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ON THE EXISTENCE AND UNIQUENESS
OF SOLUTIONS OF MOBIUS EQUATIONS

XINGWANG XU

ABSTRACT. A generalization of the Schwarzian derivative to conformal map-
pings of Riemannian manifolds has naturally introduced the corresponding
overdetermined differential equation which we call the Mobius equation. We
are interested in study of the existence and uniqueness of the solution of the
Mobius equation. Among other things, we show that, for a compact mani-
fold, if Ricci curvature is nonpositive, for a complete noncompact manifold,
if the scalar curvature is a positive constant, then the differential equation has
only constant solutions. We also study the nonhomogeneous equation in an
n-dimensional Euclidean space.

1. INTRODUCTION

Let (M, g) be a Riemannian n-manifold with Riemannian metric g. Let V
denote the Riemannian connection for g. For a smooth function ¢: M — R,
we follow Osgood and Stowe [11] and define

(1) B(¢) = Bg(¢) := Hess(¢) —~dop® d¢ - %{Afﬁ ~ llgrad 4%},

where Hess(¢) is the Hessian of ¢. Thus, for any pair of vector fields X, Y
on M,

B($)(X,Y)=X(Y$) - (VxY)p - (X§)Y¢ - %{M5 ~ llgrad ¢|I°}(X , Y).

The operator B(¢) is a symmetric (0, 2)-tensor field and the final term has
been chosen so that the trace, with respect to g, vanishes. We are interested
in studying the differential equation B(¢) = h for a given symmetric trace-
free (0, 2) tensor field on a general Riemannian manifold. We will call an
equation B(¢) = & a Mobius equation. This differential equation has its roots
in differential geometry. Assume g* arises as the pullback of a Riemannian
metric by a conformal transformation f of (M, g) onto (M', g') and let
¢ =log|df||. Then g* = e?*g, and we define the Schwarzian tensor of f to

be

S(f) =Se(f) := Bg(9).
If f:(M,g)— (M, g') is a conformal transformation with S(f) =0, then
we say that f is a Mébius transformation. When (M, g) = (M', g'), the
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Mobius transformations form a group, denoted .#6b (M), which is unchanged
by a Mobius change of metric. The homothety group, Hty(M), is the group
of those conformal transformations f of (M, g) such that ¢ = log||df || is
constant. Hty(M) is a subgroup of the conformal group Conf(M) [11].

Observe from the above formula that if f is an analytic function, f’(z) #0,
then S(f) = 0 if and only if S(f) = 0 if and only if f is a MObius trans-
formation in the usual sense. And it is well known that all of the Mobius
transformations of S2 are conformal mappings of S? into itself. By Theo-
rem 3.2 [11] and the well-known Liouville theorem, it is also true for higher
dimensional spheres and Euclidean spaces.

Note also that one of the classic theorems about Schwarzian derivative says
that, for suitable transformation function 42, S(f) = 4 has a solution unique
up to Mobius transformation on S2?. It is easy to see that for manifolds of
dimension two, the differential system B(¢) = h is a determined system, if the
dimension of the manifold is bigger than two, this system is overdetermined
and as a differential equation, it does not have fixed type, so it is very difficult
to handle. Our first step to deal with this problem is try to classify the solutions
of B(¢)=0.

In the special case, when 7 = 0, ¢ is induced by conformal transforma-
tion, classifying the solutions of B(¢) = 0 gives the classification of Mobius
transformation on any complete Riemannian manifold. That is, by Osgood and
Stowe’s work, the existence of a nonconstant solution to the Mobius equation
B(¢) = 0 (actually, to a related linear equation) is directly tied to warped prod-
uct structures. Then we are able to classify the complete, connected manifolds
admitting a nonhomothetic MGbius metric and to obtain a list of the complete
Einstein manifolds which admit a nonhomothetic conformal Einstein metric.
In fact, Theorem 3.2 and Corollary 4.3 of [11] show us that if M is Einstein
manifold with dim M > 2, then .#Z6b (M) = Conf(M). Also if M is a com-
plete manifold and dim M > 1, then one of the following is valid [11, Theorem
6.1 or §2],

1. #6b(M)=Hty(M),

2. #6b(M) contains Hty(M) as a subgroup of index two, or

3. M is isometric to a sphere.

The only instances of 2. are certain warped products Rx s,y M or Sphere(f)
in which f”/f is not constant.

All those results strongly suggest that B(¢) = 0 only has constant solutions.
It would be very interesting to see in fact that this indeed happens. In order to
see this, first we look at the compact case. We have the following:

Theorem 1.1. Let M be an oriented compact Riemannian n-manifold without
boundary with n > 2. If the Ricci curvature of M is nonpositive, or the scalar
curvature of M is constant, then all the solutions of B(¢) = 0 are constants
unless (M, go) is standard sphere.

As an application of Theorem 1.1, we prove the following

Theorem 1.2. Any compact, oriented n-dimensional Riemannian manifold with-
out boundary with n > 2 has a complete Riemannian metric g such that
A 6b(M, g)=Hty(M, g).

For noncompact complete Riemannian manifolds, life is more complicated.
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Both the homogeneous and the nonhomogeneous equations are hard to handle.
First, we restrict our attention to warped product spaces as is suggested by
Osgood and Stowe’s work. We obtain that if M = Rx M, and M has positive
constant scalar curvature, then B(¢) = 0 has only the constant solution. Then
we prove the following.

Theorem 1.3. Let M be a complete noncompact Riemannian manifold without
boundary. If the scalar curvature of M is some positive constant, then B(¢) =0
has only the constant solutions.

Finally we consider the nonhomogeneous case. If M is an arbitrary complete
Riemannian manifold, we do not know what we should expect. So, we confine
our attention to R". We know that B(¢) = 0 has a lot of nonconstant solutions
and, for a suitable tensor field £ which is symmetric and trace-free, B(¢) = h
has no solutions.

The paper is organized as follows. The next section will be used to simply
recall some facts about the Mdobius equation from the paper of Osgood and
Stowe. Then in §§3 and 4, we are going to prove our first main result. As
an application of this and Guo and Yau’s result, we proved that any compact
oriented three-dimensional manifold has a complete Riemannian metric such
that the Mobius group of M with respect to this metric is the same as the
homothety group of M with respect to the same metric. In §4, we will use
conformal geometric methods to show the rest of our first main result. As
a special case we proved that f is a Mobius transformation on M which
has constant scalar curvature, the conformal factor u# is a constant function.
Finally, combining this result and one of Aubin’s theorems gives the proof of
our second theorem.

The warped product space case will be treated in §5. In the final section we
will cover the nonhomogeneous case on R”. For the simplest possible /, we
give a necessary and sufficient condition for B(¢) = & to have a solution.

Part of this paper is taken from my Ph.D. thesis at the University of Con-
necticut. I would like to take this opportunity to express my special thanks to
my thesis advisor, William Abikoff.

2. THE GENERALIZED SCHWARZIAN DERIVATIVES
AND SOME OF ITS PROPERTIES

Let M be a Riemannian manifold of dimension > 2 with metric g =( , )
and let V denote the Riemannian connection for g. For a smooth function
9: M — R, we define

1
(2) B(p) = By(p) := Hess(p) —dgp @ dp — - (Ap — |Vo[")g
where Hess(p) is the Hessian of ¢ . Thus for vector fields X, Y on M,

B()(X, Y) = X(Yp) ~ (Vx¥)p ~ xpYp ~ +(Ap ~ [VoP)(X, ¥).

The operator B(¢) is a symmetric (0, 2)-tensor, and the final term has been
chosen to make the trace vanish with respect to g. We will always associate
B(p) to a conformal metric & = e**g and we call it the Schwarzian tensor. In
particular, if ¢ arises as the pull back of a Riemannian metric by a conformal
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diffeomorphism, or immersion, f: (M, g) — (M’, g') so that ¢ =log|Vf]|,
we define the Schwarzian tensor to be S(f) = S,(f) = Bg(9).
At first observation, we have

Lemma 2.1. If f: D — D is a holomorphic function where D is a domain in
S? and f'#0, then

_( ReS(f) -ImS(f)
S(f)= (-ImS(f) —ReS(f)> '

Then we obtain

Proposition 2.2. If f is a holomorphic function, then S(f)=0 and f'(z) #0
if and only if f is a Mébius transformation in the usual sense.

After we carefully study the properties of the Mobius equation, we have
Proposition 2.3. Let ¢, o : M — R be smooth functions on (M, g). Then
Bg(9p + 0) = Bg(p) + Bg(0)
where § =e*?g.

Definition 2.4. Mébius transformations are conformal difftomorphisms with
vanishing Schwarzian derivative.

Proposition 2.5. Composites and inverses of Mobius transformations are Mébius
transformations. The Mébius transformations of a Riemannian manifold (M , g)
into itself form a group M 6b(M) = #6b(M, g) containing the homothety
group Hty(M) and contained in the group Conf(M) of conformal transforma-
tions.

Theorem 2.6. Let (M, g) be a Riemannian manifold of dimension n > 3 and
let g' = e??g be a metric conformally related to g. Let R =klz+Rg+C and
R’ =k'Ig + Ry + C' be the decomposition of the Riemannian curvature tensors
of g and g', respectively. Then

(a) k' = e2(k - 2Ag — 232|dg[2)

(b) B'= B - B(p);

(c) C'=C
where Ap, |d¢|?, and B(¢) are computed with respect to g .
Proof. See[11]. O

Corollary 2.7. Let (M, g) be a connected Einstein manifold of dimension n > 3
and g' =e*g. Then (M, g') is Einstein if and only if B(g) =0.

Now let us introduce spherical warped products. Let f: R — R be such that
(I) f is odd and of period 27T >0,

(I1) f(¢)>0 when 0<t< T,

Im f'0)=-f(T)=1.

Let g be the Riemannian metric on M = S$” which in the parametrization
(t, ) — (cos(nt/T), sin(nt/T)-0), teR, HeS™ !,

is given by ds? = dt® + f(t)?|d6|>. This metric g is smooth through the
singularities +(1, 0, ..., 0) of the parametrization. This spherical warped
product (M, g) = Sphere(f) has no new local features; near +(1,0,...,0)
it is a polar warped product, and elsewhere it is an ordinary one.
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Theorem 2.8. Let M be a complete connected Riemannian manifold of dimen-
sion n > 2. Then either
(i) Hty(M) = .#06b(M); or
(i) Hty(M) has index two in A#6b(M); or
(iii) M is a standard sphere.

The only instances of (ii) are certain warped products R x s P or Sphere(f)
in which f"|f is not constant.

Proof. See [11, Theorem 6.1]. O

One of the examples of the second kind of manifolds given in the Osgood-
Stowe’s paper is the following: Let M = R x s My with a complete Riemannian
metric ds? = v=2(de? + f2(t)ds3), where f(t) = 1/(1+1?) and v(f) = 1 +
(1/2) fé f(s)ds is positive. Then the reflection about zero of the real line R is
a nonhomothetic Mobius transformation with respect to the metric ds?.

3. COMPACT RIEMANNIAN MANIFOLDS WITH NONPOSITIVE RICCI CURVATURE
We consider the Mobius equation

(3) B(p) =h

where & is a given symmetric trace-free (0, 2) tensor field, and ¢ is an un-
known smooth real-valued function.

If we set u = e~?, then (3) reduces to the following second order linear
equation (the linear equation associated to the Schwarzian derivative)

(4) Hess(u) — %Aug =—uh.

Then we have the following

Theorem 3.1. For n > 3, let M be a compact, oriented, connected Riemannian
n-manifold without boundary and assume that the Ricci curvature is nonpositive.
Then u > 0 is a solution of the linearized Schwarzian equation (4) with h =0
if and only if u is a positive constant.

Proof. By an easy computation, we have
1
(5) 5A|Vu|2 = Z ufj + (Au);u; + Rijuiu; .
i,j
Using the equation (4), we get that 3, ;uf; = (Au)*/n . Therefore the pre-
vious equation can be written as

1 1
(6) EA|Vu|2 = ;(Au)z + (Aw);u; + Rijuu; .

Integrating over M , notice that M has no boundary, gives that
1
(7 0= —/ (Au)2 +/ (Au)iu; +/ Rijuu;j.
nJm M M

Now we do integration by parts on the second term. It will give the following

(8) 0= 1—-n /M(Au)z +/MR,»ju,'uj.

n




932 XINGWANG XU

Then since n > 2 and R;ju;u; <0, we have that Au = 0. Now maximum
principle gives the conclusion of the theorem. O

Let us return to the definition of the Schwarzian derivative for a moment.
Suppose f is a conformal self-mapping of a Riemannian manifold M , then

frg=e"g.
So

9) S(f) = B(¢) = Hess(¢) ~dp @ d¢ - %(Afb— dél*)g .-

Further if S(f) =0, then we called f a Mobius transformation, therefore,
from the definition of Mobius transformation and the previous lemma, we have

Corollary 3.2. Let M be a compact connected Riemannian manifold with non-
positive Ricci curvature and having no boundary, then the Mobius group of M
and the Homothety group are the same.

Proof. Suppose f: (M, g) — (M, g) is a self-conformal mapping. We write
f.g = e**g and we further assume that f is a Mobius transformation. By the
definition of Mo6bius transformation, B(¢) = 0. If we set u = e~?, then u
satisfies

Hess(u) = %(Au)g .

By the previous theorem, we conclude that u is a positive constant or f is a
homothety. Therefore .#6b (M) C Hty(M). But by definition, the homothety
group is a subgroup of the Mobius group. O

Corollary 3.3. Let T" be the n-dimensional torus with the flat Riemannian
metric. Then

M 6b(T") = Hty(T").

Corollary 3.4. Every 3-dimensional compact Riemannian manifold without
boundary has a Riemannian metric g such that #6b(M , g) =Hty(M, g).

Proof. By the theorem of Gao and Yau [4], for every compact 3-manifold, there
exists a Riemannian metric with nonpositive Ricci curvature. The corollary then
follows from the previous theorem. O

Remarks. 1. In the next section, we will prove that this corollary can be gener-
alized to higher dimensional manifolds.

2. Later in this paper we will see that, in all these arguments, compactness is
a necessary assumption.

4. COMPACT RIEMANNIAN MANIFOLDS WITH CONSTANT SCALAR CURVATURE

We take as definition of a conformal vector field on a Riemannian manifold
(M, g) that it is a vector field X whose flow (&),cgr is made up of conformal
transformations. Conformal vector fields form a Lie algebra (M, G) where
G = [g] is the conformal class of g. For M compact, €(M, G) is the Lie
algebra of C(M, G) := Conf(M, g) because the conformal group does not
depend on the choice of metric.
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Fix a background metric g in the conformal class. Then, for any ¢ €
Conf(M, g), set
9*(g) =g, for n =2;
p*(g) =u¥""Vg, forn>3.

Using these two formulas, we define the map

a, : Conf(M, g) — C*(M)
¢~ ar(p)=u, forn=2;
p— ap(p)=u, forn>3.
Then we have a natural action: Conf(M, g) acting on G by
(¢, 8&')=(p, exp(2v)g) — ¢*(exp(2v)g)
exp[2(v o ¢ +ax(p))]lg, forn=2;
(9, 8)=(p,v¥""2g) - p* (v V)
= (vopan(p)¥" g, forn>3.
If we identify g’ with v, it will be convenient to denote this action by O, ,

that is: vO,90 =vo @ + az(p) and vO,p = (Vo @)a,(p) if n>3.
The linearized action is now given by the following lemma.

Lemma 4.1. If (&)cr is the flow of a conformal vector field X on (M, g),
then, for any smooth function v (v >0 if n>3),
d 1
Z0E) 0= X v+ 5

(divg X)v ifn>3.

divy X,

%( Oné)li=0= X -v + n2n2
Proof. Suppose ¢ is a conformal transformation. First note that ¢*g =
(det(p))2g since ¢p*g(X,Y) = g(p.X, 9.Y) = (det(p.))’g(X, Y). Then we
know, ay(¢) = log(det(¢.))!/? and, if n > 3, a,(p) = (det(p.))*~2/2"  Recall
that if 4 = A(t) is a diagonal matrix,

S det(A (D)o = det 4(0) - trace ((0)™ - (4(1)

and the statement remains true if 4 is any diagonalizable matrix. The map on
the tangent bundle induced by any conformal transformation is diagonalizable
in normal coordinates. Therefore if (&);cr is the flow of a conformal vector
field,

Q) )imo = det(6)- o trace [((6)2)™ (&0 )|
= divg(X).

(11)

t=0

Then we have

4 mt)lco = Lwot oo = X0 +

1 ..
a1 Edlvg(X).
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Using the product rule of differentiation and (11), we also obtain the follow-
ing formula

4 000 = L0 0 E)n(Eico

= L008) anlo + (00&) - Lan(E)leo

n-2 ..
=X-v+ n divg(X)v
forn>3. O

Let g’ and g be two conformally related metrics. For the questions involv-
ing scalar curvature that we are going to consider, it is convenient (and classical)
to write the conformal factor as before

_{e“ forn=2,
p= U™ withu>0 forn > 3.

If s, denotes the scalar curvature of the metric g, one then has the classical
formulas (see [8] for details)

(—2Aqu + sg)e™ 2 forn=2,
Sor =
8 (—42=LAgu + spu)u=5  forn > 3.

We are thus led to introduce the family of quasilinear differential operators
F, on the space C*°(M) of smooth functions defined as

F(u) = e‘Z“(—ZA u+Sg),
Fy(u)=u~ nq'zf( ;Agu+sg ) forn>3.

For any function U viewed as sitting in the tangent space 7,(C*(M)), the
directional derivative U . F, of F, in the direction U is given by

(12) (U-F)(u) =27 2(—AU — (=2A,u + 55)U),
(13)
_n—1 n+2 _, 1
(U Fo)() = 4—u™# ( —ALU - ("n—z Agu+ — g) U) :
(n>3).
Lemma 4.2. The divergence of a conformal vector ﬁela’ X satisfies the identity
1
(14) —Ag(divg X) = % divg X + = 1)X Sg -

Proof. Let X be a conformal vector field and let (&);cg be a one-parameter
conformal group generated by X . Then

Fn(anét) = Sgx(g) = Fy(1) o &, = Sg o0&

Therefore, we have

(19 S EDEDeo = (501080 Fa) () = X -5,
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and by equation (12) and Lemma (4), we have

d n-2 ..
E(anét)|t=0= 5 divg X .

We know that (13)

U-F,(u) = di (u+tU)'r-sz2 (_4n— 1Ag(zH-tU) =sg(u+tU))
tl=0 n_2
_ o n+2 oy ( n-—1
= -l U( 4n_2Agu+sgu)
+uns (-4”_ lAgU+ng) .o
n-2
Therefore we have
d
Xesg= g7 (10a8)-Fa()
n+2 d
= =% <3; t=0(15n§z))
n-1 d d
—_— 4n———2Ag (zz t=0(1Dné[)) +Sg (E t=0(1Dnét)>
n+2 n-2 .. n-1 . n-2 ..
= — n—_ng—i—rT-dIVgX—“ 2}‘1 Ag(legX)‘FSg (—2n—legX)
- - %sg divg X - 2=V A (aiv, x).
So
—2(”; I)Ag(divg X)=X-s,+ %sg divg X .

We have obtained

_n
(n-1)
which is the desired result. O

Remark. 1. This formula is well known. This type of proof is suggested in [13],
but not proved there. Other proofs may be found in [7, 5].

2. This formula is also useful in studying scalar curvature problems (see [13]
and the references there).

In order to complete the proof of our next result, we need the following
theorem of Obata:

Theorem 4.3. In order for a complete Riemannian manifold of dimension n > 2
to admit a nonconstant function ¢ with Hess(p) = —c2pg, it is necessary and
sufficient that the manifold be isometric with a sphere S"(c) of radius 1/c in
the (n + 1)-Euclidean space.

Proof. See [10, Theorem A]. O

Now we are in a position to prove the following
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Theorem 4.4. Let M be a compact connected oriented n-dimensional Rieman-
nian manifold without boundary. If the scalar curvature of the Riemannian met-
ric g is constant, then homogeneous Mobius equation has a nonconstant positive
solution if and only if M is isometric to some sphere.

Proof. Suppose u > 0 satisfies
(16) Hess(u) = é—;‘;—ug.

Since Vu is a conformal vector field on M, from (4), we have div(Vu)
satisfies

—A(di - % (4 " u.s. = &g
A(divVu) = p— 1(d1vVu) + = 1)Vu Sg = =7 divVu.
As we know that div Vu = —Au, the previous equation can be written as
Sg _

(17) A(Au+n_lu)—0.

By the maximum principal, we have

__ S

(18) Bu=-—utC

for some constant C . Take the Hessian of both sides in the previous equation
and use (16), to obtain

SgAu

(19) Hess(Au) = ——%_ Hess(u) = )

n-—1

Casel (if Au+# 0 and s; > 0). In this case, by Obata’s theorem (4.3), we have
that M is isometric to a sphere with radius /n(n —1)/s, .

Case 11 (if Au # 0 and s, = 0 everywhere). Since s; = 0, by equation (18),
Au =0+ C. M is compact and u is a smooth function, therefore C must
be zero, that is, Au = 0. Using Bochner’s lemma, we know that u has to be a
constant, which contradicts our assumption. So this case cannot happen.

Case 111 (if Au # 0 and sz < 0). Since the function u is a smooth function
and M is compact, ¥ must assume its maximum value at a point p € M . At
D, we have that Au < 0. Using equation (18),

Sg
n—1

u(p) 2 C.

But 5z <0, so we have

(20) up) < £ =1
Se

The same argument for the minimum value of the function u gives us

Cn-1
1) ug) > =Y.
Sg
Compare equations (20) and (21), to see that ¥ must be a constant. This
shows that this case cannot happen, either.

Case IV (if Au = 0). It is easy to see that u is a constant in this case. O
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Corollary 4.5. If f"/f is not constant and the function f(t) is symmetric with
respect to T /2 where 2T is period of f, then the scalar curvature of Sphere(f)
cannot be constant.

Proof. Osgood and Stowe [11] have shown that in this special case, we have
A 6b (Sphere(f)) # Hty(Sphere(f)). O

Corollary 4.6. Let M be a compact connected oriented n-dimensional Rieman-
nian manifold without boundary, if the scalar curvature of the Riemannian met-
ric g is constant, then either #6b(M) = Hty(M) or M is isometric to some
sphere.

Theorem 4.7. Any compact, oriented n-dimensional Riemannian manifold with-
out boundary and n > 2 admits a complete Riemannian metric g such that
A 6b(M, g)=Hty(M, g).

Proof. This follows from Theorem 6.19 of [1] and the previous theorem. O

5. COMPLETE RIEMANNIAN MANIFOLDS WITH CONSTANT SCALAR CURVATURE

In this section, we really want to generalize the previous result to the complete
noncompact case. First of all, we have the following easy example.

Example. On R", the homogeneous Mo6bius equation has a lot of nonconstant
solutions. In fact, if f, ,(x) =a+b|x|> >0, a>0, b > 0, then it is easy to see
that Af; »(x) = 2bn and (f; 3)ij = 2b9;; . Therefore, Hess(f, »)—Af, »/nE =
0 where E is identity matrix. Of course, f, , is not constant.

Therefore, we cannot expect similar results for the complete case without
further assumptions. Since we work on complete Riemannian manifolds with
constant scalar curvature, one assumption we can put on is nonzero scalar cur-
vature. Euclidean space does not satisfy this assumption. But that is still not
enough because we have

Example. On the standard hyperbolic space H", the Mobius equation has a
nonconstant solution.

Proof. Here we take unit ball model with metric

l n
ds? = TP Z dx?
i1

where |x|? < 1. If we set u = 1/(1—|x|?), then it is easy computation to show
u satisfies the Mgbius equation. O

Next we turn to the positive scalar curvature case. In that case we have the
following, the main result of this section.

Theorem 5.1. If M is a complete, connected, noncompact Riemannian mani-
fold with positive constant scalar curvature, then the Mébius equation has only
constant solutions.

The proof will consist of several lemmas. In particular, Lemmas 5.4 and 5.5
give the proof of Theorem 5.1. First we examine warped product spaces.
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Let (Mp, ds}) be a Riemannian manifold and let R x, M, have metric
ds? = dx3 + f(x0) ds? . Assume

ds§ = gijdx'dx), i,j=1,2,...,n,

is complete. ds? is complete if the function f(xg) is positive on the real line
R and we will assume that ds? is complete.

Let (x;,Xx2,...,Xn) be a local coordinate on M,, and ¢ = Xy a local
coordinate on R. Then

1 ifa=0,8=0,
ga,ﬂ={0 if = 0 or g = 0 but not both,
f(t)gij fa=i>0and g=;>0.
Therefore
1 ifa=0,5=0,
ga’ﬂ={0 ifa=0o0r =0,
f(t)~'g¥ ifa=i>0and B=j>0.

Lemma 5.2. Let M be R x 5,y My with metric as given above. Then the scalar
curvature is

_Gn=m) [0 f"(t) | Re
(22) r= G2 (20 a2

Proof. This is a direct computation. We omit the details here. O

Lemma 5.3. If M = R x ;) My has constant scalar curvature, then My also has
constant scalar curvature.

Proof. This is a direct consequence of the previous lemma. O
Lemma 54. If M is as in the previous lemma with positive constant scalar

curvature and if the Mobius equation on M has a nonconstant solution and
f(t) > 0 everywhere on R, then f(t) must be a constant.

Proof. M is R x g, M, with metric as given above. Using the well-known

formula 5 5 5
k _ k(981 8ii _ 0&ij
rU 1/2g (6)(?,' + axj axl) )

We have

!
g _ SO e
Iy, 2f(t)6i ifi,j#0
and T, =0 forall i.
Now suppose # > 0 is a solution of the M6bius equation and u is not a
constant. That is, u satisfies

Au
(23) Hess(u) = FINE R

By the above expression for the metric g, we have u, = Au/(n + 1) and
U, = 0. By the definition of the Laplacian, Au = u, + 1/f(t)gf’ ViV u =
U, +1/f(t)Aou where A, is a Laplacian on M, with respect to the metric g .
Therefore, we have

0% pp Ou
d19x;  9dxs

0 = utx,~ =
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It follows that du/dt—[f'(t)/2f(¢t)]u is a function only depending on time ¢;
call it g(¢). If we just consider u as a function of ¢, then we can solve the first
order ordinary differential equation. Specifically, we have u = g,(¢) + g2(2)v(x)

where g1(1) = (f(1))'? [ g(1)/[f(1)]'*dt and g (1) = [f(1)]"/?. Then, since

Hu = nAfl ’
we have 1
nuy; = 7-(—5A0(u).
Therefore

2 2 1/2
@9 n | 22 o [ ZUOE oo = an.

Case A. If (O2[f(£)]'/2/(8t)®)[f(£)'/?] is not a constant, then differentiating
both sides of the above equation, we have v(x) is a constant. Therefore u only
depends on time ¢. Then the equation (24) implies that g,(z)+Cgy(¢) = ct+d .
That is, u(t) =ct+d. And u > 0 implies that ¢ = 0. So u is a constant. It
contradicts the assumption that u is not a constant. So Case A cannot happen.

Case B. If [82[f(£)]'/2/(81)*](f(£))"/? is a constant, then by simple computa-
tion, this says that

(25) £ -
Therefore the scalar curvature is

o= [f’(t)]z_nf"(t) L R

'OF
270 -

'R0 NORND
3n—n [0 n [P Ry
26 -2 ) - el
_3n—n*-2n [f’(t)]2+ Ro—Cn
3 0 1)
_ _nz—n[f’(t)]z Ro—Cn
A 0 -

Since R is a constant, differentiate both sides of the equation (26) with
respect to time ¢ to obtain

0o o OO0 - F1(OF  (Ro—Cn)f'(1)
4 " f(o) f2() f3()

_f'0 [_ nt—n[(f'(0)*/Q2f(0)+ CIA ) - Lf'(OF  Ro- Cn]
o 2 f2) ()
_f' [nz——n C +R0—Cn B n2—nf'2(t)}

SO L 2 f f(0) 4 1)

Since f(¢) > 0, we have

(27) ro|

(n*=3n)C+2Ry n®— nf’z(t)] ~0
21(1) 4 fiun]




940 XINGWANG XU

Hence by the continuity of f(¢), f'(t), we have
Case 1. f'(t) =0 everywhere on R; or
Case 2.

(n2=3n)C+2Ry, n®-n [f'(z)r o
21() 4 LS
on some open intervals of R.
But for Case 2, using equation (26), it is not hard to see that on such an
interval, f(¢) is a constant. Of course, Case 1 implies that f(¢) is a constant.
Therefore the proof of Lemma 5.4 is complete. O

Lemma 5.5. If M is a complete noncompact Riemannian manifold and the
MGébius equation has a nonconstant solution, then M = R x ;) My where f(t) >
0, f(¢) is not a constant and My is complete.

Proof. This has been done in §5 of B. Osgood and D. Stowe [11]. Since
here we only consider complete noncompact Riemannian manifold with posi-
tive constant scalar curvature, this kind of manifold cannot be a simply con-

nected Riemannian manifold with constant section curvature. It also cannot be
Sphere(f). O

6. THE INHOMOGENEOUS MOBIUS EQUATION ON EUCLIDEAN SPACE
In this section, we prove the following

Proposition 6.1. On R3, let h = diag(h,, by, b3) with the constants b; satisfy-
ing by + by + b3 =0, and h # 0. Then equation (4) has a positive solution if
and only if one of the following conditions hold:
(i) 2b;+b,=0, b, <0;
(ll) 2by + b3 =0, b3 <0;
(lll) 2b3 +b| =0, b <0.

Proof. In order to prove that this condition is sufficient, we only need a positive
function # which satisfies equation (4) with given /4. By symmetry, it is enough
to give a function in one case. For example, for (iii), we can take

== 5 expl(=361/2) /2],

Then, it is easy to see that this function satisfies equation (4) with 4.
Now we start to prove that this condition is also necessary. First of all, from
equation (4), we have

0%u 1
2 - U ==A
(28) asz +bju 3 Au
and
92%u
(29) Bxkc‘)xj B
if kK+#£7j.

Then in order to complete the proof clearly and quickly, we need to prove
the following
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Lemma 6.2. Suppose (4) has a positive solution with h = diag(b,, b,, b3) and
2bi+bj =0 where i# j and h#0, then b; <0.
Proof (of lemma). From equations (28) and (29), we have
3u N d(bju) 1 8%u
(Bx,-)zaxk Xy 3 (Bxk)3 )

Now we assume that i, j, k are not equal to each other. The above equation
tells us

132

bju (ax)

2+f(xj7xk)

and
J 3(3): )2 8\ Xi, J

Using equation (29), we have

orf _ 9*bjw) _
6x,-c’)xk - anan B

and
9%g 9 bu) _
8x,0x,~ B 6x,-8xj B

Therefore, we are able to express the functions f, g as f(x;, xx) = fi(x;)+
fr(xk) and g(x;, xj;) = gi(xi) + &(x;) where f, and g; have no constant
terms. Then we have

1 2
(30 by = 377 + A5 + )
and
31 bu— L 0%
( ) Ju 3(ax) +g1(xl)+g2(xj)
From equation (28), we obtain
b= 2 P b i) — Al + b= () - £206)
@x)2 T 3 T 1)) = (%) + bju = &1(x:) - 82(x;) -
So, we have
2 d%u
T — biu=—[i(x)) + falxk) + & (x:) + &(x))],
2 92
Sy ~ 2= ~2h(%) = 2(x)
and ,
2 0
Tomy ~ 2= 28100 = 28(%)).

Add these three equations together, to get

(3 3Au—Shu= -3Ufi00) + Al + &i(x) + 2001
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Therefore, by equation (32),
32
%) + biu = 3bju + bju — 3f1(x;) — 3 f2(xk)
= (3bj + bi)u = 3[fi(x)) + o (x)],
and, on the other hand, by equation (28) and equation (33)
32
(0x

Therefore, we have
(%bj + b,~> u= %[fl (x5) + falxk) — &1(xi) — &2(x;))].

Since 2b; + b; =0 and f, g have no constant terms, fi(x;) — &(x;) =0
and fr(x¢) =0;and g(x;) =0
Then equation (31) and equation (30) become

)2+bu— 2y %[fl(xj)+fz(xk)+g1(x,~)+gz(xj)1-

(34) bju = L_o%u + &(x;)
3 (0x¢)? /

and

(35) bu=1 0% s fixy)
3(0x:)?2 !

respectively.

Using equation (34) and equation (29), we have —bli =0.

By equation (35) bju = fi(x;) = g2(x;). So using equatlon (28),

B2 fi(x;) 182f;(x))
(ax)j +bifi(x)) =3 (ax)j
That is,
2d2fi(x;)
(36) STt b)) =

Equation (36) has a positive solution everywhere if and only if b; < 0.
Because when b; > 0, the general solutions of equation (36) have the form

fi(xj) = ¢;sin [(%b,) " x,] + ¢ cos [(%b,)]/z x,] )

This function cannot be positive everywhere. Even though we can add a
constant to fi(x;), in order that the function is a solution of equation (4), this
constant must be zero since b; # 0. This completes the proof of the lemma. O

Proof of the proposition (continued). Now let us fix j = 1 in equation (28).
Using equation (29), we have
d(biw) _ 10(Aw) _ d%u
dx; 3 9xy  3(0x)3

or

0%u

3(8x2)2

(37) bju= + f(x1, x3).
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Similarly, we have
0%u
(38) byu = 0%y’ + g(x1, x2)

where f(x;, x3) and g(x;, x;) are arbitrary functions which only depend on
X1, x3 and x;, x respectively. From equations (37) and (38), we have

f(x1, x3) = filx1) + fa(x3), g(x1, x2) = gi1(x1) + &2(x2)

where, in addition, we are able to assume that f;, and g, do not have any
constant terms. Therefore,

(39) bu=ﬂ+f(x)+f(x)
1 3ox,) T/ 2(X3
and
2
(40) bu = 3—(37‘:)—2+g1(x.>+g2<x2>.

Using equations (28), (39) and (40)
%u Au 0%u

Bx)? +hu=—== 3% biu — fi(x1) = fa(x3) + biu— g1(x1) — &2(x2).
That is
41 20%u b= LS, 5
(41) 3o 1= —[filx1) + £a(x3) + &1(x1) + &20x2)].
Equations (39) and (40) are equivalent to
42 0% o O fi(x) + .
(42) 305 1= =2[fi(x1) + fa(x3)]
and
2
(43) S~ 2= =2 (0) + ()]
Add (41), (42), (43) together to obtain
@0 A= PRE L D) 4 ) + g0 + s,
On the one hand, from (39)
2
(—;’}—;‘)—2 + byt = 3byu+ by = 3Lfi(x1) + fo(x3)]

= (3by + by)u = 3[fi(x1) + fa(x3)].
On the other hand, from (28) and (44)
2
@6) ot b= T Sk + k) + i) + gl

From equations (45), (46)

(47) (b1 + 2by)u = 3[/i(x1) + fa(x3) — &1 (x1) — &2(x2)].
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Similarly, we have

(48) (by + 2b3)u = 3[g1(x1) + &2(x2) — fi(x1) = fo(x3)].

Case 1. by + 2b; = 0. In this case, we can invoke the previous lemma to see
that b; <O0.

Casell. b;+2bs # 0. In this case, we have b, +2b, # 0, since b;+b,+b3=0.
Therefore, by equation (47)

g = SUiGe) + f(x3) — 81(01) — g2(x)]
by + 2b, ’

For this function u, use equation (28) with j =1 to obtain
2[(f1)" (1) = (&1)" (x0)1 + 3b1 [ f1(x1) = &1(x1)]
— (2)"(x3) + 3b1 f2(x3) + (82)" (x2) — 3b1£2(x2) = 0.

Thus we can assume that

2[(g1)" (x1) = ()" (x0)1+ 3bilgi(x1) = filx)] = e

and
(49) 3b1£2(x2) = (82)"(x2) + &2
and
(50) 3b1/2(x3) = (f2)"(x3) + €3

where ¢; —c2+¢3 =0 and ¢;, ¢3, ¢c3 are constants.
Using equation (28) with j =2, we have

(51) 2(82)"(x2) + 3b282(x2) = cs.
Then equations (49) and (51) show us that

1+ 20
3

which implies that g, = constant. By assumption, the constant must be zero.
Using the same argument on f,, we get f, =0.

Therefore,
"y = 30fi(x1) — &i1(x1)]
b1 + 2b2 )
From (28) with j =2 and j = 3 respectively, we have

3baLfi (1) — g1 (x)] _ L) — &))"
by +2b, by + 2b,

(52) (2b1 + by)82(x2) =

and

3bs[f1(x1) — &1(x1)] _ [filx1) = g (x1)]”
b, +2b, - by + 2b,

Then either b, = b3 or gi(x;) = fi(x;). The first case cannot happen, for
otherwise, b; + 2b; = 0 which contradicts the hypothesis that b; + 2b;3 # 0.
The second case also cannot happen since it would imply that ¥ =0. O
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