TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 337, Number 2, June 1993

A STRUCTURAL CRITERION FOR THE EXISTENCE
OF INFINITE CENTRAL A(p) SETS

KATHRYN E. HARE AND DAVID C. WILSON

ABSTRACT. We classify the compact, connected groups which have infinite cen-
tral A(p) sets, arithmetically characterize central A(p) sets on certain product
groups, and give examples of A(p) sets which are non-Sidon and have un-
bounded degree. These sets are intimately connected with Figa-Talamanca and
Rider’s examples of Sidon sets, and stem from the existence of families of ten-
sor product representations of almost simple Lie groups whose decompositions
into irreducibles are rank-independent.

1. INTRODUCTION

In this paper we arithmetically characterize central A(p) sets on products of
compact connected almost simple Lie groups, and we give the first published
(so far as we are aware) examples of non-Sidon sets which are A(p) sets for all
D € (2, o) and which contain representations of arbitrarily large degree.

Unlike the abelian situation, there are examples (cf. [6]) of infinite non-
abelian compact connected groups which admit no infinite central A(4) sets.
We will classify those compact connected groups which do admit infinite central
A(4) sets, and we prove that every infinite local A(p) set contains an infinite
A(p) set.

The problem of finding non-Sidon sets on compact abelian groups, which
were A(p) sets for all p € (2, o), was solved by Bonami [2] by taking m-fold
products of dissociate sets. Our examples are similar: we take the irreducible
subrepresentations of m-fold tensor products of certain independent sets, chris-
tened FTR sets in [5]. These sets were Figa-Talamanca and Rider’s examples
of Sidon sets with unbounded degree [8]. Ideas from both Bonami’s and Figa-
Talamanca and Rider’s work can be found in our proofs.

2. PRELIMINARIES

Let G be a compact group. The dual object G of G will be taken to be
a maximal set of pairwise inequivalent continuous unitary irreducible repre-
sentations of G. If ¢ is an irreducible component of the continuous unitary

Received by the editors March 13, 1991.

1980 Mathematics Subject Classification (1985 Revision). Primary 43A46; Secondary 43A80,
22E46.

Key words and phrases. A(p) set, lacunary set, representations of compact groups.

This research was carried out while the first author enjoyed the hospitality of The University of
New South Wales and was partially supported by the NSERC.

© 1993 American Mathematical Society
0002-9947/93 $1.00 + $.25 per page




908 K. E. HARE AND D. C. WILSON

representation y of G we write ¢ < y, and we denote by d(y) its degree.
Since we consider only continuous homomorphisms, we will henceforth take
“continuous” to be understood. The representation obtained by taking the m-
fold tensor product of ¢ with itself will be denoted ¢” (and of course we take
d® to be the trivial representation); we also write ¢~ for (¢)". If E C G
then we write

E™ = {ae@:a§y1®'--®?m, Ps-oo s m € E}

(see [9, 27.35)). If G contains at most finitely many elements of each degree
we call G tall. By Jg(G) we denote the space of trlgonometnc polynomials f

on G whose Fourier transforms f are supported by E C G, and by 77 (G)
we denote the subspace of central trlgonomemc polynomials.

Let p € (2, 0). A subset E of G is called a (central) A(p) set if there is a
constant C, such that ||f||, < C,||f|l whenever f € J(G) (f € I*(G)), and
E is called a local (central) A(p) set if the inequality ||trAe|, < G| trAa||,
holds for all ¢ € E and (central) matrices 4. The least such constants C,
are called the (central) A(p) constants or local (central) A(p) constants ac-
cordingly, and will be denoted by 7,(E) ({,(E)) and ng(E) (CB(E)). For
standard results on A(p) sets and equivalent characterizations we refer the
reader to [9, §37].

3. LIE THEORY AND TENSOR PRODUCT DECOMPOSITIONS

We fix in this section certain notation which will be used throughout the
paper, and summarize some of the representation theory of compact groups
which is required.

If G is a simply-connected compact Lie group then we denote by @ the
corresponding root system, by A the weight lattice, and we fix a base A =
{a1,... , o4} ([ the rank of G) for ®. We write ®* for the positive roots
and At for the positive cone of A (relative to A), with the fundamental
weights, denoted 4;, ... , 4;, ordered as in [17]. The fundamental weights are
an integral basis for A, dual to A in that (4;, ayx) = 2(4;, ax)/(ak, k) = dji -
We put 6 = Zj.=1 Aj; 0 is also half the sum of the positive roots. A partial
order is defined on A by u < A iff A — u is a nonnegative integral sum of
positive roots. The Weyl group will be denoted by 7#°, and the weights of
AeAt by W) ={ueA:wu<AforalweZ}.

Let G be a compact connected almost simple Lie group, and let G be its
simply-connected covering group. Then the dual object of G may be identified
(via the highest weight of each representation) with the positive cone of a sub-
lattice of A containing the root lattice. We abuse notation somewhat and write
A for the irreducible representation of G (or G, depending on the context)
whose highest weight is 4 € A*. The symbol ¢ will be used to denote the
representation of G whose highest weight is A;, if G is not exceptional (it is
sometimes convenient to consider types B, and D, exceptional), or the trivial
representation otherwise.

One reason for the importance of tensor product decomgositions lies in the
simple observation that for G any compact group and g € G, the central A(4)
constant of the singleton {g} is determined by the number of irreducible com-
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ponents of ®a (or d®7 ), counted by squared multiplicities (see (5.2) below).
For G almost simple Lie, there are formule which give explicit decompositions
of tensor products, such as that due to Brauer-Klimyk:

(3.1) Theorem [13, Problem IV.16]. Let A, A' € A*. Denote by m;(u) the
multiplicity of u € A in II(A) and by u the (unique) element of A* % -
conjugate to p [11, Lemma 13.2.A). Define

sen _{0 if u is fixed by somew #1 € ¥,
BUA= detw otherwise, where wu = L.
Then
tr(A@l) = Z my(p) sgn(u+ A" +0) tr((u+A' +6)"-4). O

HEII(A)

Neither this formula nor that of Steinberg (see [11, Theorem 24.4]) gives
a straightforward way to count the number of components occurring in the
decomposition, because of cancellation. However, it is possible to determine
the form of a few special summands, and hence obtain a lower bound for the
number of components.

(3.2) Lemma [7, Lemma 3.8]. Let A, A’ € A*. Suppose that k € N satisfies
k <min((A, a;), (X', a;)) forsome i€ {1,... ,1}. Then u=A+ 1 —ka; €
A*, and u occurs with multiplicity one in A® A'. O

(3.3) Lemma. Let A, A' € A* and suppose p = w(l), some w € ¥, satisfies
w+A € At. Then u+ A occurs with multiplicity one in A® A’ .

Proof. From Theorem (3.1) it suffices to prove that the only v € II(4) for
which v/ =v+1'+4d is Z -conjugateto u' = u+A' +0 is v = u. So suppose
that v’ is Z -conjugate to u’.

Since u’ € At, it follows [11, Lemma 13.2.A] that v’ < 4’ and hence that
u—v =p' where p’ is a nonnegative integral sum of positive roots. Since the
Weyl group preserves the inner product, we also have

(*) (V’ , l/') — (#/’ 'u/) .

Now [11, 13.4] v € II(A) means that w'(v) = 41— p € A" for some w' € #~
and some nonnegative integral sum p of positive roots. Hence

V', v) = (W), w'@))
= (A—p+w (X +3), A= p+w'(A +6))
= A+w' @ +6),A+w @A +8)+(p,p)—-2(p, A+w'(X +9))
= (p+ww'(A +9), p+ww' (A +9))

24=p, p)+2(-p, W' (¥ +9))

(W, w)=2(p, AV +6—ww'(+8)+2(-p, w'(A +9))

(using the fact that (24— p, p) >0 since 2A—peA™)
= (W, W) =2(, ¥ +6)+2 (1, ww'(X +8)) +2(-p, w' (X +))
= (W, W)-2(p, V+8)+2(A—-p,w' A +9))
= W, W)=-2(u-v,¥+3),

IN
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so that (u —v, A +J) <0 is necessary for (x). But since (a, A’ +4J) >0 for
each a € ®* and u—v =p’, thisforces y=v. O

(3.4) Lemma. Sgppose A= ZL, my A, € At where ® isof type A;, B, Cj,
or D;. Then A® A has at least N + 1 components, where

max{k:k < (I +1)/2 and my +m;,_; # 0} fortype A,
max{k : my # 0} for types B; and C,,

max{k : my # 0} for type D,, if this is less than | — 1,

[{/2] otherwise.

Proof. We deal first with the case 4;. Note that 1 = Eﬁ.:, myyi—jA;, and

that [17; 11, Table 11.4.1] for 1 < i < j <[ we have B;; = Z{;ﬂak =
—Ai-1 +Ai +4j — Ajp € @ (where we set A9 = 4, = 0). Write w;; for the
reflection corresponding to B;; :

N =

J
wij(A) = A=) mpi.

k=i
It is straightforward, albeit tedious, to prove by induction that for 1 <i< N,

A+ Wi —Wist, =i WA, 141-~ ()
i-2 N
= ) M+ M) (e + o) + Y (M + My (Aot + A=)
k=1 k=i-1

Since each of these belongs to A*, by Lemma (3.3), each occurs in 4 ® 4;
furthermore, they are clearly distinct. The other guaranteed component is A+4 ,
giving at least N + 1 components as claimed.

The argument for the remaining types is similar. For type B; we have 1 = 1;
Bi=Yh_ax€® and fi=—-Ai1+4, | <i<l,while fj=—A_, +24 .
Writing w;(4) =4 —(m; + 2 Ef;', my)B; we again prove by induction that for
1<i<l,

i—-2 -1
A+ wiwigw() = 2y mdy + (m,+2 > mk) Aio1,
k=1 k=i—1

and these are distinct elements of At for 1 < i < N; observe also that 24
occurs in AQ® 4. B

For type C; we have A=1; B = oy + 254y = =24,y + 24; € & for
1 < i</, and writing w;(A) = 4 — me my f; we again prove by induction
that for 1 <i<N,

-2 N
A+ wiwig - w(d) = 2) mde + 2> my Ay
k=1 k=i

As before, 24 also occursin A® 4. B
Type D, is a little more complicated. If / is even we have 4 = 4, but
if / is odd, then A = Zi;', myd + mpdi_y + m_jA. For 1 < i <[ we
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have i = a1 + 25;% ap and B = oy + Zf;i ar € ®*. Writing w; for the
composition of the reflections corresponding to f; and ] we have

-3 i

W (A) = Y Mk + (Mg tm_ +m) g — Y midy
k=1 k=I1—1

i— 1-2 -2
wid) = Y Mk + Y Mk + (m;_1+m1_1+m1+22mk) Aic1
k

=1 k=i+1 k=i

-2
- (m,-+m1_1 +m+2 ) mk) Ai + muA_y + my_ A
k=i+1

Once again, by induction we prove that for 1 <i</,

i 12
A+ wiwiywis (A) =2 mdy + (’"1-1+ml+2 > my | Aicy
k=1 k=i

+ (my_y —mi_ A=y + (my—m)A,

where by m}_l we mean my;_; if / —i is odd and m; if [ — i is even, and
similarly for m{. These belong to At when /—i is odd, or when m;_;, = m;,
settling the case of / even. For / odd we have

i—2 1-2
A+ wwiwi () =2 mdye + (ml—l +m+2 Y mk) Ai-i
k=1 k=i—1

+(my—mi_)A_y + (m_y — mhA,.

These belong to A*™ when / — i is even, or when m;_; =m;. O

The preceding lemma shows in some sense that the decomposition of the
tensor square of an “arbitrary” representation will depend on the rank of the
group. Perhaps surprisingly, there are certain representations (whose highest
weights can be thought of as rank-independent) whose tensor decompositions
are rank-independent, as the following result shows.

(3.5) Proposition. Suppose ® is of type A;, B;, C;, or D;. Then the decom-
position of AT depends only on m whenever | > m+ 1.

Proof. Let A = ZL] m A, € At and suppose that m; =0 for m < k </,
where m < [ — 2. We compute the decomposition of A; ® A and see that the
component weights are the same regardless of /; the claimed result then follows
by induction.

Suppose first that @ is of type A;. Since A; is minimal, I1(A,) = Z "1, [3,
VIII, 7.3]). Keeping the notation used in the proof of (3.4), we have

wij(A) = —Aj+ 440,
Since d(4,) = |II(4;)| =1+ 1, we see that
H(A) = {-4j+45:0<j <[}
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Because (—A; +Aj41 +A+0, ) >0, 0<j </, 1<k </, there is no
cancellation in the Brauer-Klimyk formula, and the tilde function is trivial.
Hence the components of 4; ® A are precisely those 4 —4;+ 4;,; which belong
to A* (and each occurs with multiplicity 1). Since m; = 0 for j > m, the
only possible components are A —4; + 4;;; with 0 < j < m, and in particular
the decomposition is independent of /.

We suppose next that @ is of type C;; again A; is minimal and we find that

OA) = {£(4j-1—4j): 1<) <1}
As before, the components of 4; ® 4 are those A+ (4; — 4j41) € At with

0 < j < m, so the decomposition is independent of /.
Suppose now that ® is of type D;; again A, is minimal and we find that

T(A) = (2o —A): 1< <T =130 {E(Ay — 4y — A}

As before, and remembering that m < [ — 2, the components of A; ® A are
those 4+ (4; —4j41) € A* with 0 < j < m, so the decomposition is again
independent of /.

Finally, suppose @ is of type B;. Here A, is not minimal. We have

Vi = {£(Ajo1—4j): 1< j <= 1FU {4 - 24)};
since d(4;) = 2/ + 1, it follows that there is one weight (also of multiplicity

1) in II(4;) \ #Z 4, . This remaining weight is 0, since the facts that II(4,) is

saturated and (4, f;) = 2 together imply that A4; — #; = 0 € [1(4;). Thus
O(A) = {£(Aj-1 —4;): 1 <7 <T=13U{0, £(4-, — 24}

Since m <[-2, (A-Aj_1+24;+J, aj_;) = 0 so that sgn(A—4;_1+24;,+9) =0

and the weight —A;_; + 24, contributes nothing to the sum in (3.1). Observe

that w;(A+ 4,y —24;,+J6) =41+, so that sgn(A+4,_; — 24, +J) = —1 and

(A+Ai—y —2A4;+ 8)” — d = A. Thus the contributions from the weights 0 and

A;_1—24; cancel, and the decomposition of 1;®A is again those A+(4;—4;4) €
At with 0<j<m. O

(3.6) Corollary. Suppose ® is of type A;. Then the decomposition of (2,)™
depends only on m whenever | > m + 1. Furthermore, the decomposition of
A" ® (41)" depends only on m and n whenever | > m+n.

Proof. The first assertion follows from (3.5) via the symmetry of 4; = 4, . The
second follows from similar calculations to those in (3.5): if 1 = me My Ay €
At has m; =0 for m < k <! — n then the components of A, ® 4 are those
A—Aj+Aj41 and A+(A; — Aj;,) whichliein A*, where 0 < j <max(m, n). O

(3.7) Conjecture. Let @ be of type A4;, B;, C;, or D; and suppose u < A}
and v < A7. Provided / > m+ n + 1 we know that the decomposition of
AP*" is independent of /, and hence the possible decompositions of y®v are
finite in number. We conjecture that in fact 4 ® v has the same decomposition
regardless of [/, provided that [ >m+n+1.

4. m-FoLD FTR SETS AND CONSTRUCTIONS OF (CENTRAL) A(p) SETS

We define a special class of sets closely related to the FTR sets of [5]. Because
our present interest is with connected compact groups, we make use of the
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following structure theorem in our definition. A definition for arbitrary compact
groups (along lines similar to the definition of FTR sets in [18]) is possible, but
unnecessarily awkward for our purposes.

(4.1) Theorem. Let G be a compact connected group. Then there exist a group
of the form & = T x [],c4 Ga, where T is the connected component of the
identity of the centre of G and (G,)aca is a family of almost simple simply-
connected compact Lie groups, and an epimorphism n : % — G whose kernel is
a totally disconnected closed subgroup of the centre of & with the property that
(kerm) N T contains only the identity.

Further, if G is tall, then T is trivial, and for each | € N there are only
finitely many G, having rank [ .

Proof. This is taken from [15, 6.5.6] and [5, 6.3]. O

Definition. Let G be a compact connected group with covering group ¥ and
epimorphism 7 : % — G asin (4.1). Let F = FTR(Y) be the FTR set of &
(in the sense of [18]). The m-fold FTR set of G is then

FTR™(G) = {0 € G:00m € F™}.

Let P be any subset of F having Athe property that (i) PUP C F and (ii)
PNP =o. Then we say that {d € G:oom € P™} is a partial m-fold FTR set
of G.

Note that a 1-fold FTR set is just an FTR set, and that FTR™(G) is quite a
different creature from FTR,,(G), the FTR set of order m defined in [18]. Also
note that in general FTR™(G) # (FTR(G))™: consider G = [],-, PSO(2n),
when FTR(G) is empty, but FTRZ(G) 2{Ayom,:n>2} (m,:G— PSO(2n)
denotes the canonical projection). Since 1 € FTR?(G) whenever FTR(Z) # @,
it follows that FTR™(G) C FTR™%(G).

When & =[] ¢4 Ga, with the G, simply-connected compact almost simple
Lie groups (and, for convenience, other than Spin(8) or Spin(5)) the elements
of FTR™(Z) are easily described. For each ¢ = (0,)sc4 € FTR™(Z) there is
a family ((ia, ja))aca of nonnegative exponents such that 3 (ix + jo) = m
and for each a € 4, g, < ¢l ® g, . For each ¢ € P, a partial m-fold FTR
set for &, there is a family (iy)acs such that ) ., i, = m, where for each
acA ={acAd:G,=8U(n,)} either g, <¢l= or g, <%,°,and g, =1 for
acA\ 4.

An obvious corollary of Proposition (3.5) is that for G a compact connected
almost simple Lie group, the number of irreducible subrepresentations of ¢/ &gt
is bounded by a constant depending only on m whenever 0 < j, k < m. Thus
in this case a bound for the cardinality of FTR™(G) depends only on m . This
property is also a consequence of the fact that the Sidon constant of FTR(G),
and hence also 7,(FTR(G)), is independent of G [5, 4.5.2; 18, 3.2].

We will first prove that m-fold FTR sets are central A(p) sets for all p €
(2, o). As every (central) A(p) set is (central) A(g) for all ¢ < p it suffices
to show that these sets are central A(2s) sets for all positive integers s. Since
m-fold FTR sets are defined via a covering group, we first require information
about how A(p) sets are preserved by group homomorphisms.
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(4.2) Proposition. Let G, H be compact groups and suppose there is an epi-
morphism n : G — H. Then for every E C H we have

(i) M(E) = np(Eom),
(i) G(E) = L(Eon),
(iii) nQ(E) = nYEon), and
(iv) LUE) = {XEomn).

Proof. Parts (iii) and (iv) are easy corollaries of (i) and (ii), and the proof of
(ii) is obtained from that of (i) by replacing F with J ¢ throughout.
Let f € Jg(H);then fon € Jgor(G), and forany 1< g <oo

/ |[fom(g)|'dg
G

[ [ irentxgyedgas
G/kern Jkern

(where {x} is a transversal to kerz in G)

| i [ dgax
G/kern kern

(since f o m is constant on ker n-cosets)

I1f o mllg

=/|f(h)|"dh (since G/ kerm = H)
H
= II/1Z-

For the converse, observe that every ¢ € Jg., has the form f oz for some
feTJg(H). O

The proof of the next result has a strong abelian tang (cf. [14, 5.13]).

(4.3) Proposition. Let £ =[] ., G. be a product of connected almost simple
compact Lie groups, and suppose the ranks of the G, are bounded. Then for any
m, FTR™(¥) isa A(p) set forall p € (2, ).

Proof. In view of (4.2) and the definition of FTR™(¥) we may suppose that
the G, are simply connected. R
Write P, for a minimal subset of G, having the property that

P,UP,U{1} = {6€G,:0<¢.®TF, j,k<m);

since the ranks of the G, are bounded, it follows that |P,| < N(m). For
1<k<mlet

E, = {(0a)aca e?:aa € P,UP,U{1} and g, # 1 forexactly kK a’s}.

Since FTR™(%) C {1} UUj_, Ex , and since for p > 2 a finite union of A(p)
sets is again A(p), it suffices to show that each E; isa A(p) set.
Let X = [[,e4Ilsep, U(d(0)) and denote by ¢o,, the self-representation

of the corresponding factor. Put C = sup{2|P,|d(c)*: 0 € P,,a € A}; C is
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finite since the G, have bounded rank. For x = (X4, 5)aca.0ep, € X, & =
(82)aca € G, and a finite set B C A4 let

Os(x,8) = [] (1 +é Y d(0)tr(Sa, o(Xa,0)0 (L) +ca,a(xa,a)a<ga>>)

a€EB (TEPa

and let Qg x(g) = Qp(x, g). The choice of C ensures that Oz » > 0. We
have

|B|

Qp.x(8) = 1+Z Y ) d(ay)---d(ox)

k=1 rca IN|=k o;€P,
ek-tl

((Cal o XX Gk g X (X)) x - x gt x 1)(8)),

where a; = a|(I), ... , ax = a;(I') denote the elements of I" in some or-
der; since each o}' x --- x a,’c”‘ x 1 is nontrivial and irreducible, it follows that

198, xlli =1.
Given any f € .7 (G) we have

1B

(Qs,x* f)(g) = f<1>+2 > Y d(ey)--doy)

k= 1 rca |r| =k 0;€P;
=+1

tr((G g, X e XGH akxl)(x)(al x - xaix1)(g )f(af‘x-.-xa,‘:"xl));
let Fp o(x) =(Qs,x * f)(g) and observe that Fp , € 7 (X), with

FB,g (Czlha, Xgak [ 1)
(*) l €1 €k 7 4] €k
Ck(al x - xakx1)(g)f(a)'x -+ xakx1).

In [10, Theorem 2.2] it is shown that
Dy = {(ta,0)ac4,0ep, € X : exactly k of the 7, o
are nontrivial, when 7, , = gf,l,,

isa A(p) set for every p € (2, o). Since
tr|(of x - x g% x 1)(g)f(0% x - x g% x D = tr|f(af x---x af* x 1)
it follows from (x) that for sufficiently large B,

— 1 -~
I1F5,glpel3 > @Ilflzskllﬁ,

the inequality arising because P, N P, need not be empty. Thus

I 1Nl < C*np(Di)llFs, gllq

by the dual characterization of A(p) sets [9, 37.9], where ; + 1 =1.
Finally, observe that ||Qp,x * fllg < |Q8, [l fllg = I /1l so that

17 = /X”QB,x*fIIde= /G]|F3,g||gdg;
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hence for some g € G, ||[Fgll; < |Iflly and Ej is indeed A(p) (with
Mp(Ex) < Cknp(Dy)). O

(4.4) Theorem. Let G be a connected compact group. Then FTR™(G) is a
central A(p) set forall p € (2, o).

Proof. The case m = 1 holds because FTR(G) is Sidon [18, 3.4]. So let
s >2 and m > 2 be given. Because of the definition of FTR™(G) together
with (4.2) it suffices to consider G = [],.,G., where the G, are as in the
structure theorem, Theorem (4.1). Indeed, since a set is (central) A(p) if and
only if every countable subset is (central) A(p) we may suppose without loss
of generality that 4 =N, thatis, G=[],», G;.

We will use Benke’s characterization [1, §2] of central A(2s) sets: E C G is
a central A(2s) set if and only if there is a constant C such that every sequence
{aj}j>1 of positive numbers satisfies

2 s
(*) Z( Z aj,---ajs[a:aj,®---®a,~s]) gC(ZaJZ)

066 ,...,G’jJEE }Zl
where [0 : y] denotes the multiplicity of ¢ in y.
Consider oy, , ... , 0;, € E = FTR™(G): write ,0; for the projection of g,

on G;. The decomposition of g, ® --- ® g;, is determined completely by the
decompositions (only finitely many of which are nontrivial) of 0, ® --- ® ;0;
on G;. Write A’ ={i:G;isof type 4, B, C or D and has rank > ms+2}
and consider i € A’ (note that ms + 2 > 6 so that G; is not one of the trou-
blesome groups Spin(8) or Spin(5)). Then ;0;®---® s0; is a subrepresentation
of ¢ ®¢;? for some p, g with 0 <p+g < ms. By (3.5), the decomposition
of ¢?®¢;? is independent of the rank of G;. There are thus only a finite num-
ber of possible decompositions for 10; ® --- ® ;0;, and further, there are only
finitely many distinct (in terms of labelling by highest weights) 10, ® --- ® 0;
which can arise. It follows that there is a finite collection G(m, s) of simply-
connected almost simple compact Lie groups with the property that for each
i € A" we can find G; € G having the same Lie type as G; so that, writing
o/ for the representation of G; which has the “same” highest weight as o;, all
decompositions of 10; ® --- ® ;0; which arise as the g, range over FTR"(G)
coincide with the decompositions of 0/ ® --- ® s0;. (Note that Conjecture
(3.7) implies that G(m, s) contains exactly four groups: the simply-connected
groups of types Amss2, Bms+2, Cmss2 and Dpgyr.) For i ¢ A', put G} = G,
let G' =]];», G}, and observe that sup;,,{rank G}} < co.

It is now clear that the left-hand side of () is equal to

2
Z ( Z aj,~~-a,3[a:aj,®~~~®aj,])

ceG s O EE’

where E' = FTR™(G'). But since E’ is central A(2s) for all s > 1 by
Proposition (4.3), it follows that E = FTR™(G) is also. O

Rider [16, Theorem 5] has shown that a set of irreducible representations is
a A(2s) set if and only if it is both local A(2s) and central A(2s). Our next
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goal is to demonstrate that certain partial m-fold FTR sets are local A(p) sets;
we do this by extending ideas of [8].

(4.5) Lemma. Let G be either U(n) or SU(n) and let x = (x;;) € G. Then
Jfor every positive integer s there is a constant B(s) such that

/ |xij|* dx < BY)
G ns

This result is essentially proved in [8, Lemma 1] for U(n); the same proof
works for SU(n).

(4.6) Lemma. Let G be either U(n) or SU(n) and let n > 2s. Then
/Gxiljlm..'xixjsmdx = 0

unless {i\, ... , i} is a rearrangement of {i\, ... ,is} and {ji,... ,ji} isa
rearrangement of {ji, ... , js}-

Proof. Consider a diagonal matrix w € SU(n): left invariance of the Haar
integral ensures that

/G Xiyjy Xirjr e Xigj X g AX = /G (WxX)iyjy (Wx)jrjo -+ (WX j (Wx) 0 dX

= wi,i,wi; i; e wix,-sw,';,»; /G x,'ljlm' o x,»ijm dx.

Since n > 2s we can choose wy to be an arbitrary complex number of modulus
1 for each k € {i;,... ,i;}U{i}, ..., 5}, and so if the integral is nonzero
then {i}, ..., i;} must be a rearrangement of {i;, ..., is}.

A similar argument using right invariance of the Haar integral completes the
proof. O

(4.7) Theorem. Let s and m be positive integers and let & =[], , Go where
each G, is either U(n,) or SU(n,) and n, > 2ms. Write ¢, for the self-
representation of G, and put

Py = {(Ya)aca : at most m of the y, are nontrivial,
when y, = ¢, some 1 < j, < m}.

Then there is a constant C(s, m) so that forany y € Py, and A any d(y)xd(y)

matrix, e )
trdy® < 2 e 440y,
[rwap < S arany

Proof. The case m =1 and & = U(n) is proved in [8, Lemma 1]. We will
only present the proof for the special cases

[ e x e, P dxdy
G]XGZ

and

/G Ir A(c ® ) () dox:

it should be clear that our techniques generalize.
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In what follows, C = C(s, 2) will denote a constant, whose value may change
from line to line. We use b;ji; to denote the entry in the (i, j)®(k, /) position
of the nm x nm matrix B; the diagonal entries are b;ji; so that

tr (g1 x ¢2)(x, ) = Z(A X)) @ jjkk = D GjikiXijVik»
i,j,k,l

and

trA(c®¢)(x) = Z i1 XijXik-
ivj,k,1

Hence

/G |tr A(c) x ¢2)(x, ¥)|* dxdy
1X02

= Z Qjyiskdy Ajt ikl igheg jlitkel 1)
ll,...,ls;tl,...,ls
Jis- ‘,13,1., -l
k|, ksy ] kl
ll) Is,1|, 1’

' /G Xiy jy Xit 1 “'xisjsxi;f;dx/c Yk Vik; - Vi Vi AY-
1 2

According to Lemma (4.6) the above integrals are zero unless i}, ... , i isa

rearrangement of iy, ..., is; ji,...,Jj; is a rearrangement of ji, ..., js;
k{,..., ki is a rearrangement of k;, ... ,ks; and [{, ..., [ is a rearrange-
ment of /i, ..., ;. Thus the integral reduces to

2
L /G leahllklll ..'aj:iskslsxiljl ...xisjsyllkl ."ylsks dy dx9
1 2

where the outer sum isover I}, < I, < --- < I, J; € J, < -+ < Js,
Ki <Ky <---<Ks,and L, < L, < --- £ L, and the inner sum is
over i,...,Is permutations of {I;,..., L}, ji,...,js permutations of
{Ns..., Js}, ki ... , ks permutationsof {K;,... , K},and /,, ... , s per-
mutations of {L;, ..., L;}. This expression is dominated by

4 2 2 2
2(8!) Zzlajlilklll “'ajsiskslsl /Gl lxiljl ”.xisjsl dx LZ |yllkl “'ylsksl dy’

the summations being as before. By Holder’s inequality

1/s 1/s
/|x,~,,~,-~-x,~,js|2dxs(/ Ixi.j.lzs) (/ Ixi,j,|23>
G] Gl Gl

so that after applying Lemma (4.5) we find

C
trA X X, Zded <L — a: ; Qi 2
/GI)(GZI (gl CZ)( y)| y = d(Q] x Cz)s ZZI j]l|k|I| j313k515|

(tr44*)°.

< -
—d(c1 x¢2)’
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Similarly

/ |tr (¢ ® ¢)(x)|* dx = > Qjiisk Bl itkll! " Akl AL itk! 1,
G ity B30 !
jl ERL 1j5;jl 3o ’j:

Ki s ks k! k!

AR

: /G Xijy X g; ++ Xigj Xy jf Xk Xlyky - Xtk Xk dX

which by Lemma (4.6) simplifies to

2
/GZ IZ Ajiivkyly ** QsishsdsXiyjy " Xigjs Xk * Xk, dx,

where the outer sum isover I} < I, <--- < Iy and J; < J, <--- < Jp, and
the inner sum is over iy, ... , is, /;, ... , [y permutations of {I, ... , I;} and
Jis--- s Jss ki, ..., ks permutations of {J;, ..., Jos}. Again via the triangle
inequality, Holder’s inequality, and Lemma (4.5) we conclude that

2s C *\S
/GltrA(c®§)(x)| dx < PG (trd4*)°*. O

The most important consequence of this result is
(4.8) Theorem. Let G be a connected compact group. Then any partial m-fold
FTR set for G is a A(p) set forall p € (2, ).
Proof. We have seen already (Theorem (4.4)) that such sets are central A(p)
and so it suffices to prove they are local A(p).

In view of the definition, the properties of FTR sets [5, 5.1], and the structure
theorem (Theorem (4.1)) we need only establish the result in the case where

G =[l,c4SU(n,). Let E C G be a partial m-fold FTR set for G, and fix a
positive integer s. Let A(m,s) ={a € A:n, <2ms}, put B=A\ A(m,s),
andlet & =[] 3 SU(n,). Then

sup{d(a):ae OFTRj( II SU(na))} < oo,

j=0 a€A(m,s)
so E is contained in a union of translates of
D={oce€¥%:0<yforsomeyceP,}

by representations of bounded degree, where P,, is as defined in (4.7). By (5.1)
below it follows that E is local A(2s) if D is.

Consider ¢ € D and suppose g <y € Py,. Let trdo € 9,(¥) and choose
U unitary so that UyU* = o @ --- . Then using (4.7) we have

/|trAal2‘ - /|tr(A€BO)UyU*|2S
A2 g

C(s,
= d(y)

C(s,m)

a0 (trAA*)

S )(trlU*(A ®0)U?) =

so that

C(S, m)l/2x

Itr Agllas < (tr 44)1/2 = C(s, m)"/||tr 4o,

and D is indeed local A(2s). O
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Theorem (4.7) also has several amusing corollaries.
(4.9) Corollary. Let ¢ be the self-representation of either U(n) or SU(n) and
let m < n/2. Then any subrepresentation of ¢™ has degree at least O(n™).
Proof. Let ¢ < ¢™ be irreducible, and fix a unitary U so that Ug"U* =

@--- . Applying Theorem (4.7) with 4 = U*(I®0)U , where I isa d(o)xd(o)
identity matrix, yields

trdA* > L/|tra|2
- C(1,m) ’
whence the result. O

(4.10) Corollary. With the notation of (4.9), ¢™ is not self-conjugate.
Proof. If ¢™ were self-conjugate, then

0 # / (tre)?™ = Z / Xigiy ** Xiginy A3

s lam

similar arguments to those in Lemma (4.6) show that each of the integrals in
the sum is zero. O

(4.11) Example. We give the prototype of a family of examples of non-Sidon
sets containing representations of arbitrarily large degree which are nonetheless
A(p) sets forany p € (2, 00). Let & =][,5,SU(n) and let 7, : & — SU(n)

denote the canonical projection. Then E = {A;0m,} C FTR*(%) is A(p) for
every p € (2, oo) (4.8), but by [5, 5.5] E is not even a local Sidon set.

5. EXISTENCE OF CENTRAL A(p) SETS
We collect together some estimates on the A(p) constants for product groups.

(5.1 ALemma. Suppgse G = G, x G, is a product of compact groups and that
E, C Gy, and E, C G,. Then
(i) 'Ip(El x Ep) > np(E1)np(E2),
(i) np(Ey x Ez) > my(Ev)np(E>), and
(ii1) (p(El x Ep) > {p(E ) p(Er) .
For each © € E, choose o, € Gl. Put E = {0, x1:1€ Ey} andlet n =
sup.cg, d(0:). Then

(iv) n,, E) < V2n3y,(Ey),
(v) m( 15)3\/_”3/2 (E2),

(vi) §p(E) < ‘/§n3/2Cp(E2)» and
(vil) in particular, o\ x E, is (local) (central) A(p) if and only if E; is.

Proof. For (i), observe first that 7,(E) = sup{||fll,: f € J&(G), ||fl. = 1}.
Let ¢ > 0 and choose f; € J,(Gj) so that ||fjll2 =1 and ||fjll, > n,(E;) —¢.
Then f(x1, X2) = fi(x1) /a(X2) € T, x£,(G) , and since [ flla = I, 1, (EyxE2) >
1A1p = 1Al AN, > (np(E1) — €)(mp(E2) — €) ; since & is arbitrary, (i) follows.
Parts (ii) and (iii) are proved similarly.

For part (iv) the inequality is trivial if z is infinite, so we suppose n < oo.
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Let n, = d(0:), and consider f =3 p trd.(o. x 1) € Jg(G): we can write

A, = zl e IB(T ® CU’) , where B(t is an n; x n, matrix having a 1 in the

i, j) position and zeros everywhere else, and C¥ isa d (1) x d(7) matrix.
ij

Observe that tng)a,(x,) = o:(x1);; and put Di(x1) = Y7, 0:(x1);i C,gf);

since o.(x;) is unitary its entries have modulus at most 1, so that

ne
tr D (x1) D (x1)* < 2n2 Z tr Ci(;)c;jr)*
i=1
for any x; € G, . Hence
Z tr Dy (x1)7(x3)

118 = / | )

G, 1€
/("p Ey))?

2

p/2
D.(x1)D.(x)*
= (p(E2))? /G| (Z I ()2()1) () ) dx

dxz dx;

p

d)ﬂ

ZtrD X))t

1€k,

1€E;
so that

el C(’)*)/

I1£1lp < 1p(E2)V2 (zz e

t€Ey i, j=1

12
< 1p(Ey)V2n3/? (Z tr A Ay )> = np(E2)V2n3 2| f]2

dlo;xt
TGEz T

and (iv) holds.
Parts (v) and (vi) are proved similarly, and (vii) is immediate from the pre-
ceding parts. O

(5.2) Lemma. Let G be a compact group and let o € G. Suppose 0 ® a can
be decomposed into irreducibles as @ﬁ ym;t;, and that ¢ ® @ decomposes as

EB;.V:] n;jt;. Then ({{(a))* = Zﬁl m? = Zjv i
Proof. Observe that {4(g) = {J(d) = | tro||s, and that
ltrald =/ Itro ® of? =/ Itro @52
G G
now apply [9, 27.31]. O

We now describe all local central A(4) sets on certain product groups. Our
description parallels strongly that for local Sidon sets on product groups given
by Cartwright and McMullen [5, 5.5].

(5.3) Proposition. Let & = [],., G, where each G, is a compact connected
almost simple Lie group of rank [, , and suppose E C % is local central A(4).
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Then there exist a partition A= A; U AU A3 of A, subsets E; C G;, the dual
of Gj=1laeq; Ga (J=1,2,3), and M €N such that
(l) EgEl XE2XE3,

(i) E = {1},

(iii) sup{ly: @ € A2} < oo and sup{d(c):0 € E;} < o, and

(iv) Gs has no exceptional factors, and E; = FTRM~1(G3) UFTRY(G;).

Conversely, any set satisfying (i)-(iv) is local central A(p) forall p € (2, ).
Proof. Choose m > ((J(E))*, and put A, = {a € A4: g, is trivial for every o €
E}. Let Ay={a€ A\ 4,:1l, <max(8, 2m)}, put 43 = A\ (4,U4;), and let
E;j = {(0a)ac4;: (Ga)aca € E} for j=1,2,3. Then (i), (ii), and the first part
of (iii) hold by construction.

It is easy to see that (J((6.)) = [I,(%(0.) and that if d(c) > 1 then
(C(0))* > 2. Since G, is almost simple, d(g,) > | if and only if o, is
nontrivial. Hence each g € E has at most log, m nontrivial components.

Denote by A, = Yk, md; the highest weight of g,. By Lemma (3.2),
0,® 0, contains 24,— joi, 0 < j<my,foreach 1 <k </[,. For j > 0 these
are all distinct, so ({3(0,))* > E;::l m, . In particular, the coefficients m, are
bounded by m; it follows from the Weyl dimension formula [11, Corollary
24.3] that d(a,) < d(md,) = (m + 1)!%:| (where 6, = Yl A, and ®, is the
root system for G, ).

Consider o = (0,)qc4, € E>: it has at most log, m nontrivial components,
each of which has degree at most that of md, ; since /[, < max(8, 2m) it
follows from the classification theorem and [17] that |®;| < max(120, 4m?).
Thus d(g) < (m + 1)max(120,4m*)loesm an (jii) holds.

Lastly, consider ¢ = (0,)ac4;, € E3. Observe that since /, > 8, none of the
G, is exceptional. From Lemmas (3.4) and (5.2) applied to g, , it follows that
m > N, + 1, where N, is the N of Lemma (3.4). If G, is of type B or C
then the coefficients of A, are zero for k > N, and hence for k > m since
I, > 2m the same holds for G, of type D. For G, of type A the coefficients
are zero for N, < k <l,— N, and so for m <k <[,—m. For G, of type B,
C or D we have 4; < 1] for 1 < j<[,—1 (atleast), and for type 4 we have
both A; <A and 4; < (4))=*'~/ for 1 < j </,. Hence in types B, C, and
D we have o, < 1{" where J, = [, km; < m?, since, as noted earlier, the
sum of the coefficients is bounded by m . In type 4 we have g, < A{“ ® (Ay)Ke
where J, = Y5 kmy, Ko = Y5 kmy 41—, and J, + K, < m2. Thus g,
belongs to FTR/(G,) for some j < m?. Further, since ¢ has at most log, m
nontrivial components, it follows that ¢ € FTR/(G3) C FTR/*%(G3) C --- for
some j < m?log, m. If we now choose M > m?log, m and redefine Ej3 to be
FTRM~!(G;) UFTR¥(G3), then (i)-(iv) hold as claimed.

The converse follows from Theorem (4.4) and Lemma (5.1). O

A corollary of Cartwright and McMullen’s result on local Sidon sets is that
tall connected compact groups have the property that every local Sidon set is in
fact Sidon. A similar situation obtains for local central A(4) sets, in startling
contrast to the abelian case:

(5.4) Corollary. Let G be a tall connected compact group and suppose E C G
is a local central A(4) set. Then E is central A(p) forall p € (2, o).
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Proof. Let m : £ — G be the standard structure theorem epimorphism; then
Z is also tall and has the form of Proposition (5.3). Applying (5.3) to Eon
we see that E; must be finite by tallness; thus by Lemma (5.1) and Theorem
(4.4) E, x E; x E3, and hence E, is central A(p) forall p>2. O

We can now give a characterization of the compact connected groups which
admit an infinite central A(4) set; this should be compared with Cartwright
and McMullen’s result [5, 6.2] for Sidon sets.

(5.5) Theorem. Let G be a connected compact group and 4 < p < oo. Then
the following are equivalent:

(i) G has an infinite central A(p) set.
(i) G has an infinite local central A(4) set.
(iii) Either G is not tall, or G is tall and is not a Lie group.

Proof. Clearly (i) implies (ii). Suppose E C G is an infinite local central A(4)
set and that G is tall. Then G is a quotient of & =[] ., G, , with each G, an
almost simple simply-connected compact Lie group. It follows from (5.3) and
(4.2) that & = & x % where %, has no exceptional factors, and (by tallness of
G) % has an infinite m-fold FTR set. In particular, & has infinitely many
factors, so [15, 6.4.5] G is not a Lie group; thus (ii) implies (iii).

Since [12, 2.4] nontall groups admit infinite Sidon sets, to prove (iii) implies
(i) we need only consider the case G tall and not Lie. Then there is an epi-
morphism 7 : ¥ — G where & = [],.,G.; here the G, are as usual and
A is infinite. Since kern is central, there is an epimorphism 7’ of G onto
8 =Z/Z(%) = [lacs Ga/Z(G,). Let A" = {a € A : G, is nonexceptional} ;
by tallness A’ is also infinite. For o € A’ let 7, denote the representation
of G, whose highest weight is A, if G, is of type B, C, or D, or whose
highest weight is A; + 4, if G, is of type A, . Then [17] kert, = Z(G,), so
we may think of 7, as being a representation of G/, = G,/Z(G,). If we denote
by =) : £ — G the canonical epimorphism, then E' = {1,007, :a € A} is
contained in FTR?(2”) and so (4.4) is an infinite central A(p) setin &' for
any p € (2, o), and hence E'on’ is an infinite central A(p) set in G. O

6. EXISTENCE OF A(p) SETS

(6.1) Propesition. Let & = [],., G be a product of compact groups, and let

E C Z. Suppose that each (6,)acq € E has at most one nontrivial factor, and
that for each a € A there is at most one element of E which is nontrivial on
G,. Let p € (2,). Then E is a (central) A(p) set if and only if E is a
local (central ) A(p) set.

Proof. For even integers p the result follows from [1, §5].

Suppose E is a local A(p) set; without loss of generality we may suppose
that E does not contain the trivial representation. Let f =3  pd(d)trd,o €
Te(G); if we put {gy,... ,08} = {0 € E : A, # 0} then we may write
f= Zf‘; yditr A;o; . The special form of the representations in E imply that
{d; trAiai}fi , 1is a collection of independent random variables. Hence, since

[ditrdio; =0, {3} ,ditrA;g;},> is a martingale.
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By Burkholder’s theorem on the square function of the martingale difference
series [4, Theorem 9], there exists a constant C,, not depending on f, such
that

N 12
Il < G <G (Z ||d,-trA,-a,-||f,)

’ i=1
(using Minkowski’s inequality)

N 12
(z |d; tI'AiUi|2>

i=1

N 1/2

< o) (S waolR) = GaREL:

i=1

Thus E isa A(p) set. A similar proof covers the local central case.
The reverse implications are obvious. 0O

(6.2) Theorem. Let G be a compact connected group, and let 4 < p < cc.
Any infinite local A(p) set on G contains an infinite A(p) set.

Proof. Without loss of generality we may suppose that G = T x %, where T is
a connected compact abelian group and & =[] ., G. , with each G, being an

almost simple simply-connected compact Lie group. Each ¢ € G can be written
in the form o7 X (04)ec4, Where or is a character of T and o, € G,, with

only finitely many of the o, being nontrivial. Suppose E C G is an infinite
local A(p) set.

If Eg = {(Oa)aca : 0 € E} is finite then there is t € £ so that orxT€E
for infinitely many o € 7 . It follows from [9, 37.18] that {or € T:orxte
E}, being infinite, contains an infinite Sidon, and hence A(p), set Er. Then
(Lemma (5.1)) Er x 7 is an infinite A(p) subsetof E.

Otherwise, Ez must be an infinite local A(p) subset of & (Lemma (5.1)).
For each 0 = (Oa)acqy € Eg, let A, = {a € A: 0, # 1}, and note that
SUPsck, |4s| < 4log2(C2(Eg)) < oo. If Eg contains an infinite subset Eg so
that the 4,, o € Eg, are disjoint, then by (6.1) E¢ is A(p). Foreach g € Eg,

choose one o7 € T sothat o7 xo € E ; then by Lemma (5.1) {orxo:0 € Eg}
is an infinite A(p) subset of E.

If no E as above exists, then there must be an index oo and an infinite
subset Ez C Eg so that ap € 4, for every 0 € E;. Now (5.3) implies
that there are only a finite number of possibilities for g,,, and hence there
is an infinite subset of E; whose elements agree on G,,, that is, having the
form oy x Ez. By (5.1), Eg is an infinite local A(p) subset in the dual
of &" = [],c4 G« Where A’ = A\ {ao}, and again by (5.1) any infinite A(p)
subset of E¢ will yield an infinite A(p) subset of E. Our construction ensures
that |A4}| = |4g,xs| — 1 for o € E ; if we now repeat the above arguments the
worst that can happen is that we reach the case of an infinite local A(p) set each
of whose elements is supported by a single G, . Since no G, admits an infinite
local A(4) set [6], there is an infinite subset to which (6.1) can be applied, and
we are done. O

(6.3) Remark. Theorems (4.8) and (6.2) bring us close to an analogue of (5.5)
for A(p) sets. The chief obstruction is in determining whether the set E’ in
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the proof of (5.5) is local A(p) when the ranks of the G, are unbounded. The
representations in E’ are less “rank-independent” than those which occur in

FTR
each

or partial m-fold FTR sets in the following sense: the highest weight of
representation in E’ has a weight whose multiplicity increases with the

rank of G, (for example, O occurs as a weight of 4, +4; with multiplicity /, )
whereas the representations in FTR or partial m-fold FTR sets have the multi-
plicities of their weights bounded independently of the ranks of the supporting
groups. We have been unable to determine whether this difference, or any other,
is sufficient to prevent E’ being local A(4).

10.

11.

18.
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