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GENERALIZATIONS OF THE WAVE EQUATION

J. MARSHALL ASH, JONATHAN COHEN, C. FREILING, AND DAN RINNE

ABSTRACT. The main result of this paper is a generalization of the property
that, for smooth u, uyy, =0 implies
(%) u(x,y)=a(x)+b(y).

Any function having generalized unsymmetric mixed partial derivative iden-
tically zero is of the form (). There is a function with generalized symmetric
mixed partial derivative identically zero not of the form (x), but (*) does
follow here with the additional assumption of continuity.

These results connect to the theory of uniqueness for multiple trigonomet-
ric series. For example, a double trigonometric series is the L2 generalized
symmetric mixed partial derivative of its formal (x, y)-integral.

In this paper we introduce some generalized versions of the operator §2/9xdy
and use them to extend the fact that for smooth real-valued functions on R?,
0%f/0xdy = 0 implies that f(x, y) = a(x)+b(y). In §1 we outline our results
and in §5 we explain the connection of this material to the theory of uniqueness
for multiple trigonometric series.

1. INTRODUCTION

The only global C* solutions to the wave equation 8%f/9xdy = 0 are
those of the form

(1) £x, ¥) = a(x) + b0,
(Write
Yy X aZf
fe = [ [ gegss. dsdi+ 0,0+ /0. 3) - 1(0,0)

to see this.) We want to replace the operator 92/0xdy with generalized oper-
ators T which have the property that Tf = 82f/9xdy for every f in C*.
Two such operators are

(2)
Df(x,y):= lim {f(x+h,y+k)—f(X+h};]i/)—f(x,y+k)+f(x,y)}

h,k—0
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and
G) h k h k h k h k
Dsf(x,y):=hl}(n_1’0{f(x+ » YV + )_f(x+ » YV — )4;kf(x_ , Y+ )+f(~x_ YV — )}

In these definitions lim, ,_,, means that the point (4, k) tends to (0, 0)
in such a way that 4 and k are never 0, although the ratios 4/k and k/h are
uncontrolled.

If, motivated by the notion of restricted rectangular convergence, we con-
trol the ratios, then we arrive at two more generalized wave operators. Let
Af(x,y;h,k) and Asf(x,y; h, k) be the numerators of the curly bracketed
terms in equations (2) and (3) respectively. If there is a number s so that for
every M , no matter how large,

Af(x,y;h, k)
Wk s ) =0,

then we say that f has a generalized (x, y)-derivative in the restricted sense
and write D"f(x,y) =s. If A is replaced by A; in equation (4), we call s
the (x, y)-symmetric derivative in the restricted sense and write D f(x, y) =
s. We will see in §2 that all four operators D, Dy, D", and D} agree with
0%/9x0y for sufficiently smooth functions. Another desirable property that
such operators ought to enjoy is that for any decent, say Lebesgue measurable,
function f, we ought to have

4)

lim sup
max{|h|, |k[}—=0 \ 1/M<|hjk|<M

(5) Df(x, y) = 0 everywhere implies equation (1),
and
(6) D, f(x,y) =0 everywhere implies equation (1).

Now (5) does hold [5]. We will give a short proof (§4, Theorem 1) of this below.
However, it will be shown in §3 that a shock wave provides a counterexample
to (6). Thus, to find some truth in (6) we must additionally assume that f
enjoys at least a little goodness (§4, Theorem 2). Theorem 2 is by far the most
difficult, and possibly the most interesting, result in this paper. Proposition 4 of
§3 provides higher-dimensional examples of quite smooth functions on R? that
are not finite sums of functions of d—1 variables despite having the appropriate
symmetric derivative everywhere 0.

Pass now to multiple trigonometric series. For x € R? and n € Z4 | write

nx .= Zf ln~x,~ and |n| := /> n?. If x € R? | we say that a trigonometric

serles S(x) = 5 cpe™ converges unrestrictedly rectangularly at x to s and write
R)S ca emx =5 if limpin(y,} -0 2|n,|<Nj, j=1,...d ce™ =s. For d =2, we
dcﬁnc the formal (x, y)-integral of S(x) to be

L) = (R) Y ise™ + (3 ™) y o+ (32 Gre™ ) x - cooxy.

This is a formal (x, y)-integral of S(x) in the sense that 02/0x0y applied to
the nth term of L produces cpe™ . Say that L has an L% symmetric mixed
partial derivative at (x y) equal to s if

KlAL(x,yih k) P

llm dhdk =0.

4hk
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When this is the case write D; ,L(x, y) for s.
In §5 we will motivate and prove the following two theorems.

Theorem 3. If (R) S c,e™ = s for a fixed x in R?, the rectangular partial
sums are bounded, and the coefficients are bounded, then Ds ;L(x) =s.

Theorem 4. If, for x € R, the Fourier series Y cne'™ satisfies ¢, = o(%), then
the associated function is of vanishing mean oscillation.

The last section makes explicit what remains to be done in order to reach a
uniqueness theorem for multiple trigonometric series based on considerations
of the generalized wave equation.

2. RELATIONS

The relations at a fixed point between varying degrees of smoothness and the
existence of the four generalized mixed partials are exhibited in Figure 1. Take

the fixed point to be 0 = (0, 0). Then f; means %(0), fxy means %{%(0),
and the existence of the second Peano derivative means that there are constants
a, b, ¢ so that
/12 k2
flh, k)= f(0)+ f(0)h + £,(0)k + az + bhk + > +o(h? + k?)

as (h, k) tendsto 0.

Six of the eleven implications shown in Figure 1 are trivial. That 1 implies 4
follows from Peano’s theorem (see [3, Theorem 4]). That 6 implies 8 and that
7 implies 9 follows from the identity

Asf(O;h, k)=Af0; h, k)+Af(0; =h, k)+Af(0; h, —k)+Af(0; —h, —k).

The remaining two implications, 4 implies 7 and 2 implies 6, are Propositions
1 and 2 below.

Of course several other implications between the nodes of Figure 1, such as |
implies 6, follow by concatenation of the implications shown. However, beyond
these, no other implications hold. To show this we will give below seven simple

all 2nd order partial fo £y continuous Df exists D, fexists
derivatives continuous > ) > 1
1 2 6 8
Y Y
all 2nd order partial So [y €Xist
derivatives exist > 5
3
Y Y Y
second Peano derivative Df exists Dy f exists
exists > >

4 7 9
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example functions 4, B, C, ..., G. Their relevant properties are summarized
in the following table:

1 2 3 4 5 6 7 8 9
1
2 F F F
3 FE FE E E E E E
4 D D D D D D
5 F G F F E E E E
6 F C F F C
7 F C F F C 4 A
8 F C F F C B B
9 F C F F C A B 4

Here for example, the G in the (5, 2) position of the table means that the
function G has Gx(0) and Gy,(0) existing (property 5 of Figure 1) but Gy
and Gy, are not continuous at 0 (property 2 of Figure 1 failing). A blank
entry in the table means that the corresponding implication can be read off from
Figure 1. For example, the blank in position (4, 9) means that the existence
of the second Peano derivative at 0 (property 4) does imply the existence of
DI f(0) (property 9). The example functions are

A(x, y) := the characteristic function of {(x, x?): x > 0},
B(x,y):=|xly,
Clx,y):= x|+ 1yl

D(x, y) := y> times the characteristic function of {(x, y): x > 0},
2_ 2

Xy

x2+y?’
F(x,y):=1yl,

G(x,y):= (xzsiné)y, x#0, G(0,y):=0.

To complete Figure 1 we need only confirm that property 4 implies property 7
and that property 2 implies property 6.

E(x,y):=xy xr+y2#£0, E(0):=0,

Proposition 1. Let f: R? —» R have two Peano derivatives at p. Then D’ f(p)
exists.

Proof. We have
fp+(h, k)= f(p)+ fx(P)h + f,(P)k + %hz +bhk + gkz +o(h?* +k?).
Direct substitution into A;(p, #, k) shows that

Ag(p, h) _ 4bhk + o(h* + k?) |
dhk 4hk ’

O(hZhZ k) _ 0(%) +0(%) ~o(1)

if the ratio |7’;-| is bounded above and below. O

but

Remark. Note that the example D(x, y) given above shows that the r in the
conclusion of Proposition 1 is essential.
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Proposition 2. Let f; and fx, be continuous at p. Then Df(p) = fiy(p).
Proof. Pick h and k so small that f, and f;, exist throughout the rectangle
with corners p + (+h, +k). Now fix p and k and set
g(t):=f(p+(t, k)~ fp+(t, —k)) for —|h| <t < |h|.

By the mean value theorem, A(p; 4, k) = g(h) — g(—h) = gx(6h)2h, where
0e(-1,1). Again

&x(0h) = fx(p+ (6h, k)) = fx(P+ (6h, —k)) = fxy(P + (6h, 9k))2k,
where ¢ € (—1, 1). Combining these two results gives

A(p; h, k) = fxy(p; Oh, pk)dhk.

Divide by 4hk and let & and k go independently to (0,0). O

Remark. This proof is well known.

3. SHOCK WAVES

A simple shock wave is the function

1 if |y| > |x|
Sx,y)=4¢0 if|y|=I|x| ¢ =sgn(ly| - |x]).
=1 if || <|x]

If x #y, As(x,y;h,k) is 0 for all small # and k since all four terms
S(x+h,y+tk) are equal; if x =y, considering separately the cases |h| > |k|,
|h| = |k|, and |h| < |k|, shows that As(x,y, h, k) is O for all choices of
(h, k). Hence, D;S(x, y) is identically 0. A function of the form a(x)+ b(y)
is the same function of x, up to a vertical translation, for each fixed choice of
y . Clearly S(x, y) does not have this property.

Proposition 3. There is a bounded, almost everywhere continuous, 2mn-periodic
in each variable function S\(x, y) satisfying (i) DsS\(x,y) =0 forall (x, )
and (ii) S is not of the form a(x) + b(y).

Proof. All we need is a periodized version of the function S(x). For (x, y) €
T?:=(-=m, n]x(-n, n] let S;(x, y):=sgn(|y| - |x|) and complete the defini-
tion of S by extending it to be 2z-periodic in each variable. Direct calculation
of Fourier coefficients shows that

$106, 1) = 2~ e + Lix, ),

where

16 '
L(xyy):=? Z

nZm (mod 2)

——Si i 1 1 + l COS MX COS 1
T on2 — m\m+n m-n V-

m=1
nZEm (mod 2)

COS Mx cos n
m—n2 Y

As with S(x, y) above, a glimpse at the graph of S, shows that it is not of
the form a(x) + b(y) (see Figure 2). That DS, = 0 is shown using the same
case-by-case analysis that was used for S above. O
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S(x, y) L(x, y)

FIGURE 2

Remark. The periodic function L(x, y) also supplies an example satisfying
the condition of Proposition 3. This is immediate since L and S; differ by a
function of the form a(x) + b(y).

Remark. Let F(x,y) := [y [¢ L(s, t)dsdt. The periodic function F pro-
vides a counterexample to a 1974 conjecture of Ash and Welland [4, p. 427].
More precisely,

F(x+h,y+k)-2F(x+h,y)+F(x+h,y—k)
hlikrno —2F(x,y+k)+4F(x,y)—2F(x,y—k) h=2k=2=0,
’ +F(x—h,y+k)-2F(x—h,y)+F(x—h,y—k)

everywhere even though F is not of the form a(x)y + b(y)x + c(y) +d(x).

Passing to higher dimensions, let ¢; = 1 or —1, i = 1,2,...,d, and
let E = E(d) be the set of all 2¢ g’s. Define a coordinatewise product by
egeh:=(ghy, ehy, ..., e4hy). Define n(h):= hhy---hy; and

L Y ece(e)f(x+eeh)
Zaf(x) = lim 7(2h) :
(h)#0
Note that if d = 2, then 2,f(x) = Dsf(x). Observe that for sufficiently
smooth f:RY - R, 99f/0x,0x;---0x,; = 0 implies f(x) = fi(x2, ..., Xq)+
fH(x1, X3, .0y Xg) + o0+ fa(X1, ..., Xg—1). It is easy to see that for suffi-

ciently smooth f, Z,f(x) = (09 f/0x,0x;---0x4)(x). However, we have the
following set of examples.

Proposition 4. For each dimension d > 3, there is a C4—3(R?) function Fy
satisfying (1) ZyF;(x) =0 for all x and (ii) F; is not a finite sum of functions
of d — 1 variables.

Proof. Let
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It is easy to check that F; is C9~3 and that F; has property (ii). We now

show that (i) holds. If Z;L] x; # 0, then F, is infinitely differentiable at x,
so it is immediate that

DyFy(x) = a@zd—mmx) =0.
If Y x; =0, then
d d-2 d
> n(e)F;(0+eeh) =Y n(e) <Z 8,-h,~> sgn (Z s,~h,~)
8E€E ecE i=1 i=1
d_

d 2 d

= % [Z 7[(8) (Z Sih,‘) sgn (Z 8ihi)
ecE i=1 i=1

d-2

+ ) n(-e) (Zdj —s,-h,) sgn (Yi —e,-hi)J

i=1
=0,

since n(—e) = (—1)n(e), (L, -&h)? = (~1)¥"2ATL, eh)?, and
sgn(Z}i, —&ih;) = (-1 )sgn(zﬁ-i=l &;h;) . Consequently, Z;F;(x) = 0 here also.
]

Remark. Note that it is also possible to let 4 = 2 in the above argument,
thereby producing a function similar to S(x, y).

4. POSITIVE DIFFERENTIATION RESULTS

Theorem 1. If Df(x, y) =0 forall (x,y), then there are one-variable functions
a(x) and b(y) sothat f(x,y)=a(x)+b(y).

Remarks. Note that nothing, not even measurability, is presumed about f’s
goodness. The proof given below is not substantially different from Bogel’s
earlier one, but we believe that our shorter presentation will make the ideas
more accessible, at least to readers more comfortable with English than German

[5].

Proof of Theorem 1. Given any rectangle R, with “southwest” corner (x, y)
and “northeast” corner (x + A,y + k), write (R) = Af(x,y; h, k)/4hk.
Let R be quadrasected by a vertical and a horizontal line passing through p =
Ox+(1-0)(x+h), py+(1—-9)y+h)), 0<b6 <1, 0< ¢ < 1. This creates
four subrectangles 4, B, C, D. This proof will be accomplished by exploiting
the simple algebraic equality

|| |B| IC] |D|
7 (R (A 0 0(C)+ =;9(D
(7) (R) = [id(A) + [d(B) + [d(C) + o(D).
This equation asserts that J(R) is a convex combination of d(4), §(B), 6(C),
and (D).

Replacing f by f(x,y)—{f(x,0)—f(0, 0)}—{f(0, )} allows us to assume
that f = 0 on both coordinate axes. Now it suffices to prove that f = 0
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everywhere. Suppose that there is a fixed point (x,y), with f(x,y) # 0.
Without loss of generality, f(x,y)> 0.

Let Ro be the rectangle with corners at (0, 0) and (x, y). Symmetrically
quadresect Ro. Upon setting a := f(x, y)/|Ro|, from (7) we have

a=0(Ro) =46(A)+ 16(B) + 10(C) + $6(D),

say, where Ro=AUBUCUD and |4|=|B|=|C|=|D|= §|R0|. One of the
four d’s on the right side must be > a. Call it 6, and call the corresponding
rectangle R;. Similarly write J; as an average of four J’s and select J, and
R; in the same way. In particular, d,(R;) > a and |R;| = ()?|Ro|. Iterate
this process to produce a shrinking nested sequence of similar (in the sense of
Euclidean geometry) rectangles that rapidly shrink to a point p.

Now quadrasect R; with horizontal and vertical lines through p. Again

apply (7), select a & satisfying § > a, call it J;, and call the corresponding
rectangle R j- (Note that if p lies on an edge of R;, then J; is a convex
combination of only two d’s, the larger of which becomes J;; and if p is in
a corner of R;, then §; is d;.) Then R, C R, so the R;’s also shrink to p.
Since p is a corner of ﬁj , Sj may be written as Af(p; h;, k;)/4hjk;. Then
(8) lim inf6~j >a,

J—0o0

contrary to Df(p)=0. 0O

Remark. The ratio of the side lengths is the same for every R ;. However,
this ratio may be unbounded for the R ;’s so D"(p) = 0 is not contradicted by
(8). Thus the proof of Theorem 3 gives no insight into the question of whether
D'f(x,y) =0 forall (x,y) forces f(x,y) = a(x)+ b(y). Actually, using
very delicate real variable techniques, Buczolich has proved that if

Af(x,y;h, k) _
T

lim
max{|h|, ]k|}—0 \ 171000<|h/k|< 1000

(obviously a far weaker condition than D’ f(p) = 0) for every p, then f(x, y)
=a(x)+ b(y). (To see this, first reduce to a statement like Lemma 1 below in
just the same way as Theorem 2 below is reduced to Lemma 1. The resultant
lemma then follows almost immediately from Theorem 1.1 of [6]. This theorem
asserts that if J is a positive-valued function on a closed rectangle, then there
is a partition of that rectangle into a finite number of rectangles {4;} such that
the eccentricity of each A; is no worse than ,—0'0—0 and such that each A4; has a
corner x; with the disk of radius J(x;) centered at x; containing 4;.)

Theorem 2. If Dsf(x,y) =0 forall (x,y) and if f is continuous, then there
are one-variable functions a(x) and b(y) so that f(x,y)=a(x)+b(y).

Remarks. In one dimension, define lim,_o(f(x+h)—f(x—h))/2h to be the first
symmetric derivative of f at x. Khintchine has pointed out that a continuous
function on R! with an everywhere 0 first symmetric derivative is constant [10,
pp. 215-216]. Theorem 2 seems to be a natural generalization of Khintchine’s
result.
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In one dimension, the characteristic function of a single point has every-
where 0 first symmetric derivative so that some condition similar to continu-
ity is needed. Similarly here in two dimensions, the examples S(x, y) and
F,(x, y) given in §3 show that some condition similar to continuity is needed.

We note that the roof given below cannot readily be extended to dimension
3 or more, since the example F; of Proposition 4 is continuous.

Proof of Theorem 2. 1t is sufficient to prove that A f(x, y; h, k) = 0 for every
x,y,h,and k. Replacing f(x,y) by f(x,y)—{f(x, 0) +f(0 y)—f(0, 0)}
shows that without loss of generality, we may adjoin the hypothesis that f
vanishes on the coordinate axes and then try to show that f vanishes di-
rectly. But then f(x,y) =Af(3,%;%,%) =0. Since A;f(x,y;-, k) and
Asf(x,y; h,-) are both odd functions of a single real variable, it is sufficient
to prove

Asf(x,y; h,k)=0 forevery (x,y) and every positive A
and positive k.

9)

Now fix ¢ > 0, and note that D;xy = (0%/0xdy)xy = 1 so that
Ds(f + exy) = ¢ > 0. By Lemma 1 below, A(f +éexy)(x,y; h, k) >0 for
every (x, y) and every positive &£ and positive k. Fix (x, y), £, and k and
let ¢ — O to get equation (9) with = replaced by >. Then repeat this argument
with f replaced by —f to get equation (9) with = replaced by <. 0O

Lemma 1. Let f: R2 — R be continuous and assume that there is a constant c
such that for every (x,y) in R?

(10) Dsf(x,y)>2¢>0.

Then Asf(x,y; h,k) >0 for every (x,y) and every positive h and positive
k.

Proof. Fix a function f satisfying the hypothesis of the lemma. By a box we
will mean a closed nondegenerate rectangle with sides parallel to the axes. For
abox B:=[a,blx[c,d],let A;B:= f(b,d)+ fla,c)- f(a,d)- f(b, ).
A simple identity that will be used repeatedly in this proof is

If the box B is a finite union of nonoverlapping boxes B;,
(11) then AB = S AB;.
i

For any set A let A° be the interior of A, let 4 be the closure of A4, and
let 34 be the boundary of 4. It is well known that 94 is closed and if A4 is
closed, then 04 is also nowhere dense. We will first show that there is a set .S
satisfying

(12) S is an open set,
(13) S=R?,
and

(14) As;B > 0 for every box B C S.
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Since f is continuous, for each choice of 4 and k,

By = {(x,): Asf(x,y; h, k) >0}
is closed so that, for each positive integer n, the set

Ay = {(x,y):Asf(x,y; h, k) >0 forall (h, k) € (0’ HZ}

_ ﬂ{Bhk: (h, k)€ (0, %r}

is also closed. Clearly 4, / and from assumption (10) we have |J 4, = R?.

Let S := |J(4,)°. Clearly S satisfies (12). Now R? = U4, =
U(4su04,) =SU(Jd4,) and since each 94, is closed and nowhere dense
the Baire Category Theorem asserts that the complement of |JdA, is dense in
R?. Since S contains that complement, (13) follows. To see that 'S satisfies
(14) let B be a box contained in S. Since B is compact it is contained in the
union of finitely many A3’s. But the A4,’s are nested, so that B is contained
in a single A4, . If the dimensions of B are both < % , then A;B > 0 by
definition of A, ; while if B is too large, simply write it as a finite union of
small (dimensions < 1) nonoverlapping boxes and combine the definition of
A, with property (11) to conclude that S satisfies (14).

Now let T be the union of all sets S satisfying conditions (12), (13), and
(14). Obviously T itself satisfies (12) and (13). We now show that T satisfies
(14). Let B be a box contained in 7. Each point in B is the center of a box D
contained in an S satisfying (14). But B is compact, so finitely many such D
cover B. By extending the edges of these D until they reach the edge of B we
may produce a decomposition of B into a finite collection of nonoverlapping
boxes {B;} such that each B; is contained in a D and consequently in an §
satisfying (14). Apply (11) again to see that T satisfies (14).

If T =R?, Lemma 1 is proved. If not, let C be the closed nowhere dense
complement of 7. Then C = |J(4, N C), so by the Baire Category Theorem
some A, contains a portion of C. Let B be a small (dimensions < ;li) box
inside this portion such that B° N C is not empty. We now show that 7 U B°
satisfies (12), (13), and (14), thereby contradicting the definition of 7 and
establishing Lemma 1.

That properties (12) and (13) hold is clear, so let D be a box, D C T UB°.
Then D is decomposable into DN B and a union of at most four other boxes,
each of which is entirely contained in T . Property (14) and hence the desired
contradiction will follow from identity (12) provided we can show that A;D N
B >0. Rename DN B as B and complete the proof by applying the following
lemma.

Lemma 2. Let B be a box which meets the closed nowhere dense set C such
that, for every box B' C B,

(15) B' disjoint from C implies A;B' >0
and
(16) center of B' in C implies A;B' > 0.

Then AsB > 0.
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Proof. For ease of calculation we assume that B is centered at (0, 0) and has
first quadrant vertex (a, b). Let Y be the y-axis. We distinguish three cases.

Case 1: YNBNC =@. For 0 < c < a, let N(c) be the box with vertices
(0, -b), (¢, =b), (c, b),and (0, d). Since YNB and C are disjoint closed
sets, they are separated by some positive distance. Thus, for some ¢’ > 0,
N()NnC = @, and, for any B’ C N(c’), we have A;B’ > 0. Let § =
{c|0 < ¢ < a and A;B’ > 0 for any B’ C N(c) with left edge in Y} and
let T =supS. By the selection of ¢’ above, S # @, and the continuity of f
implies that 7 € S. Suppose that 7 < a and let ¢ := min{7, (a — 7)/2}. We
show that this gives 7+t € S, contradicting the choice of 7. It suffices to show
AsN(t +t) > 0, since the same argument will apply to any box contained in
N(t +t) with left edge contained in Y .

Let 7} be the box with opposite corners (7, —b) and (t+1¢/2,b). If V°n
C # @, pick (x1,y;) € V1 nC closest to the horizontal bisector of V;. Let
B, be the largest box centered at (x;, y;) that is contained in N(7+¢) and let
Bj be the box that has the same right edge as B, , and has left edge in Y. By
(11), AsB; >0 since A;B; > 0 and the left edge of B; isin N(7). Note that
the right edge of B, is contained in the right edge of N(7 + ¢). Now suppose
Ve, (X, k), Bx,and B, k=1,...,n—1, have been selected. We define
box V, = Vy_1\Bu—1. If VY NC # @, pick (xn, yn) € V» N C closest to the
horizontal bisector of ¥V, . Let B, be the largest box centered at (x,, y,) that
is contained in the closure of N(7+17)\ Uz;l' By and let B, be the box that has
the same right edge as B, , and has left edge in Y . If some V°’NC = &, we stop
and obtain a finite sequence of boxes {B,}. Otherwise, the sequence is infinite.
If UB, = N(t +t), then, by the continuity of f, we are done. Otherwise,
N(t +t) is the union of at most four nonoverlapping boxes O;, U;, L;, and
R, , of the following form. (O is for “over,” U for “under,” L for “left,” and
R for “right.”) Observe that {B,} can be split into two disjoint collections
of boxes. The union of the boxes in one collection forms the box O, and
contains the top edge of N(7+¢). The other union similarly forms the box U,
and contains the bottom edge of N(t +¢). Let L, (respectively R,;) be the
portion of N(7+ t)\(O; U U)) to the left (respectively right) of the vertical line
X = 1+t/2. We then have AO; and A;U, nonnegative since each A;B, >0
by (16) and each A;B/, > 0 by (15). In addition, A;B’ > 0 for any box B’ C L,
with left edge in Y ; so, in particular, A;L; > 0. If A;jR, > 0 we are done by
(11).

Otherwise we iterate the process described in the preceding paragraph to
obtain a nested sequence of boxes {R,}, each R, having right edge contained
in the right edge of N(y + t) as follows: having constructed R,_;, perform
the process inside the box L,_; U R,_; with ¥} chosen to be the left half of
R,_.If A;R, >0, wearedoneby (11). Ifforeach n=1,2,..., AR, <O,
then (R, is a line segment (possibly degenerate) contained in the right edge
of N(y+1t), so that A;N(y +¢t) > 0 by the continuity of f.

Applying the same argument to the left half of B and using (11) gives A;B >

Case2: YNB°NC =@. For 0<e<b,let B, be the box centered at (0, 0)
with first quadrant vertex (a, b —¢). We apply Case 1 to get A;B; > 0. Let
¢ — 0 and, by the continuity of f, we get A,B > 0.




68 J. M. ASH, JONATHAN COHEN, C. FREILING, AND DAN RINNE

Case3: YNB°NC #@. Let V; =B and pick (x;, y1) e YNV NC closest
to the horizontal bisector of V. Let B, be the largest box centered at (x;, y;)
contained in V;. Suppose V., (xx, Vx),and B, k=1,...,n—1, have been
selected. We let V, = V,_1\B,-; and pick (x,, y,) € YNV NC closest to
the horizontal bisector of V,. Let B, be the largest box centered at (x,, y,)
and contained in V,. This generates the sequence {B,}, which is finite if
some YNV, NC=2. If B, =B, then A;B > 0 by the continuity of f.
Otherwise, B’ = B\|J B, is a box to which we apply Case 1 or 2. Again, the
continuity of f, along with the fact that A;B’ >0, gives A;B>0. 0O

5. TRIGONOMETRIC SERIES (MOTIVATION)

The cornerstone to the theory of uniqueness of trigonometric series is the
following theorem.

Theorem C (Cantor, 1870). If limy_., Y~ _
then every ¢, =0.

N Cme'™X =0 for every real x,

Many extensions of this theorem have been found and even more have been
proposed. (See, for some examples, the survey paper of Ash [1].) We wish
to focus here on two particular extensions which are in the (long standing)
conjectural condition.

Consider again the multiple trigonometric series S(x) = Y c,e™ and say
that S(x) converges spherically at x to s and write (S)3 c,e™ =5 if

lim inx _ .
Jim Z Cne s

Inj<M
(Compare the definition of unrestricted rectangular convergence given in the
introduction.)
Conjecture SC. If (S) Y cpe™ =0 for every x in R?, then every ¢, = 0.
Conjecture AW. If (R) Y c,e™ =0 for every x in R, then every ¢, =0.

If d =1 both these conjectures reduce to Theorem C and are therefore true.
If d =2, both cornjectures are again known to be true:

Theorem SC (Shapiro [13] and Cooke [7]). If (S) 3_ cne™ = 0 for every x € R?,
then every ¢, =0.

Theorem AW (Ash and Welland [4]). If (R) 3 cpe™ = 0 for every x € R?, then
every ¢, =0.

For higher values of d, essentially nothing is known. Our main motivation
for writing this paper has been our interest in Conjecture AW. A strange fact
concerning the only currently known proof of Theorem AW is that the main
lemma of the proof is (a generalization of) Theorem SC. We would very much
like to find a direct rectangular proof of Theorem AW.

! Added in proof on December 15, 1992: This conjecture is proved in Uniqueness of rectangularly
convergent trigonometric series, Ann. of Math. 137 (1993), 145-166, by J. Marshall Ash, Chris
Freiling and Dan Rinne.




GENERALIZATIONS OF THE WAVE EQUATION 69

We begin our study of Theorem AW by returning to dimension one. One
proof of Theorem C begins by taking S(x) := Y c,e’”* and forming its formal
integral L(x) := cox + 3'(cn/in)e™ . (Here and later the prime means that
all undefined terms, i.e., all terms with 0 denominator, are omitted from the
summation.) [2] Although it is not clear from the hypothesis that the series for
L converges at every x, it can be shown that

(1) the series converges at almost every x,
(2) the limit function, call it L(x) again, is an L? function, and
(3) L(x) has an everywhere 0 symmetric first derivative in the L? sense.
The symmetric L? derivative is a special case of the symmetric approximate
derivative and a recent differentiation theorem asserts that a measurable func-
tion with everywhere 0 symmetric approximate derivative is essentially constant
(i.e., there is a constant to which the function is equal a.e. [8, 9]). Once L(x)
is established to be essentially constant, it is very easy to get all the ¢, = 0.
(This proof is the content of [2].) In summary, the above proof has three major
steps:
I. Choose a formal integral to study.
II. A. Show that some generalized derivative of the formal integral is identi-
cally 0.
B. Show that the formal integral is “good.”
II1. Prove a differentiation theorem that “good” functions with identically 0
generalized derivative have a special form.
Next we try to apply this three step scheme to achieve a new proof of Theorem
AW. Assume that

(17) (R)D cae™ =0 forevery x in R?.

Beginning with step I we choose to study the formal integral.

By limapg, x)—0&(h, k) = s we mean that there is a set E C R? so that
0 = (0, 0) is a point of density (with respect to two-dimensional Lebesgue
measure) of E and that g(h, k) is close to s provided (1) max{|A|, |k|} is
small, (2) neither 4 nor k is 0, and (3) (h, k)€ E.

Say that L(x, y) has a symmetric approximate mixed partial derivative at
(x,y) equal to s and write Dgpf(x,y) =5 if

limapg, ) _o(Asf(x, y; h, k)/(4hk)) =s.

It is an easy consequence of Tchebyshev’s inequality that DgpL(x, y) exists
and Dgpf(x,y) = Ds 2L(x, y) at each point where the latter derivative ex-
ists. Thus Theorem 3 (which will be proved below) achieves step II.A. in the
program listed above. Now if a very good, C?, say, function L(x) satisfies
(02L/9x8y)(x) = 0 at every point x = (x, y), then it is necessarily of the
form a(x) + b(y). If we knew that the function L of Theorem 3 had this
a(x) + b(y) form it would be very easy to finish the direct proof of Theorem
AW.

In short, we need to find a definition of “good” which on the one hand is weak
enough so that from (17) we can infer that L is good, and on the other hand
is strong enough so that all good L(x, y) satisfying Ds; ;L =0 are necessarily
of the form a(x)+ b(y).

Now from (17) the Cantor-Lebesgue Theorem [4, p. 408] implies that the
coefficient of L are 0(7‘,—,). In the one-dimensional situation, the function
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analogous to L has coefficients 0(%) . Just how good the trigonometric series
is whose coefficients are o(1) is the content of Theorem 4.

Proof of Theorem 3. We may suppose that s = 0. Applying A; term by term

to L yields
AsL(x; h, k) sin mh 1 iy (SIDRK
e 0t X o mh ) T 2 ™ (T
/ imx+ny) ((SIRMAY (sinnk
+3 Cmne ( - ) -

The point of the hypothesis that the coefficient be bounded is to justify the
calculation leading to equation (18). In fact, if d,,, are the Fourier coefficients
appearing in (18), then

> |dmnl* log(|m| + 2) log(|n] + 2)

log(|m]| +2| log(|n| + 2)
Ol 2+ 17

(18)

b

so that, by a two-dimensional generalization [14] of a theorem of Kolmogorov
and Seliverstov, Plessner, and Hardy and Littlewood (see [15, vol. II, XIII, 1.8,
p. 162]), for almost every choice of (A, k), L(x + h,y + k) exists and is the
unrestricted rectangular sum of its Fourier series. It follows that formula (18)
holds for almost every (h, k). (Remark. This is the only use we make of the
coefficient boundedness: that the right side of (18) converges in L? to s = 0
will be shown below without reference to the magnitude of the coefficients.
Notice that weaker conditions, such as |c,un| < |mn|%4%%? | would suffice here.)

Write Ago := Coo, Amo := Cmo' ™ + c_moe '™ for m > 0, Aon := cone™™ +
Co_ne~" for n >0,

Amn = Amn(X) = cmnei(mx+ny)

+ c_mnei(—mx+ny) + Cm_nei(mx—ny) + C_m_ne—i(mx+ny)

for both m and n > 0, and s, := Z” -0 Auv . Our hypothesis is now that

(19) (R) > Amn=0 and |sp| <M,

m,n=0

and our goal is to show that

H K_.oHK/ /

We may assume that H and K are (negative) powers of 2 and then decompose

2
sm mh sin nk

-1 —J
f02 02 =3 J I Jf o 2 ,—1 - This shows that our theorem is proved if we
can show

- 2-J
0 2w /2' [ | Amatmmotnk) " dhdk = o(1),
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where g(x) :=sinx/x for x #0 and 4(0) := 1. Sum by parts to get

M,N

ZA,,,,,a(mh)a(nk) = Mhm E Suwlo(uh)Aa(vk)
u,v=0
M

+,lim X(:)S#NAa(uh)a(Nk)
‘u=

N
+,lim VZ_OS,,,,G(Mh)Aa(uk)
+ M}bgmsMNa(Mh)a(Nk)

=1+ 1+ +1V,

where Ag(vh) ;= a(vh) —a((v + 1)h), etc. Clearly IV =0 and II and III are
symmetric so it suffices to treat I and II.

We will do I in detail and leave the easier II to the reader. As soon as M
and N are large enough we may write

20,20 M2’ M,N

Z Z Z + Y + > =tA+B+C+D.

u,v=0  pu,v=0  p4,v=0,241 p,v=2141,0 p,v=2/41,27+1

By symmetry, we need study A, B, and D only. Since |Ag(uh)| < R|h|, where
R :=sup |j“—';a(x)| , we have by virtue of hypothesis (19)

2! 27
|4l = | Y swAc(uh)Ac(vk)
u,v=0
2l 2/ 2l 20
< Rl k] Y ISWI<R22,+, > lswl = o(1).
u,v=0 u,v=0

To study D, write

. __sinuh sin uh
aotuh) = {otun) - b s

_ _sinpgh 2sin 4 cos(u + L)k
p(p+ 1)h (n+ 1A
and similarly expand Ac(vk) to get

h—a«u+nm}

sm,uh sinvk sinuh 2sink £ cos(v + )k
D=3 swi DA vy + TR S S K w T

B Z 2 sin 2 cos(/t + 2)h sinvk
Sy u+1 v+ Dk
N ZSw/2sm 2sin & 3 cos(u + 5 )h cos(v + 5 )k

k u+1 v+1
=:Dy-Dy—-D;+ D,.
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We have

|Dy| =

"g’ ] (sinyh) (sinuk) 1
W\ uh vk ) (u+1)w+1)

pov=2141,2741

1o | ol+J 1Syav | _
|hk|zu(u+l Z ulp+ vy +1) =o(l)

since |s,,| is small on the average and bounded.
To this point we have been making routine estimates and the L? theory has
not been relevant. On the next term we use Parseval’s formula:

2—]
/ D2 dk
2

-J-1

2

n XY 1 U smuh 1
< —_— Syw————— ] pcos v+ =) k| dk
/(; u=§|—l V+1 ;4=ZZ’+I g 'u('u+ ( 2>
T o M _sinph ’
211:2[+l v+ 2 u(u+ DA
But
> S| 1
s Ll oy L
P mp+1) 2

and 1/|h| = O(2!) so that f2 e l|D2| is o} 2o, /(v + 1)2) = o(1/27).
Average in h over [27/~!, 271] to achieve (20) for the portion of the integral
assigned to D, . The estimate for D; is symmetrical to that for D, . Now the
estimate for D, uses the Parseval formula in two variables:

-1 2—1
/ / \Daf2 dh dk
2-1-1 Ja-

h
2 sin 3 2 sin & 2sin 3 Suy

(u+Dw+1)

< sup

s

u,v= 2’+1 27+1

- COS +l h cos u+l
k3 2

m\? IS, | _ i
<(7) X GEmemoem

w,v=2"+1,27+1

2
dhdk

Thus the contribution of D to the left side of (20) is controlled.
Only the term B remains. Here we split into two terms by writing

sinvk  2sin% cos(v + )k
viv+1) k v+1

Ao (vk) =

and show that the terms containing sinvk/v(v + 1) go to O directly while the
other terms are treated by applying Parseval’s formula in the k variable. O
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Remarks. This proof of Theorem 3 follows the proof of a one-dimensional ver-
sion of Theorem 3, due to Rajchman and Zygmund [15, vol. I, p. 324]. If
x€RY, R)X cue™ =5, |sa(x)] < M, and ¢, are bounded, then L(x), the
function obtained by formally integrating once in each variable, has a general-
ized 09/0x,0x,---0x,; symmetric approximate derivatives at x equal to §.
This is clear since it is easy to see that the above proof was not at all constrained
by dimension. All that is needed is more notation.

Proof of Theorem 4. Let b(x) = 3. bye'"*, where nb, — 0 as |n| — oo. Let
T, be translation by y . It suffices to show that
IT,b - bll.:= sup (h, T,b—b)—0
Al ;1 <1
as y — 0 [12, p. 392]. Fix an £ in the unit ball of H! andlet ¢ > 0 be
given. Pick N so large that sup,>y |nb,| < &/2. Then pick y so small that

|1 —e~kv| < g¢/M for every k with |k| < N, where M = sup, |nb,|. Then

(h, Tyb—b) = Y 2 (nby)(1 — =)

h, e
oMot

|n|<N n>N

<ey

The penultimate inequality here can be found in [15, vol. I, p. 286]. Hence
b e VMO.

Remark. To get some sense of the sharpness of Theorem 2, consider the saw
tooth function which is the 2z periodic extension of the function defined as
(msgnx—x)/2 on [-=m, m). This function has Fourier series ) sinnx/n. The
Fourier coefficients just barely fail to be o(%) and the function (just barely)
fails to be everywhere (L?, 1 < p < oo, say) continuous due to the jump at
x = 0. This function provided the motivation for Theorem 2. E. Stein told us
that we could improve our original conclusion of L2 symmetric continuity to
membership in VMO.

hn

n

-2

IN

£
2

h
7"‘ <ellhllm <e.

Remark. In particular, a function whose Fourier coefficients are 0(%) 1s sym-
metrically continuous in the L? sense, 1 < p < oo, and in the approximate
sense, at every point.

Proof. Fix any point x,let I :=[x —h, x + h] and b; = 7‘5 f,b, and apply
the triangle inequality to get

1 h 1/p
(E /h b(x + 1) — b(x — 1) dt)

1 h 1/p 1 h t/p
—_— _ 14 _ _ _ p
< (2h /_hlb(x+t) bl dt) + (2h /_h by = b(x — 1)| dt) .

By the definition VMO, both of the integrals on the right tend to 0 as 4 tends
to 0, so that b is symmetrically L? continuous at x. This always implies
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symmetric approximate continuity because of Tchebychef’s inequality. For an
alternative proof of the fact that having o(1) Fourier coefficients forces a func-
tion to be symmetrically approximately continuous see Rajchman and Zygmund

[11].

6. FUTURE DIRECTIONS

In view of Theorems 2, 3, and 4, there seems to be real hope for at least an
honestly rectangular proof of uniqueness in two dimensions. For example, the
following pair of conjectures coupled with Theorem 3 would do the job.

Conjecture 1. If (R) Y. c,e™ =0 for all x in R?, then L(x) is of vanishing
mean oscillation.

Conjecture 2. If Dg,L(x) = 0 for all x = (x,p) in R? and if L(x) is of
vanishing mean oscillation, then L(x) is essentially of the form a(x) + b(y).

The one-dimensional proof of uniqueness in [2] relied on a generalization
[8, 9] of the property that for smooth f, f’ = 0 implies that f is con-
stant. As mentioned in the previous paragraph, the next goal is a sufficiently
broad generalization of the fact that for smooth f, 0%f/0x8y = 0 implies
that f(x,y) = a(x) + b(y). Ultimately we will need a sufficiently broad gen-
eralization of the fact that for smooth f, 99f/0x,0x;---0x4 = 0 implies
f(x) = filxz, ..., xq) + fa(x1, X3, ooy Xg) + -+ fa(x1, ..., X4-1). Such a
result would provide a reductive proof of Conjecture AW of §5.
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