F(B(t; 1/k)).

Observe now that, as F is u.s.c., §1.4 applies to yield: either f,(t) € F(¢) for
infinitely many m or there is a (strict) weak cluster point of {f,,(¢#)} which
belongs to F(t). In either case, there is a subsequence of the sequence of finite
rational linear combinations of {f,(¢)} converging in the norm to a point in
F(1).

Let {gm(t)}m>1 stand for the sequence (enumerated in some order) of rudi-
mentary partial functions obtained by taking all finite rational linear combi-
nations of the functions {f,(#)},>:. Then, by the above, for each ¢t € T and
n > 1,thereisan m such that g,(¢) is defined and B(gn(¢); 1/2")NF(t) # @ .
Let, for fixed m > 1,

Am = {t € T : gn(t) is defined and B(gn(1); 1) N F(t) # @}.

Then Ule Am = T. Let V be a discrete family of open sets such that
Uyev V' = domain of gy, and such that g, assumes the constant value cy
on V. Then

Am=J WV n{te T Blev; )NF(t) # 2}).
Vev
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As F isus.c, and V is discrete, it follows that A,, is the intersection of an
open set and a closed set, and so of ambiguous class 1.
Define h;: T — X by

hi(t) = gm(t) ift€ dm— | Ak.

k<m

Plainly, h, satisfies the required properties. Suppose A, has been defined to
satisfy

B(ha(t); 1/2")NF(t) # 2.
We will now define A, satisfying
(1) d(ha(2), hnt1(2)) < 1/2", and
(ii) B(hn1(2); 1/2)NF (1) # 2.
As h, is rudimentary of class 1 (by the induction hypothesis), there is a se-
quence {B,,} of ambiguous class 1 sets such that A,|B, is rudimentary (on By,)
for each m > 1. By Proposition 1.1, it is enough to construct A,,; on each B,,
separately, so we may assume without loss that 4, is rudimentary. Similarly,
by Proposition 1.2 we may assume £, is constant. Let then the constant value
of h, be c. By the induction hypothesis, we know that B(c; 1/2")NF(t) # @
for all ¢ € T. Consider the set-valued mapping F’: T — B(c; 1/2") defined
by
F'(t) = F(t)n B(c; 1/2").

Then, since B(c; 1/2") is weakly closed, F’ is weakly u.s.c., and furthermore
F’ is nonempty valued. Repeat the procedure in the base step (the construction
of hy) to get (now) h,.1: T — B(c; 1/2") rudimentary of class 1 so that
B(hns1(2); 1/2+1) N F(t) # @ . This completes the induction.

Remark 2.1. For Banach spaces X, the above suffices to yield the selection
theorem for closed-valued F . For, let F: T — X be weakly u.s.c. and weakly
closed-valued. Get a sequence {A,} as in the lemma. Then {A,} is uniformly
Cauchy in the norm and so (norm) lim A, = h exists. By Proposition 1.3, 4 is
Baire class 1 to the norm, and since F is closed-valued, h(¢) € F(t) for each
t.

In view of the proof of the lemma, there is the appearance of sleight of hand
to the next lemma. But it is only an intermediate selection theorem. It is of
some surprise though that an ‘approximate selection’ of such precision exists.

Lemma 2.2. Let X be a normed linear space and F: T — X weakly u.s.c.
Suppose h: T — X is rudimentary of class 1 and (Vt) B(h(t); €) N F(f) #
&, € >0. Then thereis h': T — X, h' rudimentary of class 1, such that
\h(t) — h'(t)|| <& forall t, and h'(t) € F(B(t;¢€)) for every t.

Proof. Once again, as in the previous lemma, we may apply Propositions 1.1
and 1.2 to assume without loss of generality that 4 is constant on 7 . Let this
constant value be ¢. As before consider F’: T — B(c; ¢) defined by

F'(t)=F(t)nB(c; ¢), teT.

Again, F’ is weakly u.s.c. and nonempty valued. Fix a o-discrete refinement
V of the cover for T consisting of the open sets of diameter less than ¢. As
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before we can get a sequence of rudimentary partial functions {f,},>1 such
that (now), for each ¢ € T, there is n satisfying

Jfa(t) is defined and  f,(¢) € F'(B(t; €)).

Each f, has open domain. Clearly the oft used standard disjointification pro-
cedure yields the required #’.

We now come to the last step of our proof and establish our main theorem.
The role of the previous lemma now becomes clear. The argument is perhaps
not entirely obvious.

Theorem 2.2. Let T be a metric space and X a normed linear space. Suppose
F: T — X isaweakly upper semicontinuous set-valued mapping taking arbitrary
values. Then there is a sequence of norm continuous functions f, on T into
X converging pointwise (in the norm) to f: T — X such that f(t) € F(t) for
each t € T. In particular, F has a Borel class 1 selection whose set of (norm)
discontinuity points is a meager F, .
Proof. By Lemma 2.1 there is a sequence of rudimentary class 1 functions {A,}
satisfying:
(i) d(hn(t), has1(£) < 1/27, and

(i1) B(hu(t); 1/2")NF(t) # @, for each ¢.
By Lemma 2.2 there is, for each n, a rudimentary class 1 function A, such
that

(iii) d(hy(2), ha(2)) < 1/2", and

(iv) hy(t) € F(B(t; 1/2")) for each ¢.
Let

A ={teT:hi(t)e F1)}.

As h) is rudimentary class 1, A, is, arguing as before, ambiguous of class 1.
More generally, put

A,,={teT— UAk:h;,(t)eF(z)}, n>2.

k<n
Then, by induction, each A, is ambiguous class 1. Define now the sequence
{fa}n>1 of rudimentary class 1 functions by the recursion: f,(¢) = hj(t),

hi(¢) forte 4,

Jas1(2) = : ’

hy(t) forte A,,
hrs
Each f, is clearly rudimentary of class 1. Furthermore, for ¢ ¢ UnZl Ay,

Sm(t) = h,,(t) ¢ F(t) forevery m,

(t) otherwise.

and, for t € 4,,

So(t) = frms1(t) = hi(t) forevery m>n.

Plainly f, is uniformly Cauchy on 7 . Let us now observe that (norm) lim f, ()
exists and belongs to F(¢) for every ¢t. For t € A, , f,(¢) is ultimately (in
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n) h.,(t) and so lim f,(¢) exists and lim f,(¢) = h,,(t) € F(t), by definition of
Am .

For t ¢ Upsi Am,s fa(t) = hy(t) ¢ F(t) (Vn). By (iv) and §1.4, f,(¢) has
a weak cluster point, say x € F(t). But f,(¢) is norm-Cauchy. It follows that
fa(t) = x (in the norm). Thus, for every ¢, lim f,() exists and belongs to
F(1).

Finally, f = lim f,, being a uniform limit of rudimentary class 1 functions,
is by Proposition 1.3, Baire class 1 (in the norm).

Remark 2.2. We must stress that as far as Borel class 1 selectors are concerned
the theorem for normed linear spaces is not really more general than the corre-
sponding statement for Banach spaces. This is because if F: T — X is as in
the Theorem, embed X in its second dual X**, and notice that F continues
to have its properties viewed as a map taking values in the Banach space X**
(it is important here that we prove a theorem making no assumptions on the
values of F). So if the Theorem is proved for Banach spaces and there is a
Borel class 1 selector for F , taking values in X**, this selector must take values
in X , and does the job. However, this argument cannot be used for Baire class
1 selectors.

Let us now consider the case when X is any metric space. It is not hard to
see that the arguments we have presented in this section are actually simpler
in this case without the complication of a nonmetrizable weak topology to deal
with. The only point at which the argument breaks down is in our use of
Proposition 1.3. That said, we will now put down the following as a corollary
to the Theorem.

Corollary 2.2. Let T and X be metric spaces and F: T — X an upper semi-
continuous set-valued mapping taking arbitrary values. Then F has a Borel class
1 selection whose set of discontinuity points is a meager Fg .

Proof. Since both the hypothesis and the conclusion depend only on the topol-
ogy of X, we may assume without loss that X is equipped with a metric d such
that d —diameter(X) < 1. It is clear then that the mapping x — (y — d(x, y))
is an isometric embedding of X into the Banach space Bg(X) of bounded,
continuous real-valued functions on X with the sup norm. Thus Theorem 2.2
(indeed in the much weaker form with no reference to the weak topology) ap-
plies to the multifunction F viewed as one taking values in Bgr(X) to yield a
Borel class 1 selection f such that f is continuous outside a meager F, . It is
clear that f must take values in X (being a selection for F), and hence the
result. Once again, as in the last remark, in using such an embedding argument
it is important that we have proved the Theorem for Banach spaces making no
assumption on the values of F .

A slightly harder embedding argument (for which the author is grateful to
C. A. Rogers) yields Baire class 1 selectors in a situation already considered by
several authors (see, e.g., [7]).

Corollary 2.3. Let T be a metric space, X a metrizable absolute retract, and
F: T — X an upper semicontinuous set-valued mapping taking arbitrary values.
Then F has a Baire class 1 selection.

Proof. By aresultin [2], X can be embedded isometrically as a closed, linearly
independent subset in a normed linear space E . Since X is an absolute retract,
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X is a retract of E, and so there is a continuous g: E — X such that g|X
is identity. Let f,: T — E be a sequence of continuous functions converging
pointwise to a selection f for F viewed as a mapping taking values in E,
obtained from the Theorem. Notice that go f, — gof pointwise and gof = f.
This does the job.

Remark 2.3. In an earlier version we only had the above for completely metriz-
able retracts, but C. A. Rogers pointed out the result in [2] to us. We have stuck
to the embedding into Bg(X) in Corollary 2.2 because it is simpler. It was also
pointed out to us by C. A. Rogers that the condition ‘metrizable absolute retract’
is equivalent to the ‘metrizable spaces with the extension property’ considered
by him and his collaborators (see [3, p. 21]).

Remark 2.4. The arguments in this remark are related to the Jayne-Rogers ob-
servations [12] on points of continuity of the selectors in various cases. Suppose
the hypotheses of Theorem 2.2 or Corollary 2.2 are in force. Assume further that
F: T — X is compact-valued and T is a Baire space. Let f: T — X be a selec-
tion for F of the kind guaranteed by the above results. Then C,={teT: f
is continuous at ¢} is a dense Gj;. Consider the multifunction G: T — X
whose graph is the closure in T x X of {(¢, f(¢)): ¢t € Cs}. It is not hard to
see (using the upper semicontinuity of F and the compactness of the values of
F) that G is us.c., G(¢) C F(t) for each ¢, and G(t) = {f(¢)} for t € C;.
Since Cy is dense in T, it follows that G does not properly contain the graph
of any other u.s.c., compact-valued mapping. In other words, G is minimal. In
particular if F is minimal, F must coincide with G and so F must be single-
valued and continuous (in the normed linear space case, norm-continuous) on
Cy. This is the theorem of Christensen-Saint-Raymond for metric domains.
(Actually Christensen [4] showed that this is valid when the domain satisfies a
certain game-theoretic condition and Saint-Raymond [17] showed that Chris-
tensen’s result remains valid under a weaker (game-theoretic) condition which
he showed was equivalent (in the category for metric spaces) to saying that 7
is a Baire space. For metric domains, ours is a more precise result.)

Remark 2.5. Notice that the above argument also shows that any compact val-
ued, u.s.c. F: T — X always contains a minimal such G without the usual
brute recourse to Hausdorff maximality arguments. This must be tempered by
the remark that we have made heavy use of the axiom of choice. This is un-
avoidable since we make no assumptions on the values of F . Observe however
that when 7 and X are both separable metrics we only use the countable axiom
of choice. One cannot do better.

Remark 2.6. An interesting (and unusual) aspect of this selection theorem is
that any distinction between separable and nonseparable domains is artificial
and misleading. Indeed we would have found it much harder to obtain a precise
version if we had concentrated (as we initially did) solely on the separable case,
where o-discrete covering arguments are not quite so natural. Another curious
feature (related to Remark 2.5), at least for a descriptive set-theorist, is what
appears to be the essentially noneffective nature of the Theorem.

Remark 2.7. It is natural (and important) to ask about possible extensions of our
Theorem to nonmetric domains, and particularly to classes of compact Haus-
dorff spaces including the weakly compact sets. To fix ideas let 7 be weakly
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compact. It is doubtful if even the point-valued version (Theorem 2.1) holds in
complete generality.2 Recall, however, Namioka’s theorem that on any weakly
compact set, the weak and norm topologies coincide on a dense Gj, which
must therefore be metrizable. Thus almost everywhere versions (in the sense of
Baire category) are true when 7 is weakly compact. In particular, Remark 2.4
remains valid when T is weakly compact (and has indeed been established for
any compact Hausdorff domain by Christensen). Moral: selection theorem +
single-valued Namioka = multivalued Namioka.

Remark 2.8. We have been silent so far on the weak* topology. Jayne and
Rogers have observed [11] that the validity of Theorem E actually charac-
terises the RNP in dual spaces with the weak* topology. (Reason: almost ev-
erywhere Fréchet differentiability of all continuous, convex functions implies
RNP.) While this is almost a complete solution (for the weak* topology), a few
questions remain. The most obvious one is whether the assumption on the com-
pactness of the values can be dropped when X* has RNP. There is some hope
here because Jayne and Rogers do not seem to use the full power of the up-
per semicontinuity. Indeed, their proof, with one obvious modification, works
equally well when F is lower semicontinuous (we shall resist the temptation of
supplying a proof here).

In another direction, one might ask if weak* class 1 selectors (as opposed to
norm Borel selectors) always exist in the (X*, weak*) case. Jayne and Rogers
[11] have already considered this question and have obtained positive answers
in some cases (including L, for example). In fact, Theorem 10(b) of [11]
proves the weak* version of Theorem 2.2 in the case when F has weak* closed
values, and Hansell [19] proves it in the separable case.

Remark 2.9. The above also raises the question of whether even the point-valued
version (namely the analogue of Theorem 2.1) characterizes the RNP in dual
spaces. This is indeed true when X is separable. The unit ball of X*, By, is
then metrizable. But then, if Theorem 2.1 holds (in the weak* version), it must
apply to the metrizable domain By-, and so the identity map on By. must
be a pointwise (norm) limit of norm-continuous functions. It is easily checked
that this forces By- to be separable in the norm, and so X* is separable. But
then X* must have RNP.

Recall now Stegall’s characterization of RNP in X*: every separable sub-
space Y of X has a separable dual. This raises the following question: Is
there a weak*-weak* continuous (or even Borel) selection for the set-valued
map F: By. — X* defined by

F(t) ={y € Bx- : y extends ¢}?

Notice that F is a compact, convex-valued (in a very strong sense) upper semi-
continuous set-valued map.

However (and we owe the following remark to T. S. S. R. K. Rao), recall that
a Grothendieck space is a space X such that in X*, weak and weak* sequential
convergence coincide. An obvious argument now shows that Theorem 2.1 holds
(in the weak* version) for such an X*. However there are Grothendieck spaces

2The referee has pointed out that if 7 C X is weakly compact, then the identity 17 is norm
Baire class 1 iff T is separable. So Theorem 2.1 does not hold in general.
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X for which X* fails RNP. So we modify our question to: What are the spaces
for which the analogue of Theorem 2.1 (with weak* replacing weak) hold.

Remark 2.10. Theorems 2.1 and 2.2 raise the following question on the struc-
ture of upper semicontinuous maps: Can every compact-valued, weakly u.s.c.
F: T — X be expressed as a ‘limit’ of a sequence of norm u.s.c. ones?

Remark 2.11. Another natural structural question to ask about u.s.c. maps, par-
ticularly keeping in mind Remark 2.4 and the arguments in [7] is: Does every
weakly u.s.c., compact-valued F on a metric space 7 into a Banach space X
have a weakly u.s.c. compact-valued extension F: T — X, where T is some
completely metrizable space containing 7' ? It is not hard to see that this is true
whenever the range of F is compact. Unfortunately, this is not always the case.
The space ¢y (for X) provides an example—we shall outline a proof. To begin
with, it can be argued that the identity map on Q into Q (Q = rationals) has
no set-valued u.s.c. extension (taking values in Q) to any completely metriz-
able domain. Now the unit ball of ¢y, B, is (in the weak topology) separable
metric, and being an injective continuous image of the norm topology, absolute
Borel. However it is not a Baire space and therefore not completely metrizable.
By a theorem of Hurewicz [8], (B, , weak) must contain a copy of Q asa Gjs.
It would be interesting to know when such extensions are possible.
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