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ON THE CAUCHY PROBLEM FOR
REACTION-DIFFUSION EQUATIONS

XUEFENG WANG

ABSTRACT. The simplest model of the Cauchy problem considered in this paper
is the following

() U =Au+ub, XER", t>0, u>0, p>1,
ui—o=0¢€Cp(R"), ¢2>0, ¢Z0.

It is well known that when 1| < p < (n + 2)/n, the local solution of (x)
blows up in finite time as long as the initial value ¢ is nontrivial; and when
p>(n+2)/n,if ¢ is “small”, () has a global classical solution decaying to
zero as t — +oo, while if ¢ is “large”, the local solution blows up in finite
time. The main aim of this paper is to obtain optimal conditions on ¢ for
global existence and to study the asymptotic behavior of those global solutions.
In particular, we prove that if n >3, p > n/(n - 2),

- (-1
0 < ¢(x) < Aus(x) =4 (fl()”_ 1)22) (p - f 2)) |x|~2/=D

(us is a singular equilibrium of (%)) where 0 < A < 1, then (*) has a (unique)
global classical solution u with 0 < u < Au; and

u(x, ) < (A7 = 1)(p — D)~ Ye=b,

(This result implies that uy = O is stable w.r.t. to a weighted L™ topology
when n >3 and p > n/(n—2).) We also obtain some sufficient conditions on
¢ for global nonexistence and those conditions, when combined with our global
existence result, indicate that for ¢ around u;, we are in a delicate situation,
and when p is fixed, uy = 0 is “increasingly stable” as the dimension 7 | +oo .
A slightly more general version of (*) is also considered and similar results are
obtained.

0. INTRODUCTION

The simplest model of the Cauchy problem considered in this paper is the
following:

U, = Au+ u?, XeER" t>0, p>1,

uli=0 = ¢ € Cp(R") = C(R") N L=(R"), $>0, ¢ 0.

(0.1) is related to many equations arising from mathematical biology and chem-
ical reactor theory, and the results for (0.1) may be used to the study of those

equations as shown by Aronson and Weinberger [1]. Besides the practical in-
terest in it, (0.1) and its various generalizations have been model problems for

(0.1)
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the mathematical study of pathological phenomena and have been studied by
many authors in the last two decades (see Levine’s survey articles [25] and [26]).
Yet our understanding of (0.1) is still incomplete. This is partially due to the
apparent lack of compactness and the lack of a good Liapunov functional. In
this paper, we shall use the equilibria of (0.1), which are comparatively well
understood, to study the Cauchy problem (0.1).

Before we turn to the history of (0.1) in the direction concerned in this
paper, we first mention the following standard fact. For any ¢ € Cp(R") with
¢ > 0, there exists T, > 0 such that (0.1) has a unique classical solution # on
R" x [0, T}) such that u is bounded on R" x [0, T'] forany 0 < T’ < T,
and if Ty < 400, then [Ju(:, t)||oo(gn) — +00 as t — T, . This can be proved
by the standard contraction mapping method. When T, < +o00, we say that u
blows up in finite time; when T, = +oc0, we say that u is a global solution.

The study of (0.1) goes back to the fundamental work of Fujita [11]. He
proved that when 1 < p < (n + 2)/n, the local classical solution blows up in
finite time (the same is true when p = (n + 2)/n, as was proved by Hayakawa
[19] and later by Kobayashi, Siaro, and Tanaka [22]), and when p > (n+2)/n,
for any k > 0, there exists a small 6 = d(p, n, k) > 0 such that when 0 <
#(x) < exp(—k|x|*) on R", (0.1) has a global classical solution decaying
like t="/2 as t — +oo. Also, as a consequence of Lemma 2.1 in [11], if the
local solution can be extended globally, then necessarily e2¢ < t=8p# where

B=1/(p-1) and
—vl2
eS¢ = (4mt)~"/? / exp (—KT}’I) ¢(y)dy

(Weissler [34] also obtained such a result in the L? setting). From this, one
sees that if ¢ is “large”, then the local solution of (0.1) blows up in finite time
even when p > (n+2)/n.

In the direction of relaxing Fujita’s sufficient condition on the initial value
¢ for global existence, Weissler [35] proved that if ¢ satisfies

0.2) w-1 /0 le“oles de < 1,

then (0.1) has a global classical solution which, when the strict inequality holds,
goes to zero uniformly on R" as t — +oo. One checks easily that when ¢ is
dominated by a small multiple of (1 + |x|)~" for a large m, (0.2) is satisfied.

In a recent paper, Lee and Ni [24] gave another sufficient condition for global
existence which says that when p > (n + 2)/n, for any k > 0, there exists a
small b =b(p, n, k) such that if 0 < ¢(x) < b(k+|x|?)~1/®=1  then (0.1) has
a global classical solution decaying like t~1/%=1) as t — +oo (other decay rates
were also obtained if ¢ decays faster). They also obtained a nice necessary
condition on ¢ for global existence of classical solutions of (0.1):

(0.3) Ihlm inf |x|¥®=Dg(x) < (A(B,))/@=1
X|—+00

where B is the unit ball in R”, and A(B)) is the first eigenvalue of —A with
zero Dirichlet boundary condition on 8B, . These results of Lee and Ni indicate

that the slowest decay of ¢ at |x| = +oco permitting global existence for (0.1)
is |x|~2/(-D
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The main aim of this paper is to obtain optimal conditions on ¢ for existence
of global classical solutions of (0.1) (and for a more general version of (0.1), see
(0.6) below), and to study the large time behavior of those solutions. For (0.1),
in view of the above discussion, we shall pay particular attention to those ¢
with “critical decay” (that is, those for which ¢|x|>/?-1) = O(1) as |x| — o),
and we are especially interested in the following question:

(Q) How large can the b in Lee and Ni’s sufficient condition be if we want
global classical solutions of (0.1)?

Note that by (0.3), b < (A(B;))"/®=1 | Our partial answer to (Q) is a conse-
quence of the general results in this paper.

As mentioned before, our main results and analyses rely on a good under-
standing of the equilibria (regular or singular at x = 0) for which the study
dates back to the beginning of this century. Before we state our results, we first
mention some elements of the theory of the elliptic counterpart of (0.1):

(0.4) Au+uw =0, xeR", u>0, n>3.

This equation is called the Lane-Emden equation. It arises in astrophysics and
Riemannian geometry. The fundamental work on (0.4) is due to Fowler [6,
7]. Other references include [5, 20, 27, 30], to cite just a few. In Propositions
3.4, 3.5, and 3.7 we recall or prove some results about (0.4) (and the generalized
version of (0.4)). At this point, rather than presenting the whole list, we mention
that

(E;) When p > n/(n—2), us(r) = Lr—2®=Y (r = |x|) is a singular solution

of (0.4)), where

(R 0-)

(E2) When p > (n+2)/(n-2), all radial positive regular solutions of (0.4) are
included in a family {u,}.>0 With u,(r) decreasing in r, #,(0) = «,
r2/@=Vy,(r) > L as r — +oo,

(E3) When p = (n+2)/(n-2), all radial positive regular solutions of (0.4) are
included in the family {u£},50, uE(r) = (Av/n(n —2)/(A2+r2))n=2/2,

We point out that when 1 < p < (n+2)/(n — 2), (0.4) has no regular radial
solution (even nonradial solutions cannot exist; see [5]).
Now, we can begin to describe our main results. Let

(n—2)2—4n+4y/n2—(n-2)?
Pc={ 1= 2)(n - 10) when n > 10,
+00 when 3 < n < 10.

It is straightforward to verify that p. > (n +2)/(n - 2).

Theorem 0.1. Suppose n > 3.
(i) When p>n/(n—2),if 0< ¢ <Aus for us in (E,) and some 0 < A <
1, then (0.1) has a global classical solution u satisfying 0 < u < Au;
and [u(-, t)]|Lo(rn) < (A7 = 1)(p = 1))~ 1/@=D=10-1),
(i) When n/(n—-2) < p < p, if 0 < ¢ < ug, then (0.1) has a global
classical solution u such that 0 < u < us; and ||u(-, t)||Lo@rny — 0 as
t — +oo.




552 XUEFENG WANG

Remark 1. When p > p., (ii) is not true because all radial regular steady states
of (0.1) remain below u; (see Proposition 3.7) and therefore even if the classical
solution exists globally, it may not decay. However, when p > p., with the same
condition in (ii), we can prove that either u is a global classical solution or u
is classical before time Ty > 0 and after T, u is a distributional solution. In
any case, 0 <u <u; on R" x [0, +oo) and hence by the regularity theory for
parabolic equations, u is at least classical on R" x [0, +00)\{0} x [0, +00).
The large time behavior of u in this case remains open.

Remark 2. As Lee and Ni [24] observed, when liminfjy|_ o [X[¥®?~Dep(x) > 0
and if the classical solution exists globally, then |ju(-, t)||co > ct~!/®~1 for
some ¢ > 0. Thus in (i) the L>™ decay rate of u is sharp if, in addition to the
condition in (i), ¢(x) > ¢i|x|~%®-D at x = .

Remark 3. For o > 0, let wy(x) = |x|¥®~Y~2_ In both (i) and (ii), since
u < us , we can see that actually if a >0,

lu(-, Olic,, ey = llul, HWa()l|lLorny — 0 ast — +oo.

(Note u; and hence u decay faster than w, in x if a > 0.) From (i), if
¢ € Br = {¢ € Cyy(R")|$ > 0 and ||¢||Cwo(R") < L}, then the global flow u
initiated at ¢ staysin B; and hence B; isan invariant set. Also by (i), if ¢ >0
and [|¢llc,,(r) <A < L, then |lu(-, t)lic,,r) < 4. Therefore the equilibrium
up = 0 is stable with respect to the C,,(R") topology (for the definition, see
[17]). We point out that if we interpret #? in (0.1) by |u|?~'u, in virtue of the
comparison principle, the above assertions still hold with obvious modification
even for solutions that are not nonnegative.

Remark 4. From (i) and (ii), our answer to (Q) is that when n > 3 and
n/(n—2)<p<p., b canbe as large as L (as given in (E;)) forany k > 0;
when n >3 and p > p., b can be arbitrarily close to L~ .

In this paper, we also obtain some results in the converge direction of Theo-
rem 0.1.

Theorem 0.2. Suppose n > 3.

(i) When p > pc, if iminfjy_ 00 |X|??P~V¢(x) > L, then the local classi-
cal solution u blows up in finite time.

(il) When n/(n—2) < p < p., there exists a family {¢g}p~o, where ¢g is
radial and decreasing in r = |x|, ¢3(0) = B, ¢p = u; near x = oo,
¢p > us on some ring depending on B, such that if ¢ > ¢p for some
B > 0, then the local classical solution of (0.1) blows up in finite time.

Remark. Combining Remark 4 of Theorem 0.1 and (i) of Theorem 0.2, we see
that the least upper bound of b in (Q) is L when n > 11 and p > p.. The
least upper bound of b for other cases remains unknown. However, (ii) of both
Theorem 0.1 and Theorem 0.2 indicate that when n >3 and n/(n-2)<p <
D¢, near u; we are in a delicate situation.

At this point, combining Theorem 0.1 and Theorem 0.2 with the previous
results in the literature, we can look at (0.1) from the following point of view.
Let p be fixed, say p = 2. Then the results of Fujita, Hayakawa, Kobayashi et
al. say that when n =1, 2 (p < (n+2)/n), the local solution of (0.1) blows up
in finite time no matter how close ¢ is to the equilibrium uy = 0, hence ug
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is not stable. When n > 3 (2 =p > (n + 2)/n), by results of Lee and Ni, u,
attracts, with rate ct~!, the “heat” flow in Cp(R") initiated at ¢ if ¢ is close
to up in some weighted L>*(R") topology (more precisely, if

$€By k={peC(RMG20, |6()(k+|-*)llLo(rn < b}

with £ >0, b > 0 and small). Thus when n > 3, ug =0 is “stable” in some
sense. Now by Remark 3 of Theorem 0.1, when n>5 (2=p > n/(n-2)) u
is stable with respect to the C,,(R") topology (recall that C,_ (R") = {¢ €
C(R")||p(-)wa(+) || Loo(rny < 400}, Where wy(x) = |x|>~* when p = 2) B; =
{¢ € Cyy(R")|¢p >0, ll¢llc,,rn < L} is an invariant set of the “heat” flow and
up = 0 attracts, in the weaker C,, (R")(a > 0) topology, all flows initiated in
B; . From (i) of Theorem 0.2, when n > 17 (2 = p > p.), the flow may even
fail to be global if ¢ is outside B; (this is also true if ¢ is outside B;; for
A large when 5 < n < 16; see (0.3)). Thus when n > 17 we can say, in some
sense, that the “radius of the invariant set” is L. Note that when n | +o00,

-(FR )

Observe also that the decay rate (A~! — 1)~! of L>(R") norm of the global
solution initiated at ¢ € B;; (0 < A < 1) (see (i) of Theorem 0.1) is independent
of n. All these points seem to indicate that when » is large and increasing, the
“stability” of up = 0 is also “increasing”. This can be interpreted intuitively
that when n is large, there are more dimensions in which “heat” can dissipate
away and hence for large initial value, “heat” can diffuse to oo in R" so much
that the “temperature” eventually drops down to zero, while when n is smaller,
“heat” cannot dissipate away fast enough and blow-up occurs, and in fact when
n =1, 2, blow-up always happens no matter how small the initial value is.
The following result is of independent interest. It implies that any nontrivial
radial regular equilibrium of (0.1) is unstable w.r.t. the C,,(R") topology when
p>(n+2)/(n—-2) and w.r.t. a finer topology when p = (n+2)/(n-2).

=2n-81 +o0.

p=2

Theorem 0.3. Suppose n >3 and p > (n+2)/(n-2)
(1) If 0 < ¢ < Au, for some 0 < A < 1 and some radial equilibrium u,
(defined in (E;) and (E3)), then (0.1) has a global classical solution u
satisfying

llu(-, Dllzoe(rny < ((A'7F = 1)(p — 1)V~ D= /o=b,

(ii) If ¢ > Au, for some A > 1 and some u, (in (E;) and (E3)), then the
local classical solution blows up in finite time.

Remark 1. It is interesting to observe and easy to prove by using the continuity
of the solution with respect to the initial value that if ¢ = Au, with 4 > 1, then
the “life span” T, of local classical solution u of (0.1) satisfies 7}, 1 +oo
as A ] 1.

Remark 2. When A is small, the decay rate of u in (i) was obtained in [24].
We remark the Theorems 0.1-0.3 follow from our general results, which

assert that if the initial value ¢ in (0.1) is Ay where w > 0 is a radial con-

tinuous distributional upper (lower) solution of (0.4) and 0 <A < (>) 1, then
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for p > n/(n — 2) the solution of (0.1) decays as stated in (i) of Theorem 0.1
(or blows up in finite time); moreover, if A =1 and y is not an equilibrium,
then for (n+2)/(n—-2) <p < p., the solution of (0.1) decays (or blows up in
finite time).

We should mention a recent work of Bandle and Levine which is related to
Theorem 0.1. In [3], they consider the first initial-boundary value problem

U =Au+uf, p>1,
(0.5) u(-, t)lop =0,
Uio=9¢>0, ¢eCy(D)={peC(D)|¢lap=0},

where D = Q x (0, 00) C R*, Q C S"! is a open connected manifold with
boundary. After obtaining an interesting Fujita-type nonexistence result, they
prove that if

u n>3 n
@ <p<{ n=3 (1<p1<9)< 2),
0, n=2,3 n-

there exists a singular steady state P and if u|—o = ¢ < u?, the classical
solution u is global and, when p(Q) <p < (n+2)/(n—2), u decays to zero
pointwise as ¢ — +oo. They also considered the case when D is exterior to
a bounded domain and 0 € D¢, and proved that if n > 3, p > n/(n - 2)
and u|,—o < u; (asin (E;)), then u is a global classical solution, moreover, if
n/(n—2)<p<(n+2)/(n-2), u decays to zero pointwise as ¢t — +oo.

By a simple comparison argument, using Theorem 0.1 and Remark 1 follow-
ing, we make concerning (0.5) the following observations. When D is either
a cone or an exterior domain as mentioned above (but we allow 0 € D), then
Theorem 0.1 is true for (0.5); moreover, when n >3, p > p., 0 ¢ D, and
0 < ¢ < us, (0.5) still has a global classical solution.

Remark 1. This result does not cover the case when p(Q) < p < n/(n —2)
and n > 3, and the case when n = 2. These cases are covered by Bandle and
Levine [3] when D is a cone. However, when n > 3 our result covers the cases
that remained open in [3] and provides the decay rates for global solutions.

Remark 2. By (3.3) and (3.6) in [3], uP(r, 0) = r=2/(P=Dq(0) where Aga —
LFlat+a? =0in Q, a =0 on 9Q. Suppose a(fp) = max,.ga, then
Aga(By) < 0; hence —LP la(fy) + o?(6y) > 0, a(fp) > L when p >
n/(n —2). Now by the strong maximum principle (the manifold version; see
[2]), a(6y) > L. Thus the graph of uP intersects (transversely) that of u
when p > n/(n—2). Soin case D is a cone, the result in [3] mentioned above
and our result, when they overlap, are not comparable.

Remark 3. Theorem 0.1 can be applied to (0.5) when D is of other geometric
types.

In this paper, we also consider the following more general version of (0.1):
(0.6) u, = Au+ |x|'u?, xeR", t>0, andu >0,

' uo=¢€CR"), ¢$>0andep#0,

where p>1, / >-2,and N > 3. When [/ < 0 it is generally impossible to
obtain a classical solution for (0.6). Therefore we consider only those “Cpg-mild”




CAUCHY PROBLEM FOR REACTION-DIFFUSION EQUATIONS 555

solutions of (0.6), i.e., flows in Cg(R"), and by contraction mapping method,
we prove the local existence of Cpg-mild solution for (0.6) with -2 </ < 0
and ¢ € Cp(R"). When [ > 0, we prove that if 0 < ¢(x) < C|x|~//®?-1D on
R", then (0.6) has a local classical solution with the same decay rate in the
x variable, while when ¢ decays more slowly than |x|~//(?=1)  (0.6) does not
possess any local solution which can be dominated by any polynomial of |x|
(see Theorem 2.5).

As for global existence, we observe that by modifying the arguments of Lee
and Ni [24], one can prove that if (0.6) has a global solution, then necessarily
liminfjy|_, 400 |X|®*)/(P=Dg(x) < +00. Also, by a Fujita type blow-up result of
Bandle and Levine [4] for the exterior domain case and a comparison argument,
when 1 < p < (n+2+[)/n, the local solution of (0.6) blows up in finite time if ¢
is nontrivial. When p > (n+2+/)/n and [ > 0, by the proof of Theorem 3.1 in
[4], if ¢ is dominated by a small multiple of a Gaussian, (0.6) possesses a global
solution u whose L*°(R") norm decays like =7 where y = (2+1)/2(p - 1)
(it seems that the proof there cannot be applied to (0.6) when -2 </ < 0). In
this paper, for p > (n+1/)/(n—2) (> (n+2+1)/n), for larger initial values and
even for —2 </ < 0, we establish a global existence and large-time behavior
result similar to Theorem 0.1. Results similar to Theorem 0.2 and Theorem 0.3
are also obtained for (0.6). Before we describe them more precisely, again we
need to recall some brief background on the equilibria of (0.6). Henceforth, we
redefine that

_(n=22-2(1+2)(n+1)+2(l+2)y/(n+1)2 — (n - 2)2
- (n—2)(n— 10 — 4l) ’
n>10+4/,

(0.7)

= +o00, n>3and n <10+ 4/,

and:

(Ey); When p> (n+1)/(n-2), ug(r) = Lr—Z*D/(P=1) (r = |x|) is a singular
stationary solution of (0.6).

(E2); When p > (n+2+2l)/(n-2), all radial positive regular stationary so-
lutions of (0.6) are included in a family {u,}.>0 With u,(r) decreasing
in r, ua(0) =a, r@H/@e=Ny (r) - +o0c.

(E3); When p = (n+2+2l)/(n—2), all radial positive stationary solutions
of (0.6) are included in a family {uf},.,,

NN ) (n=2)/ @+
u; ( .

Our main results for global existence and nonexistence of solutions (0.6) are
as follows.

Theorem 0.1'. Suppose n > 3.

(1) When (n+1)/(n—2)<p <pc, if 0< ¢ <uy (defined in (E,);), then
(0.6) has a global solution u such that 0 < u < u; and |Ju(-, t)||Lo(rm
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— 0 as t = +o00; the same is true with 0 < u < Aus; when p >
(n+1)/(n—2) and 0 < ¢ < Aus for some 0 <A< 1.

(i) When p > max{(n+4+2l)/n, (n+2+2l)/(n—-2)}, there exists a small
A > 0 such that if 0 < ¢(x) < A(1 + |x|)~@D/0=1) on R", then (0.6)
has a global solution u with ||u(-, t)||pe(rn) < Mt=CD/2P=D

Remark. We are unable to obtain the decay rate for global solutions when A is
close to 1 and p is small, as we can do when / = 0 in (0.6). However, the
observations in Remark 3 of Theorem 0.1 about the stability of uy = 0 still
hold with obvious modifications.

Theorem 0.2'. Suppose in (0.6) that ¢ is bounded and when | >0, 0 < ¢(x) <
c|x|~1/®=Y on R". Then (0.6) has a local solution which blows up in finite time
if
(1) when p > pc, liminfjy_ o |X|*/@=Ng(x) > L, or
(if) when (n+1)/(n—2) <p <p., ¢ > ¢pg for some ¢p described in (ii)
of Theorem 0.2 but with u; replaced by the u; in (E;),.

Theorem 0.3'. Suppose that p > (n+2+2l)/(n—2).

(i) If 0 < ¢ < Au, for some 0 < A < 1 and some radial equilibrium
u, in (Ep); and (E3);, then (0.6) has a global solution u satisfying
0 <u< lua and ||u(-, [)“Lco(Rn) —0.

(i1) If ¢ > Au, for some A > 1 and some u, in (i), ¢ is bounded and, when
[>0, 0<é(x) < Clx|~1/®=D on R™, then (0.6) has a local solution
which blows up in finite time.

We wish to point out that in Theorem 0.2’ and (ii) of Theorem 0.3’, by
the results in §2, the L>® norm of the local solution u# blows up in finite time
when -2 </ <0 and |lu(-, )(1 + |+ )"/®=V] Lo (rn) blows up in finite time
when [/ >0.

Finally, we remark that Theorem 0.1’ can also be used to obtain global
existence for various related first boundary-initial value problems.

The organization of this paper is as follows. Section 1 contains some pre-
liminary lemmas. In §2, we establish local existence for (0.6) and give some
properties of local solutions. In §3, existence and nonexistence of global solu-
tions for (0.6) are studied. In §4, we derive the decay rate of global solutions
in various cases. Section 5 includes some observations about first boundary-
initial value problems (including (0.5)) related to (0.6). Theorem 0.1 follows
from Theorem 3.9 and Corollary 4.2, while Theorem 0.1’ is a consequence of
Theorem 3.9 and Theorem 4.9. Theorem 0.2 and Theorem 0.2’ are implied by
Theorem 3.11. Finally, Theorem 0.3 is a consequence of Theorem 4.1 and (iv)
of Theorem 3.11, and Theorem 0.3’ follows from (iv) of Theorem 3.9 and (iv)
of Theorem 3.11.

1. PRELIMINARIES

Suppose D is an unbounded domain in R" with 0D satisfying the exterior
sphere condition. Let T>0, Q=Dx (0, T),and ' =90Dx (0, T)UD x {0} .
For a given function y € C(I'), we consider the following boundary value
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problem:

uy=Au+ f(x,t,u) inQ,

Ur=vy
Definition 1.1. We call a function u a continuous weak (c.w.) upper (lower)
solution of (1.1) if u is continuous on Q, u|r > (<) v and u; > (<) Au+

f(x, t, u) in the distributional sense, i.e., for any n € C> (D x [0, T]) with
n >0 and suppn(-,t) €D forall ¢t €[0, T],

/ u(x, Hn(x, t)dx|'=g'
D

(1.1)

T,
2:5)4_Awu,an+mmnw+nu,mﬂxs,wwxm,

if Ty €[0, T]. If u is a c.w. upper and also a c.w. lower solution of (1.1), we
say u is a continuous weak (c.w.) solution. We call a function u a classical
solution of (1.1) if u € C2-1(Q)N C(Q) and (1.1) is satisfied.

The monotonicity method for (1.1) when D is bounded was settled by Sat-
tinger [33] (more general operators were considered). When D is unbounded,
the method is also well known. However, it seems difficult to find a proof in
the literature. Therefore, for the sake of completeness, we include such a proof
here. We shall content ourselves with just dealing with (1.1), though the re-
sult can be generalized to more general parabolic operators (second order) and
boundary operators.

Lemma 1.2. Suppose that f(x,t,u) is continuous on Q x R, locally Holder
continuous in (x,t) € Q locally uniformly with respect to u, locally Lipschitz
continuous in u uniformly for (x, t) in any bounded subset of Q. Assume that
U and u are continuous weak upper and lower solutions of (1.1) with 4 > u on
Q. Then (1.1) has a classical solution u satisfying u<u <u on Q.

Proof. First, when D is bounded, the conclusion is true. This is basically
covered by [33]. But since our conditions are slightly different from Sattinger’s,
we present a proof here using the ideas in [33] as follows. Without loss of
generality, suppose f is nondecreasing with respect to # € [ming ¥, maxgq %]
(otherwise, for a large k, replace f by ku+ f(x,t,u) and A by A—k in
the following argument).

Let G(x, y,t) be the Green’s function of

uy=Au, (x,1)eq,
ulr =0
Let u, be the classical solution of
Uy = Au 5 u|l‘ =V,

G and u, can be obtained by the Perron method because of the regularity of
0D (see [9]). Define up=u, uy = uy, + T(up) where

T(uo)(x , 1) = //Guytsvwsmymww
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We claim that T'(up) is a continuous weak solution of

uy=Au+ f(x,t,u) onQ,

(1.2) = 0.

To see this, take a sequence g € C'(Q) such that g, — h in C(Q) where
h(x,t)= f(x,t, u(x,t)). By classical theory

t
vk(x,t>=/o /DG<x,y,z—s>gk<y,s>dyds

is the classical solution of
v, =Av + g(x,t) onQ,
’Ulr =0.

Since g is uniformly bounded on Q, i.e., |gc| < C; < +00 on Q, then by the
comparison principle, |vx| < w; on Q where w, is the solution of (1.2) with
f(x,t, u) replaced by C,, in particular, v is uniformly bounded on Q. Now
by the L? interior estimate for parabolic equations, forany ¢ > 1 and any Q' €
Q, ||”k"w3"(n') < M(Q') < +oo where M(Q') is independent of k. By the
embedding theorems and a diagonalization argument, there exists a subsequence

of v, (still denote it by {v;}) such that v; — some v in Ciz®'"**(Q) for a

0<a< 1. Since |vg| <w, and w|r =0, then v € C(Q) and v|r = 0. Also,
using Definition 1.1, it is easy to check that v is a distributional solution of
(1.2). On the other hand, by the Lebesgue Dominated Convergence Theorem,
vx — T(up) pointwise in Q. Thus T (up) =v and T(up) is a c.w. solution of
(1.2).

Now, u; = uy + T(up) is a c.w. solution of

U, =Au+ f(x,t,u) onQ,
ur=y.
Observe u(u) is a c.w. lower (upper) solution of (1.3) (note f(x,t,u) <
f(x,t,u)). By the strong maximum principle for weakly subparabolic func-
tions (see [8]), we have u, > u and u;, <% on Q. Define u; = uy, + T(ux_)
then similarly as above, we have u < u; < us < --- < up < % on Q. Let
u = limg_, . U, then by the Lebesgue Dominated Convergence Theorem,
limy_, ., T(ux) = T(u) and by the same reasoning regarding 7T'(up) in the
previous paragraph, we can prove that u = u, + T(u) is a c.w. solution of
(1.1). A bootstrap argument then implies that u is a classical solution of (1.1).
Obviously 4 < u <%. We have completed the proof of Lemma 1.2 in case of
bounded D.

Now suppose D is unbounded. In R”", take an increasing sequence of
bounded domains {D,} such that each 9D, satisfies the exterior sphere con-
dition, Dy = D and J(@D;NAD) = dD. Let Q, = Dy x (0, T) and I,
be the parabolic boundary of Q. Let ¢ be a continuous extension of y in
R™!. On Q define ® = max(min(#, ), u). Clearly ®|r = y|r, u<P<u
on Q. Consider

(1.4),

(1.3)

u=Au+ f(x,t,u), (x, 1) €y,
u|1-k=<I>|1-k.
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By the conclusion for bounded domains proved above, (1.4), has a classical
solution u;, with ¥ < u; <% for each k > 1. Applying L? interior estimates
and then Schauder interior estimates to u; , we have for any Q' € Q,

lurll cava.varry < M(Q'),

where M(Q') is independent of kK and 0 < a < 1. From this and a diago-
nalization argument, there is a subsequence of {u;} (still denote it by {uy})
such that u;, — u in C,f;:'(Q). Obviously u satisfies the differential equation
in (1.1)and u<u <% on Q.

It remains to prove u € C(Q) and u|r = y (= ®|r). We use the standard
barrier method. Take and fix any Q € I'. Then there exists kK > 0 such
that Q € I', for any k > k; . Find a barrier wy (the existence is justified by
the regularity of dD,) such that wg € C(ﬁk,) n le);'(le), wg(P) > 0 for
PeQ and P# Q, wo(Q) =0 and dwg/dt —Awy > 1 on €, (see [9)).
Let v} = w(Q) + ¢+ mwgy, v, = y(Q) — ¢ — mwg, where ¢ > 0 is fixed,
m a constant to be chosen. Since u; and f(x, t, ux) (k > k;) are uniformly
bounded on ﬁk, and ukll—kl = (§[>|1-kI near Q for large k, there exists an m,
such that on €, for each k > k;,

v lr, > Uk, 207 Iy,

P 7. 9 )
- _ > (= — - _
th%‘g 9”‘@:9”

By the maximum principle, v} > u; > v; on le . Thus

and

luk(P) — w(Q)| < & + mewg(P)
for P €y, and k > k; . Letting k — +oco, we have
|u(P) — w(Q)| < e+ mywg(P) for P e Q.

Hence
limsup |u(P) - y(Q)| < e&.
Q3P0
Therefore u € C(Q) and ulr = y
Next, we recall a comparison principle of Phragmeén-Lindelof type for (1.1).

Lemma 1.3. Suppose u and u are continuous weak upper and lower solutions
of (1.1) and (u—u)(x, t) > —B exp[B|x|*] on Q with B and B > 0. Assume
f(x, t,u(x, )= f(x,t,u(x,t)>Clx, )E—-u)(x, t) where C € C,‘;c“/z(sz)

and C(x,t) < Co(|x|*+ 1) on Q for some Cy>0. Then u>u on Q.

Remark. This lemma can be proved essentially by the same argument involved
in the proof of Theorem 9 in Chapter 2 in [9] (see also Theorem 10 in Chapter
3 in [32]) except that whenever the classical minimum principle (in bounded
domain) is used in [9], we have to use the minimum principle for weak super-
parabolic functions in [8].

Now we make an observation which simply says that the convolution of two
radial and radially nonincreasing functions is still radial and radially nonin-
creasing.
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Lemma 1.4. Suppose that both f and g are measurable and radial functions
in R", and that for each x € R", h(x) = [, f(x —y)g(y)dy exists as a
Lebesgue integral. Then h is also radial. Moreover, if both f and g are
radially nonincreasing, so is h.

Proof. The first part follows from the fact that for any rotation 4 in R”",
h(x) = h(Ax), which can be proved by change of variables. To prove the
second part, it suffices to prove that for any 4 > 0, u(x) > u(x;) where x €
i={x€R"x1 <A}, x; =(24-Xx;, x'), i.e., x; is the reflection of x about
8%, . Observe

u(x) = ( L+ ) fx = y)gv)dy

= [ f=)zmdy+ [ fex-ydzmdy
A s
- /z (fx = )gW) + f(x = y)g ) d.

Similarly,
u(x;) = /z (F = 0)80) + f(x = 9)go)dy  (xz— il = x - ).

So we just need to show

fx=»)g)+ f(x=y)g) > f(xi—y)gy)+ f(x —y)g(¥2)
for x,ye€Z,,ie.,

(f(x =)= fx=y))(&(») - &) 2 0.

This is proved by |x — y;| > |[x —y| (x, y € X;) and the properties of f and
g. O

The next lemma concerns the relation between (0.6) and the corresponding
“variation of constants formula”.
Lemma 1.5. Suppose that u is a continuous weak upper (lower) solution of

{u,:Au+|x|’u”, XER", t>0, ul = |uff~'u,
uli=o=¢ € C(R"),

where | > =2, p > 1, and n > 3. Assume that there exist k, B > 0, and
0 < a <2 such that |u(x, t)| < kexp(B|x|*) on R" x [0, T]. Then

(1.5)

t
U, 1) > (<) e+ / =98] (-, 5)ds
0

on R"x [0, T].
Proof. Let

t
v(x,t) = (e’A¢+/ e AP, s)ds) (x).
0
Claim 1. v is a c.w. solution of
v, = Av + |x|'w”, xXeR" te(0,T],
V=0 = .

(1.6)
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By the classical theory (see [9]), e’2¢ is a classical solution of (1.6) without
the term |x|/'u? . Thus to prove Claim 1, we just need to show that

t
I(x,t) = / e AL lyp (-, 5) ds
0

is a c.w. solution of (1.6) with ¢ =0. Let

|x|'u(x, 1), (x,t)e R"x [0, T],
, 1) = .
fx, {O otherwise.
For a >0, take ¢; € C°(R"), 0<¢, <1, and
0, [x[za+1,

Let j be the standard mollifier on R"*! and j.(x, t) = (1/e")j(x/e, t/e).
Denote f&s by fa, je* fa bY fa,e, let

t
Loo(x, ) = /0 I, (. s)ds.

Then f, . € C(R™!) and f;,, — f; in LI(R" x [0, T]) for 1 < g < —n/l
when -2 </ <0,and 1 <¢q when / >0, as ¢ —» 0% (the condition on ¢
makes |x|' € L} (R")). Also, from the classical theory, I, . is the bounded
smooth solution “of

(1.7) L -Al=f, ., Il==0.

In virtue of the standard L? theory, I, . — I, in W}''(R"x[0, T)) as &¢ — O*
where I(x, 1) = [jet=92f,(-,s)ds. Thus I, isa W}'(R" x [0, T]) and
hence (by embedding) a C;c“/ 2(R" x [0, T) weak solution of (1.7) with f; ,
replaced by f,. From the growth condition on % and by the proof of Claim
2 below, we have I, — I locally uniformly on R" x [0, T] as a — +oco.
Therefore, I is a c.w. solution of (1.6) with ¢ =0.

Claim 2. There exist k and B > 0 such that |v(x, t)| < kexp(B|x|*) on
R" x [0, T]. We just prove that I satisfies the claim. The fact that ¢’2¢ also
satisfies the claim follows similarly. For any (x, ¢) € R" x [0, T1],

(x, )] < /M—wij—sw [ e (4'0—;) P (v, 5)dy
C/ t—s)"/2 /R eXp< 4'( i )Iyl’exp (pBlyI*)d

(/0 sn/2 /| I<1 exp ( l ) Iyl[dy
y

/0 sn/? /Iy|>1 exp ( y|2> exp(2pBy|*) d}’>

C(I| +12
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When [ >0, I, <t <T,and when -2 </ <0, by Lemma 1.4,

‘ds —|y|?

1 0 Sn/z <! Xp 43 |y| y
! IE12\ 4/2050

< [Fdas [ ew(-EL)sricrac
0 n

< C(n, T2,
Thus, in any case, I; < C(n, I)(1 + T)!+/2,

L= / m/Wl ( y|2>exp(2pﬂly|")dy
/ds/"exp( L] )exp 2pBlx — Vsn|*)d

_inl2
< /0 ds/"exp (4) exp(2pBe(a)(x|* + T*%(n|*)) dn

<C(n,p,a, B, T)exp(B|x|*) for suitable § = B(a, B8, D).

Therefore I < C(I; + I) < kexp(f|x|*), and the claim is proved. (We notice
that the last inequality for I, is true even when a = 2 if T = T(p, B) is
small.)

Now let w = u — v, then w is c.w. upper solution of

-Aw =0, W= =0,

with |w| satisfying a growth condition like the one on u in the statement of
this lemma. Lemma 1.3 yields w >0,1i.e., u>v. O

Remark 1. If o = 2, then the conclusion is still true for small T = T(p, B).
Moreover, if ¥ > 0, T can also be large. The proof of the second part of
this remark is as follows. By the first part of this remark, there exists an ¢ =
e(p, B) > 0 such that for ¢t € [0, &] and f(x, t) = |x|'uP(x, t) > 0, we have

t
u(-, t+¢e)>eu(-, e +/ e f(. s+ ¢€)ds
0
£ t
>e (e‘AqS +/ IS (. 5) ds) +/ el (. s+e)ds
0 0

t+¢e
= el+0ng 4 / eUre=A £(. 5)ds + / e reIA (-, 5)ds

0 €

t+e
_ e(t+e)A¢+/ e(t+e—s)Af(., S) ds.
0

(The third step can be justified by Fubini Theorem for positive functions). Thus
Lemma 1.5 is also true on R" x [0, 2¢]. In the same way, we can prove that
Lemma 1.5 holds on R" x [0, 3¢], ..., R" x [0, ke], R" x [0, T].

Remark 2. Lemma 1.5 is also true for the first boundary-initial value problem
with some obvious modifications.

2. LOCAL SOLUTIONS

In this section, we shall establish local existence of solutions for Cauchy
problem (0.6) and some properties of local solutions. We first consider the
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singular case when -2 < /<0, i.e.,

@1 = Au+|x|'w?, xX€eR", t>0,
uli=0 = ¢ € Cp(R"),

where p > 1, n >3, -2 <1 <0, and v = |ul’"'u (to include solutions

without sign condition, though we are mainly concerned with nonnegative solu-

tions in the other sections). As was mentioned in §0, when / < 0, it is generally

impossible to obtain classical solutions for (2.1). We need the following

Definition 2.1. When -2 </ < 0, we call a function u a Cg-mild solution of
(2.1) on R*" x [0, T) if

(i) u e Cp(R"x [0, T']) = C(R" x [0, T']) N L(R" x [0, T']) for any
0<T'<T;
(i) u(x,t) = (eo+ ;=94 'up(-, 5)ds)(x) for all (x, t) € R"x[0, T).

We define a Cg-mild upper (lower) solution by replacing “=" in (ii) by “>”
(“<”).

Remark. By Lemma 1.5, a continuous weak solution of (2.1) satisfying (i) of
Definition 2.1 is also a Cg-mild solution. The converse of this is also true by
the proof of Lemma 1.5. By the regularity theory for parabolic equations, a
Cp-mild solution u belongs to C,f,cl ((RM\{0}) x (0, T))N Cl‘;c’“/ 2(R" x [0, T])

for any a € (0, 2+ /). Also from Lemma 1.5, we have

Lemma 2.2. If u is a bounded and continuous weak upper (lower) solution of
the elliptic equation Au + |x|'u? =0 in R* (n >3 and | > -2), then u isa
Cg-mild upper (lower) solution of (2.1) provided ¢ < (>)u.

Now we use contraction mapping arguments to obtain local existence for
(2.1) as well as some properties of local solutions of (2.1).

Theorem 2.3. (2.1) has a unique Cg-mild solution u on R" x [0, T,) such that
if Ty < +o0, then limt_,T; lu(-, t)||Lo(rny = +oo. Furthermore, if ¢ > 0,

then u>0; if ¢ is radial, then u is radial in x; if ¢ is radial and radially
nonincreasing, then u is nonincreasing in r = |x|.

Proof. Define F(u) = e'¢ + fot e=98| . |'uP (-, s)ds. Let BY(¢) be the closed
ball in Cg(R" x [0, T]) with center at ¢ and radius 6 = 3||@||Lw(rn) (T is
to be chosen later). We shall show F: BI(¢) — BI(¢) and is contracting for
o= 3"¢"L00(Rn and some T depending only on ”¢”Loo (Rn)»> I, n,and p. Then
the existence and uniqueness part of Theorem 2.1 follows.

If u € BI(¢), then for any (x, ) € R" x [0, T]

IF ()~ 4i(x, 1)
< Allmie + [ [ nte= 50 exp (L) v, o)y s
= 2|}l Loormy + 1,
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—|x — y|?

I< /0 /n(47t(t —5))""2exp (m> | dy ds(4]1 )l 1 (zn)?

! Y
< /(; /"(47I(t - S))_n/2 exp (4(){'3)) |y|1 dy ds(4”¢”L°°(Rn))p
(by Lemma 1.4)

t
< /0 / e 118 [t = s)/|nl! dn ds(dl| @l xn))?

<C, 1, DI gy T2,
Therefore,
IF () = Bl oo (rexio, 1) < 20l Lo0(rey + C0, 1, DB o oy T 12
Similarly, for 4 and v € B] (), there exists C(p, n, [) such that

IF () = F(0)llLognxo, 1) < C@ 5 15 DG 2 ey T2 1tt = 0| Loo (Rrx10, 7)-

Thus we can choose a T depending on p, /, n, and | ¢|L~r~ such that
F: B3(¢) — BS(4) and is contracting (as shown in Claim 1 of proof of Lemma
1.5, F(u) e C(R" x [0, T]) if u € Cg(R")). The proof of the first part of this
theorem can be completed now by a ladder argument.

To prove the second part, we observe that it suffices to prove that u satisfies
those properties when 0 < ¢ < T (T is chosen as in the proof above), because
t can go up to Ty by a ladder argument. Suppose we take ¢ at the beginning
of the iteration scheme from which the fixed point u of F is obtained. Since
e’ and hence F preserve the properties desired (see Lemma 1.4), all terms in
the iteration scheme satisfy the properties we want and hence so does the fixed
point u (on R" x[0,T]). O

The next theorem sets up a comparison principle for (2.1), which cannot be
obtained either by lemma 1.2 or Lemma 1.3 owing to the singularity in (2.1).

Theorem 2.4. (i) Suppose that u and u are Cg-mild upper and lower solutions
of (2.1)on R*x[0,T). Then u>u on R"x[0, T), and the unique Cg-mild
solution of (2.1) on R" x [0, T,) satisfies that u <u <u on R"x [0, T) and
T,>T.

¢(ii) If the initial value ¢ in (2.1) is a bounded c.w. upper (lower) solution
of Au+ |x|'|ulP~'u = 0, then the Cg-mild solution u of (2.1) is nonincreasing
(nondecreasing) in t € [0, T,).

Proof of (i). Let T = min(T, T,). It suffices to prove that ¥ < u < u on
R"x[0, T). By the proof of Theorer~n 2.3, there exists Ty = To(||lloo, P, L, 1)
(without loss of generality, assume T > Tj) such that the operator

t
F(u) = e + / =B |l (- ) ds
0

maps B‘ST°(¢) into B}"(q&) and is contracting, where 6 = 3||@|lo. Let B =
{veBl(¢)lv <@}. Forany v € B, F(v) < F() <1, ie, F(v)€B. So
u, which is also the fixed point of F in B, satisfies ¥ <% on R" x [0, Ty].
Now, taking ¢ as u|.-7, , we use the same reasoning to conclude that ¥ <% on
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R"x [Ty, T], where T depends on L> norm of u(-, Tp) which is dominated
by that of u(-, Tp) . Similarly, u <% on [T1, T3], ... . Sucha 1add~er argument
then yields ¥ <% on R*" x[0, T). Similarly u <u on R" x [0, T).

Proof of (ii). From Lemma 2.2, ¢ is also a Cg-mild upper solution of (2.1). So

by (i), u< ¢ on R"x[0,T;). Forany 0 < h < Ty, let v(x,t)=u(x,t+h)
on R" x[0, T, — h), then

t+h
’U(t) — e(t+h)A¢ +/ e(t+h—s)A| . |Iup(. , S) ds
0
h '
=e e"A+/ et ffup (-, 5)ds +/ e =8 |luP (-, s+ h)ds
0 0
t
=e’Au(h)+/ e8| v (-, 5)ds
0

t
<e+ / =94 P (.| 5)ds.
0

So v is a Cg-mild lower solution of (2.1) on R" x [0, T, — h). By (i) again,
v<u on R"x[0, T4 —h),ie., u is nonincreasing in ¢ € [0, Ty). O

Next, we turn to (2.1) with / > 0 (we just need n > 1 when / > 0).

Theorem 2.5. Suppose | >0 in (2.1). Let w(x) = (14 |x|)}/?~D.

(i) Ifthe initial value ¢ € Cy(R") = {¢p € C(R")|||¢w||Loo(rn) < +00}, then
there exists a Ty > 0 so that (2.1) has a unique classical solution u
on R" x [0, Ty) so that ||u(-, t)|lc,(rn is bounded on [0, T'] for any
T < T¢, and if T¢ < +00, then lim,_#T‘t. |-, t)“C.,,(R”) =+00.

(ii) If ¢ € C(R"), liminfjy_ o |X|°¢(x) > O for some a = 1/(p - 1) -
¢ (¢ > 0), then there exists no T > 0 such that (2.1) has a classical
solution u on R" x [0, T] with 0 < u(x,t) < C(T)(1 + |x|)™ on
R" x [0, T) for some m > 0.

Proof of (i). The uniqueness is a simple consequence of Lemma 1.3. For the
existence, let X = LP(R") = {¢|||¢w||Lo~rm < +oo}. We claim that there
exists a T4 > 0 such that the integral equation

t
(2.2) u=e¢+ / =98 P (-, s)ds
0

has a solution u € L ([0, T,), X) satisfying thatif T < +oo, then |[Ju(-, #)|/x
— 400 as t — T¢‘ . From this assertion and by the proof of Lemma 1.5, u is a
c.w. solution of (2.2) satisfying the properties in the statement of (i). Then (i)
follows from the fact that u is also a classical solution, which is a consequence
of the regularity theory for parabolic equations. The proof of the claim is as
follows. Let

BI(¢) = {u€ L>([0, T1, X)|llu(-, 1) — ¢llx <6 for0 <t < T}.

0 and T are to be chosen so that F (F(u) is defined as the right-hand side
of (2.2)) satisfies F: B](¢) — BI(¢) and is contracting. For any u € B] and
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0<t<T,

Iy — vl2
IF () - ¢, 1) < W ] exp (—"i,—yl) 60 dy + 1600

=1 +|¢ x)| + I
< L+ [lxwx) + I
h< 0 [ e (FE2EY gt + -0y

—Inl2
= Cli¢llx /Rn exp ( lfl ) (1+|x = V)=~V dn

= Cllglx ( / + / ) exp (%’”2) (1+ x = vin])~e=D dy

(Ri = {nllx = V| < |x|/2}, R2={nl|x — vVin| 2 |x|/2})

x| =1/(p-1) )
< Cldlx (/R i+ (14 B1) [ e "‘dn)

+o0o
< Clilix (/ e~ Mmtdr + w“(X))
Ix1/2vt

< Cllélx ( /I T e Phrdr s w"‘(x))

x|/2V1
< Clllix(e™ 3% 4w~ (x))

<Cp,n, Dlgllxw™"(x)
(without loss of generality, assume 7 > 1);

bs [ [ @ne-9ren (2 piljuc, ifw-r0) dyds

2
< /0 /n(4n(t—S))“n/2 exp (jl(_t_—__%))l_) (1 + [y)="®=) dy ds(|I$|l% + 57)

<C / t(e“"'z/”s +w(x))ds(|||l% + 67) (just as for I;)
0
< Cp, n, DIl + 7 w™ (x).

Now returning to the estimate of |F(u) — ¢|, we have

(2.3) |F(u) - 8lix(t) < Ci(p, n, D(lollx + Tl + 7).
Similarly, for any u and v € B](¢),
(2.4) IF (u) = F(u)llx(t) < Ca(p, n, DT(I615 " + 6”7 llu — v]|x(2).

Let 6 = 2Ci(p, n, D)||gllx (Ci isasin(2.3)),andtake T =T(p, n, 1, ||$llx) <
1 such that the right-hand side of (2.3) < J and the coefficient of ||u — v||x
on the right-hand side of (2.4) < 1. These, (2.3), and (2.4) then imply that
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F(u) has a (unique) fixed point in B](¢). A ladder argument then completes
the proof of the claim concerning (2.2) and (i) is proved.

Proof of (ii). Suppose that there exists 7 > 0 such that (2.1) has a classical
solution u on R" x [0, T'] with 0 <u(x,t) < C(T)(1+|x|)™ on R" x [0, T]
for some m > 0. Without loss of generality, assume 7 = 1. By Lemma 1.5,
for (x,t)e R"x [0, 1],
t
u(x, t) = (e’A¢+ / el=98) . |lyp (., 5) ds) (x).
0

Since u > 0, we have for (x,¢) € R" x [0, 1],
u(x, t) > (e")(x)
—|x -y

> Ctnl2 / exp (—-) v dy <liminf|x|"¢(x) > o)
R<y| 4t |x|—=+o00

iy — 2
> Ct"’/z/ exp (M) ly|=*dy if |x| >R+ 1.
k-l Vi 4t

Observe that when |x —y| < V7, |x| - Vi< || < x|+ V7. Soif |x| > R+1

Iy — vl2
u(x,t)>Ct"? / exp (M) (1+[x)~*dy
-yl Vi 4

=C(¢, n)(1+|x)7°
Let By(x, t) = |x|'u?(x, t). By the lower bound of u obtained above,
Bi(x,t)>C(n, ¢, p)(1+|x])~%* for|x|>R+1, te[0,1].
Let ay = —(—ap+1)=1/(p— 1) —ep. Then as above, we have for |x| > R+2

t
u(x,t) > / e"=92B\(-, 5)ds
0

t
> [, g, p)0 +1x) ds
0
21tC(n, ¢, p)(1+|x])7%.
Take a small 6 > 0. Then for |[x| >R+2 and 6§ <t <1, we have u(x, t) >
6C(n, ¢, p)(1+|x])~% . Note by Lemma 1.5 again, on R" x [0, 1 — J]
t
u(x,t+0)= (e'Au(-, d) +/ =98 jlup (-, s+6)ds) (x),
0

especially
t
u(x, t+0)> / =98 (. 5 + 8)ds.
0
Thus the same argument as above implies that for |[x| > R+3 and 20 <t<1,

u(x,t)>C(n, ¢,d,p)(1+|x)~*, where ay = —(-aip+1) =1/(p—1)—ep?.
In such a way, for any integer 0 < k < 1/J, we have

u(x,t)2C(n, ¢,8,p, k)(1+|x])™*

for |x| > R+ C(k) and ¢ € [kd, 1], where a; = [/(p — 1) — ep*. This
contradicts the growth condition on u. O
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Remark 1. By simple modifications of the proof above, Theorem 2.4 remains
true for the case —2 </ < 0. In particular, when -2 </ <0, (2.1) still has a
c.w. solution even when ¢ has a certain growth. But in this paper we would like
to concentrate only on bounded solutions and hence, not pursuing the greatest
generality, we prefer Cp-mild solutions.

Remark 2. The local classical solution of (2.1) with / > 0 is unique with respect
to the more general class consisting of all smooth u such that |u(x, ?)| <
K(1 + |x|)@-D/=1) | by the Phragmen-Lindeldf principle (see Lemma 1.3).

Lemma 2.6. Consider (2.1) with | > 0. Suppose that u is a classical solution
on R" x [0, T) with |u(x, t)] < K(T")(1 + |x|)@=D/e=1) on R" x [0, T'] for
any 0 < T' < T. Then the following statements hold.
(1) If the initial value ¢ is radial, then u is radial in x .
(i) If ¢ isa c.w. upper (lower) solution but not a solution of Au+|x|'|uP~'u=
0, then u,(x,t)< (>)0, t>0.

Proof. (i) can be easily proved by the reflection argument as in [13], we omit
the detail. To prove (ii), using Phragmen-Lindelof principle (see Lemma 1.3),
we have ¢ > u. Forasmall £ > 0, let u,(x,t)=u(x,t+h), w=u—u,.
Then w0 = ¢ —u(-, h) >0, w, — Aw = |x|'(w? — uf) = C(x, t)w, where
C(x,t) < Co(T")(1 + |x[*) on R" x [0, T']. Therefore, by Lemma 1.3 again,
w >0, i.e., u is nonincreasing in ¢. Hence u, <0 if ¢t > 0. Now (ii) follows
from the strong maximum principle. O

3. GLOBAL EXISTENCE AND FINITE TIME BLOW-UP
We begin with a necessary condition for existence of nonnegative global so-
lutions of
u, = Au+ |x|'v?, X€ER", t>0, u>0,
uli=0 = ¢ € C(R"), $>0, ¢£0,

where p>1,[>-2,and n>3.

For a bounded domain Q in R", let A(QQ) be the first eigenvalue of —A
with zero boundary condition, and let yq be the corresponding eigenfunction
with [owq =1. Let Br = {|x| < R} and Qg = {R < |x| < 2R} . Following
the idea of Lee and Ni [24], we have

Proposition 3.1. If (3.1) has a (nonnegative) global c.w. solution u, then
(i) when [ >0,

/ u(x, g, (x)ds < (R-2*D(Q,)) -1
Qx

(3.1)

and

liminf |x|(2+’)/(”“)u(x, 1) < 2(2+1)/(p—l)(,1(gl))l/(p—l)

x| —+00

forall t >0;
(ii) when -2<1<0,

/ u(x, 1)Wp,(x) < (RTZHA(By)/P~D
Br




CAUCHY PROBLEM FOR REACTION-DIFFUSION EQUATIONS 569

and
Ili{ninf |x|@D/e=Dy(x | £) < (A(By))/ @D
X|—+00

forall t>0.

Remark. Proposition 3.1 applies to Cg-mild solutions because a Cg-mild solu-
tion is also a c.w. solution.

Proof of Proposition 3.1. To prove (i), we notice that by regularity theory of
parabolic equation, u is classical when / > 0. Multiplying yq, to the differ-
ential equation in (3.1) and integrating over Qg , we have by Jensen’s inequality
(3.2) Fi(t) > —A(Qr)Fr(t) + R'Fj(r),  t>0,
where
Fr(t) = [ e, Dy, () dx.
R

If there exists 7 > 0 such that —A(Qg)Fgr(to) + R'FE(to) > 0, then by (3.2),
Fg(t) ultimately increasingly — +oo as t — +oo. Therefore there exists ¢ > 0
and ¢, > 0 such that Fj(¢) > cFR(t) if ¢t >, hence

R JF
/ —d—p—ZC(t—tl) if t >1t.
Fr(ty) F

This is impossible. Therefore for all t > 0, —A(Qg) + R’Flg_'(t) <0,i.e.,

| wva, = Falt) < (R3(@) 100,

Qg

Since A(Qr) = R724(Q,), we then have
/ u(x, g, (x)dx < (R-CH(Q) 0=,

Qg
To prove the remainder of (i), we observe

|x| 2+ @0=Dy(x , )yr(x)dx
Qg

< @R [ ux, (pa(x)dx < 230D (3(Q)) /0,
Qr
Thus

inf  [x|@+D/0=Ny(x, 1)
R<|x|<2R
S/ |x|Z*D/e=Dyy(x | Hwr(x)dx < 22+D/P=D3(Q,)) /-1
Qg

and hence

liminf |x|+/(P=Dy(x | 1) < 2@+DI=D3(Q,))/P—1),

|x|—=+00

To prove (ii), we notice that by a standard manipulation,

t
/ u(x, 5)wa,(x) dxlb = / / ubys, + |x|'w ws, dx ds
Bgr 0 JBg

! OyRr(x)
- u(x, s)————=doaods.
/0 /aBR (x.5) an

(3.3)
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It is easy to see that the right-hand side of (3.3) is differentiable in ¢. Then so
is the left-hand side and

d _d
EFR(t) =5 . u(x, t)yp(x)dx

> [ ur, 08y (6) + 151 (x, D)
Bg
From this and by the same argument in the proof of (i), we have

/ u(x, )Way(x)dx < (R-C*DA(B,)) /0,
Bg

To prove the second part of (ii), we notice yg,(x) = (1/R")yp,(x/R), so from
the above inequality we have

/ u(Rx, t)yg,(x)dx < R™D/G=N(3(B))1/ P~
B
hence

|Rx|+D/@=Dy(Rx , t)yp, (x)dx < (A(By))/PD,
B,

i (2+0)/(p-1) < 1/(p—1)
exéﬂfgx |x| u(x,t) o, v, (x)dx < (A(B))) .

Letting R — +oco and then ¢ — 0%, we obtain the result desired. O

Corollary 3.2. For any sequence t,, — +oo, denote liminf,,_, .o u(x, ty,) by
Uso(X), then the conclusion of Proposition 3.1 is true for u, . In particular,
Uso € L} (R"\{0}) when 1 >0, uo € L. (R") when -2<1<0.

This corollary follows from the proof of Proposition 3.1 and Fatou’s Lemma.
Next, we recall some results of positive radial solutions of

(3.4) Au+|x|'u> =0 inR*, I>-2, n>3, andu>0,
and of the Dirichlet boundary problem

Au+|x|’u”=0 onBr, [>-2, n>3, andu>0,
ulaBR=0.

Definition 3.3. We say that u is a regular solution of (3.4) (or (3.5)r) if u €
C%(R™\{0}) N C(R™) (or u € C*(Br\{0}) N C(Br)) and u satisfies (3.4) (or
(3.5)r) when x # 0. We call u a singular solution of (3.4) (or (3.5)r) if
u € CY(R"\{0}) (or u € C?(Br\{0})) satisfies (3.4) ((3.5)g) in R™\{0} (or
Bg\{0}) with nonremovable singularity at x = 0.

Proposition 3.4. (i) When p > (n+1)/(n=2), us(r) = Lr=C+)/e=1) js a singular
solution of (3.4) (L is as in (0.7)).

(ii) When (n+1)/(n-2) < p < (n+2+2l)/(n-2), foreach R >0, (3.5)r has
a unique radial regular solution uR # 0 and uR(r) = R-+D/t=DyD(r/R) on
[0, R], uB(r) is decreasing in r € [0, R]. Furthermore, (3.4) has no nontrivial
radial regular solution. The set of all radial singular solutions of (3.4) consists of
us and a family of singular solutions {Us} with decay like r—"=2 at r = +o0
and Uy (r)/us(r)— 1 as r— 0.

(3:5)r
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(iii) When p = (n+ 2+ 21)/(n — 2), all nontrivial regular solutions of (3.4)
are of the form

(n—=2)/(2+1)
-
uE(r) (1,/n+1)n' aso

The set of all radial singular solutions of (3.4) consists of us; and a family of
singular solutions oscillating around us near r=0, +oo.

(iv) When p > (n+ 2+ 2l)/(n — 2), all nontrivial radial regular solutions of
(3.4) are included in a family {ua}a>0 with U, decreasingin r, r+h/e=y, (r)
— L as r — 400, uy(0) = at0/®0= " and u,(r) = a(2+’)/(1’“)u1(ar). The
only radial singular solution of (3.4) is u;.

Remark 1. The above results about (3.5)r can be found in [30], the results
about (3.4) are listed in Appendix A of [15] and can be proved by phase plane
analysis.

Remark 2. All solutions above (regular or singular) are distributional solutions.
This can be proved by the argument in the proof of Proposition 3.1 in [14].

Remark 3. When 1 < p < (n +1)/(n —2), by Theorem 3.41 in [28], (3.4) has
no nontrivial solution even in exterior domains. We should point out that when
1<p<(n+1)/(n-2), uB in (ii) still exists (see [30]).

The next proposition will be useful in our analysis and may be of independent
interest.

Proposition 3.5. (i) When (n+1)/(n—2)<p <p. (p; isasin(0.7), if U#Zu
are two positive radial singular (regular) solutions of Au+ |x|'u? =0 on B,(Bf)
with r&D/e=-Ny(ry — L, r@D/e=Dy(r) = L as r - 0% (r — +o0) (L is as
in (0.7)), then U oscillates around u.

(ii) When (n+2+2l)/(n—2) < p < p., assume U (u) is a radial regular
upper (lower) solution of (3.4). If u, is a positive radial regular solution of (3.4)
such that 4 > u, (4 < u,), then u, =4 (u).

(iii) When p > p., for any A > (<) 1,u (1) and u, as in (ii), then u (u)
cannot stay above (below) Au, .

Remark. (ii) is also true when p = (n+2+2/)/(n—2). This can be proved either
by an elliptic argument or by Theorem 3.6 and Theorem 3.10. Furthermore, we

note that when p > p., two radial regular solutions of (3.4) can never intersect
(see Proposition 3.7).

Proof of (i) of Proposition 3.5. Let v(t) = U(r)/u(r), t =logr. Then

/
(3.6) v"(t)+ (ZLIzr()r) +(n— 2)) V' () +r P (r) (P —v)(t) = 0, t<o0,
and lim,,_o, v(t) = 1. Since r®*)/®P=Vy(r) - L as r — 0+, r¥ur=1(r) -
LP~! as r — 0% or t » —0.

To find lim,_o+ 2ru/(r)/u(r) , we define w;(z) = u(r)/us(r), t =logr (us is
given in Proposition 3.4). Then w,(t) —» 1 as t - —oco and

(3.7) w!! + cow} + LP~ (w? —w) =0 on (—o0, 0],
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where
Co

_n-2 n+2+2l
T p-1 ( n-2 ) '
We claim that w; — 0 as t — —oo (the following proof of this assertion is
inspired by [29]).

Casel. p>(n+2+2l)/(n—2). In this case ¢y in (3.7) > 0. Multiplying
(3.7) by w; and integrating over [¢, 0], we have

1 0

(38) @i +a [ Wi = o).
Thus wj is bounded and fi)oo(w{)2 < 4oo. From this and (3.7), w{ is
bounded and hence w; — 0 as t — —o0.

Case2. p=(n+2+2l)/(n-2). In this case ¢y in (3.7) = 0. Similarly as
in Case 1, we have for 73 < T, <0

1, T, w(T2) o
f(wl) |7 +/ L~ (w? —w)dw =0.
wi(Th)

This and the fact that w; — 1 as ¢t — —oo imply (w])?(¢) >0 as ¢ — —oo.

Case3. (n+l)/(n-2)<p<(n+2+2l)/(n-2). In this case ¢y < 0
in (3.7). It is easy to see that both w; and w{ must be bounded. By (3.8),
J2 (w))? < +oco. Thus w} — 0 as t — —co.

Now the proof of the claim is complete. From the claim, it follows that
wi(t) = 1 (Z—J’iﬂﬂ')ﬂp—‘)u(r) + r<2+'>/<P-1>+'u'(r)> -0 asr— 0"
p —_—
Thus

2ru'(r) _ 2rCHD/e—-D+ly/(y) _, =202+
u(r) — r@D/e=Dy(r) p—1
Let w =v — 1. Then by (3.6) and the discussion above

asr— 0%,

w” + f(H)w' + g(t)w =0 on (-0, 0]
with

f(t) > co and g(t) = r**ur=\(r)

p _
v—1
(If there exist t,, — —oo such that v(¢,,) = 1, then we are done. So we assume

v(t) # 1 for large ¢ and hence g(¢) is well defined.)
By direct calculation, when (n+1/)/(n—2)<p <p,

Y v—»(p—l)LP_1 as t — —oo.

(,lii‘},o f (‘))2 -4 (,Liljloo g(t>) =ct—4(p-1)LP~' <O.

From this and Sturm-type arguments (or see the proof of (ii), we conclude that
w oscillates around 0 near ¢ = —oo and (i) of this proposition follows.

Proof of (ii). Suppose that ¥ > u, and u # u,. Let v(t) = u(r)/uq(r), t =
logr, then v > 1 and

(3.9) v"+(

2rul(r)

'u"—a(r) +(n - 2)) 'U’(t)+r2+1ug—l(r)(vp_v) <0 on(—oo, +00).
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Denote the coefficient of v’ by f(¢). Exactly like in the proof of (i), we have
f(t) = ¢y as t = +oo (recall from Proposition 3.4, r+0/(e=Vy (r) - L as
r — +00, so the argument there can go through.)

We claim lim,_, ;o v(¢) = 1. In fact, by (3.9) and the fact v > 1, v”
f(t)v' <0. Hence

(3.10) exp(/fs)ds) ()<exp(/f ds) v'(t) ift>1.

By the proof of (iii) of Proposition 4.4 in [30], rul(r) — 0 as r — 0%, hence
f(t) > n—2 as t - —oco. Since v(t) — %(0)/u,(0) as t — —oo, there
exists a sequence f, — —oo such that v'(¢,) — 0. Now in (3.10), letting
T =t, — —oo, we have either v/ < 0 on (-0, +o0) or v/ = 0. (A priori,
v’ < 0 and if there exists #, such that v’(¢y) < 0, then by (3.10) again v'(t) < 0
if t>1¢.So v > 1 and hence the strict inequality in (3.10) must be true which
in turn implies that v’ < 0 on (—oo, +00).) But v’ = 0 is impossible because
U # U, . Suppose lim,_, ., v(¢) > 1, then by (3.9) and the fact v’ < 0, we have
for a large T and some constant ¢ > 0

v+ f(t)v' <—c ift>T.

This forces v = 0 at some ¢. Thus we finish the proof of lim,, ., v(¢) = 1
(and v > 1, v' <0).
Now let w =v —1>0. By (3.9) and the discussion above, we have

(3.11) w" + f(H)w' + g(hw <0, w' <0 on (-0, +00),

with f(t) — co, g(t) = r**u=1(r)(v? -v)/(v-1) - (p—1)LP~! as t — +o0.
As before, when (n+1/)/(n—2)<p<p.,

2
(s.10) 4 s 50) <

Then there exist T > 0, b, and ¢, such that b? —4c; < 0, f(f) < by, and

g(t) > c; if t > T . Observe that any solution of

(3.12) W' + bW +cW =0

is oscillatory; in particular, there exist b > a > T such that W(a) = W (b) =
W >0 on (a,b) (and hence W’(a) > 0 > W’(b)). Multiplying (3.11) by W
and (3.12) by w, we have

(3.13) w'W+ f()w'W + g(t)wW <0 on [a, b],

’

(3.14) W'w + b W'w +cywW =0 on [a, b].
Subtracting (3.14) from (3.13) yields
(Ww' — Ww) + (f()w'W —byW'w) + (g(t) —c))wW <0 onla, bl.
Thus by the fact that f(z) < b,, g(¢t) > ¢, and w’ <0, we have
(Ww' — Ww) +by(w'W -Ww)<0 on/(a,bd),
e (Ww' — W'w)(b) < e?4(Ww' — W'w)(a).

This is impossible and (ii) is proved.
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Proof of (iii). We use the same v as in the proof of (ii), then v > 41 > 1 if
% > Au, . Hence the proof of (ii) implies v =0 at some ¢. O

Now we are ready to give the first global existence and large time behavior
result.

Theorem 3.6. Suppose that p > (n+1)/(n—2), w £ 0 is a nonnegative radial
continuous weak upper solution of (3.4) and the initial value ¢ < y in (3.1).
Then (3.1) has a unique global solution u, which is Cy-mild when -2 <1 <0
and classical when 1 > 0, satisfying 0 < u(x, t) < w(x) < c(1 4 |x|)~@+D/e=1)
on R" x [0, o). Furthermore, if (n+1)/(n-2) < p < p. and y is not
an equilibrium of (3.1), then lim,_ .o ||u(-, t)|lLo(rry = 0. This is also true if
¢ < Ay for some constant 0 < A < 1 when p > p. (in this case, y can be a
equilibrium, and 0 < u < Ay).

Remark 1. When (n+1[0)/(n—-2) <p < (n+2+2l)/(n-2), (3.1) has no
nontrivial regular radial equilibrium (see Proposition 3.4). Also, by slightly
extending Theorem 3.41 in [28], when 1 < p < (n+1[)/(n —2) the y in the
statement of Theorem 3.6 cannot exist.

Remark 2. From Theorem 3.6, it is easy to see that the regularity condition on
% in (ii) of Proposition 3.5 can be reduced. This is also true for u as we shall
see from Theorem 3.10.

Remark 3. As mentioned in §0, whenever |u(:, t)|lcc — 0 as ¢t — +oo in the
above theorem, we can actually say that u(-, t) decays in some weighted L>
norms as ¢ — 400, because 0 < u(x, t) < w(x) < c(1 + |x|)~@D/e=1)

To prove Theorem 3.6, we need the following decay result on ¥ which is
basically covered by Theorem 3.35 in [28].

Proposition 3.6’ . Suppose y is as stated in Theorem 3.6, then y is nonincreas-
inginrand 0<y(r) < ((n+DR2+1)/(p—1))"/P-Dp=C+D/e=1)

Proof of Proposition 3.6'. Since y is also a continuous weak superharmonic
function, the mean-value inequality implies that ¥ > 0 (if we proceed by the
maximum principle, y(r) > cr?™" at r = +o0).

To prove the remaining part, let j be the standard mollifier in R”, and for
each € > 0, let je(x) = (1/e")j(x/e), We = jex ¥, and fo = jex (|- |'¥?()).
Then Ay, + f; < 0 holds classically in R”. Since j is radial, by Lemma 1.4,
v, and f, are also radial. Therefore

("l () + ' () <

Integrating from 0 to r gives
r
rly(r) +/ s""! fe(s)ds < 0.
0
So w!(r) <0 (r>0) and

"y (1) ’ Lrsyr=l fi(s)
i y%/?(—tﬁdt+/(, dt/o (;) W—(St—)dsso.

Hence y.(r) is decreasing in r and
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Note y, — y pointwise and f;(r) — r'w?(r) as ¢ — 0" if r # 0. So by the
Fatou Lemma

%1(—*//’ P(r)+y'P(0 /dt/ "lswp(;)dsso

and since y is nonincreasing, we have
w(r) < ((n+DQ2+1)/(p - 1)/e=0=@hie=1) g

Proof of Theorem 3.6. The uniqueness of the global solution is a simple conse-
quence of Theorem 2.3 (when —2 </ < 0) and Lemma 1.3 (when /> 0). T
prove the remaining part, consider

(3.15) v, =Av + |x]'v?,  v|—o = .

Claim 1. (3.15) has a global nonnegative solution v, which is Cg-mild
when —2 < [/ < 0 and classical when [ > 0, satisfying that v is radial in
x and v is nonincreasing in ¢ > 0. The proof of this claim is as follows.
When -2 </ < 0, by Proposition 3.6', y is bounded; by Lemma 2.2, v is
a Cp-mild upper solution of (3.15). By Theorem 2.3, (3.15) has a nonnegative
Cg-mild solution v on R" x [0, T,) such that v is radial in x. In virtue
of Theorem 2.4, T, = +oo and v is nonincreasing in ¢. Claim 1 is proved
when —2 </ < 0. When / >0, it is routine to see that y is also a c.w. upper
solution of (3.15) (see Definition 1.1). Applying Lemma 1.2 with % = v and
u = 0, we have that (3.15) has a classical global solution v with 0 <v < w.
By Proposition 3.6’ and Lemma 2.6, v is radial in x and v is nonincreasing
in ¢. Now the proof of Claim 1 is completed.

Since ¢ < y, v of (3.15) is an upper solution of (3.1). Applying Lemma
1.2 (when / > 0) and Theorem 2.4 (when —2 </ < 0) with “=v and u=0,
we have that (3.1) has a nonnegative global solution u < v < y . This together
with Proposition 3.6’ imply the global existence part of Theorem 3.6.

Now we turn to the large time behavior of u. By Claim 1, v, (x) =
lim,, 1, v(x, t) exists, vy isradial and 0 < v, < .

Claim 2. The function v, is a (radial) regular solution of (3.4). Since even
when -2 </ <0, v is also a c.w. solution of (3.15) (see the remark following
Definition 2.1), we have for any 7 >0 and ¢; € C§°(R")

/ v(x, s+ 1)¢1(x) dx|i;

1
= / ds/ v(x, s+ 1)Ad (x) + |x|'vP(x, s+ 7)1 (x) dx
0 n
Let T — +oo, by the Lebesgue Dominated Convergence Theorem,

0= | VAP + |x|'V0 ¢, dx.
Rn

Thus v, is a (bounded) distributional solution of (3.4). Now Claim 2 follows
from the regularity theory for elliptic equations.

Claim 3. The function v, =0 if (n+/)/(n-2) < p < p.. We prove it in
the following cases.

Casel. (n+1)/(n-2)<p <(n+2+2l)/(n—2). By Proposition 3.4, (3.4)
has no nontrivial regular radial solution. So v, =0.
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Case2. (n+2+2l)/(n—2)<p<p..If y is a regular upper solution of
(3.4), by Claim 2, the fact v, < ¥, and Proposition 3.5, either v, = 0 or
Uso = ¥ . By assumption, v, Z ¥ (¥ is not an equilibrium). So v, = 0.
Now if y is not regular, observe that since v is nonincreasing in ¢, we can
prove easily that for each ¢ > 0, v(-, ¢) is a c.w. upper solution of (3.4). By
regularity theory, v(-, ¢) is regular if ¢ > 0. Note also that v(-, ¢) is radial
and v, < v(:, t). Now by Proposition 3.5, either v, =0 or v, = v(-, t) for
all £ > 0 (here we should also use the fact that v(-, ¢) is nonincreasing in ).
Since the latter implies vo, = ¥ which contradicts our assumption, v, = 0.

Case 3. p=(n+2+2l)/(n-2). By the strong maximum principle for
weakly superparabolic functions [8], it is easy to see that v(x, ) < w(x) for
t >0 and hence v, < . If v, # 0, by Claim 2 and Proposition 3.4, there
exists § > 0 such that

(n=2)/(2+1)
VeelP) = UE(F) = (”V(””)(”‘z’) .

Let a be close to B and o < B such that w(0) > u£(0) (> uf(O)). By a
simple computation, we see that uZ and u/’;" intersect at and only at 7, g =
(B)!/@*) which goes to f%/*) as a — f~. Obviously u£ — u§ uniformly
on [0, B?/(+2) 4 1] as a — B~ . Thus there exists o < B such that uf < y
on R". When -2 </ < 0, by Lemma 2.2, uf is a Cg-mild lower solution
of (3.15). In virtue of Theorem 2.4 (when -2 </ < 0) and Lemma 1.3 (when
[ >0) with “=v and u =uf, we have v > uf and hence vo, > uf . This is
impossible because u£(0) > u5(0) = voo(0) . This completes the proof of Claim
3.

Now lim,_,,v(x,t) = 0. By the L? interior estimate and embedding,
it is easy to see ||v(-, Dllcagy < Cr < +00 for « € (0,2 + /) and for
all £ > 1. Thus v(x,t) — 0 locally uniformly on R" as ¢t — +oco. But
since 0 < v(x,?) < w(x) < C(1+ |x|)~@H/=D) on R" x [0, c0), we have
lv(-, &)llLeo(rry — 0 as ¢ — +oo. Now the fact 0 < u < v completes the proof
of the large time behavior of ¥ when (n+/)/(n —2)<p <p..

To prove the large time behavior of ¥ when p > p. and ¢ < Ay for some
0 < A < 1, we follow the same line of reasoning. First replace ¥ in (3.15)
by Ay and denote the corresponding solution of (3.15) by v*. Since Ay is
also a c.w. upper solution of (3.4), Claim 1 is true for v*. Claim 2 holds for
vl = lim,, ., v* by the same argument there. To prove v = 0, noticing
vA < v; < Ay, we have v4 /A < y. Now consider the global solution v of
(3.15) (keep v|—o = ¥). Since v /A is a c.w. lower solution of (3.15) (1/4 > 1
and v is an equilibrium), we have by the comparison principle (see Theorem
2.4 when -2 </ <0 and Lemma 1.3 when / > 0) that vA /A < v and hence
VA /A < Voo = lim,_, o0 ¥(+, ) (note Claim 1 and Claim 2 are of course true for
v). If vA4 #0, then v4 and v, as nontrivial regular solutions of (3.4), satisfy
lim, vgo /U = 1 by Proposition 3.4, a contradiction! Therefore 'véo =0.
Similarly as for the case (n+/)/(n —2) < p < p., we have |lu(-, t)||po(rn) <
”’Ul(’, l)”Lco(Rn) —0ast—-+o00. O

We shall use Theorem 3.6 to obtain more detailed global existence and large
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time behavior result. To this end, we use the solutions of (3.4) and (3.5)r to
construct various upper and lower solutions for (3.1). The following observation
will be useful (for notation used in the following statement, see Proposition 3.4).

Proposition 3.7. (i) When (n+1)/(n—2) <p < (n+2+2l)/(n-2), the graph
of uB(r) intersects (transversely) that of us(r) for every R >0.

(ii) When p = (n+2+2l)/(n—2), the graph of uf(r) intersects (transversely)
that of us(r) at and only at

_{(; \[ n+ \/ 241
B n—
(iii) When (n+2+2l)/(n—2) < p < p., the graph of u,(r) oscillates around
that of ug(r) for every a > 0.
(iv) When p > p., the graph of u, does not intersect that of u; (i.e., uy(r) <

ug(r) for all r > 0) for every a > 0. Furthermore, u,(r) is increasing with
respect to a> 0.

/(2+1)

Remark 1. The above result can be observed from the phase diagram in [20]
when /=0.

Remark 2. The following proof of the first part of (iv) is inspired by an idea in
[36].

Proof of Proposition 3.7. To prove (i), let v(t) = r2*0/®e=DyB(r) ¢ = logr.
Then

(3.16) v + v +v(wP ' —LP7') =0 on (-0, logR],
where
o = n-2( n+2+21>
o= -1 n-2 )
Observe that
v(logR) =0 and v >0, v(t) - 0 ast— —oo.

So v must achieve its maximum value at some #y. By (3.16),
v(to)(v? ! (to) - L7~ 2 0,

hence v(fy) > L. By the uniqueness for O.D.E., v(#) > L. The proof of
(i) is completed. (ii) follows from direct calculation. (iii) follows from (iv) of
Proposition 3.4 and (i) of Proposition 3.5.

Now we prove (iv). Let v(¢) = r@+D/?=Dy (r), t = logr. Then (3.16) is
true on (—oo, +oo) with v > 0 and lim,,_, v(¢) = 0; lim;cv(f) = L.
If the first conclusion of (iv) is not true, let fyp = min{¢|v(t) = L}. As in the
proof of Proposition 3.5, v’ >0 on [-o0, fy] and v'(t) - 0 as t —» —oo. Let
q(v) ='(t). Then

v(vP~l — P71

dq _
(3.17) d—v+c0+-—q—_0 on (0, L],

g >0 on (0,L] and g(v) — 0 as v — O*. Therefore in the g — v-plane,
the graph of g = g(v) intersects all lines g = u(L —v) with u > 0. For each
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u > 0, denote the intersection with the smallest v coordinate by (v, q(vy)).
Then (dq/dv)(v,) > —u and

dq - L,
dv( W= - M(L —vy)
VA F
= —CO+p"T for some v, € (v,, L)
_ p—1
< —c¢C+ (p 'lu)L

Thus

—u<—co+(p-1HL""/u,
0<u?—copu+(p—1)LP~' forall u> 0.

Then c0 4(p —1)LP~! < 0. But when p > p., by a long but straightforward
calculation, ¢3 —4(p — 1)LP~! > 0. We reach a contradiction. The first part
of (iv) is proved. To prove the second part, we note from the first part, 0 <
v < L on (—oo, +oo) and hence v'(¢) > 0 on (—oo, +00) (this can be seen
from (3.16) and a similar argument in the proof of (ii) of Proposition 3.5).
Since v'(t) = rd(r@D/@=Ny (r))/dr, d(r*D/e=Yy,(r))/dr > 0 if r #0. By
this and the fact u,(r) = o+)/®0=Dy, (ar) ((1v) of Proposition 3.4), one has
Ouy(r)/0a>01if r>0. O

Next, we use the solutions of (3.4) and (3.5)gr to construct some “good”
upper and lower solutions of (3.1). Before doing so, we introduce some notation.
When (n+1)/(n—-2)<p<(n+2+2)/(n-2),let

r2(R) = min{r € [0, R] | uR(r) = uy(r)},
rir(R) = max{r € [0, R] | uR(r) = us(r)}.
By Proposition 3.7, they are well defined. Furthermore, from (ii) of Proposition
3.4, we have
(3.18) rm(R) = Rrp(1),  rig(R) = Rrig(1).
When p = (n+2+2/)/(n—-2), denote by r£(1) and ri (1) the r coordinates

of the two intersections of the graphs of u(r) and u(r) with rE(A) < rE(2)
(see (ii) of Proposition 3.7). We observe

(3.19) rEQ) = 22@DEry,  rE(a) = AYEHDE (1),
When (n+2+ 21)/(n -2)< p < peylet ri(a) =min{r > 0| us(r) = us(r)},
ry(a) = min{r > ri(a) | ua(r) = us(r)}. They are well defined by (iii) of
Proposition 3.7. From (iv) of Proposition 3.4, we have
(3.20) ri(e) =ri(l)/a, i=1,2.
Proposition 3.8. (i) When (n+1)/(n—2)<p <(n+2+2l)/(n-2), define in
® () = { wllxh,  Jxl > R (R).
up(lx), x| <ra(R),
- { u(x), x> r5(R),
B up(lx), x| < r(R).
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Then for every R >0, ug (ug) is a c.w. upper (lower) solution of (3.4).
(ii) When p = (n+ 2+ 2l)/(n - 2), define in R"

e (D), x> (),
i (x) = { WE(X),  1x] < rm(d),

C(uxDs x> (),
i (x) = { dE(x),  Ix] < raeA).

Then for every A >0, uy (uf) is a c.w. upper (lower) solution of (3.4).

(iii) When p > (n+2+2l)/(n—2), forevery A>0, a>0,and 0< <1,
Bu, and Buf are c.w. upper solutions of (3.4) and for B > 1, they are c.w.
lower solutions of (3.4).

(iv) When (n+2+2l)/(n-2) <p < p., define in R"

o= { M0 bt
*TLua(xl), xS o),
o= {2, bil> e
" Luallx, < o)

Then u, (1,) is a c.w. upper (lower) solution of (3.4).
Proof. We just prove (i); the proofs of (ii)-(iv) are either trivial or similar to
(i). For all ¢, € C§°(R") with ¢, > 0, we need to show

/R TrAdy + x| (Tr) fy < 0.

Let j be the standard mollifier in R", and for ¢ > 0, let j.(x) = j(x/¢e)/e",
f(x) = |x|'uR . Then

A(je*u£)+je*f=0
classically in Bg_.. Denote {|x| < r2(R)} by B; then for small ¢ >0,

/B Ui % u2)Ay + (jo * £ )b = /B AGs * uR)br + (s * )61
o
“f a¢‘<je*u£)—¢,——a(fs a)
0B

on on
_ ¢l 0 * ug)
(n is the outer normal of dB). Let ¢ — 0%, then
84)1 BuD
D R
(321) [ uhton+ron= [ -6

(uR is classical at x # 0). It is easy to see

3¢1 Ous
usAdy + |x|'uf =/ —Usg—— + — ).
/Bcs¢1||s¢1 [ —uot+ G,
This and (3.21) yield

ous Oud
UrAG + | x| (Ur) =/( ‘—-—ﬂ) :
[ ndor+ xl@pon = [ (Ge-FE) e
Since u}(r2(R)) < (uB)'(r2(R)), the proof is finished. O

We are ready to give a global existence and large time behavior result more
specific than that of Theorem 3.6.
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Theorem 3.9. (i) When (n+1)/(n—2) < p < p., if the initial value ¢ < u; on
R", then (3.1) has a (unique) global solution u which is Cg-mild when -2 <
[ < 0 and classical when | > 0, satisfying 0 < u < ug and ||u(-, t)||Legn) — 0
as t— +oo.

(i) When p > p., if ¢ < Pus for some constant 0 < B < 1, then the
conclusion of (i) still holds.

(iii) In (i) and (ii), if ¢ < Bus, for some constant 0 < B < 1, then u < Bu;.

(iv) When p > (n+2+2l)/(n—=2), if ¢ < Bu, (or ¢ < Bu¥) for some 0 <
B < 1 and some equilibrium u, (uf) of (3.1) mentioned in Proposition
3.4, then the conclusion of (i) is true with “u < u;” replaced by “u < Pu,
(or Bu3)”. Furthermore, if f = 1, then (3.1) has a (unique) global
solution u < u, (or uf).

Remark. As we mentioned in §0, if we replace in (ii) the condition “¢ < fu;”
by “¢ < u”, then the conclusion of (ii) is not true because by (iv) of Proposition
3.7, all radial regular equilibrium of (3.1) stay below u;. However, let S 1 1
and if we take the initial value in (3.1) as B¢, then by (ii), for each k, (3.1)
has a bounded global solution u;, < u;. By the comparison principle (see
Theorem 2.4 when —2 </ < 0 and Lemma 1.3 when / > 0), u; < 4, on
R"x[0, +00) and u; <u on R"x[0, Ty) (note at least the local solution u of
(3.1) exists by Theorem 2.3 and Theorem 2.5). By the continuity of the solution
of (3.1) with respect to the initial value (this can be seen from the Gronwall
inequality and the proofs of Theorem 2.3 and Theorem 2.5), u;, — u (at least)
pointwise on R" x [0, Ty) as kK — +o0o0. On the other hand, on R" x [0, +o0),
=1limg_ o u existsand d=u if 0<t< Ty, 0<i <us. Also, it is easy
to see that # is at least a global distributional solution of (3.1). Therefore in
(i1), if we only have ¢ < uy, (3.1) at least has a global distributional solution
it < uy which is, before time 7, Cp-mild when -2 < I < 0 or classical
when / > 0. Note in any case, & is classical outside {0} x [0, +00) by the
regularity theory for parabolic equations. The question of large time behavior
of # remains open.

Proof of Theorem 3.9. We first prove (i). We shall use Proposition 3.8 to find a
positive radial c.w. upper solution of (3.4) which is above ¢ and below u;, then
(1) follows from Theorem 3.6. To this end, observe that since ¢ is bounded
and ¢ < u;, there exists R; > 0 such that ¢ < u;(R;).

Casel. (n+1)/(n-2)<p<(n+2+2l)/(n-2). By (3.18), there exists
an R > 0 such that r2(R) = R,. Since u2(r) is decreasing on [0, R] (see
Proposition 3.4), ¢(x) < uR(x) if |x| < Ry =r2(R). Thus ¢ < %g (< us) on
R" (ug is defined in Proposition 3.8). This % is what we seek.

Case2. p=(n+2+2l)/(n-2). Using (3.19), we can find a 4 > 0 such
that ¢ <%y (< u;) and by Proposition 3.8, uY is what we want.

Case3. (n+2+2l)/(n—2) < p < p.. This time we use (3.20) and Proposition
3.8 to find a i, desired.

The proof of (i) is now complete.

To prove (ii), we look for a constant 0 < 8, < | and a radial equilibrium u,,
mentioned in Proposition 3.4 such that ¢ < fu,, on R", then (ii) follows from
(iv) which is immediate from Theorem 3.6 (note if 0 < f < 1, Bu, isa c.w.
upper solution of (3.4)). Since ¢ < Bu,, limsup|y_ o, [x|Z*P=Ng(x) < L.
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By (iv) of Proposition 3.4, L = lim,_, ;. r®*)/(?=y, (r) . Therefore, there exist
1> B0>0 and R > 1 such that

(3.22) ¢(x) < Poui(x) for |x| > R.

Obviously, there exists 1 > d > 0 such that ¢(x) < Bous(d). From (iv) of
Proposition 3.4 again,

= ((ar)(2+’)/(p‘”ul(ar))r‘(2+’)/(”‘1) - L= @+D/(p=1) _ U (r)

as a — oo. So there exist 1 > B; > By and ag > | such that Syu;(d) <
Biuay(9). Thus

(3.23) $(x) < Brty(8) < Brta (X)) if |x| < 6.

Since u, — u; uniformly on [§, R] as a — +oo and ¢ < uy, there exists
1> B> B and a; > ag such that

(3.24) $(x) < Batha, (Ix]) if 6 < |x| < R.

Combining (3.22)-(3.24) and the fact that u, is increasing in o (see (iv) of
Proposition 3.7), we have ¢ < fru,, < frus on R". We finish the proof of
(ii).

To prove (iii), first we notice that when (n +/)/(n —2) < p < p. if we
replace ¢ in the proof of (i) by ¢/8 (< u; by the assumption), then we can
find a radial c.w. upper solution y of (3.4) such that ¢/8 < v < uy, ie.,
¢ < By < Bug. Since By is also a c.w. upper solution of (3.4), by Theorem
3.6, u < By (here we should notice that the global solution of (3.1) satisfying
the properties in (i) is unique by Theorem 2.3 when —2 </ < 0 and Lemma
1.3 when / > 0) and hence u < Bu;. Next, when p > p., by examining the
proof of (ii) closely, By can be chosen arbitrarily close to 8, 8, and B, can be
chosen arbitrarily close to Sy and B, respectively. Hence B, can be arbitrarily
close to . Since ¢ < fru,, and Pru,, is a c.w. upper solution of (3.4), we
have u < fou,, (< Porus). Letting B, — B, we have u < Bu,. (iii) is now
proved. O

Next, we turn to the finite time blow-up results. The following theorem is in
a direction opposite to that of Theorem 3.6.

Theorem 3.10. Suppose that v # 0 is a radial nonnegative c.w. lower solution
of (3.4) which is not a solution of (3.4) when (n+2+2l)/(n—-2)<p<p..

(i) When 1 < p < p., if the initial value ¢ in (3.1) > y, ¢ is bounded

when -2 <1 < 0, and ¢(x) < c|x|7"?=D at |x| = +00 when | >

0, then the local solution of (3.1), whose existence and uniqueness are

assured by Theorem 2.3 (when | < 0) and Theorem 2.5 (when [ > 0),

satisfies that Ty < +oo and hence lim,_,T¢_ lu(-, Ol Lo (rny = +00 When

-2<1<0,and lim,_.n_ lu(-, )w ()|l Lo (rn) = +00 when | >0, where

w(x) = (1 + |x])!fo=)

(i) When p > p., if the conditions on ¢ in (i) hold with “¢ > w” replaced
by “¢ > By for some constant B > 1, then the conclusion of (i) is still
true.
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Remark 1. When [/ > 0, we can prove that if ¢ > w when 1 < p < p., or
if > By (B >1) when p > p., then (3.1) has no global classical solution
u with 0 <u(x,t) < C(T)(1 +|x|)@D/e=1) on R*x [0, T] forany T > 0.
(This result is slightly different from Theorem 3.10.) The proof of this is the
same as that of Theorem 3.10.

Remark 2. When /[ =0 and 1 < p < (n+2)/n, Theorem 3.10 is immediate
from the Fujita-type blow-up results in [11, 22]. This is also true when / > -2
and 1 <p < (n+2+1)/n by the blow-up result in [4].

Proof of Theorem 3.10. To prove (i), suppose contrary to the conclusion, that
Ty = +oo. Then u is a (Cp-mild when [ < 0, classical when / > 0) upper
solution of

(3.25) v =Av +|x|'vP, V| = .

Applying Theorem 2.4 (when —2 </ < 0) and Lemma 1.2 (when / > 0) with
#=u and u = 0, we have that (3.25) has a global solution v, which is Cg-mild
when —2 </ < 0 and classical when / > 0, satisfying 0 < v < u. Furthermore,
v is radial in x and v is nondecreasing in ¢, by Theorem 2.3, Theorem 2.4,
and Lemma 2.6 (note by Theorem 2.5 when / > 0, [lu(-, ) w(:)|lLe(rn) is
locally bounded on [0, +oc) and hence v satisfies the condition in Lemma
2.6). Now, let voo(x) = lim,, 1 v(x, t), then v, isradial and ¥ < v < Vo .
By Corollary 3.2, v € LL_(R"\{0}).

Claim. The function v, is a (radial) solution (either regular or singular at
x =0) of (3.4). To prove this, let 7 >0 and ¢, € C§°(R"\{0}), then

/ v(x, s+ 1)p1(x)dx|iZ)

1
= / ds/ v(x, s+ 1)Ady (x) + |x|'vP(x, s+ T)¢ (x) dx.
0 R,

Taking nonnegative ¢, , from the fact v, € L] (R"\{0}) and Fatou’s Lemma,

one sees that |- |'v2, € L] (R"\{0}). Letting 7 — +oo, by the Lebesgue
Dominated Convergence Theorem,

0= / VeolApy + |- 02,1 dx.
R"
Taking radial ¢,, it is easy to see that
(r" ! (r)) + r"t 1P (r) =0 on (0, +0)

in the distributional sense. Since |-|'vZ, € L} (R"\{0}), we have r"*'~1vE (r) €
L} (0, +c0) and therefore by a bootstrap argument, vo(r) € C2(0, +00).
Thus v, is either a regular or a singular (at |x| = 0) solution of (3.4). The
proof of the claim is completed.

Next, we prove by using elliptic theory that v., cannot be a nontrivial solu-
tion of (3.4), and then (i) follows.

Case 1. 1 <p < (n+1!)/(n-2). By Theorem 3.41 in [28], (3.4) has no
nontrivial solution even on exterior domains. So v, cannot be a solution of
(3.4).

Case2. (n+1)/(n-2)<p < (n+2+2)/(n—-2). In this case, (3.4)
has no nontrivial radial regular solution (see (ii) of Proposition 3.4). On the
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other hand, v, # us, for otherwise, ¢ < v, = u; and hence by Theorem
3.9, v = 0. A contradiction. If v, is one of the other singular solutions
of (3.4), say, v, = U; (mentioned in Proposition 3.4), we shall also reach a
contradiction as follows. By (i) of Proposition 3.5, there exist r, — 0% such
that Us(ry) = us(ry) . This and (3.18) imply that there exist R; — 0% such that
up (r) and Ui(r) intersect at r = R, with Uy(r) > uR (r) when r < R, . (So
R, is the r-coordinate of the first intersection of uﬁk and Us.) Define

Uiy ={ ph0 TSR
Us(r), ifr>Ry.

In the following, we assume R; is chosen so that w < U on R". By the proof
of Proposition 3.8, U is a c.w. upper solution of (3.4) and hence of (3.25). By
the comparison principle (see Theorem 2.4 when -2 </ < 0 and Lemma 1.3
when / >0), v <U on R". Hence Voo < U (< Us = Vo) . This is impossible.

Case3. p=(n+2+2l)/(n—2). Asin Case 2, Vo # Us;. SUPPOSE U, 1S
another radial singular solution of (3.4), then the fact that v,, oscillates around
us; near r =0 (see (iii) of Proposition 3.4), (3.19) and the same reasoning as in
Case 2 lead us to a contradiction. Also, v,, cannot be a radial regular solution
of (3.4). This can be proved by finding a regular solution u£ of (3.4) so that
w <uf and uE(0) < v(0), if vy is indeed a radial regular solution of (3.4).
The construction of #Z is similar to that of ¥Z in Case 3 of Claim 3 in the
proof of Theorem 3.6. We omit the details.

Cased. (n+2+2l)/(n—2) < p < p. . First, as in Case 2, v,, cannot be u;.
Next, if v, is a (radial) regular solution of (3.4), we still have a contradiction
as follows. Since v is nondecreasing in ¢, it is easy to see for each ¢ > 0,
v(-, t) is a (radial) regular lower solution of (3.4) with v(-, ) < v . By (ii)
of Proposition 3.5, v(-, t) = v, for each >0 and hence ¥ = v(-, 0) = Vo, .
This contradicts the assumption that y is not a solution of (3.4).

Now the proof of (i) is completed.

To prove (ii), replace the initial value y in (3.25) by By . If the conclusion
of (ii) is untrue, then as in the proof of (i), (3.25) has a global solution v such
that v is radial in x and nondecreasing in ¢ (note Sy with f > 1 isa
c.w. lower solution of (3.4)), and v (x) = lim;— o v(x, t) is a radial solution
(regular or singular at x = 0) of (3.4). If v, is singular, then Proposition
3.4 implies v, = u; and hence By < u;, ¥ < us/B. By (ii) of Theorem
3.9, the solution v, of (3.25) (keep v|,—o = ¥) decays to zero as ¢ — +oo if
v < us/p. But v, >y # 0, so we reach a contradiction and hence v, can
only be a regular solution of (3.4). Yet this is impossible by (iv) of Theorem
3.9 and the reasoning as above. O

As a consequence of Theorem 3.10 and Proposition 3.8, we have the following
result which is in a direction opposite to that of Theorem 3.9.

Theorem 3.11. Suppose that p > (n+1)/(n —2), and that the growth condition
on ¢ in (i) of Theorem 3.10 holds. Then the conclusion of (i) in Theorem 3.10
holds true provided that

(1) when (n+10)/(n—-2)<p < (n+2+2)/(n-2), ¢ > ug for some
R>0;
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(ii) when p=(n+2+2l)/(n-2), ¢ > uf for some 4> 0;

(iii) when p > (n+2+2)/(n-2), ¢ > 1, for some a>0;

(iv) when p > (n+2+20)/(n—2), ¢ > Bu, for some B > 1 and some
a>0;o0rwhen p=(n+2+2)/(n-2), ¢ > Buf for some B> 1 and
some A>0;

(v) when p > pc, liminfj o |X|®*/@=Dg(x) > L.

Proof. (i)-(iv) are immediate from Theorem 3.10 and Proposition 3.8. To
prove (v), we first assume that ¢ > 0. By (iv), it suffices to find g > 1
and o > 0 such that ¢ > Bu,. Since liminfjy o x|/ P-Dg(x) > L =
lim,_, o r2*D/=Dy, (r) (see (iv) of Proposition 3.4), there exist R > 0 and
B > 1 such that ¢(x) > Bu;(x) if |x| > R. By the fact that ¢ > 0 and
Us(r) = a20/0=Dy (ar) < a2+)/(P=1) there exists 1 > a > 0 such that
d(x) > Bun(x) if |x] < R. Since u, is increasing in a (see (iv) of Proposition
3.7), we then have ¢ > fu, on R".
Now, suppose we only have ¢ > 0. By Lemma 1.5, for 0 <t < Ty,

u(-, t) > e¢ > 0.
On the other hand, by the assumption, it is easily seen that
lim inf |x|2*D/(P=D (e (x) > L.

|x]|—+00
Thus if we think of u(-, ) (for a positive #y < T,) as initial value, then the
result for positive initial value proved above implies the desired result. O

4. DECAY RATE

In this section, we obtain the decay rate for global solutions of (3.1) in some
special cases.

Theorem 4.1. Suppose in (3.1), | =0 and p > n/(n —2). Assume y is a
bounded nonnegative c.w. upper solution of (3.4) with | = 0. If the initial value
¢ < Ay for some 0 < A < 1, then (3.1) has a unique global classical solution u
satisfying 0 <u <Ay and for t >0

lu(-, Ollorey < (AP = 1)(p — 1))@= te=D,
Remark. By Proposition 3.6, if y is radial, then necessarily y is bounded.

Proof of Theorem 4.1. The global existence follows from Lemma 1.2 with % =
Ay and u = 0 (Ay is a c.w. upper solution of (3.1)). The uniqueness is
immediate from Lemma 1.3. To prove the large time behavior of u, it suffices
to take ¢ = Ay . First, we assume ¥ is C™ smooth, then u is C* smooth
to the boundary ¢ = 0. Consider v = u, + du? (a function similar to this was
used in [10] in which the finite time blow-up was studied) where constant J > 0
is to be determined later. By a straightforward computation we have

v, —Av < pu?~'v on R" x [0, +00).
Observe that

V=0 = (Uy + 0uP)|1=0 = (A + (1 + 3)u”)|i=0
Z AW+ (1+ 8P yP < ApP((1+8)7~" — 1)
=0 ifd=A"7—-1.
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From Lemma 2.6, u, < 0. So v < du? < dy”. In particular, v and pu?~!
are bounded above. Thus by the Phragmen-Lindelof principle (see Lemma 1.3),
v<0,ie., u;+0u? <0 with 6 =A!7?7 — 1. This in turn implies that

u(x, ) < (AP = 1)(p - 1)) Ye=H=1/r=D  for¢>0

and this completes the argument for regular v .

For the general case, consider the bounded global classical solution u, of
(3.1) with / =0, ¢ =y (u, is assured by Lemma 1.2 again). By uniqueness,
this u, is the same one as in Theorem 2.5. Hence by the proof of Theorem 2.5,
Uy(+, 1) = w(-) in L>(R") as t — 0*. Also, by Lemma 2.6, du, /0t <0 for
t > 0 and hence w,(-) = uy(-, &) is a bounded smooth (by regularity theory)
upper solution of (3.4) with / = 0. Therefore, the conclusion for smooth
implies that

Ue(x, 1) < (A7 = 1)(p — 1))" /=D~ 1/P=D)

where u, is the global classical solution of (3.1) with / =0 and ¢ = Ay, . We
claim that ¥, — u pointwise on R"x[0, +o00) (hence we are done). In fact, this
follows from the continuity of solutions with respect to the initial value. This
continuity can be proved by the integral equation and Gronwall inequality. O

Corollary 4.2. Suppose in (3.1) that p > n/(n —2) and [ = 0. If the initial
value ¢ < Aug for some constant A < 1, then (3.1) has a unique global classical
solution u satisfying u < Aus and

llu-, Olloorny < (A7 = 1)(p — 1))@= te=h),

Proof. Again, the uniqueness immediately follows from the Phragmen-Lindel6f
principle (see Lemma 1.3). On the other hand, exactly as in the proof of (iii) of
Theorem 3.9, we can find a c.w. upper solution y of (3.4) such that ¢ < Ay <
Aug when n/(n—1)<p <p.,and ¢ <Ay < A'u; when p > p., where A’ and
¥ can be chosen so that A’ can be arbitrarily close to A and A < A’ < 1. By
Theorem 4.1, in any case, (3.1) has a unique bounded global classical solution
u sothat 0 <u <Ay (< Aus) and

lu(-, Dlloo < (A)'7P = 1)(p — 1))~/ Dg= V=D,

Letting A’ — A, we are done. O

For (3.1) with / # 0, we are unable to obtain the decay rate for A close to 1.
However, we can do so for small 4 and large p. We shall use a self-similar solu-
tion, i.e., a solution v of v, = Av+|x|'v? with v(x, t) = t=@+D/20-Dy(x/\/1),
as an upper solution of (3.1). If w is bounded, then we obtain a decay rate
for the global solution of (3.1) (this idea was used in [24]). To find such a v,
all we have to do is to find a radial w > 0. By direct calculation, w = w(r)
should satisfy

(4.1) w"+<”:1+%) '+§w+r’w”=0, r>0,

where k= (2+/0)/(p—1), [ >-2, n>3,and p > 1. (4.1) with / =0 has
been studied at least by [18] and [31]. We shall combine the ideas in these two
papers to obtain global existence for (4.1).
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First, for local existence, following [18], we consider
r s
@2) w)=wo- [ (eI ds / (%w(t)+t’w”(t)> 114 gy
0 0

where r > 0, wg >0, and w > 0 on [0, +00). Observe that a continuous
solution w of (4.2) is also a solution of (4.1) and that a solution of (4.1)
which is continuous at r = 0 is a solution of (4.2). On the other hand, by the
standard contraction mapping argument, (4.2) has a unique positive continuous
local solution w. To prove w is global and positive, we observe from (4.2)
that except at r = 0, w'(r) < 0 before w = 0 occurs, and hence it suffices to
show that w never vanishes. To this end, we shall use a Pohozaev-type identity
which is directly inspired by the one in [31].

Lemma 4.3. If w is a solution of (4.1) and w is continuous at r = 0, then for
every R>0,
(4.3)

Rrik n n+l n-2 1 /n 2
> _ = 2 s - l,p+1 _ 2 (T n—1
/0 [(2 4)10 +(p+l > )ru 2(2w+rw,)]r dr

= R*! [(% _r ;’ 2 ) Rw?(R) + ”T_zw(R)w,(R)

R2
+7w,2(R) +
Proof. By a straightforward calculation, for r > 0 we have

A -t (hE2,0, 8220, +£2-w2+r —k;wz+r1werl
dr 8 2 Tt 4 p+1

k n n+l n-1 1 /n 2
— pn—1 ~_nr 2 AL A loop+l _ 2 (7
=r [(2 4)w +(p+1 3 )rw 2(2w+r'w,)].

Integrating the above equation on [d, R] and letting 6 — 0, we obtain (4.3)
by the fact that ru, — 0 as r — 0%, which is easily seen after differentiating
(4.2). O

Rl+lwp+I(R)
p+1 ] ’

Now we continue our discussion concerning the global existence of (4.1) (or
(4.2)). Suppose that R > 0 is the first zero of the local solution w . Then by
the uniqueness for O.D.E., w/(R) # 0. Therefore if in (4.3) k/2—n/4 <0 and
(n+1)/(p+1)—(n-2)/2 <0, i.e.,if p > max{(n+4+2)/n, (n+2+21)/(n-2)},
the left-hand side of (4.3) < 0 while the right-hand side > 0. Thus

Lemma 4.4. When p > max{(n+4+2l)/n,(n+2+2l)/(n-2)}, (4.1) has a
global positive solution w which is also continuous at r = 0 and is decreasing
inr.

Remark. In [18], Haraux and Weissler proved such a result when / = 0 and
even when (n+2)/n<p < (n+2)/(n-2) if w(0) is small.

Next, we prove lim,_, o r*w(r) exists and is positive (this is also proved in
[18] when / = 0). We divide the proof into several lemmas below.

Lemma 4.5. rkw(r) is bounded.
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Proof. Our approach is different from that of [18]. Let f(t) = rfw(r), t =
logr,then f>0, lim_o f(t) =0 and

(4.4) f"+(co+e¥/2)f"+ fP—LP7!f =0 on (—o0, +0),

where /
n-—2 n+2+2
= - >
0 p—l(p n-2 )“O

and L is as in (0.7). Suppose rfw(r) is unbounded, then it is easy to see from
(4.4) that either f is increasing for large ¢ or f oscillates around L. If f is
increasing for large ¢, then there exists a ¢ > 0 such that f? — LP~1f > cf
for a constant ¢ > 0 and for large ¢. Then (4.4) implies that /" +cf <0 for
large ¢, (f')2+cf? is therefore nonincreasing for large ¢. This contradicts the
assumption that f is unbounded. If f oscillates around L, choose 7, — +oo
such that f achieves local maximum at each ¢, and f(#;) — +o0o. Multiplying
(4.4) by f' and integrating on [¢;, t;], we have

s [ (s G ) e (- 50r)

1
=0.

4

So [®(co +€%/2)(f")? < +oo and f(t) is bounded which contradicts the
assumption that f(#) — +oo. O

Next, by some easy modifications of Proposition 3.2 and Proposition 3.4 in
[18], we have the following three lemmas.

Lemma 4.6. If for some positive ¢ > 1/(p — 1), row(r) is bounded, then
|re+lw!(r)| is also bounded at r = +0.

Lemma 4.7. lim,_ ., rfw(r) exists.

Lemma 4.8. If lim,_,, o, rw(r) = 0, then for all positive m, lim,_, o r™w(r)
=1lim, o r™tw'(r) = 0.

Now we can prove that the w in Lemma 4.4 satisfies lim,_, o, r*w(r) # 0.
For otherwise, by using Lemma 4.7 and letting R — +oo in (4.3), we have that
the left-hand side of (4.3) is negative and the right-hand side is 0.

Finally, we return to the decay rate problem for (3.1).

Theorem 4.9. Suppose that in (3.1), p > max{(n+4+2[)/n, (n+2+2l)/(n-2)}.
Ifthe initial value ¢(x) < A(1+|x|)~@+D/P=1) on R™ for some small 2 > 0, then
(3.1) has a (unique) global solution (Cg-mild when -2 < | < 0 and classical
when | > 0) satisfying

lu(-, )| Loo(rmy < ME=CHD/2P=D " for t >0 and some M > 0.
Proof. Let

| x|

vi+1

h(x, ) =v(x, t+1)= (14 1)@=y, ( ) for ¢ > 0.

Of course, when / > 0, A is a classical solution of u, = Au + |x|'u? . When
[ < 0, it is not hard to prove that 4 is a c.w. solution of u, = Au + |x|/u?
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and hence by the remark following Definition 2.1, 4 is also a Cg-mild solution
(note w is bounded and therefore 4 is bounded). Observe
lim |x|*/C-Dp(x, 0)= lim |x|*/E=Dy(x]) >0
|x|—+o00 |x|—+00
by the result above. So if A is small and ¢(x) < A(1 + |x|)~@+0/=1) we have
¢ < h|=o. Then h is an upper solution of (3.1). Applying Theorem 2.4 (when

—2<1<0)and Lemma 1.2 (when / > 0), we conclude that (3.1) has a global
solution u with 0 < u < h. Since w is bounded, our proof is now finished. O

5. A REMARK ON THE FIRST BOUNDARY VALUE PROBLEM

Consider the first initial-boundary problem

U = Au+ |x|'w”, xeD, t>0, u>0,
(5.1) u; =0,
Upo=¢ € Co(D)={¢pe C(D) | plap=0}, ¢#0, ¢$>0,

where D is a domain in R" with 0D satisfying the exterior sphere condition,
S=0Dx(0,+x), p>1,1>-2,and n>3.

As for the Cauchy problem, when 0 € D and / < 0, it is necessary and
convenient to introduce the concept of “mild” solution for (5.1). This can be
done by replacing e’2 in Definition 2.1 by the Green function G. Note by the
maximum principle, 0 < G <T" (I is the standard heat kernel). Theorem 2.3
and Theorem 2.4 still hold for (5.1) with some obvious modifications, hence the
local existence and comparison principle are valid for (5.1) even when 0 € D
and -2 < ] < 0. Observe that if we let the initial value ¢ = 0 outside
D (we still denote it by ¢), then the corresponding solution (if any) of the
Cauchy problem (3.1) is an upper solution of (5.1). Therefore, by Theorem 2.4
(modified for (5.1)) and Lemma 1.2 with # = solution of (3.1) and ¥ =0, we
have for the existence and large time behavior of global solution of (5.1) that
Theorem 3.9, Corollary 4.2, and Theorem 4.9 with obvious modifications that
for (5.1).
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