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THE NUMBER OF IRREDUCIBLE FACTORS OF A POLYNOMIAL. I

CHRISTOPHER G. PINNER AND JEFFREY D. VAALER

ABSTRACT. Let F(x) be a polynomial with coefficients in an algebraic number
field k. We estimate the number of irreducible cyclotomic factors of F in
k[x], the number of irreducible noncyclotomic factors of F, the number of
nth roots of unity among the roots of F, and the number of primitive nth
roots of unity among the roots of F . All of these quantities are counted with
multiplicity and estimated by expressions which depend explicitly on k , on the
degree of F and height of F, and (when appropriate) on n. We show by
constructing examples that some of our results are essentially sharp.

1. INTRODUCTION

Let k be an algebraic number field and F(x) a polynomial in k[x] with
degree 9(F) and F(0) # 0. We consider the problem of estimating the number
of irreducible factors of F in k[x] in terms of 9(F) and of the height of
F. We write H(F) for the absolute homogeneous height of the vector of
coefficients of F and define this precisely in (2.3). In the present paper we
count irreducible factors of F with multiplicity. In a later paper of this series
we give estimates for the number of distinct irreducible factors, that is, we
count irreducible factors without multiplicity. Both of these problems have
been studied in the case kK = Q by Schinzel [11, 12] and Dobrowolski [7]. As
is clear from their work it is natural to give separate estimates for the number
of cyclotomic factors and for the number of noncyclotomic factors.

Let ®,(x) in Z[x] denote the nth cyclotomic polynomial. We assume that
®, factors in k[x] as
d(k;n)

(I>,,(x)= H q)n,s(x)a
s=1

where each factor ®, ; is monic and irreducible in k[x]. If {, is a primitive
nth root of unity then each factor ®, ; has degree [k({,): k]. As Q({,)/Q is
Galois we have

k] = : ___oem)
(1.1) (&) : 1= [Q(n) -k N QUG = prrngmy—on

It follows that
(1.2) O(k;n)=[kNnQ(¢):QI<[K: Q],
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where k' C k is the maximum abelian subfield of k. Indeed, d(k’'; n) =
d(k; n) since each factor ®,  (x) occurs in k’[x]. Next we suppose that
F(x) factors into irreducible polynomials in k[x] as

oo d(k;n) I
(1.3) {H [I @ns(x)tmo {Hfi(X)"'(")} -
n=1 s=1 i=1
Here e(n,s) > 0, m(i) > 1, and fi(x), i =1,2,...,1, are distinct, ir-
reducible, noncyclotomic polynomials in k[x]. There will be no loss of gen-
erality if we assume that F is monic and hence that each f; is monic and
has 8(f;) > 1. Of course e(n,s) = 0 for all but finitely many pairs {n, s},
1 < s <d(k; n). Thus the total number of cyclotomic factors of F counted

with multiplicity is Y ;o 12"(" M e(n,s), and the total number of noncyclo-

tomic factors counted with multiplicity is Y°i_, m(i). Obviously we have the
trivial bound

oo O(k;n)
(1.4) YN en,s +Zm(z)<6(F)

n=1 s=1
and in general nothing more can be sald. However, if 0(F) is large compared
with log H(F) we may expect to obtain sharper bounds. In this regard it will

be convenient to set
- - O(F)
r=r(F)= max{logu(F) , 3} ,

where v(F) is defined in (2.3). The quantity v(F) is technically more conve-
nient for our purposes than the height of F . In fact we have

log H(F) < log v(F) < 2log H(F)

so that the two are interchangeable in some of our results. We note, however,
that our bounds (1.7) and (1.8) contain constants which require us to use v(F).
Also, we let &; denote an algebraic number which is a root of f;.

Our main result is a system of five inequalities which give upper bounds
for certain sums containing the multiplicities e(n, s) and m(i). Here and
throughout this paper the constants implied by the Vinogradov symbol <« are
absolute and computable constants. In particular they do not depend on the
field k. In two of our bounds a nontrivial field constant c(k) occurs. This is
defined by

o]

c(k)=}£ggoX“ > 6(k;n)
k(G - k1<
(1.5)
_ 1 d(k; D*¢(J/1)
-1+ 757) L=
20

where J = J(k) = min{j > 1: k' C Q({;)}. Of course the integer J is finite
by the theorem of Kronecker-Weber. In particular we have
£(2)¢3)

¢(6)

c(@Q) =
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and more generally there is the upper bound

2¢33) . ,
(16) et < 5 min{lk': @1, (1K : 1, 7},
where 7 is the divisor function. We prove the identity (1.5) and the estimate
(1.6) in Lemma 12.

Theorem 1. Let F(x) in k[x] satisfy F(0) # O and factor into irreducible
polynomials in k[x] as in (1.3). Then the multiplicities of the irreducible factors
of F satisfy the following five inequalities:

For every € >0 and r > ry(e),

) d(k;n) 12
W Satkin S e < 1+ oo (A2080)"
n=1 s=1

forevery ¢ >0 and r > r (e, k),

oo d(k;n) 1/2
(1.8) Y en,5) < (1+€)a(F) (M) ,

n=1 s=1

L (logr)3
(1.9) > m(DIk(E) : Q)T < OBk : Qs

i=1

Jor each positive integer n<r,
a(k;m) ny1/2
(1.10) > Y em, )0@n0) <0F) (5)
mjn  s=1 :

and for each integer n such that ¢(n) <r,
(1.11)

s o(n)\"? loglog 20n v
Z e(n,s)0(¢n,s)<<6(F) (—r—> 1+ ____).

po log (rlgg ;an)zon

As will be shown by examples which we give in §4, the bounds (1.7) and (1.8)
are essentially sharp. In case kK = Q these bounds coalesce. In this case they
were obtained by Schinzel [12, Theorem 2] but with an extra factor of loglogr
on the right-hand side. The constant

1/2
(@2 = (%g”) =1.39412--.

which occurs in (1.7) and (1.8) when k = Q may not be best possible. However,
we will show that it cannot be replaced by a constant smaller than

1/2
% =1.299038--- .

More generally, let L be a positive integer, L #Z 2 mod 4, and set
K_{ZL if L=1or L=3mod4,

(1.12) L ifL=0mod4.
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If k=Q(¢L) then J(Q({r)) =L and

1/2
2 Z LS Ly (LY (L )7
(1.13)  ¢(Q(¢L) { Z(6) H (1 p2> (1 + p(p — 1)) .

plL

In this case we will show that the constant given by (1.13) and occurring in (1.8)
cannot be replaced by a constant smaller than

(5) " 1(-5).

plK

It may be of interest to note that the ratio

w0 - {5

plK
27¢(6) '
> {—16“2){(3)} =0.9317917--- .

The inequality (1.9) sharpens a result of Dobrowolski [7, Theorem 2], who
also considered the case k = Q. In fact our result simply reflects a more efficient
use of Dobrowolski’s lower bound for the height of a nonzero algebraic integer
which is not a root of unity.

The inequality (1.10) bounds the total number counted with multiplicity of
nth roots of unity among the roots of F. In a similar manner (1.11) gives
a bound on the number of primitive nth roots of unity among the roots of
F . Both of these results follow from slightly stronger but more complicated
inequalities which are sharp except for a precise determination of the implied
constants. We give further examples in §4 to indicate this. In the case k =
Q Schinzel [12, Theorem 2] has shown that the maximum multiplicity of an
irreducible factor is « 9(F)r—!/2. Our inequalities (1.9), (1.10) and (1.11)
give more precise information and plainly imply Schnizel’s bound.

2. INEQUALITIES FOR POLYNOMIALS

In this section we develop some of the main tools which we use to establish
Theorem 1. At each place v of the number field k we write k, for the comple-
tion of k at v, k, for an algebraic closure of k, , and Q, for the completion
of k,. As is well known, the field Q, is then complete as a metric space and
algebraically closed. Also, we introduce two normalized absolute values | |
and || ||, on Q, which are related by

dy/d
o = Il l10/9,

where d = [k : Q] and d, = [k, : Q] is the local degree. If v|oo then
Il l, restricted to Q is the usual Archimedean absolute value. If p is a prime
number and v|p then | ||, restricted to Q is the usual p-adic absolute value.
Let

L L
(2.1) Fx)=Y ax'=a.[[(x-a)
I=1

1=0
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be a polynomial in Q,[x] and not identically zero. We define the local Mahler
measure of F to be u,(F) where

L
(2.2) log uy (F) = loglarly + Y _ log* oy .
=1

We define the local height of F by

H,(F) = m1ax|a1|,,, if v{oo,

and

L dy/2d
H,(F) = {Z ||a,||,2,} , if v|oo.
1=0

There is a third local measure of F which we require and define by
vy(F) = sup{|F(2)|y : z € Q, and |z|, = 1}.

Now suppose that F is given by (2.1) but has its coefficients in k and hence
in Q, for all places v of k. In this case we define the global Mahler measure
u(F), the global height H(F), and the global measure v(F) by

23) wF)=][wF), HE)=][H(F), and »(F)=][[wEF)),

respectively. It can easily be shown that in each of these products only finitely
many factors are different from 1. Because of the way we have normalized
our absolute values | |, and || ||, , the global quantities x, H and v do not
depend on the number field k& which contains the coefficients of F. Thus we
may regard them as positive real valued functions defined on the not identically
zero polynomials in Q[x]. For completeness we set u(F) =v(F)=H(F)=0
if F is the zero polynomial.

If F is a monic, irreducible polynomial in Q[x] then by a result of Kronecker
we have u(F) = 1 if and only if F(x) = x or F(x) is cyclotomic. If F is
not x and not cyclotomic then it is known that log #(F) can be bounded away
from zero by a positive quantity which depends only on the degree of F. In
fact, Dobrowolski [7] has shown that if F is not x and not cyclotomic then

. loglog L 3
(2.4) mm{l,( Tog L ) }<<logu(F)

where L = 9(F) is the degree of F . Simpler proofs of (2.4) have been given
by Cantor and Straus [5], Rausch [10] and Louboutin [9].

We now give several basic inequalities which relate the local and global func-
tions we have defined on polynomials. It will be useful to define

L
NF)= )1,
1=0

a,=;éO

so that N(F) is the number of nonzero coefficients of F .
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Lemma 2. Let F be a polynomial in Q,[x] which is not identically zero. If
v{oo then

(2.5) ho(F) = Hy(F) = vy (F),

and if v|oco then

log H,(F) ~ %2(F) log 2 < 1og 1, (F) < log Hiy(F)
(2.6)
<logv,(F) <logH,(F) + ;—1(3}— log N(F).

Moreover, if F isin k[x] we have

(2.7) logH(F) <logv(F) < 2logH(F).

Proof. Let F be given by (2.1) and v { co. Then u,(F) = H,(F) by [3,
Lemma 2]. The ring &%, = {z € Q, : |z|, < 1} has maximal ideal #, = {z €
Q, : |z, < 1} and the index of .#, in %, is infinite. It follows that there
exists zp in &, , |zol, =1, such that

L L
1120 — aslo = [] max{1, |eulo} -

I=1 I=1
Then we have

Ho(F) = |F(20)lv < sup |F(2)| =w(F) < max|aly = Hy(F),

Zly=

and (2.5) follows immediately.
If v|oo then

log Hy(F) ~ 92.(F) log 2 < 10g 1 (F) < log H(F)

as in [3, Theorem 1 and Lemma 2]. Let %, = {z € Q,:|z|, = 1} be the
compact group of units in Q, and let m, denote a Haar measure on the Borel
subsets of %, normalized so that m,(%,) = 1. Then by Parseval’s formula
and Cauchy’s inequality,

dy/2d
Hy(F) = { [ uF(z)usdm,,(z)} < vy (F)

L
Za,z’

dy/d L dy/2d
< {Z llazllﬁ} N(F)%/.
1=0 v 1=0

This establishes the remaining inequalities in (2.6).

= Ssup
|z]y=1

If F is a polynomial in k[x] we have
log H(F) < logv(F) < log H(F) + 1 1og N(F)
from the local estimates already proved. We now show that
(2.8) llog N(F) < log H(F)
and thereby establish (2.7). By the product formula,

N(F) =12:; (H |a:|?,) < {gﬁvw)z} {[Z:; (E[o sazls) } :
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Since Zv]oo dy/d = 1 we may apply Holder’s inequality to obtain

XLj (H |a1|3) <II (}i‘ 1a1|5"/"")ddd

1=0 \v|oo v]oo

=11 (Z naznz)w =[] H.(F)*.

v|oo v|oo

Now (2.8) follows by combining these estimates.
Again we suppose that F in Q,[x] has the form (2.1). If n» > 0 is an integer

we write
D(n) — (an-1 ( d )n
= (n) dx

for the corresponding differential operator and note that

{DMF}(x) = Za,() xtn.

Lemma 3. Let F be a polynomial in Q,[x]. For each nonnegative integer n
we have
v,(DMF) < v(F) ifvico,

and
L\ dld
wDF) < (L) nF) ifoleo,

where L = 8(F) is the degree of F .
Proof. If v{oo then

vy(DWF) = Hy(D™F) = max

(1)
a
n<I<L v

< max |ajly = Hy(F) = vy(F).

0<i<
If v|oo then by a well-known inequality of Bernstein (see [15, Vol. II, p. 11])
(2.9) vy(DWF) < L%/4y,(F).

The general result now follows easily by an n-fold application of (2.9).

Lemma 4. Let F be a polynomial in Q,[x], n a nonnegative integer and & €
Q,. If vtoo then

(2.10) HD"MFY(E)lo < vo(F)max{1, [&],}F7",
and if v|oo then

dy/d
@y RN <w(F)(5) T max(t, .

where L = 8(F) is the degree of F .

Proof. 1t plainly suffices to prove the result for » = 0 and then the general case
follows from the previous lemma. If n =0 and v { oo we have

IF(Sly < olglingalé’Iv < Hy(F)max({1, [£lo}* = vy(F)max{1, o }*.
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Now suppose that n =0, v|oo and |€|, < 1. Then
|F(S)lv < sup |F(z)|y = vy(F)
|z|s<1

by the maximum modulus theorem. If n =0, v|oo and 1 < ||, we have

L
Y g s|¢|5(sup Y azt! )
1=0 v |zlo=1 v

again using the maximum modulus theorem. But

Zalz Za,z

=0

IF(&)lo = €Iy

sup =1 (F),

|z]y=1

= sup
|z]y=1

which completes the proof of (2.11).

Next we suppose that F and G are not identically zero polynomials in
Q,[x], v{oo, with F given by (2.1) and

M
(2.12) G(x)=bm [[(x—Bm),  bu#0.

m=1

If y € Q, we set

O(F, )= Z L,
al?é}’
and similarly for 9(G, y). Then we define

L M
Z(F,G) =Y (G, ar)log" |asly + Y (F, Bm)108" | Bl

=1 m=1
L M
- Z Z log|a; — Bmlv -
=1 m=1
Bm#oy
Obviously .%, is a symmetric function of its polynomial arguments and
(2.13) Z(YF, G)=Z(F, G)

forall y #0 in Q,. In view of the inequality

log|a; — Bmly < log(max{|ayly, |Bmlv}) < 103+ oy + 103+ |Bmlv 5

we have

(2.14) 0<ZA(F, G).

Also, the additive identity

(2.15) Z(F\F, G)=%(F, G +%(F,G)

~ is easily verified.
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Lemma 5. Let F and G be not identically zero polynomials in Q,[x], v too.
If F and G have no common zeros in Q, then

(2.16) Z(F, G) = 8(G)log Hy(F) + 8(F)log Hy(G) — log | Res{F , G}|v,

where Res{F , G} is the resultant of F and G. If F has no multiple zeros in
Q, then

(2.17) Zy(F , F) = (20(F) — 2)log Hy(F) — log| Disc(F)|» ,
where Disc(F) is the discriminant of F .

Proof. If F and G are given by (2.1) and (2.12) and have no common zeros
then

L M
Z(F,G) = 6(0){loglaL|v + Zlog+|azlu} + B(F){logIlev +) 10g+|ﬂm|v}

I=1 m=1

L M
- {a<G> loglazl, + & (F)log byl + 3 3 log|ay - ﬂmlv}

I=1 m=1

= 0(G)log uy(F) + 0(F) log 4y (G) — log | Res{F , G}y .

Now (2.16) follows from (2.5).
If F has no multiple zero we derive (2.17) in a similar manner using

L L
(20(F) - 2)loglarly + »_ Y logla; — am|y = log| Disc(F)l, .
=
Let F and G be not identically zero polynomials in k[x]. Then % (F, G)
is defined for all finite places v of k. If we factor F and G into prod-
ucts of irreducible polynomials in k[x] then (2.15) and Lemma 5 imply that
Z,(F, G) =0 for all but finitely many v. We therefore define

Z: (k[x]\ {0}) x (k[x]\ {0}) = [0, o0)

by

Z(F,G) =Y %(F,G).

vtoo

It is clear that % satisfies the three elementary conditions (2.13), (2.14) and
(2.15) which already hold for each .%,. If F and G are not identically zero
polynomials in Q[x] we may compute .#(F, G) with respect to any number
field k containing the coefficients of F and G. Because of the way we have
normalized the absolute values | |, , the value of Z(F, G) is independent of
our choice of k. Thus we may regard . as a map,

Z: (Qlx]1\ {0}) x (@x]\ {0}) = [0, 00).

Theorem 6. Let F and G be not identically zero polynomials in Q[x]. If
g € Z(Q/Q) is an automorphism of Q then

(2.18) F(F,G)=FX("'F, 67'G).
Proof. Let K be a number field which is a Galois extension of Q, v a finite
place of Q, and Vx , the set of places of K which lie over v. Recall that
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the Galois group Z(K/Q) acts on Vg , (see [14, §1]). More precisely, if
w € Vk,», and 7 € F(K/Q) then tw € Vk , is the place determined by the
map y — ||t7!y||w on K, which is easily seen to be an absolute value. In fact
the map y — ||t !y||y is already normalized so that

(2.19) I7llew = 17" Pl

for all y € K. This is so because both sides of (2.19) plainly equal ||y||, when
y 1is restricted to Q. For a Galois extension all local degrees over a fixed place
are equal. It follows that |y.,| = |t~ !y|, forall y € K. In particular, if y # 0
then

(2.20) Y loglylw= ) loglplw= Y log|t™'p}w,

weVy weVx y weVk y

and similarly with log replaced by log* . If we select K so as to contain the
coefficients and roots of F and G, if we select 7 € Z(K/Q) to be the restriction
of ¢ to K, then (2.18) follows easily from (2.20).

The main inequality which we require for .# is the following upper bound.

Theorem 7. Let F and G be polynomials in k[x] having positive degree. Sup-
pose that G is irreducible and that G¢||F, that is, e > 0 is an integer and is
the highest power of G which divides F . Then

(2.21) Z(F,G)<(8(F)—e)logu(G) +8(G)logv(F) + 8(G) log (a(:)) .
Proof. We may assume without loss of generality that F and G are monic.
Let K be a finite extension of k in which F and G split completely as in

(2.1) and (2.12), respectively. For each fixed integer m, 1 < m < M, we may
write F as

L-e
F(x)=(x=Bm) [[x=2,m),
=1
where Bm # 71.m for [=1,2,..., L —e. It follows that

L—e
(DOF)(Bm) = [[(Bm = v1,m)-
I=1

By our previous remarks we may compute .2 using places w of K. Then
applying the product formula in K we have

(2.22)
Z(F, (x = Bm))
L-e L-e
= Z {Zlog+ 171, mlw + (L — €)10g" | Bm|w — Zlogm,,,, - ﬂm|w}
wioo \ I=1 I=1
L—-e
=2 {Zlos* 171, mho + (L — €) log* Iﬂmlw} + 3" 10g|(DF) (Bl -
wioo \ /=1 w|oo
It is trivial that

L—e

(2.23) S l0g" v, mhe < ) log u(F) = Y logvw(F).
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Applying (2.11) we find that

Y 1og|(DF)(Bm)lw
w]|oo

< > loguy(F)+ Y (L -e)log" |Bmlw +log (5) :

w|oo w|oo

Combining (2.22), (2.23) and (2.24), we conclude that
225 FF, (x= ) < (L-) Y 10g" Bl +logu(F) +log ;).

(2.24)

Finally, we sum both sides of (2.25) over 1 < m < M to obtain the inequality
(2.21).

Lemma 8. Let ®, denote the nth cyclotomic polynomial. If 1 < m < n then

m)A(n/m) ifmin,
(2.26) L (O, D) = { g( WAlnfm) ifm'{n,
where A is von Mangoldt's function. For m = n we have
(2.27) Z(®n, ®n) = p(n)logn =Y p(n/DA().

Iln

Proof. Using (2.16), (2.17) and the product formula in Q we find that
(2.28) Z (@, ©,) = log|Res{Dy , Pn}oo
if 1<m<n,and
(2.29) Z(®,, D,) = log | Disc{®,}|oo -

Here | | in (2.28) and (2.29) is the usual Archimedean absolute value on Q.
Explicit formulas for the resultant and discriminant of cyclotomic polynomials
were derived by E. T. Lehmer [8] and, more simply, by T. Apostol [1]. These
formulas lead immediately to the identities (2.26) and (2.27) in the statement
of the theorem.

We are now in position to prove some basic inequalities for the multiplicities
of the irreducible cyclotomic factors of a polynomial. If F(x) factors as in
(1.3) we write

d(k;n)
(2.30) a(n)=d(k;n)™" > e(n,s)
s=1
for the average multiplicity of the cyclotomic factors ®, s, 1 <s<d(k;n).

Theorem 9. Let F(x) in k[x] satisfy F(0) # O and factor into irreducible
polynomials in k[x)] as in (1.3). Then for each positive integer n we have

Y a(m)p(m)A(n/m)
mn
(2.31) +a(n) Yy _{p(n) — p(n/m)}A(m) + ¢(n) Y a(In)A(l)
min I=1
gy 30(F)
< p(n)logu(F) + p(n)d(k; m)~' 3 e(n, 5)log (e(n, s)) ,

s=1
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where Y fik,;") indicates a sum in which terms with e(n, s) =0 are omitted.
Proof. From Theorem 6 it is clear that .#(®,, , ®,) is constant for 1 <s <
d(k; m). In particular

L(®m, Pp) =6(k; m)L (P, s, Pn)

for each s, 1 < s < d(k; m). Using the additivity and nonnegativity of &
we obtain the lower bound

Z(F, %)—Z Z e(m, $)Z( ms,cb,.)+2m<z (fi> @)

=1 s=1 i=1

> Y a(m)L (Opm, On).

m=1

8

Using the identities (2.26) and (2.27) we find that .Z(F, ®,) is bounded
from below by exactly the expression on the left-hand side of (2.31).

Next we apply Theorem 7 to establish an upper bound for Z(F, ®,). Since
log u(®,,s) =0 we have

d(k;n)
Z(F, 0= Y ZL(F,®)
s=1
d(k;n)

5 {000, 10806) + 00,108 27 )}

= e(n,s)

IA

d(k;n) c')(F)
. -1
¢(n)logv(F) + ¢(n)d(k; n) g log (e(n, s)) '

Finally, for e(n, s) > 1 we use the inequality

(1) e (32

for binomial coefficients (see [4]). The result follows by comparing the lower
bound and upper bound for .Z(F, ®,).

Next we derive an inequality which will be used in our proof of (1.10). If
n > 1 is an integer and p is a prime number we set

T(n,p)={np/m: minand p{m}.

Theorem 10. Let F be as in Theorem 9 and let p be a prime number. Then
for each positive integer n we have

(2.32) (logp) 3" a(m)p(m) < nplogw(F)+ ¥ a(t)(o(t)log(6a(F)),

mn teT(n,p) npa(t)

where 3 1c1(n,p) indicates a sum in which terms with a(t) = 0 are omitted.
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Proof. Let b(n) be the expression on the left-hand side of (2.31). For each
positive integer ¢ we have

Y obw) =Y awem) Yy A(m)+ a(u)p(u)logu

ult ult m|L ult
+)° > a(luyp(w)A(l) - Z Z a(lm)p(m)A(l)
(2.33) I=1 ult I=1 rlnml}
= (log?) Y a(we(u) + Y_ > a(lu)p(w)A(l)
ult I=1 ;:;l{tt
It follows that
(2.34)
Yo b= b - b
teT(n,p) ulnp uln
= (lognp) Y a(u)p(u) — (logn) 3" a(u)p(u)
u|np uln
+ 3 a(lwe@Ald) - > a(lu)p(u)A(l)
= i =
=(lognp) Y a(t)p(t) + (logp) Y _ a(m)p(m)
teT(n,p) m|n
+E S atwewA) =Y Y alwe@Ad).
= u{nu,l;:ﬁnp = Iu{nullnulnp

In order to obtain a lower bound for this expression we discard the third sum
on the right of (2.34) and note that the fourth sum is

—Z Y alwewA) = - Y a®)Y e@t/DHAQ)

=1 uln teT(n,p) )t
lutn | lu|np pll

—(logp) > a®>_ e(t/p%)
(2.35) €T(np) Pl

-(25) X et

teT(n,p)

—(log2) Y a)e().

teT(n,p)

v

Thus we have

236) Y b2 (0g(2)) X ae(®)+(logp) Y a(m)e(m)

t€T(n,p) teT(n,p) min
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by combining (2.34) and (2.35). For an upper bound we use (2.31), the con-
cavity of the logarithm and the simple identity

> ot =ne).
teT(n,p)
In this way we find that
(2.37) 3 b() <np)logu(F)+ 3 a(t)p(t)log (

teT(n,p) teT(n,p)

30(F)
at) )~

Now the lower bound (2.36) and the upper bound (2.37) may be taken together
to establish the inequality (2.32) in the statement of the theorem.

Our proof of (1.11) requires a simple variation of Theorem 10. Here it will
be convenient to define p(n) for n > 1 by

pln) = exp {Z el }

pin

so that
> o(n/m)A(m) = p(n)log p(n).

min

Theorem 11. Let F be as in Theorem 9 and let p be a prime number. Then
Jor each positive integer n we have
3p(np)o(F )}
2.38 logpla(n)e(n) < p(n)plogv(F) + a(n n lo{— ,
(2.38) (logp)a(n)p(n) < ¢(n)plogv(F) + a(np)p(np)log npa(np)
where the second term on the right of (2.38) is omitted if a(np) =

Proof. As before let b(n) denote the expression on the left of (2.31). By dis-
carding obviously nonnegative terms we obtain

(2.39) b(np) > a(n)p(n)(logp) + a(np)¢(np)(log np) — a(np)p(np)log p(np).

If a(np) = 0 the result is now clear. Otherwise we use the concavity of the

logarithm to conclude that

(240 b(w) < plnp)logw(F) + a(np)o(np) log

The inequality plainly follows from (2.39) and (2.40).
Next we establish (1.5), (1.6) and a related identity.

Lemma 12. Let k' C k be the maximum abelian subfield of k and define
J =J(k) by

6(F)}
a(np)

J(k) = min{j > 1: K’ € Q,)}-
Then we have
(2.41)

= 1

N o (ks ’o(1)
Jim x=t 3 dksm) = H(”p(p—l)) > o

n=1 p
[k($n) : kI<X pJ

nJ
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Moreover, if c(k) is the value of the limit in (2.41) then

[e 0]

(2.42) Jim X2 2.‘1 o(n) = %c(k)
[k(Cn) : KI<X

and

(2.43) c(k) < C(zzg” min{[k’: Q, ©(J)[k': Q], J},

where T is the divisor function.
Proof. We begin by determining the asymptotic behavior of sums of the form

YX;J,m)= Y 1, mlJ.
¢(71)=le
(n,J)=m
Following a method of Bateman [2] we write
#(X;J,m)=Y u(n;J,m),
n<X
where
e o)
u(n; J, m) Z
I=1
p()=n
(I, 1=
and consider the Dirichlet series

doulns J, mn~* = {H(l +0(0)™ + 9P~ +-~-)}

n=1 ptJ

IT 0@ =3 S T (0 @)~ + @)~ +---)
7 PP\
pPlim pPllm

B<a

(2.44)

= {H(l +@-1701 —p“s)‘l)} p(m= ¢ [J(1-p~)~"

J plJ
Pt
={(s) {1‘[(1 -p+(p-1) 3)} p(m)~ {H(l - -S)}
ptJ plL

={(s)g(s; J, m).
Writing s = g + it we find that

(2.45) p-1D~ -p~°| =

p
s/ x5! dx' <ls|(p-1)"°"1.
p—1
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It follows in a standard manner using (2.45) that g(s; J, m) is an analytic
function of s in the half plane 0 < ¢. Applying the Weiner-Ikehara theorem
(see [6]) to (2.44) we conclude that

(2.46)

P 1 p(J/m)
lim X~'%(X;J,m)=g(1;J,m)= 1+ .
x—00 {E( p(p— 1))} ¢(m)(J/m)

Since d(k; n) =d(k’; n) and k' C Q({;) we have d(k; n)=4d(k; (n,J))
and similarly [k({,): k] = @(n)/d(k; (n, J)). This allows us to write

(o] oo

Xt N Skimy =Xy 6k;m) > 1
(2.47) k(@) s KI<X i ”‘"(),E’:’,T)’:;,;”)X
?/(J(k;m)X;J,m)}
— . 2
- :Ll;é(k,m) { o(k; mX '

Now (2.41) follows from (2.46) and (2.47).
Let

blk; m)= Z do(k;n)
k(G s kl=m

and observe that

248) % em= 3 o(k;mik@):kl= Y mblk;m).
[k(Cn')'T}clsx [k(Cn')l?LISX m<X

By (2.41) we have

(2.49) Jim X~'> " b(k; m) = c(k),

m<X

and (2.42) follows easily from (2.48) and (2.49).
We now prove the inequality (2.43). From (1.2) we have the simple bound

0(k; n) < min{[k’ : Q], ¢(n)}.
Using (2.41) and d(k; n)? < [k’ : Q]* we obtain

! ' p(J/m)
o) {H (14 75+ 1))}“‘ Q2 Smy(a7m)

m|J
(2.50) _ 1 '
B {H (1+p(p—l))}[k QoF

p

€2XB) . g2
=6 —z Lk Q.
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Alternatively using

3(k; n)r <[k':Qlo(n)

we find
ck) < Ky 2/m
s {E( (p )} E Jm)
L),
< S0k Q).

Finally we use d(k; n)2 < ¢(n)? and deduce that

p(m)p(J/m)
c(k) < {plg( p(p—l )}Z (J/m)

C(Z)C(3)Z¢( _ £2)06) ,
- L6

(2.52)

The estimates (2.50), (2.51) and (2.52) may be combined to establish (2.43).

3. PROOF OF THEOREM 1
To begin with we prove (1.8) and now it will be convenient to write (2.31) as

)" a(m)p(m)A(n/m) — a(n)p(n)log p(n) + p(n) Y a(In)A(l)

min =t
(3.1) 5(k;',l) 39(F)
< p(n)logv(F) + p(n)d(k; n)™" Y e(n’s)log(ne(n s)) '
s=1 ’

We sum both sides of inequality (3.1) over the set of positive integers n such
that [k($,) : k] < X where X is a sufficiently large positive parameter. In
making our estimates we employ the elementary inequalities

[k (Cm) : k] < [k(Eim) = K1 < 1K (Em) < K]

We also assume that 0 < ¢ < % and then by the prime number theorem there
exists ¥ = Y(g) > 2 so that

w(X)=Y An)>(1-te)x

n<X
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whenever X > Y . The first sum on the left of (3.1) contributes
(3.2)

(e oo [o <]

Yo Y amyem)A(n/m) = a(myp(m) Y A()
|n m=1 1=

n=1 m 1
[k(ln) : kISX k(im) : KISX

> X
> (mom)y | =5
2. atm ([k(im) : k])

1 o~ a(m)e(m)
>(1=3X Y. @)K
[k(m) : KISX/Y

o(k;m)

=(1-Lle)x i > e(m,s).

m=1 s=1
k(Cm) : kKISX/Y

The remaining terms on the left of (3.1) are

o0

Y. {-a(me(n)logp(n)+ ¢(n) Za(ln)A(l)}

n=1 I=1
[k($n) : k1I<X

>- Y a(n)e(n)logp(n)

n=1
[k(Cn) : kISX

(3.3) 00 oo o
+ ) Y 3 atnemAQ)

m=1 n=1 =1
k(Cm) : KISX \[k((n) : KIS X In=m
oo [ o]

=- Y amemlogp(n)+ > a(m)d_ e(m/DA()
k(G - kI<X ke h<x "
= 0.
On the right of (3.1) we have
(3.4) i o(n)logv(F) < & (1 + ls) c(k) X2 log v(F)
' A

n=1
[k(Gn) - kI<X

by (2.42), provided X > Xy(e, k) is sufficiently large. To estimate the remain-
ing terms on the right of (3.1) we use the trivial bound

o0 o(k;n) oo 6(k;n)

> emé(k;n)! Z, e(n,s) <> > e(n, s)d(Py,s) <(F)

s=1 n=1 s=1

n=1
[k(Cn) : kI<X
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together with the monotonicity and concavity of the logarithm. It follows that
) o(k;n)

ey 30(F
S stk 3 etn tos ()
tk(Cn) - kISX -
(3.5) oo
<9(F)logd3 ) o(n)

n
n=1
[k($n) : KISX
< (1+ §£)d(F)log{c(k)'* X},
again assuming that X > X,(g, k) is sufficiently large. By combining (3.1),
(3.2), (3.3), (3.4) and (3.5) we arrive at the bound
d(k;n)

(1- 40X Z 2
(3.6) s=1
[k(Cn) :k]SX/ Y

< i(1+ Le)e(k)X?logv(F) + (1 + Le)a(F)log{c(k)'*X},
provided X > max{Y, Xy, X;}. We also have the trivial estimate

8(k;n) a(k;n)
(1-le)x E Z e(n,s) < YZ[k Cn) : k] Z e(n,s)
(3.7) x/v<litn
oo 8(k;n)
=YY 3 e(n,5)d(®n,s) < YO(F) < Led(F)log{c(k)'2X},
n=1 s=1

whenever X > X,(e, k). Finally, we add the inequalities (3.6) and (3.7). In
this way we find that
(3.8)

o] 5(1( n

S 3 en,9)< ( ) (%c(k)Xlogu(F)+8(F)X‘llog{c(k)l/2X}) )

n=1 s=1
We choose X = (rlogr/c(k))!/? in (3.8). If r > ri(e, k) is sufficiently large
the bound (1.8) follows easily.
We now deduce (1.7) from (1.8). Let ay, 02, ..., o) be the distinct em-
beddings of k into Q. We have

M
(3.9) T[T om®n,s(x) = @n(x)M/5k:m

for each pair {n, s}, 1 <s<d(k;n). If F(x) is given by (1.3) then G(x) =
H%ﬂ omF(x) is clearly in Q[x]. Using (3.9) we have the factorization

G(x) = {ﬁ <I>n(x)E("’} g(x),
n=1

where

d(k;n)
E(n)=Mé(k;n)™ ) e(n,s)

s=1
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and g(x) in Q[x] is not divisible by any cyclotomic polynomial. As 9(G) =
MO(F) and
M
v(G) < [[ v(omF) =v(F)™,
m=1
it follows that
_ 9(G) 9(F) } _
r(G) _max{logu(G) , 3} Zmax{logu(F) , 3p=r(F).

If r(F) > ri(¢, Q) we may apply (1.8) to the polynomial G(x) with k = Q.
We find that

d(k;n)

iM«S(k; ' Y e(n,s) =§:E(n)
n=1

n=1 s=1

12
< (14£)2(G) (-—C(Q)rl("Gg)’(G) )

1/2
< (1 +¢&)MA(F) (%) ,

which is the inequality (1.7).
Throughout the remainder of this section we assume that

a(F)

7= = 1o F)

>3,

for otherwise the inequalities (1.9), (1.10) and (1.11) follow from the trivial
bound (1.4). We now prove (1.9). Let g;(x) be the monic irreducible polyno-
mial in Q[x] having a root at £;. We have

log u(gi) _ log u(f)
0(8&) a(f)

and

0(fi) _ k(@) k] _ [k(&): Q@S]

(3.10) 3 Q) Q- [kl

foreach i=1,2,..., 1. Also, if 8(g;) <r then by Dobrowolski’s inequality
(2.4)

(log logr

3
Togr ) < log u(gi)-
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It follows that
L (m(i)a(f) logr \* <~ (m(i)d(f;)logu(g:)
Z( 3(z) )<< (loglogr> Z ( a(g) )

i=1

=
1
+r7 > m@)a(f)

i=1
r<o(gi)

logr \3<d~ . .
< (loglogr) ’Z:;m(’)bgl‘(fi)+6(F)r

(3.11)

_ logr 3 —1
= (loglogr> log u(F) + o(F)r

logr 3
Y (loglogr) logv(F).

Now (3.10) and (3.11) taken together establish the desired inequality.
Next we prove (1.10). It will be convenient to set

(3.12) Ly=3(F)™')" > ate@).

p teT(n,p)

If p; and p, are distinct primes then the sets T(n, p;) and T(n, p;) are
disjoint. It follows that L, < 1. We sum (2.32) over primes p < X where
X > 2 will be selected later. In this way we deduce the inequality

(Zlogp) (Za(m)so(rn))
313 "
<n (Z p) logv(F) + Z Z a(t)p(t)log (:ﬁfjt))) .

p<X p<XteT(n,p)

If L, = 0 then (1.10) follows trivially from (3.13) upon choosing X = 2.
Therefore we may proceed under the assumption that 0 < L, < 1. Using the
prime number theorem and the concavity and monotonicity of the logarithm in
(3.13) we find that

X" a(m)p(m)
m|n
X2logv(F) o(1)
(3.14) « P OBV) | 9(F)L,log
log X {p%’teg-n: p) "PLn }

o) (&) ()}

We select X = (R, logR,)!/?, where

R s, 1 (e (£))
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and the bound

(3.15) gl;a(m)qi(m) < 8(F) (g) (101;}”)”2

follows easily. Now the inequality (1.10) in the statement of Theorem 1 is
obtained by using (3.15)and L, <1.
Finally we prove (1.11). We set

(3.16) M, =3(F)™'Y_ a(np)p(np)
p

and note that M, < 1. If M, =0 the result follows immediately from (2.38)
with p = 2. Thus we may assume that 0 < M, < 1. Now we sum both sides
of (2.38) over primes p < X . As before this leads to the bound

2
Xa(n)p(n) < ¢(")";0;‘;§”(F ) + 3(F)M, log { ) %}

p<X

<o {(22) (o) o (228

We select X = (S, logS,)!/2 where

oo . 57 o (25
It follows that

(3.17) a(n)p(n) < 8(F) (@) (loig")l/z .

To complete the proof we use M, < 1 and the simple bound logp(n) <
loglog20n .

4. EXAMPLES

In this section we consider the extent to which the inequalities in Theorem
1 are sharp. Plainly an improvement in Dobrowolski’s bound (2.4) would lead
immediately to a corresponding improvement in (1.9). In fact Schinzel [11]
has formulated such an improvement for the restricted class of noncyclotomic
factors which are also nonreciprocal by appealing to the well-known inequality
of C. J. Smyth [13]. In general, however, the sharpness of (1.9) remains an
open problem. We therefore consider only the inequalities in Theorem 1 which
bound the multiplicities of cyclotomic factors.

We will make use of the polynomials

N
(4.1) FN,K(x) — H(an _ 1)N+l—n
n=1

where N > 2 and K > 1. These were also employed by Dobrowolski [7],
at least when K = 1. We will show that the polynomials Fy, x(x) have a
large number of irreducible cyclotomic factors and yet logv(Fy k) is relatively
small. A somewhat related problem concerning polynomials was considered in

[4].
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Lemma 13. The polynomials Fy g satisfy

(4.2) d(Fy.x) = K(N ;’ 2) - éKN3 +O(KN?),
(4.3) logv(Fy k) = 1(NV + 1)log(N + 1),
(4.4) log H(Fy k) = 4Nlog N + O(log N),

1 (KN? KN
(4.5) r(Fn.k) = 3 (——-—logN) + 0(-——-—10gN) .

Proof. Only (4.3) is nontrivial and in proving it we may clearly suppose that
K =1. Since Fy, is monic we have v,(Fy ;) =1 at each (finite) prime p.
It remains to consider v (Fy ).

Let V(x) denote the (N + 1) x (N + 1) matrix V(x) = (x™"), where m =

0,1,2,..., N indexesrows and n =0,1,2,..., N indexes columns. We
have
N-1 N N-1N-I
detv(x))= [ I[ &™- xH(x" = 1)
=0 m=I+1 1=0 n=1

l-[x(N+I Den - ¥ = x (5 ) Fy 1 (x).

By Hadamard’s inequality
Voo(Fi,1) = SUp |Fi 1(X)loo = sup | det(V (x))loo < (N + 1)3N+D),

X|oo=1 X|oo=1

Let 1y, denote the (N + 1) x (N + 1) identity matrix. We find that
V(En+)V (En41)" = (N + Dy,

where V' ({y+1)* is the complex conjugate transpose matrix. As there is equality
in Hadamard’s inequality in this case, we conclude that

Voo(Fn,1) = (N + 1)iV+D

This proves (4.3) and then (4.4) follows using (2.6).
The polynomials Fy g(x) clearly factor in Q[x] as

N N+1-n NK
Fy k(x) = H { H q)m(x)} = H q)m(x)e(m) s

n=1  m|nK m=1
where
N
e(m)= Y (N+1-n).
mink

Over an arbitrary number field k we have

NK d(k;m)

Fyx@)=I[ [ ®msC0m?

m=1 s=1
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with e(m, s) = e(m) for 1 <s < d(k; m). Now suppose that L # 2 mod 4,
k = Q(¢L) and therefore J(Q({L)) = L. Using (1.2) we find that

6(Q(¢L); m) = [Q(m, 1)) : QI = p((m, L)).
It follows that the constant defined by (1.5) is

@ = P (1) (1+550r)

pIL

Also, the total number of irreducible cyclotomic factors of Fy x in Q({r)[x]
is

oo ¢((m,L)) N

(4.6) Yo ) em,s)=) (N+1-n)) o((m,L)).
m=1 s=1

n=1 m|nK
From (4.2) and (4.5) we deduce that
logr(Fv.x)\"* _ ., ,
r(FN’K) > “\6 N logN+OK(N loglogN)

At this point we select K so as to satisfy (1.12). Then it follows without
difficulty that

@7 9(Fy.x) (

N
Y (N+1-n) ¢((m,L)

n=1 m|nK

) {gn(l _plz)}NzlogN+0K(N2)-

pIK

(4.8)

Now (4.6), (4.7) and (4.8) imply that the constant ¢(Q({.))'/? which occurs on
the right of (1.8) cannot be replaced by a constant smaller than

1/2
() T(-7)-
pIK p
This verifies our earlier remark concerning the sharpness of (1.8) and also, by
taking L =1 and K = 2, that of (1.7).
Next we consider our two estimates (1.10) and (1.11) for the number of nth
roots of unity and the number of primitive nth roots of unity among the roots

of F. In our proof of Theorem 1 these were immediate consequences of the
more elaborate bounds

R, \'
(4.9) mzma(m)mm) <a(F) (%) (log R,,)
and
(4.10) a(n)o(n) < (F) (?L(r-"—)) (ﬁ%)m ,

respectively. Here we will show that (4.9) and (4.10) are sharp except for a pre-
cise determination of the implied constant. We note, however, that these more
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elaborate bounds depend on considerably more information than is contained
in 9(F) and r(F).

Let k be a fixed number field and let n|K with K/n <« N/logN. The
left-hand side of (4.9) is

o(k;m) N
ZZ (m, $)0(® ZN+1—1)Z¢(m)
=1 I=1
(4.11) min s »'f'ulz'}c
g(N2+N)
In this case the quantity L, given by (3 12) is
Ly=0(Fy,x)™'Y. > ae
p teT(n,p)
N
<KTINTYT N e ZN+1—1)
p te€T(n,p) =1
11K
N
KKTINTBEINIST N o+ S N+1-D) Y 00
p|K t€T(n,p) ptK =1 teT(n,p)
n Il pl[
<K'N"nd (- 1)}+1<-'N-1 4= Y e
P|K P<N tGT(n D)

KN4k INTTH
p<N
< nK~'(logN)~!
From Lemma 14 and the definition of R, we have R, < N%(logN)~!. Thus
our bound (4.9) takes the form
d(k;m)

Z z e(m, s)a(q)m,s) < nNZ,

m|n  s=1
and in view of (4.11) it cannot be substantially improved. The analysis for
(4.10) is very similar but now we find that

d(k;n)

(4.12) Y e(n, )3(®n,s) = (”)(N2 +N)

s=1
and (using (3.16))

M, < p(n)K~!(logN)~!.
This leads to S, < N%(log N)~! and finally to
d(k;n)

(4.13) > e(n, 5)0(®Pn,s) < p(n)N?.

s=1

Of course (4.12) and (4.13) show that no significant improvement in (4.10) is
possible.




834

10.

11.

12.

13.

14.

15

C. G. PINNER AND J. D. VAALER
REFERENCES

. T. M. Apostol, Resultants of cyclotomic polynomials, Proc. Amer. Math. Soc. 24 (1970),
457-462.

. P. T. Bateman, The distribution of values of the Euler function, Acta Arith. 21 (1972),
329-345.

. E. Bombieri, Lectures on the Thue principle, Analytic Number Theory and Diophantine
Problems, Progress in Math., vol. 70, (A. C. Adolphson, J. B. Convey, A. Ghosh, and R. 1.
Yager, eds.), Birkhduser, 1987, pp. 15-52.

. E. Bombieri and J. Vaaler, Polynomials with low height and prescribed vanishing, Analytic
Number Theory and Diophantine Problems, Progress in Math., vol. 70, (A. C. Adolphson,
J. B. Convey, A. Ghosh, and R. 1. Yager, eds.), Birkhduser, 1987, pp. 53-73.

. D. C. Cantor and E. G. Straus, On a conjecture of D. H. Lehmer, Acta Arith. 42 (1982),
97-100, Correction to the paper On a conjecture of D. H. Lehmer, Acta Arith. 42 (1983).

. K. Chandrasekharan, Introduction to analytic number theory, Springer-Verlag, 1968.

. E. Dobrowolski, On a question of Lehmer and the number of irreducible factors of a polyno-
mial, Acta Arith. 34 (1979), 391-401.

. E. T. Lehmer, A numerical function applied to cyclotomy, Bull. Amer. Math. Soc. 36 (1930),
291-298.

. R. Louboutin, Sur la mesure de Mahler un nombre algébrique, C. R. Acad. Sci. Paris Sér.

1 Math. 296 (1983), 707-708.

U. Rausch, On a theorem of Dobrowolski about conjugate numbers, Colloq. Math. 50 (1985),

137-142.

A. Schinzel, On the number of irreducible factors of a polynomial, Colloq. Math. Soc. Janos

Bolyai, Debrecen (Hungary), 1974.

———, On the number of irreducible factors of a polynomial. 11, Ann. Polon. Math. 42 (1983),

309-320.

C. J. Smyth, On the product of the conjugates outside the unit circle of an algebraic integer,

Bull. London Math. Soc. 3 (1971), 169-175.

J. T. Tate, Global class field theory, Algebraic Number Theory (Proceedings of an instruc-
tional conference, University of Sussex, Brighton, U.K.), (J.W.S. Cassels and A. Frohlich,
eds.), Academic Press, 1967.

. A. Zygmund, Trigonometric series, vols. 1, II, Cambridge Univ. Press, 1968.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TEXAS AT AUSTIN, AUSTIN, TEXAs 78712
E-mail address, C. G. Pinner: pinner@math.utexas.edu
E-mail address, J. D. Vaaler: vaaler@math.utexas.edu




