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HIGHER DIMENSIONAL ANALOGUES OF
FUCHSIAN SUBGROUPS OF PSL(2, o)

L. YA. VULAKH

ABSTRACT. The problem of classification of 2x2 indefinite Hermitian matrices
over orders in Clifford algebras is considered. The unit groups of these matrices
are analogous to maximal arithmetic Fuchsian subgroups of PSL(2, o) where
o is an order in a quadratic number field.

1. INTRODUCTION

In 1902 R. Vahlen [21] described the group of orientation-preserving isome-
tries of the upper half-space model of #n-dimensional hyperbolic space H” in
terms of (2 x 2)-matrices over Clifford numbers. For n = 2 and 3, they co-
incide with PSL(2, R) and PSL(2, C) respectively. Arithmetic subgroups G
of Vahlen’s groups have been investigated by Maass [12], Elstrodt, Grunewald,
and Mennicke [9, 10], and Maclachlan, Waterman, and Wielenberg [17]. The
corresponding hyperbolic orbifolds Mz = G\H" have finite volume [9, 10]. In
the present paper we first classify 2 x 2 indefinite integral Hermitian matrices
A over orders in Clifford algebras. The G-unit groups &(A4) of such matrices
are analogous to maximal arithmetic Fuchsian subgroups of PSL(2, o) where
o is an order in a quadratic number field. In some cases the conjugacy classes
of those Fuchsian subgroups in PSL(2, o) are classified in [24]. A G-unit
group &(A) stabilizes in H" a hemisphere H,. The quotient &(A4)\H, is a
geodesic suborbifold of M; of codimension one and, conversely, any geodesic
suborbifold of M; of codimension one is such a quotient. &(A4)\H, has fi-
nite volume if and only if 4 = AB where A is a nonzero real number and
B an indefinite integral Hermitian matrix (Corollary 4.3). In §3 the G-orbits
of nonzero numerical multiples of indefinite integral Hermitian matrices over
Z-orders in Clifford algebras are classified in terms of nonzero minima of asso-
ciated quadratic forms. For n > 2, the spectrum of those minima is discrete
with finite multiplicities (Theorem 3.3). It is applied to parametrize, in §4,
G-conjugacy classes of G-unit groups of indefinite integral Hermitian matrices
mentioned above. In some cases there are obtained explicit results (§3.6). It is

Received by the editors August 9, 1990 and, in revised form, March 21, 1991.

1980 Mathematics Subject Classification (1985 Revision). Primary 11F06; Secondary 11HS0,
20H10, 22E40, 30F40.

Key words and phrases. Minima of quadratic forms, Clifford algebra, hyperbolic geometry.

© 1993 American Mathematical Society
0002-9947/93 $1.00 + $.25 per page




948 L. YA. VULAKH

shown in §5 that Mg = G\H* contains infinitely many pairwise incommensu-
rable compact hyperbolic 3-suborbifolds.

2. CLIFFORD ALGEBRAS

In the present section we review some basic facts on Clifford algebras fol-
lowing the lead of Elstrodt, Grunewald, and Mennicke [8, 9, 10]. We refer the
reader to [4, 7, and 11] for details.

Let field K be either R or Q. Let E be an n-dimensional vector space
over K. Let ®: E x E — K be a nondegenerate symmetric bilinear form with
associated quadratic form g(x) = ®(x, x). Let a; :=x®y+y®x-2D(x, y),
(x,y € E), be the two-sided ideal in the tensor algebra T(E) of E. The
Clifford algebra of ¢ is definedas &(K, q) := T(E)/ag;for n=0, (K, q) =
K . We identify K and E with their canonical images in (K, ¢q) and define
the (n + 1)-dimensional vector space V(K,q)=K-1+EC%(K,q).

Let ¢, ..., e, be abasis of E orthogonal with respect to g. Then we have
et=qlex), exem=—emex (k,m=1,....n;k#m).

Let J, be the set of subsets of {1,...,n}. For M e J,, M ={k, ..., k}

with k; < --- < k, we define ey = ¢, ----- ¢, where ¢ = 1€ €K, q).

Then 2" elements ey (M € J,) constitute a basis of #(K, ¢q). An element of
(K, q)

(2.1) X=X+ X161+ -+xpe, € V(K, q)

is called a vector and is identified with (xg, ..., x,) € K"*!. Products of
nonzero vectors form a group: the Clifford group T, .

There are three involutions defined on # (K, g):

(i) the main involution, x — x', obtained by replacing each e,, with —e,,,
satisfying (xy) = x'y’.

(i1) the main anti-involution, x — x* , obtained by reversing the order of the
factors in each term ¢, - - - e, , satisfying (xy)* = y*x*.

(iii) the conjugation, x — X = x'* = x*', satisfying (xy) = yx. We define
the quadratic form Q: % (K, q) — K on the vector space % (K, q) so that
(2.2) xX=0(X)eo+ Y aney

|M|>0

for all x € (K, q) (cf. [8, p. 374]). The restriction of @ to V(K, q) will be
denoted by Q. For x,y € V(K, q), we have

(2.3) xX = Q(x), xXy+yxXx=2(x,y)€eR
where 2(x, y) = Q(x +y) — Q(x) — Q(y) . Elements of T, satisfy
(2.4) XX = Q(x1) -+ Q(x,) = O(x),
where x=x;---x,, x;, € V(K,q), (i=1,...,r).

Since ey, ..., e, is an orthogonal basis of E with respect to g
(2.5) a(x) = gg == dix{ +- -+ dpx;
for xe€ E, (dy=qle), k=1,...,n). Let

(2.6) T=FR,q), %=%0Q.,q9, €=%Q.4),
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and
(2.7) Vi=VR,q), Vg:=VQ,q), Va=V(Q,q).
(Notations %; and ¥, will be used only in the case when d, ..., d, in (2.5)

are nonzero integers.)
Lemma 2.1. detQ = (detQ)?"™" for n>0.
Proof. If n= I,Q=Q.

We proceed by induction on n. For a vector x in E, let ¢'(x) := gz(x) —
dnx? and Q', Q' be defined according to (2.2). Thus for x € V',

Q'(x) := Q(x) + dnx2 .

We identify &’ := & (R, q') with the obvious subalgebra of Z . An element
z in % can be uniquely represented as z = x + ye, with x,y € &’. Since
enen = —qq(en) = Q(en) =dn, zZ = xX +dpyy and

(28) 0(z) = O(x +yen) = 0'(x) + dn Q' (7).
The dimension of the vector space &’ is 2"~! and we have
(2.9) det Q = (det 02> .
By the induction assumption,
(2.10) detQ' = (det Q)Y " = (dy - dp1)* .
Hence, by (2.9), (2.10),

detQ = (dy---d,)¥ ' =(detQ)* . O

We say that a quadratic form ¢ is an (n*, n~)-form if its canonical form
contains n* pluses and #»~ minuses. The number |n* — n~| is called the
signature of q .

Lemma2.2. If q isa negative definite quadratic form, then Q is positive definite.
Otherwise, the signature of Q equals zero.

Proof. Applying (2.8) one can prove the lemma by induction. O

We now define Vahlen’s group of Clifford matrices in the case of ¢ negative
definite [1, 2, 8, 9, 12, 21]:

(o B
- svi={(5 §)em®) ap.r.5en,00,

af ,FoEV, ad” - fy" = 1}'

(See also [8, p. 373, or 9, p. 258], for the definition of SV, in other cases.)
Clearly, SVp = SLy(R), and, if g(x) = —x?, SV; = SL,(C).

An arithmetic subgroup of SV, is defined as follows [10, §2]: A subring
J of a Q-algebra A (with unity element) is called a Z-order if .9 has the
same unity element as A and the additive group of .7 is finitely generated
and contains a Q-basis of 4. A Z-order I € &, (see (2.5), (2.6)), is called
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compatible if it is stable under the involutions ~ and ' of %, . For a compatible
Z-order I let

(2.12) A=VNnT,
(2.13) SV(%) = SVu N My(%,),
(2.14) G=SV(T):=SV(&)NM(T).

The group G is a discrete subgroup in SV,. If n = 0, then ; = Q and
I =17, SWZ) = SLy(Z). For n = 1, & = Q(v/=d) is an imaginary
quadratic number field, and J" is some order in Q(\/—d).

If g is negative definite, SV, can be identified with the group of orientation-
preserving isometries of the (n+2)-dimensional hyperbolic space H"t2, G acts
discontinuously on H"+?, and the volume of the quotient G\ H"*2 is finite (see
[9, p. 262)).

3. HERMITIAN MATRICES

Hermitian matrices over Clifford algebras have been studied in [9]. In this
section, generalizing the results obtained in [24] we shall define the spectra
of nonzero minima of indefinite Hermitian matrices over Z-orders in Clifford
algebras and prove that they are discrete with finite multiplicities. Some explicit
results are provided in §3.5.

3.1. Preliminaries. For n > 0, let

(3.1) %::{(% ?)eMz(%):a,ceR,beV},
(3.2) A(A) := ac — bb = ac — Q(b),
(3.3) 9(?)::{(% lc’)e%:a,cez,beA}.

The elements of # will be called Hermitian matrices over % and A(A) the
discriminant of A = (%IC’) e #. If Q is an (r, s)-form, then the quadratic
form A isan (s+1, r+1)-form defined on an (n+ 3)-dimensional vector space
# . We denote

(34)  HT={AcH:AA)>0}, #~:={AdeF:AA)<0}.

The group R* of nonzero real numbers acts on #, on #*, and on #~
by multiplication. We put

=R, PT)=PIT)R,
F =#*R", F =XJR".

Let B = (b;,j) be an (2 x m)-matrix, (m =1 or 2), with b; ; € €. We put
B=(b;;) and B'=(b,; ;). If A€ #, then
(3.6) A-[B]:=B'AB
is an (m x m)-matrix.

The group SV, acts on # as follows. Let g = (‘;g) €SV, and A€ 7.
Then

(3.5)

(3.7) A-[o]:=G'Ao.
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As in [9, Proposition 3.3], one can show that for o, 7€ SV,,

(3.8) A-[o]le #Z,

(3.9) A-lot]=(4-[o])-[1],

and

(3.10) A(A4-[o]) = A(4).

Hence

(3.11) Ae#Xt*=>A-[0le#* and AeXZ =>A-[o]le .

If ¢ is negative definite, the set # " may be considered as a model of (n + 2)-
dimensional hyperbolic space [9].

3.2. Quadratic forms associated to Hermitian matrices. Suppose that E is
an n-dimensional vector space over Q with nondegenerated quadratic form
q: E x E — Q. The Clifford algebra &, in (2.6) is considered as a subalgebra
of @ . We define the quadratic form f; := @ x & — R associated to 4 € #
so that

(3.12)  A-[(xp)'] = axX +ybx + Xby + cy¥ = fu(x, p)eo+ Y Amen
|M|>0

for all (x y) € € x &. Thus, f4 is a quadratic form in 2"*! real variables.
Since we are interested in classification of G-orbits of Hermitian matrices in
# , we may assume that a # 0 applying transformation ( ° l), where v =0

-10
or b, if necessary. Then, as one can verify,

(3.13) falx, ¥) = (Qax + by) + A(4)0(»))/a.

It follows from Lemma 2.2 that f, is definite if and only if ¢ is negative
definite and 4 € #* . In that case 4 will be called a definite Hermitian matrix.
If f, is indefinite, we say that A4 is indefinite. The subset of indefinite forms
in Z and £(J) will be denoted by #’ and P'(J") respectively. If g is a
negative definite quadratic form, #’ = #Z~ . Otherwise, Z' =# " UAZ" . By
Lemma 2.2 the signature of f, is zero for any indefinite 4 € Z .

A quadratic form f, is said to be rational (integral) over a Z-order  of
Clifford algebra & if f4(x,y) € Q (fy(x,y)€Z) forall x,ye T . AeX
will be called rational (integral) if the associated quadratic form f, is rational
(integral). It can be easily verified that A4 is rational if and only if

(3.14) a,ceqQ, beVv,.
It follows from Lemma 2.1 and (3.13) that the determinant of f
(3.15) A(f4) = (det Q)*(A(4))”" = [(det QAT .

Hence A(f4-(0)) = A(f4) -
Let 0 € SV,. Since (4-[a])-[(x y)']=A-[o(x y)'], we have

(3.16) faro)(x ¥) = fala(x y)).
Denote

(3.17) u(A) = p(fa) = inf] f4(x, y)|
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where the infimum is taken over all x,y € J such that f,(x,y) # 0. By
(3.16) and (3.17)

(3.18) u(4-[o]) = pu(4), (VYoeG).

It was shown by G. A. Margulis [18] that for any ¢ > 0 and any indefinite
quadratic form f in n > 2 variables there is x € Z" such that 0 < |f(x)| < ¢
unless f is a multiple of an integral form. This result when applied to the
indefinite quadratic form f, associated to 4 € # leads to the following.

Lemma 3.1. Let A € # be indefinite. Then
(3.19) A >0 A4e PT),
where P(T) is defined by (3.3) and (3.5). O

We shall call

(3.20) v(4) = p(A)|A4)|~"7?
the nonzero minimum of A. It follows from (3.15) and (3.18) that
(3.21) v(A-Alo]) =v(4A) (YoeG,AeR").
3.3. Discreteness. As in [19], we define
(3.22) v(fa) = u(L)IAL)IT
By (3.15), (3.17), (3.20), and (3.22)
(3.23) v(4) = |det Q|'*v(fy).
The set
(3.24) (T ) i={v(A): Ae X"}

will be called the spectrum of nonzero minima of indefinite Hermitian matrices
over the order .7 in the Clifford algebra % .

In [23] the spectrum M(s, n, R) of nonzero minima of indefinite quadratic
forms with real coefficients in n variables with signature s is defined in a
similar way. The spectrum #,(9) (M(s, n, R)) is said to be discrete if for
any J > 0O there is only a finite number of v(4) >4J in A(J) (v(f) >d in
M(s,n,R)).

Ifn=0,detQ=1, 9 =Z,and .4(Z) contains the Markov spectrum (see
e.g. [6]). Thus A4(Z) is not discrete. For any n > 0, Margulis’ theorem [18]
mentioned above and Theorem 1 from [23] show that the spectrum M(s, n, R)
is discrete. Since f, is a quadratic form in 2"*! real variables, by (3.23) and
Lemma 3.1,

(3.25) F(T) c |det Q"2 M (0, 2" | R)
which implies the following.

Theorem 3.2. Let . be a compatible Z-order in a Clifford algebra %, .
(iYLet n>0.If Aec #1 and 0 < v(A) € F(T), then A € Pr. Thus

(3.26) ST ) = {v(4): A€ P (T)} U {0},

where ﬁ'(y ) is the subset of nonzero numerical multiples of indefinite Hermi-
tian forms in P (T ). The spectrum () is discrete.
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(ii) The spectrum $(9) is not discrete. O

3.4. Finiteness. The spectrum %,(7) is said to be with finite multiplicities if
for any nonzero v € #,() the number of G-orbits of 4 € Z' with v(A)=v
is finite.

We shall prove the following refinement of Theorem 3.2 for n > 0.

Theorem 3.3. Let n > 0. Let  be a Z-compatible order in a Clifford algebra
&, . Then the spectrum () is discrete with finite multiplicities.

Let 0 < v(A4) € #(9). By Lemma 3.1 we may assume that 4 € ?’(7)
and that f, is primitive (that is an integral form such that the g.c.d. of its values
is one). Consider the subset of 4 € #'(J") with v(A4) = v = const. On using
(3.15), (3.17), (3.23), and inequality (25) from [23] applied to f; we obtain

(3.27) A(A) < c(v, q)
where a constant ¢(v, q) depends on v and ¢.
For D e Z let
(3.28) P(T ,D):=(AePT): A(A) = D}.

Inequality (3.27) reduces Theorem 3.3 to the following.

Lemma 34. Let n > 0. Suppose that I C &, is a compatible Z-order, and
0#DeZ. Then P(J , D) splits into finitely many orbits with respect to the
action of G.

Proof. Let f(x) be a nondegenerated integral quadratic form in k variables.
Let

(3.29) O Z, f):={y e SL(Z): f(yx) = f(x)}.

Let 0 # m € Z. It is known (see e.g. [5, Chapter 9, Lemma 6.1]) that the set
of solutions of equation f(x) = m splits into finitely many orbits with respect

to the action of O} (Z, f). Thus, for A = (g’c’) € P(J, D), the solution set
of equation A(4) = D consists of a finite number of O ,(Z, A)-orbits. The

Q-rational isomorphism between groups S¥V,(Q, ¢) and n§;3>in,, +3(Q, A) estab-
lished in [8] (see also [10]) and commensurability of the groups Spin,_;(Z, A)
and Oy ;(Z,A) (see [11, p. 423]) show that the solution set of the equation
A(A) = D also splits into finitely many orbits with respect to the action of the
group G. (Groups I and I" are said to be commensurable if I'NI" is of finite

index in each of them.)

Remark. In the case of a negative definite g, another proof of this theorem can
be found in [9, p. 262].

3.5. Explicit results. In this section we shall find a simple set of representatives
of SV,(J )-orbits in ?’(7 ) for some quadratic forms ¢ and Z-orders 7 in
Clifford algebras %, (see Theorem 3.6 and Corollary 3.7 below). The results
obtained are similar to those from [24].

For the lattice A C V' in (2.12) we denote by

(3.30) A ={xeV:(x,A) el

the dual lattice of A.
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Let f; be the quadratic form associated to 4 € #’. We define indefinite
quadratic form in n + 2 variables

(3.31) Fq(X) := fa(x, Xn+2) (XE€EA, Xp2 €Z, X €Z?).
Lemma 3.5. Let A € P(T). The quadratic form F4(X) is integral if and only
if

(3.32) a,ce’Z, be fA*.

Proof. By (3.31), (2.3), and (3.12) we have
Fy(X) = axX + 2(x, b)xp12 +cx2,,. O

Suppose that F4(X) is primitive. Let p be a fixed prime number. Let
{uo, ..., u,} be abasis of A and d; = Q(u;), (i =0,...,n). Then there
is 0 € G such that a' = f4.[4(1, 0) is prime to p. Indeed, if a =c =0
(mod p) for A then at least one of the integers f4(u;, 1) =ad;+2(b, u;)+c,
(i=0,...,n),is not divisible by p. (Otherwise, all the coefficients of F,(X)
are divisible by p and it is not primitive.) If fy(u;, 1) is prime to p we

choose
o= (uk d"__l) .
| Ug

Theorem 3.6. Let n > 1. Let I C &, be acompatible Z-orderand A =5 NV .
Suppose that

(i) the rank of Q(x), x € A, over the field ¥, is at least 2 for all prime p
except possibly one prime p' and

(ii) if p’ is odd then p’ = 3 (mod 4) and the reduction of Q(x) modulo 8 is
a binary form of unit discriminant; or p' = 2 and the reduction of Q(x) modulo
8 is either a nondegenerated primitive quadratic form in at least three variables
or it is a binary form with determinant not equal to 6 or zero.

Then any indefinite integral Hermitian form A is SV,(9 )-equivalent to a
numerical multiple of one of the Hermitian matrices

(3.33) (% ’c’) be (%A#)OP, ceZ,

where A* is the dual lattice of A and P a fundamental parallelogram for A .

Proof. Let A = (%’C’) be an indefinite integral Hermitian form over 7 . We

may suppose that A4 is primitive.

As mentioned above, for any fixed prime number p, we may suppose that
a is prime to p. If p is not the exclusive prime p’ from condition (ii) then
the conditions (i) and (ii) imply that both congruences F4(X)= 1 (modp®),
(@ = 2 4+ (—1)P), are solvable and therefore both equations F,(X) = +1 are
solvable in Z, (see [19, p. 15]). It follows from condition (ii) that at least one
of these congruences is solvable if p = p’ (cf. [22, p. 102]) and therefore at
least one of equations F,(X) = %1 is solvable in Z, . Thus at least one of
the equations F,(X) = %1 is solvable over Z, for all prime p. Since F,(X)
is an indefinite integral quadratic form in n + 2 > 3 variables, at least one of
F4(X) = %1 is solvable over Z and u(F4) =1 (see [5, p. 131]).
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Assume that F4(X) = fy(x, m)=1 where x e A, meZ. Then

(3.34) o= (;‘1 ~2x. B) ‘c’") € SVu(T)

since det(o) = fy(x, m) = 1. Let A’ := A.[o]. By Lemma 3.5, for some
veA, A -[( (l) 1)1 satisfies the theorem.

If F4(X) = —1 is solvable, and second column of ¢ in (3.34) is multiplied
by —1. O

Corollary 3.7. Let n > 1. Let 9 C &, be a compatible Z-order. Suppose
that q(y) is a primitive quadratic form, (y e M =9 NE),and A=Z& M.
Then A € P'(T) is SVy(T )-equivalent to a numerical multiple of a Hermitian
matrix in (3.33).

Proof. In the case under consideration Q(x) = x&—q(y) , (x=Xx0+y €A, xp €
Z,y € M), and one can easily verify that the hypotheses of Theorem 3.6 are
satisfied. O

Example 3.8. Let n > 1. Let dy = -1, (k=1,...,n),in (2.5). Let J =
@nrrcs, Zem (cf. [17]). Then Q(x) = x§ +---+x; and A* = A. By Corollary
3.7 any indefinite primitive Hermitian matrix in £ (") is SV,(J)-equivalent
to + matrix in (3.33) where

(3.35) b=0, or i(e,+---+e), 0<is<n, (s,k=0,...,n),
(eo := 1). The corresponding values of A(4) =c— Q(b) <0 are
(3.36) A(A)=c, or c—-(k+1)/4, (k=0,...,n), ceZ.

It has been shown in the proof of Theorem 3.6 that u(A4) = 1. Hence by (3.20)
the spectrum %,(9") coincides with the set {(—A(A4))~!/2} where A(A) runs
through all the negative values in (3.36). Thus for any n > 1 we have

(3.37) ST ) ={2m~ "2, m € N} U {0}.

The fundamental parallelogram P of A = A* isthe (n+1)-cube 0 < x; < 1,
(i=0,...,n). b’sin(3.35) are the vertices of %P . The (n+1)-cube possesses
the group of fixing the origin symmetries W generated by reflections. Modulo
the action of this group there is only one b for each value of k in (3.35) and
we can choose the following representatives

(3.38) b=0,1, or i(l+e+ - +e), (k=1,...,n).

In the case of n = 2, this leads to a 1-1 correspondence between the nonzero
points of the spectrum .#(J") in (3.37) and the G’-orbits of the elements of

P (J) where G' is the extension of SV3(F) by W .

Remarks. 1. In the case when Theorem 3.6 is applicable Theorem 3.3 follows
from it and Lemma 3.1.

2. Notice that if Q(x) = x¢ + p(x? +--- + x2) where p =1 (mod 4) is a
prime number, then there is A4 in %'(") such that F4(X) = ax? (mod p) and
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U(F4) > 1 (cf. [22, p. 105]). Thus the conditions (i) and (ii) in the statement
of Theorem 3.6 are essential.

4. G-UNIT GROUPS OF HERMITIAN MATRICES

In [24] the set of maximal nonelementary Fuchsian subgroups of PSL,(0),
where o is an order in a certain imaginary quadratic field, is identified with
the unit groups of binary indefinite Hermitian forms which leads to the clas-
sification of the former. Here, using the classification of the binary indefinite
integral Hermitian matrices obtained in §3 we generalize this result to the cofi-
nite stabilizers in G of n-spheres in ¥, . The notation established in §§2 and
3 is maintained in this section.

Let
(4.1) Go(x) 1= —xF — - = x2.

Let %, = Z(R, qo) be the Clifford algebra over R associated with ¢y. %,
is generated by i, ..., i, which satisfy the following relations in %, :
(4.2) i2=-1, ikim = —imix, ~ (k,m=1,...,n,k#m).
The involutions ', *, and ~ are defined as in §2. For x =}, Axin € &,
(4.3) = Q(x) = > 45

M

where the quadratic form Q is defined by (2.2) and |x| denotes the Euclidean
norm of x. Let V,,; stand for the set of vectors in %, . Formula (2.4) yields

(4.4) IXP=xX=%x  (Vx € Vo).
The upper half-space
(4.5) H"™2:={z 4 tip 1: 2 € Vpyy, t >0}

is a model of (n+2)-dimensional hyperbolic space. Vahlen’s group of projective
Clifford matrices PSV,(%,) := SV,/{x1} actson H"*! by

(4.6) (3 g)xzz (ax + B)(yx +6)7!

preserving the Poincaré metric. It is isomorphic to the group of orientation-
preserving hyperbolic isometries [1, 2, 8, 9].

Let E be an n-dimensional vector space. Let ¢: E — Q be negative definite.
Let J be a compatible Z-order in %, (see (2.6)). The group G = SV,(9)
acts discontinuously on H"*2? and the quotient G\H"*2 has finite volume (see
[10, §2]).

Let A€ #’ and let f; be the associated quadratic form. Then

(4.7) Sa(z, ) =0,  (z€Va),

is an equation of a sphere S, with center —b/a and radius |A(4)/a?|'/%. (A
hyperplane in V., will be regarded as a sphere with infinite radius.)
For 4 € # , we define

(4.8) &E(A):={0c€G: A-[0] = £A4},
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to be the group of G-units of A. Thus
(4.9) Stab(S4, G) = &(A).

The group &(A) stabilizes also the hemisphere H4 on S, in H"*? with equa-
tion

(4.10) fa(z, ) +at? =0.

Conversely, an equation of any sphere (or hyperplane) in V,,; can be written in
the form (4.7) with some A4 € #’. A hemisphere H, in H"*2 is a hyperbolic
(n + 1)-space under the restriction of the hyperbolic metric in H"*2 .

Let s<n+2. Let " be a subgroup of G. We denote by

(4.11) H={AeH: A-[0]=x4, Vo eT}.

Thus Zt is the solution set of the system of linear homogeneous equations in
n + 3 real variables a,c € R, b € V,,;. If the dimension of /4 equals s,
we shall call T" an (n — s + 1)-subgroup of G Thus G is an (n + 1)-subgroup
of itself. Let n = 1. Then G = SL;(o) where o is an order in an imaginary
quadratic number field Q(v/—d). A O-subgroup I' of G is an elementary
Fuchsian subgroup of G. It is either an infinite cyclic group generated by a
hyperbolic element or such a group is a subgroup of index two in I'. A I-
subgroup of G is a nonelementary Fuchsian subgroup in G.

A k-subgroup of G is said to be maximal if it is not a subgroup of any other
k-subgroup in G.

Lemmad.1. Let I" bean (n—s+1)-subgroup of G. Then thereare A, , ..., As €
P(T") which form a basis of #¢ in (4.11). If T is a maximal (n —s + 1)-
subgroup of G, then T = &(A;)N---N&(4y).

Proof. Since the coefficients of an equation A-[o] = +A are rational numbers, a
basis of the subspace - in Z in (4.11) can be chosen to belong to #(7). O

Theorem 4.2. Let T be a maximal k-subgroup of G. Let S be the k-sphere in
Vay1 fixed by T and Hg the (k + 1)-hemisphere on S in H"**. Then T is
finitely generated and the quotient I'\Hs has finite volume.

Proof. We may assume that ¢ is a diagonal form and a Z-order J C &, is
the module of integer combinations of 1,¢e;,...,e; - e, (see[10, §§1-3]).

Let k=n—-s+1.Let 4, € P(T), (i=1,...,5s), be the set of Hermitian
matrices from Lemma 4.1. Applying the theorem of Borel and Harish-Chandra
[3] one can prove Theorem 4.2 following the approach of Maclachlan, Water-
man, and Wielenberg [17, p. 744]. For it is sufficient to add to the set of equa-
tions considered there the finite number of polynomial equations with integer
coefficients A4;-[6]=+x4;, (i=1,...,s), for theentriesof ¢ in I". O

Corollary 4.3. Let n > 0. Let S4 be an n-sphere in V,,, with equation
fa(z,1) = 0 where A € Z'. Then &(A) = Stab(S4, G) is cofinite if and

onlyif Ae ._95/(.7) .
Proof. If A€ ?/(Y ), then by Theorem 4.2 the group Stab(S,, G) is cofinite.

Conversely, assume that I' = Stab(S,4, G) is cofinite. Then the closure of
the limitset of T on S, is S4. Hence, I' = &(4) is an n-subgroup in G and

A€ ?I(?) by (4.9) and Lemma 4.1. O
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Corollary 4.3 shows that the cofinite stabilizers of n-spheres in V,,; can
be identified with the G-unit groups of binary indefinite integral Hermitian
matrices. Therefore the results of §3 can be applied to classify the conjugacy
classes of these subgroups in G. If k < n, then there are k-spheres in V,,
whose stabilizers being cofinite do not contain k-subgroups of G. Indeed, let
n =1. Then a O-sphere S is a pair of points in the complex plane C. Assume
that S is fixed by a loxodromic element y in G = .SL,(s) where o is an order
in an imaginary quadratic field Q(/ —d). Then I' = Stab(S, G) is a cofinite
subgroup of Stab(S, SL,(C)). But no circle through S is fixed by y. Hence
I' does not contain a 0-subgroup of G.

Let Ae #Z' and I' = &(A4). We denote

(4.12) p(T) = A2/ u(4)

where we put p(I') = o if v(4) = 0. By (3.20) and (3.21), p(I') = 1/v(4)
and p(ol'g~!) = p(I') for every ¢ in G. We shall call

(4.13) R(T):={p): T=&(A4), Aec P'(T)}
the radius n-spectrum of G . Now the results of §3 can be represented as follows.

Theorem 44. Let n > 0. Let  be a compatible Z-order in Clifford algebra
%, and G defined by (2.14).

(i) If two maximal n-subgroups T and I" are conjugate in G, then p(I') =
p(I).

(i1) Suppose that p(I') < oo. Then I = &(A) for some A € P'(T). Con-
versely, if T = &(A), Ae P'(T), then p(I') < .

(iii) The radius n-spectrum of G, R,(F"), is discrete with finite multiplicities.

(iv) Let S be an n-sphere in V,.,. Under the hypotheses of Theorem 3.6, the
group Stab(S, G) is cofinite if and only if it is conjugate in G to &(A) with A
being one of the Hermitian matrices in (3.33). O

Example 4.5. Let ¢ and .9 be as in Example 3.8. Continuing this example
we obtain the explicit description of the radius n-spectrum of G R,(9). By
(4.12) and (4.13), R,(9) = {/—A(A)} where A(A) runs through all the neg-
ative values in (3.36). Hence for any n > 1

Ri(T) ={3vVm: meN}.

Let n = 2. Let the stabilizers I' and I" in G = SV3(9") of two 2-spheres
in V3 be cofinite and let G’ be the extension of G by the group W defined in
Example 3.8. Then

I" and I are conjugate in G' < p(I') = p(I").
An element o = (‘; g) € G is said to be parabolic if it has one and only one

fixed point in V,,, and o is strictly parabolic if it is conjugate to (! :). We

0
define the trace of o by 7:= a + Jd*. Then we have the following.

Lemma 4.6 [2, 17]. If ¢ = (‘;ﬁ ) € G is strictly parabolic, then o fixes
(a—6%)/2y.

o is strictly parabolic if and only if 1= %2 and y = y*.

y € Vpy1, and such 1 are conjugacy invariant. O

)
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Theorem 4.7. Let n > 0. Suppose that S is an n-sphere in V,,, with equation
fa(z, 1) =0 for some Ae #'.

Group T = Stab(S, G) is cofinite if and only if p(I') < 0o.

Let A€ P'(T). Then Stab(S, G) is noncocompact if and only if the form
F4(X) defined by (3.31) is isotropic.
Proof. We have to prove only the last assertion. For 4 € (), the quotient
&(A)\H4 has finite volume and, by Proposition 6.3 in [9] (see also [10, §2]),
it is compact if and only if &(A4) does not contain strictly parabolic elements.
Assume that ¢ € &(A) is strictly parabolic. By Lemma 4.6 z, the fixed point
of o, belongsto SNV, (see (2.7)), i.e. fa(z, 1) =0 where z = x/x,4, with
some X € A and X, € Z. Then fy(x, Xpy2) = F4(X) =0, X = (x, Xns2),
and F, is isotropic. Conversely, let f4(x, m) =0, (x € A, m € Z). By
(3.12) and (2.3)

(4.14) falx, m) = axx +2m(b, x) +cm* =0
which can be written as

(4.15) ux+vm=0

where

(4.16) u=ax+mb, v:=Xb+cm.

For any s € A satisfying the condition
(4.17) (s,u)=0

or the equivalent condition

(4.18) Xsv+Usx =X(s, u)x =0,
. (1—mxs XS$X
(4.19) Os .= ( —m2s 1+msx) e&(A),

and o,(x m)' = (x m)*. To verify (4.19) one applies relations (4.14)—(4.18).
For example, by (4.14) and (4.17), f4(1 — mxs, —m?s) = a + m?*5f(x, m)s —
m(s, u) =a. Since x and s are vectors, x* = x and s* =s and the trace of
0 T=a+d*=2-m(xs—x*s*)=2. By Lemma 4.6 g; is strictly parabolic.
Thus, for some g € &(A4), &(A)\H4 has a cusp o(x/m) and therefore it is
not compact. 0O

Corollary 4.8. Let A€ P'(J). If n> 2, then &(A) is noncocompact.

Proof. The form F4(X) in Theorem 4.7 is an indefinite integral form in at
least five variables. By Meyer’s theorem (see e.g. [5]), F4(X) represents zero
rationally. O

Example 49. Let n = 2. Let ¢ and J be as in Example 3.8. For 4 as in
(3.33) with b in (3.38), the form F4(X) is isotropic if and only if p*(I) =
|A(A4)| is represented in Q by the sum of three squares (see (3.13), (3.31)).
Hence F4(X) is isotropic if and only if p?(I) is of the form 4/(8s — 1) with
s,teZ, t>—1 (seee.g [19, p. 45]). It follows that the G-unit group &(A)
is cocompact if and only if either b =0, c =4/(8s—1) or b=(l+e,+€)/2,
c=2r+1,where r,s,t,ceZ, c<0.
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Remark. Let S € V,,, be an n-sphere with center ¢ and radius r. Let Hg
be a hemisphere in H"t2 on S. As mentioned above, Hs is a hyperbolic
(n + 1)-space under the restriction of the hyperbolic metric in H"+2. Group
I' = Stab(S, G) acts discontinuously on Hg. As in [24], one can show that the
region in Hy satisfying the inequalities

(4.20) Wz — A+ |uP > 1

for all (A u)! =a(10)', o €', is the Dirichlet region D(e) for I" with center
e = (c, r). Notice that |u*z—A1*| = | is an isometric sphere of ~! in V,,; [2],
hence the (n+1)-hemisphere S({), (¢ :=Au~! € V,4,), in H"+?  the boundary
in (4.20), with center { and radius |u|~! is orthogonal to Hg. Similarly a
fundamental domain for I' = Stab(S, G) where S is any k-sphere in V,,;,
0 < k < n, can be described. Furthermore the region in H"+? satisfying (4.20)
forall (A u)! =a(l1 0), 0 € G=SV(7), is the fundamental domain for
G (cf. [20]). Since by (4.20) the region ¢ > 1 in S belongs to D(e), one can
derive the following inequality for the hyperbolic volume of D(e): vol(I'\ Hg) >
v(S*~OI,(r) where k = dim Hg, v(S*~!) is the Euclidean volume of the unit
(k — 1)-sphere, and I(r) = [{ (2 = D 2=Vdt > (r = 1)*=V/(k - 1).

Let now S, be an n-sphere in V,,; with equation (4.7) where 4 € #'(9).
The Dirichlet region D(e) mentioned above has a finite volume and the (n+1)-
balls |u*z —A*| <1 in V4, cover S,. Thus N,(D), the number of faces of
D(e), is larger than the Euclidean volume of S, divided by the Euclidean
volume of the unit n-ball. (The latter is larger than the Euclidean volume of
the intersection of S, with any of the (n + 1)-balls mentioned above.) Hence

n

(4.21) N(D) > K—"" =

(n—1)

where K = 2 or n for n even or odd respectively. Thus, N,(D) > nr and
Ny(D) > 4r*. As n — oo, K%y ~V2an.

Under the hypotheses of Theorem 3.6, r can be replaced by p(I') in (4.21)
and vol(I'\H,) > v(S")(p(I') — 1)"/n. In particular, when n = 1 or 2,
vol(I\H,4) > 2rn(p(l) — 1)".

5. COMMENSURABILITY CLASSES OF HYPERBOLIC 3-ORBIFOLDS

In this section we maintain the notation of §4. Two subgroups I" and I" of a
group G are commensurable if their intersection is of finite index in both I" and
I . They are said to be commensurable in wide senseif T and gI"o~! for some
o € SV, are commensurable. A. M. MacBeath [13] (see also [15]) showed that
there are infinitely many wide commensurability classes of cocompact Kleinian
groups, and hence of compact hyperbolic 3-manifolds. Let »n = 2. It fol-
lows from Theorem 4.7 that the group G contains infinitely many distinct G-
conjugacy classes of cocompact three-dimensional hyperbolic subgroups. Here,
applying the results of C. Maclachlan and A. W. Reid [14-17], we shall show
that these subgroups are distributed in infinitely many commensurability classes.

Let S, be the n-sphere in V,,; with finite radius, (i.e. a # 0), defined by
equation (4.7). The interior of S,,

Dy:={z=Xx0+ X101+ -+ Xnin € Voy1: afa(z, 1) < 0}
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with the metric ds = 4|A(4)|(f4(z, 1))72|dz|?, (|dz|* is the Euclidean metric
on V), represents the disc model of (n + 1)-dimensional hyperbolic space
H"+! (cf. [8, p. 381]). The group &(4) ®qR, 4 € #'(), acts as on the
hemisphere model H, as on the disc model D, of H"*! as the group of
isometries.

Assume that 4 € P/(F). If t:= (° ’ff:;) then #(S,) is the sphere in

V+l with equation |z|> = |A(4)|. One can show that &(4) and &(A4-[t7])
are commensurable subgroups of G (cf. [14, p. 307]). Thus we may confine
ourselves to the integral diagonal Hermitian matrices with @ = 1 and in the

sequel we suppose that 4 = (l _OC) , ¢ € N. Then (see [8, 21 or 12]),

(5.1) g(A):{(f;‘ < ) eG}

The relation between the upper half-space model and the disc model is de-
scribed as follows [8, p. 383].

Lemma 5.1. For z € Dy, 7ny(z) := (z + V/Cin)(\/Cinz + ¢)~' € H"'. The

map my is an isometry between D, and H"*'. Let m := \% ! ‘/Ei"). If

c(ﬁi,, 4
o € &(A) ®qR then n(o) := non~' € SV,_;. The map n is a polynomial
isomorphism between &(A) ®qR and SV,_,. m is m-equivariant.

Now let n =2. Then SV,_; = SL,(C). We shall show that n(£(4)) is an
arithmetic Kleinian group which contains a nonelementary Fuchsian subgroup.

Let E be a two-dimensional vector space over Q with negative definite
quadratic form ¢: E — Q. Let  be a compatible Z-order in %;. Since
J contains a suborder of finite index with orthogonal basis, we may assume
that the 5 itself has an orthogonal basis {1, e, e, e;e;} where e,f =q(ex) =
—di,dy €N, (k=1,2), ee; =—ere;. We embed the Clifford algebra %, =
%, in (2.6) as subalgebra of & via the map e, — Vdiix, (k=1,2). & can
be regarded as the division algebra K + Ke, where K := Q(/—d;). The order
9 := 0+ oe,, where 0 = Z + Z+/—d, , is a compatible Z-order in %, . Since

=SV (J) and G’ := SV (%) are cofinite subgroups of SV (%;), G and G’

are commensurable. Thus we may suppose that .7 = 0+o0e,. Let 0 = (‘; Cay )€

&(A) where o = (a; + way) + (a3 + wag)ey, vy = (by + why) + (bs + wby)ey,
(aj,bjeZ,k=1,2,3,4;,w=+/-d;). Let 6 :=/—cdid,. Then

_ xitwx; X3—wx4
(5:2) n(0) = (C(X3 +wxg) x| — wxz) ’

where

X1 =(11+(5b4, X2=(12+5b3/d1,
x3=b1+5a4/c, x4=b2+6a3/(cd1).

Let @& be an order of the quaternion algebra B := (116-1—‘) with &, denoting
the group of elements of @ of reduced norm 1. Then by (5.2) the subgroup of
n(&(A4)) with x, € Z, (k =1, 2,3, 4), is a nonelementary Fuchsian group
which is commensurable with Pn(¢#;) where n is a representation of B into
M;(C) [14]. Let &’ be an order of the quaternion algebra & := B ®q Q(9) .
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Then by (5.2) the group n(&€(A4)) is commensurable with Pn'(&]) where &
is the group of elements in @’ of norm 1 and #n’ a representation of %/ into
M;(C). Hence n(&(A)) is an arithmetic Kleinian group [15].

Theorem 5.2. Let E be a 2-dimensional vector space over Q. Let q: E — Q
be negative definite. Let F be a compatible Z-order in a Clifford algebra &, .
Suppose that A and A' are indefinite integral Hermitian matrices over J .
Then the SV (9 )-unit groups &(A) and & (A') are commensurable in the wide
sense if and only if A(A)A(A') is a square or, equivalently, p(&(A)) = Ap(&(A"))
for some A€ Q.

Proof. As above, let & = (%) with basis {1, i, j, ij} where
i=-dy, j*=c, ij=—ji.
We define the conjugate-linear involution 7 on & by [16]
T(ap + a; + a2j + asij) :=ap — ayi — arj — asij.

Let V; ;= {x € &: 1(x) = x}. Then V; is a four-dimensional Q-vector
space with basis {1, di, dj, dij}. The reduced norm of & restricted to V;
defines a (3, 1)-quadratic form n which, with respect to the above basis, is
given by the matrix Diag{l, §2d,, —6%c, —6%cd,}. Let &' denote the el-
ements of % of norm 1. Then for each y € &' define ¢, on V; by
#y(x) = yxt(y). Then ¢,(x) € V; and n(¢y(x)) = n(x) and we obtain an
isomorphism ®: ! — O(V;, n) defined by ®(y) = ¢, [16]. The norm n of
& restricted to V; is equivalent over Q to the quadratic form F, given by
Diag{1, d,, d», —c} (see (3.31)).

Let 4; = ((‘)_°q) € PAT), i = 1,2. Let I; = &(4;) and let ()

be the corresponding arithmetic Kleinian group. Denote d; = +/—cidid,.
S = (‘—Q"(lgfi) is the quaternion algebra related to #;(I';) with the associated
involution t7;, (i =1, 2). Let V; be the four-dimensional subspace of % in-
variant with respect to 7;. Let G; := O(V;, F4,), (i =1, 2). The quaternion
algebras & and 4 are said to be isomorphic if there exists a ring isomorphism
¢: 4 — o such that ¢|z(4,) is the identity or the complex conjugate embed-
ding. #,;(I'y) and ny(I";) are commensurable if and only if &4 and % are
isomorphic [15] or, equivalently, if and only if G; and G, are Q-isomorphic
[16], hence if and only if A(A4;)A(A4;) is a square. O

Let A, A, € '(J). Suppose that H; and H, are the three-hemispheres in
H* stabilized by &£(4,) and &(A4;) respectively. The suborbifolds & (A4;)\H,
and &(4;)\H,; of SV(J)\H* are said to be commensurable if &(A4,) and
& (A,) are commensurable. Theorem 4.7 implies the following (cf. [13, 15]).

Corollary 5.3. Let n = 2. Let q be negative definite. Let . be a compatible
Z-order in the Clifford algebra %, . The quotient SV (J )\H* contains infinitely
many pairwise incommensurable compact hyperbolic three-suborbifolds. O
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