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PRESCRIBING SCALAR CURVATURES
ON THE CONFORMAL CLASSES
OF COMPLETE METRICS WITH NEGATIVE CURVATURE

ZHIREN JIN

ABSTRACT. Let (M", g) be a complete noncompact Riemannian manifold
with the curvature bounded between two negative constants. Given a function
K on M"  in terms of the behaviors of K at infinite, we give a fairly com-
plete answer to when the K can be the scalar curvature function of a complete
metric g; which is conformal to g.

1. INTRODUCTION

Let (M", g) be a n-dimensional Riemannian manifold with a metric g,
n > 3. An interesting problem in Riemannian geometry is to study if one can
conformally deform the metric g to a metric g; such that the scalar curvature
of g; is a prescribed function K on M" . In the case that M" is compact and
K is a constant, this is just the famous Yamabe problem. The Yamabe problem
had drawn a lot of attention from mathematicians because the equivalent PDE
problem stands for a critical case that the standard analytic machinery can apply.
The solution of the Yamabe problem was first claimed by Yamabe in 1960 [26].
In 1968, Triidinger [25] found a serious gap in Yamabe’s proof and filled the
gap for the case that the metric has nonpositive scalar curvature. Later Aubin
[2] showed the solution for the case » > 6 and (M", g) is nonconformally
flat. The remaining cases, which are the most difficult, were finally solved by
Schoen [21]. Also see [15] for a unified proof in all cases. For recent progress
of the general problem of prescribing scalar curvatures on a compact manifold,
one may see [22] and [13].

In this paper, we consider the case that (M", g) is complete noncompact.
Since in this case, the metric g is complete, we require the metric g; to also
be complete. For the sake of clarity, we restate the problem.

Let (M", g) be a complete noncompact Riemannian manifold, n > 3.
Given a function K on (M", g), is there a complete metric g;, which is
conformal to g and the scalar curvature of g; is K ?
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If we write g, = u*/("~2 g for some u >0 on M", then the solvability of
the problem is equivalent to the solvability of the following PDE problem.

— VnlAgu + Sou = Ku+2/(n=2)on M,
(P) u*("=2 g is complete on M",
u>0 onM",

where y, = 4(n—1)/(n—2), A; is the Laplace operator with respect to the
metric g, and Sy is the scalar curvature of g.

For problem (P), there have been various kinds of results. In 1982, Ni con-
sidered the case that (M", g) is the standard Euclidean space. By studying
radial symmetric solutions and using the super- and subsolution method, Ni
[17] was able to show some existence and nonexistence results for problem
(P) in this case. In an attempt to understand the Yamabe problem for complete
noncompact manifolds, Aviles and McOwen [6] showed that a complete metric,
with scalar curvature bounded above by a negative constant outside a compact
set, can always be conformally deformed to a complete metric with negative
constant scalar curvature. While in [12], we demonstrated counterexamples to
show that the Yamabe problem for complete noncompact manifolds is not al-
ways solvable. For the general problem of prescribing scalar curvatures on a
complete manifold with negative curvature (the problem was raised as an open
problem in [13]), Aviles and McOwen [5] showed the following existence result
(Theorem 4 in [5]).

Theorem. Suppose M" is complete, noncompact and simply connected. For
some positive constants A, B, sectional curvature Sec(g) of g satisfies —A? <
Sec(g) < —B?. Let r(x) be the distance of a point x to a fixed point with
respect to the metric g. Then problem (P) is solvable if

(i) A2/B* < (n—12/n(n-2);

(il) —C; < K(x) < —=C for r(x) > ry, where C,, Cy, ry are some positive
constants,

(iii) maxym K < C(rg, A, B, n, C,)(A%2/B* — (n — 1)?/n(n - 2)), where
C(rg, A, B, n, Cy) is a constant.
Furthermore, if (ii) holds for ro = 0, then the conditions (i) and (iii) are not
necessarly, and the solution is unique if K <0 on M".

The goal of this paper is to continue to study the problem of prescribing
scalar curvatures on complete noncompact manifolds with negative curvature.
Our basic assumptions on the manifold (M", g) are

M™" is complete, noncompact and simply connected; the curvature of g sat-
isfies Sec(g) < —B?%, Ricc(g) > —(n — 1)A% for some positive constants A,
B.

Actually our results are true for weaker curvature assumptions. We will re-
mark on this point at appropriate places. The results we get will give, in terms
of the behaviors at infinity of the prescribed function K, a fairly complete an-
swer to when K can be the scalar curvature of a complete metric g, which is
conformal to g.

Here are our main results. We assume the basic assumptions for all results.
Furthermore, we assume » > 4 in the first theorem and n > 3 in the rest.
For the results corresponding to Theorem 1 when n = 3, see Theorem A and
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Theorem B in §3. The distance of a point x to a fixed point with respect to
the metric g will be denoted by r(x)

The first result says that if K is nonnegative near oo, then problem (P) is
not solvable.

Theorem 1 (n > 4). Ifthereis ry > 0, such that K(x) > 0 for r(x) > ro. Then
problem (P) has no solutions.

The second result says that if K tends to negative infinity as r — oo, then
problem (P) is not solvable.

Theorem 2 (n > 3). If there are positive constants C, ry, o, such that K(x) <
—Ce%X) for r(x) > rg, then problem (P) has no solutions.

The third result says that problem (P) is solvable for the “rest cases”.

Theorem 3 (n > 3). If K <0 on M™", and there are positive constants C,, C,,
a, k, ry, such that —C, < K(x) < —Crearx)* for r(x) > ry, then problem
(P) has at least one solution.

Using the inhomogeneity of the equation in problem (P), we see that Theo-
rem 3 is a special case of the following more general result which we will prove.

Theorem 4 (n > 3). Given positive constants A, B, ry, o, k, there is a con-
stant C(A, B, n,ry, k,a) >0, such that if maxym K < C(4,B,n,ry,k,a),
and for some positive constant Cy, —C, < K(x) < —e~®" for r(x) > ro. Then
problem (P) has at least one solution.

It is clear that Theorem 4 generalizes Aviles and McOwen’s result.

From the analysis point of view, in the case that (M”, g) has negative cur-
vature, the difficulties for solving (P) mainly arise from the noncompactness
of the manifold M" and the generality of the metric. For nonexistence results,
our idea is to look at the spherical average of the solution # on the geodesic
spheres. By studying the ordinary differential inequalities for the spherical av-
erage induced from the equation in problem (P), we are able to prove that
the metric g, = u*/"~2g is not complete for a solution u of problem (P),
therefore showing a contradiction. Here one of the main technical difficulties
is that the estimates of the volume element from the curvature assumptions
only allow one control the first order derivatives of the volume element. This
difficulty is overcome by an adoption of an idea used in the beautiful proofs of
the unique continuation theorems appeared in [9] and [14] (see Remark 1 in
§3). For existence results, the method is the super-sub-solution method; in this
case, a careful computation and scaling of the metric are needed for us to prove
the present result.

When n = 2, the problem of prescribing scalar curvatures has also been
received extensive study. When (M2, g) is of negative curvature, the problem
is greatly simplified by the Ahlfors-Schwarz lemma. For further detailed results
when n = 2, one might see [4, 5, 7, 16, 18, 19, 20].

The paper is organized as follows. In §2, we present some results that will be
needed in the proofs. In §3, we prove the nonexistence results. The existence
results will be proved in §4.

Acknowledgment. The author would like to thank Professor Jerry Kazdan for
helpful suggestions and Dr. S. H. Zhu for helpful discussions. This research
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was done while the author was visiting the Institute for Advanced Study during
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2. PRELIMINARIES AND NOTATION

In this section, we fix notation and present some known results which will be
needed in the proofs.

Let Sec(g) be the sectional curvature of g, Ricc(g) the Ricci curvature of
g, and Sy the scalar curvature of g.

Throughout the paper, we will assume that the manifold (M", g) satisfies
(we refer to these assumptions as basic assumptions).

(M", g) is complete, noncompact and simply connected; for some positive
constants A, B, Sec(g) < —B?, Ricc(g) > —(n—1)42.

Fix a point, say o, in M", choose a normal coordinate center at o, denote
the coordinate of points as x . By our assumptions on (M", g), M" is diffeo-
morphic to R” under this normal coordinate. If we identify M”" with R" in
this way, we have two metrics gy and g on R" (oron M"), g is the original
metric on M", go is the Euclidean metric. Later on, when we refer to R”
with the Euclidean metric, we mean R” (or M") with the metric g .

Let r(x) be the distance of x to o with respect to g. Then using the polar
coordinates of x, we can write the metric g as

g=gjdx' ®dx/ =dr* +r’gye do* @ db'.

Set /g = \/det(gij)i<i,j<n> V&g = \/det(go,6,) 1<k, i<n—1-

We will denote the volume form of gy by dx. Denote the volume form on
the unit sphere S”! in the Euclidean space by d6. Then under the metric
g , the volume form on the geodesic sphere S, = {x|r(x) = r} is /g(r) d6.
Under the metric gy, the volume form on S, is r*~! df.

The following result estimates /g and /g, .

Proposition 1. Let (M", g) be a complete Riemannian manifold. Ricc(g) >
—(n—1)A%, Sec(g) < —B?. Then for r >0,

(1) —n(n—-1)A4%>< Sy < —n(n—1)B?%;
. n—-1 . n—1
) (smllsrBr) < VB < (sm:;rAr) :

(3) (n—l)(BcothBr——) c')log\/_ n—l)(AcothAr—%);

4) (n—1)BcothBrgi‘;gr‘-/—?g(n-l)AcothAr;

Proof. (1) is trivial. (2), (3) are consequences of (4) if one notices that

rn- ‘\/_—\/_ and /gp(0)=1.
For (4), since Agr =8 log./g/dr, we only have to prove that for r >0,

(n—1)BcothBr < Agr < (n —1)Acoth Ar.

The left-hand inequality follows from the comparison theorem for the Hessian
(for example, see Theorem A on p. 19 in [11].) The right-hand side inequality
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follows from the argument presented in the proof of the Proposition 4.1 on p.
231in[6]. O

For notational convenience, we rewrite the equation in problem (P). Since
the equation is inhomogeneous about the unknown function u, it is clear that
(P) is equivalent to following problem. (We still denote it by (P).)

— Agu + Su = Ku"td/("=2) on M™
(P) u*("=2g is complete on M";
u>0 on M"

where S =y,7'Sy = ((n—-2)/4(n—1))Sy, and A, is the Laplace operator with
respect to the metric g .

Let H"(—1) be the hyperbolic space form, that is, H"(—1) is a complete,
noncompact, simply connected manifold with constant sectional curvature —1.
H2 (M™) = {v|v, dv € L} (M")}.

For the solvability of (P), the following result will be needed in the proof of
Theorem 4.

Proposition 2. Let u*, u_ be two continuous functions in H,Zoc

(M™"), such that

—Agut +Sut > K(ut) /=D on M™ weakly;
—Agu_ + Su_ < K(u_)"*2=2  on M" weakly;
u_<ut on M".

Then there is a C? solution u to the equation in problem (P) that satisfies
u_<u<ut.

Proof. See the proof of Proposition 2.1 on p. 229 in [6]. In fact, in the case that
both u* and u_ are CZ2, the result is well known. The observation needed
in the nonsmooth case is that the maximum principles are still available in
this case. Then the proof of the smooth case can be adopted without much
change. 0O

3. NONEXISTENCE RESULTS

In this section, under the basic assumptions about the manifold, we prove
nonexistence results for problem (P).

When K > 0 near oo, we deal with » = 3 and » > 4 separately. For
n >4, we can derive a better result at the present stage (Theorem 1). The case
that n = 3 will be treated in Theorems A and B.

Theorem 1 (n > 4). Ifthereis ro > 0, such that K(x) > 0 for r(x) > ry, then
problem (P) has no solutions.

Proof. We prove the result by contradiction. That is, if u is a solution of
problem (P), we will show that u*("=2) g is not complete.

Without loss of generality (by multiplying g by a suitable constant), we may
assume

A=1, B < min{l, (n—1)?/16n(n - 2)}.
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Then for v = {n(n —2)/4(n — 1)} B2, it is easy to verify

1 1+v1—-4v
(5) _n—lls" > +(n-1)(1-B)<0
where S; = —{n(n —2)/4}B%* = —y,'n(n — 1)B?. Therefore we can choose a
constant 0 < B < 1 such that for b = {#2/(n — 1)2}|S;|, we have
(6) ——ﬂ—|s.| 4 1220+ VI-4b +(n=1)(1-B)<0.
n—1 2b
Define
=),
v(r) = u/g de,
) r=1 Jonr) ve
and . 5 |
u
F(r)= / — dH/ / u\/g do.
") "= Joner 3r‘/§ =1 Jo(r) ve
Then

(7) v <’%1 /as(,) e de)l ) (/sn_, uv/go d"),

1 ou 1 dlog /g,
_ ;m/{wm VO - AB(r)u—ar JE do.

From the equation in (P), we have

/ —Agudvolg +
B(r)

Integrating by parts, we get

Su dvol, =/ Kun+2/(n=2) dyol,.
B(r) B(r)

( / ou rz de) - / (Su— Ku2/"~2)) /7 4.
a 8B(r)

B(r) or

A computation shows
n-1

r

rnl—l / (Su — Ku(n+2)/(n—2))\/§ de/rn_l—l/ u\/gde,
dB(r) 9B(r)

where x(r) is defined as

Fli(r)= - F(r) = F(r)? = k(r)E(r)

+

1 Olog /g, / 1 /
K(r) = T ‘/B‘B(') uT\/g do T b5() u\/§ do.

Since —K <0 for r>rg,and S < —y;'n(n—1)B? =S, we have
(8) F'(r) < =[(n = 1)/r]F(r) — F*(r) —k(r)F(r) + S; forr > rp.
We claim that there is r; > ry, such that
(9) F(ry<0 forr>n.
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In fact, by (3), for r >0,
(10) (n—1)(BcothBr — 1/r) < k(r).

Hence there is r;, such that for r > r,, x(r) > 0. By (8), our claim follows
if we can prove that there is a r; > r,, such that F(r)) < 0. If not, F(r) >0
for r > ry, then from (8), we have

F(r) < Si(r=r))+ F(ry) forr>r.
For r large this contradicts the assumption that F(r) > 0.

Now by (8),

(11) F'(r)+ ((n = 1)/r + k(r))F(r) < S\.
Integrating (11), using (9), for r3 > r;, we get

r r
(12) F(r) < S—_‘l/ gt J K@ da gy

re n
But from (3), it is easy to see that for r > ¢ (since 4 =1 in our case)
r 1 -1 -1
ECEN smht)” r

(13) € ~ \sinhr -1

Equations (12) and (13) imply
" (sinhs\"!
F(r) < § /r3 (sinhr) dt.

r _ p—2r3\n—1
F(r)< S / “—%e‘”"”’d:
r e

- Sy 1(1 _ e—2r3)n—l(1 _ e—(n-l)(r—r;)).
n ——

Therefore

Then for the f < 1 chosen at the beginning of the proof, there are r3, rs,
such that for r > ry > r3,

B
(14) F(r) < GroySt

Since S} < 0, from (8), we have
F'(r) + ((n = 1)/r+k(N)F(r) < =(ISi| + [B*/(n = 1)*1S}).

Now if we go through the proof of (14) once again, but replace S; by
—(IS1| + B*S?/(n — 1)), we see that there is an rs such that for r > rs,

2
(15) Fo < -Loosi+ s,

In general, for the b defined at the beginning of the proof, if

F(r) < —-r-l—_ﬂ_—TlS,](l + bb;) forsome b; >0 and r>r;,

we can conclude that there is r;,;, such that for r > r;,
(16) F(r) < —{B/(n = D}Si|(1 + b(1 + bbi)?).
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Therefore we get a sequence {b;}5°, which is defined by
bisi=(1+bb)* fori>1, by=1.

It is clear that the sequence {b;} is monotone increasing. Then there are two
possibilities: (i) {b;} is bounded; (ii) {b;} is unbounded. In the following, we
show that u*("=2g is not complete in both cases.

In case (i), there exists a limit. Say lim; ., b; = 4.

Then A = (1 + bi)2. Since A >0,

A= (1-2b++/1—4b)/2b%
A is real only when 1 > 4b. If 1 is real, from (16) and (6), we get

1-2b++vV1-4b
2b

T )= L0+ b0,

We see that there are n < —(n —1)(1 — B), and r,, such that
(17) F(r)y<n forr>r,.
Then for r > ry,

1 ou 1

B(r) ar

By (7),
v'(r) < (n+x(r)v(r) forr>r,.

Also from (3), we see that for any ¢ > 0, there is r,, such that
k(ry<(n—-1)+¢ forr>r,.
Then for r¢ =r, + 1,
V() <(m+(n=1)+¢e)v(r) forr>rs.
Therefore for r > rg, we get
(18) v(r) < v(rg)emHnm e,
Combining this with the definition of v(r),

/ u(r? 0)\/5 d9 S C(VG s 17’ u)e(n+(”—1)+£)r‘
Sn—1
But (2) implies
V& > C(B, r6)€(”“”3’r71_—l- for r > rs.
Finally we get
(19) / u(r, 8) d6 < C(rg, n, u, B)er+n=D(1=B)+err
Sn—1

Since n+(n—1)(1-B) < 0, we can choose ¢ such that n+(n—1)(1-B)+e < 0.
Then since 2/(n—2) <1 for n >4, we have

oo 2/(n-2)
/ W =2dx < C/ Pl (/ u(r, 6) dG)
(20) n 0 Sn—1

00
< C/ rn~le2(r,+(n—1)(1—B)+s)r/(n—2) < 0.
0
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/ (/ rm L =2 g) dr) df < co.
s7-1 \Jo

Then for some 6y € S"!,

That is,

o0
/ =1 2=2) (1 90) dF < oo,
0

Therefore

(21) / w =2 (r 6y) dr < co.
0

That is, for the metric 4%/ ("~ g the curve C = {(r, 6y)|0 < r < oo} has finite
length. Thus the metric u*/(*~2)g is not complete.

For case (ii) where {b;}3° is unbounded, it is obvious that we can choose
n<—(n-1)(1-B) and r, such that (17) is true. Then the same proof given
above concludes that the metric u*/("=2 g is also not complete. This completes
the proof of Theorem 1. O

Remark 1. In the proof, we did not take the second order derivative of v(r)
directly because the terms

1 921
1 / oud og\/_e\/_dg 1 / y Og‘/?"\/?de
9 aB(r)

rﬂ—l B(r) 6’- rn—l 8’.2

cannot be estimated directly by the assumptions on the curvature and the equa-
tion in problem (P). This is the reason that we introduce the function F(r).
This idea has been used in [9] and [14] to study the unique continuation property
for solutions of elliptic equations and systems. The same remark also applies
to the proof of Theorem 2.

Remark 2. If one checks the proof of Theorem 1 carefully, it is easy to see that
the proof gets through if one has the following estimates which are weaker than
the estimates obtained in Proposition 1:

(a) Thereis r; > 0, such that

dlog /g

ar
(b) There is a function &(r), &(r) — 0 as r — oo, and r; > 0, such that
91—"%@ < (n—1)A+e(r)

(c) There are positive constants C, r; and a function u(r), u(r) — 0 as
r — oo, such that

>0 forr>r;

forr>r,

V8 > CelnVBrur for r > ry.

Remark 3. There may exist a positive solution u to the equation in problem (P)
for some K with K > 0 near oco. By Theorem 1, u*/ ("2 g is not complete.
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Example 1. Let (M", g) be the space form. That is, (M", g) = H"(-1)
= (D", g»), where D" is the unit ball in the Euclidean space. Since g =
4/(1—|x|?)2dx?, v = (2/(1—|x|?))~"~2/2 satisfies the corresponding equation
with K =0. And g, = v¥("~2 g, = dx? is not complete on D" .

Remark 4. From the proof, we see that the only place where we require n > 3
is to assure 2/(n—2) <1 in (20). But (19) is true for n > 3.
When n = 3, we can prove the following results

Theorem A (n = 3). If there are positive constants C, ry, u, such that
(22) K(x)>Cr(x)™ forr(x)>rg,

then problem (P) has no solutions.

Proof. We will use some conclusions obtained in the proof of Theorem 1 to
prove the result.

First of all, from the proof of (21), we only have to prove that for a solution
u of problem (P)

(23) / u*dx < .
R3

From the equation in (P), we have

_(/ @@de)+ [ sugdo-[ xivas
aB(r) O dB(r) 3B(r)

Notice S <0 and (2),for r> 1,

ou
B(r) ar

cB)r2® [ KuSrdo < - ( / JE de) .
dB(r) a

Then for any £ >0,

!/
C(B)r KuSr? df < —rs+2e=28r / ou o)
28" aB(r) OF

By (9) and integration by parts, for r > r; > rg,

C(B) / £ [ kit dodi< - / {+2-251 ( / %‘i@ d0> dt
n dB(1) r aB() 9T

< _pEt2p=2Br / @\/g do _23/ e+2e— 281 / @\/g de | dt.
28(r) OF " aB() OF

Notice that (7) can be rewritten as

v'(r)r? = /aB( ) g—l:\/? de + r’r(r)v(r).
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Then (18), n+2(1-B)+¢ <0, (3), integration by parts, and v(r) > 0 imply
that for r, =r; + 1,

r )
C(B)/ / I Ku’t? dfdtds
rn Jn 3B(1)

_ ' E+4 ,—2Bs [,/ _
(24) < /5 e~ (v'(s) — k(s)u(s))ds

r

_2B / ' / " o2y (1) — (D) (1)) di ds

n

< Ci(A,B,r,E)r+ Cy(A4,B, r, &) for some constants Cy, C,.
Now by Holder inequality and (22), we have

5/2
Cims / wedf) <& Ku't?df fort>r
dB(1) 90B(1)

and
5/2

/ ( / uzdx) ds
r B(s)\B(ry)
rf ps 3/2 s 3/2
</ /t’i-/“3 / u*t? de dt (/ t‘“‘"”‘””dt) ds.
“Jn \Un B(1) "

If we choose & =6 + u, then

s 3/2 s 32
</ t‘z(é‘”‘”“dz) = (/ t'zdt> < 00.
r n

Combining (24) with the above inequalities, we finally get that for r > r;,
5/2

/ (/ uzdx) ds <C\(4,B,r, wr+Cy(4, B, i, p).
r. \VB(s)\B(r)
Now it is clear that (23) is true. O

We can do better for the hyperbolic space form. The argument in the follow-
ing result actually works for all dimensions n > 3.

Theorem B. If (M3, g) = H3(—1) and there is a constant ry > 0 such that
K(x) > 0 for r(x) > ry, then problem (P) has no solutions.

Proof. This result is basically a consequence of Theorem 5.1 in [23]. Let u be
a solution of (P). By assumption, (M3, g) = H3(-1) = (D3, g) = hyper-
bolic space form, where D3 is the 3-dimensional unit ball. Denote Euclidean
coordinates on D3 by x and v = (2/(1 — |x|?))"/>. Then g, = v*dx?. Now
g1 = u*gy = (uv)*dx? is complete and the scalar curvature of g; is K. There-
fore

— 73A(uv) = K(uv)’> on D3;
(uv)*dx? is complete on D3,

where A is the Laplace operator of the standard Euclidean metric.
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Let ¢ be the first eigenfunction of the following Dirichlet problem.

~Ap=4¢ on D3;
$=0 on dD3.

Then we may assume ¢ > 0 in D3. For a large constant C, look at the metric
g3 = (uv + C¢)*dx? on D3. Since ¢ >0 and (uv)*dx? is complete on D3,
g3 is complete on D?. Furthermore, the scalar curvature of g3 is

~13(A(u + Co))(uv + €)™ = (K(uv)’ + 4 Cy3¢)(uv + Co)~>.

Since 4; > 0 and K(x) > 0 for x| > 1 -6 withsome 0 < J < 1, itis
clear that we can choose a large C such that the scalar curvature of g; is
nonnegative. Also since D3 with the Euclidean metric dx? is conformal to a
half-unit sphere S3 with the standard metric g;, we have a metric g; which
is complete, conformal to g4 on the half-sphere, and has nonnegative scalar
curvature. By Theorem 5.1 in [23], this kind of metric does not exist. That is,
(P) has no solutions. O

Now we consider the case that K tends to —oco as r — 0.
Theorem 2 (n > 3). Ifthereare 0 >0, ro >0, C >0 such that
(25) K(x) < =Ce”™  forr(x)>r,

then problem (P) has no solutions.

Proof. As in proof of Theorem 1, we will prove that any positive solution u to
the equation in problem (P) will not make u*/(*~2g complete.

First of all, choose a constant g such that ¢ > n/(n — 2) and for p =
1+4/(n-2)q

(26) o-2n-1)(p-1)(4-B)>0.
From (26), we can choose a constant x4 < 0 such that

(27) o—(n-HpE-1)A-B)+(p-1)u>0
and

(28) u+((n-1)A4-B)<0.

Now define

1

and 3
G(r) = / w-12% a0
8B(r) or

Then it is easy to compute
(29) H(r) = q(1/r"=")G(r) + Kg(r)h(r)

where x,(r) is defined as

1 dlog\/g 1
— q__"SVoh i q
k() = /BB(r)u 3 \/§d6/rn_l /m)u JZdb.
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Multiply #9-! on the both sides of the equation in the problem (P) and
integrate by parts to get

—/ u"“‘%lrf\/?de +/ (g — 1)u"‘2|Vu|2dvolg +/ Su? dvol,
dB(r) B(r) B(r)
= / Ku? dvolg.
B(r)
Therefore
(30) G'(r) =/ (g — Dui=2|vu|*\/g db +/ (Su? — Ku?),/gdo.
9B(r) dB(r)
Set S; = —y;'n(n—1)4%2 = —[n(n — 2)/4]4%, and for r > ry,
-1
1 —1/(p—
Ki(r) = { = / K|~ ”\/§d9} :
r 3B(r)
Then for r > ry, by the Holder inequality,

p
(,l—_l / u"ﬁd@) < (r%] / |K|qu§d0) K7D,
aB(r) 9B(r)

Notice K <0 for r>ry and ¢ > 1, (30) implies
(31) G'(r)/r"=' > Soh(r) + KP7 h(r)’.
By (25) and (2), for r > rp,

K, > C(ro, A)r”_le—(n—l)Ar+ar/(p—-1)’

Combing this with (31), for r > ry, gives
(32) G'(r) > r"~(Syh + Crin= e hegor=(r=hp=DArpp),
Rewrite (29) as

(e f'o x,,(t)dth(r)), _ 4, f'o xq(t)le(r).

rn—l

Then from (32), we have

(r"“ef'o w0 Iy Oy

(33)

> rn—l(S2h + Cr(n-—l)(p—l)ear—(n—l)(p—l)Arhp).
Define
(34) w(r)=e I K"(t)dth(r).

Then (33) becomes

('.n—lef,0 Kq(0) dtw’(r))’

(p_l)ear—(n—l)(p—l)Ar+(p—l) fro Kq(t) d’w")ef'o xq(t)dt.

> qr*1(Syw + Cr*D
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That is ,

n-1
w” + ( + xq(r)) w’
(35)
> aSyw + Cr(n_1)(p_1)eor—(n—l)(p—l)Ar+(p—1)fro Kq(t) dtwp
Now (3) implies that for r > ry,
e(p—l)f,; kydt _ C(ro, n, B)e(n—l)(p—l)Br
= rlr=-Dp-1 )
Then

(36) w" + (nT_l + K,,(r)) w' > qSw + Ce? ~ (= N=D(A=B)rqyyp

We will prove that the function w approaches zero fast enough to conclude the
metric u%/("=2 g is not complete.
Set

(37) y(r) =<&e?
where the constant ¢ will be specified in a moment and u is determined by
(27) and (28).

Then

o ("_:_l + xq(r)) V' — gSyy — Cefr—(n=D=1A=B)r yp

-1
— y(r) {#2 + (n - + Kq(r)) °— qS2 _ Cear—(n—l)(p—l)(A—B)r+(p—l)uGC—l} .

Therefore by (27) and (3), there is r; > 1, such that for arbitrary ¢ > 1,
when r > ry,

(38) e (n : 1 _ch(r)) V' < gSyy + Ceo = (n=DE=1(A=B)ryp
For the constant C in (38), choose ¢ large enough such that

(39) w(r)—¢&e* <0

and

(40) S, +pCeP~! > 0.

Set z(r) = w(r) — y(r). From (36) and (38), we have that for r > r;,

(a1) 2"+ (3}1 + xq<r>) 2 > (¢S + Ce?==De=DU=Brp (1)1 7(p),

where either w(r) < p(r) < y(r) or y(r) < p(r) < w(r).

Now we claim that z(r) cannot achieve a local positive maximum on (r;, 00).
In fact if z(r) does achieve a local positive maximum at r3 > r;, then there
are rq4 < rs < oo suchthat ry <r3y<rs and z(r) >0 on (r4,rs). But z(r) >0
implies w(r) > y(r) = €e#" and then p(r) > e’ . Therefore (40), (41), and
ri > 1 imply

w (B + ko)) 22 (@52 + Ceor 000481 p(rp =z

> (gS; + Cp&P~e ~(n=Dp=—N(A=-Bir+=Duryz(r) > 0 on (rs, rs).
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But at r3, z(r;) > 0, z/(r;) =0, z”(r;) < 0. Thus we have a contradiction
from (42). That is, our claim is true.
Observing (39), we see that there are only two possibilities:
(i) z(r)<0 on (r, c0);
(i1) for some rg >ry, z(r)>0, z/(r)>0 on (rg, ).

We will prove that u*("~2)g is not complete if (i) is true and (ii) will not
happpen. If (i) holds,

(43) w(r) <&e* forr>r.

Combing this with (34) and the definition of A(r), we have
/S” wi(r, 0)VErdo < e S CL O N
Then by (2),
/S" . ul(r, 0)do < e
Using (3), we get

,ur+fr; Kqo(t) dt (Br)""

(sinh Bryn=T1 forr > ry.

/ ui(r,0)d0 < C(A, B, ry, n)e*+n=DUA=Br  for r > py.
Sn—1

From (28) and noting that ¢ > 2/(n — 2), we can proceed as in the proof of
(21) to conclude that the metric u*/("~2 g is not complete.

If (ii) holds, pick up r7 > r¢. Then z(r) = z(r)/z(r;) satisfies z;(r) > 1,
zi(r) >0 for r > r;, and (41) implies

z{ + ((n = 1)/r +K4(r))2}
> (qS2+ C(A, B, &, n, ry)e®~n=D@-1N(A=Bir+(p=1ury 7 () for r > ry.

Here we used the fact that w(r) > y(r). Then p(r) > y(r) for r > r,.

Denote y = $(o — (n — 1)(p — 1)(4 — B) + (p — 1)) . Then thereis rg > ry
such that for rg > ry,

z{ 4+ ((n = 1)/r) + kq(r))z} > Ce' zy(r).

Since z{(rg) >0, we get

r on—1 r
(44) ()2 C [ e Sz, (9 s.
rg
Combing (44) with (3), we have
C r

(45) 4 e =DAstrs 7 (5)ds  for r > rg.

(r) Z e("—l)Ar .
Since z(r) > 1 for r > r;, there is ry > rg such that
C e(n—l)Ar+yr
zi(r) >
1(r) 2 en=DAr (n — NA+y

That is w'(r)—y'(r) > Ce’" for r > ry. Since u <0, y > 0, there is rjp such
that

(1 — el(=DAN=0)y > Ce?  for r > ry > rg.

(46) w'(r) > Ce" forr > ry.
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Then for some r;; > rig,

(47) w(r) > Ce’ forr>ry.

Denote { = 1(6 —(n—1)(p — 1)(4 - B)). From (36) and (47), we have
(48) w” + ((n = 1)/r +Kk4(r))w’ > Ce"wP forr>ryp > ry.

Notice that { > 0, (46),(47) and (48) imply (similar to the proof of (45))

r
1
’ (n—1)As+{s,,p
w'(r) > C/r S A€ w? ds
12

r
1
(n—1)As+{s+yps
> C/m S € ds

> Ce™" forr>ry;3>rp.
Thus for some ri4 > ry3,
(49) w(r) > Ce’™  forr>ry.

Using (46), (48), and (49), go through the proof of (49) once again, we see
that there is rys > ri4 such that

(50) w(r) > Ce™" forr> rs.

Repeating the above procedure, in general, we can prove that for any integer
k , there is r, such that

(51) w(r) > Ce™'" forr> Ti.

Denote v = (2(n — 1)A + {)/yp*. Since p > 1, we can choose k large
enough such that

(52) 2p/(p+1+v)> 1.

Now fixing one of these k£ and combining (48) with (3), we have
(53) e~ DAry (r) > C/r e(n=NAs+lsqp g
Tk

Define ,
w(r) =/ e(n=DAsHisqyP g,

Tk

Then
(54) Wl(r) — e(n—l)Ar+Cr,wp.
Using y(r), (53) can be rewritten as
r
e2(n—l)Ar+Cr,wp,wl(r) > Ce(n—l)Ar+Cr,wp/ e(n—l)As+Cs,wp ds
Tk

=Cy(r)y'(r) forr>r.
Then for r > r;, by (51),

Cy(r)y'(r) < w’(r)wp(e“’k’)" < Cw'(rywPw’ = Cw'(r)w?*".
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Integrating the above inequality from r, to r, we have
wPHr(r) > Cy(r) + w?+ (ry) — Cy?(ry) forr > ry.

Combining this with (51) and the definition of w(r), we can choose R, > ry
such that
wP*(r) > Cy?(r) forr> Ry,

1.e.,
wP(r) > Cy?/®*++D(r) for r > Ry.

Therefore, by (54), we have
‘//I(r) > Ce(n—1)Ar+Crv/2p/(p+u+l)(r) forr > R;.

Finally, integrating the above inequality from R, to r, we get

1 1 1
I=2p/(p+v+1) (sz/“’*”*')“(r) - W2”/<”+”+')“(Rk))

r
>C e(n—])As+Cst‘
Ry

(35)

Since w(r) — oo as r — oo, from (52) we get a contradiction to (55) as
r — oo. That is, the case (ii) is impossible. O

Remark 5. The actual estimates about the volume element that we needed in
the proof of Theorem 2 are (b) in Remark 2 and

(d) there is a function x(r), x(r) —» 0 as r —» oo, and r; > 0 such that

o1
——-03;/5 >m—-1)B+x(r) forr>rg;
¢) there are positive constants C, r; and a function 5(r), n(r) — 0 as
(e) n
r — oo, such that
V8 < Celr=DAren(r for r > py,

Remark 6. All arguments in the proofs of Theorems 1, A, and 2 are near oo.
Therefore if near oo on (M", g) we have the estimates in Remarks 2 and 5,
the conclusions of these theorems hold. For example, we can apply our results to
the manifold (M7, g;), where (M]'\E|, &)= (M"\Ey, g), Eo is a compact
setin M", E, is a subset in M, and (M", g) is a manifold satisfying our
basic assumptions.

Remark 7. One also observes that there might exist positive solutions to the
equation in problem (P) satisfying (25), as shown in the following example.

Example 2. Let (M”", g) be a manifold satisfying our basic assumptions. Set
v = ¢(r)e?", where ¢ is a cutoff function which vanishes near 0 and equals
to 1 for r > 1. Because 9log,/g/0dr is bounded for r > 1, we can choose
w < 0, |w| large, such that

w? + mo%ﬁw +|S] >0 for r large.

Then for

K(x) = (=Agv + Sv)y~(n+2)/(n=2)
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v satisfies the corresponding equation, and K satisfies (25). But v¥/("-2g is
not complete because w < 0.

4. EXISTENCE RESULTS

In this section, under the basic assumptions on the manifold, we prove The-
orem 4. Notice that there is a constant r(k, a) such that for r > r(k, a),
—e—o < —r2ke=a™' Then in order to prove Theorem 4, we only have to
prove the following result.

Theorem 5 (n > 3). Given constants A, B, ry, k, a >0, there is a constant
C(A,B,n,ry, k,a)>0, such that if

(56) IIAI}}’XKSC(A,B,n,rO,k,a),
and for some positive constant C,,

~Cy < K(x) < =r(x)XkDe=r " for r(x) > ro.
Then problem (P) has at least one solution.

Using the inhomogeneity of the equation in problem (P), we see that Theo-
rem 5 is equivalent to

Theorem 5* (n > 3). Given constants A, B, ry, k, a >0, there is a constant
C(A,B,n,ry, k,a)>0 such that if for some constants C;, C, maxy- K <
CiC(A4,B,n,ry, k,a), and

—Cy < K(x) < —=Cyr(x)2k=De=ar®*  for 1(x) > 1q.
Then problem (P) has at least one solution.

Remark 8. Condition (56) is automatically satisfied if maxy» K < 0. There-
fore we have

Theorem 3 (n > 3). If K < 0 on M", and there are positive constants C,
Cy, a, k, ry such that —Cy < K(x) < —Cyr(x)Xk=De=ar®* for r(x) > ro.
then problem (P) has at least one solution.

Remark 9. Compare Theorem 5 with Theorem 4 in [5]; we removed the restric-
tion on the ratio of 42/B2. In Theorem 4 of [5], the authors assumed

A?/B* < (n—1)*/n(n -2).

Remark 10. Also, one should notice that Theorem 5 applys to the case that K
might approach 0 as r — oo. This case is not covered by Theorem 4 in [5].

Proof of Theorem 5. Choose a constant ¢ such that

7 A2 1

(57) 0=10nn-2)—+ —+1.
rh 7o
We multiply the metric g by the constant 2. That is consider g5 = p2g.
Since gs is conformal to g by a constant multiple, we only have to solve
problem (P) for the metric gs. For convenience we denote gs by g. Then
AZ BZ

(58) Rice(g) > —(n - 1)?; Sec(g) < — T
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The condition about K becomes

2(k—1)
(59) —czsmx)s—(%) =12 for r(x) > oro,

since the distance is scaled by the constant o .
Without loss of generality, we may assume k > 2. Let

(60) m; = rr;ﬁxK.

We first consider m; > 0. By multiplying the solution by a constant, using
the inhomogeneity of the equation, we only have to solve the following PDE
problem:

— Agu+ Su = (K/m)u™d/"=2  on M™;
(P*) u*("=2 g s complete on M";
u>0 on M"

We will solve problem (P*) by constructing a pair of super- and sub-solutions.
Choose a smooth function ¢(r) on (0, co) as follows:

(1) ¢(r)>0 on (0, c);

(2) ¢'(r)>0 on (0, 00);

(3) ¢é(r)=0 on (0, gr);

(4) ¢(r)=1 on (3¢ry, 00);

(5) #(20r) =¢&o;

(6) 1¢'(r)| < Cler)'eo, 1¢"(r)| < Cloro)~2eq on (grg, 20r).
The constant 0 < gy < 1 will be specified later.

(7) 1¢'(nl < Clen)™", 1¢"(r)] < Clero)™2 on (2¢ro, 3en).
The super solution we will look for is of the form

v =016+ (1 - vy

where v, = et , Uy = z,e¥?" f(r). The constants z,,w; ,w,, and the
function f(r) will be specified later.

Let
(61) Lv = (=Agv + Sv)y~("+2/(1=2),
We want to compute Lv on four different intervals.

(1) 0<r<on,
(2) r>3pgn,
(3) ero<r<20rn,
(4) 20r0<r<3pn.

(1) On (0, prg) . Notice that if v = v(r), a function only depending on r,
we have
0% | dlog /g0

Ag’U = 6r2 or or’

Then it is easy to verify

Lv, = z;ﬁe‘ﬁ“’z’{ — (W3 f(r) + 2wa f'(r) + f"(r))

n+2

(62) LBVE () + (1) +Sf(r>}f‘<‘n——%.
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Set

_ sinh ur ¢
/(r = <1 + cosh;n)
where u, ¢ will be specified later.

A computation shows
w10+ 2028 0) + 10 + 2BV (s 1(0) 4 £10) #1810

r

. £-2 . 2 .
_ (H_smhur) {wzz <l+smh,ur) + 2utw, (l+ smh/zr) 1

cosh ur cosh ur cosh ur ) (cosh ur)?

sinh ur ) sinh ur
(

1
2606 — 1 —2u? (l
+uE-1) (cosh ur)? w1+ cosh ur ) (coshur)3

: 2
+ 8log\/§w (1 + smhur)
ar cosh ur
sinh ur) 1 dlog\/g
(

cosh ur / (coshur)2  or
+ 15| (1+ Sin ‘") }
cosh ur

+u<f(l+

Define inh
t= SInt 4 for r > 0.
cosh ur
Using (cosh ur)? — (sinh ur)? = 1, we have
(63)

() + 202 /') + 1)+ LBV s )+ 110) + 1811
=(1+1)*2 { (w22 + al%\/ng + |S[) (1402 4+ 2uéwy(1 + 1)(1 - £2)

&~ D)(1 = 22 = 2281+ 1)(1 = )z
g1+ 1)(1 - t%i‘}j‘/—?}

= (14 0f {ud + T By 1151+ 2udun(1 - )+ 428~ 1)(1 - 07

1
~2¢(1 - 01+ (1 - ZEVEL,
By (58),
(64) E’l‘:?—gr—‘/?>o for r > 0.

Now in (63), we choose u <0, £ =1, and w; = —u? (the value of u will
be specified in a moment). We have

w3 (7) + 2 ) + 1)+ BV s ) 4 £10) 41811 0)

S+ 0)VHut +1S| - 31— 1) = (1 = 0)? = uP(1 = 1)1}
Here we used the fact that for 4y < 0, r >0, —1 < ¢ < 0. Furthermore, for
O<r< 3pory,

(65)

sinhur| 1 —e2

= oo < aur < 12420r,.

|| =

coshur
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Then (65) implies (also use the fact that —1 <¢<0.)

Wi f(r) + 2wa f'(r) + f"(r) + ‘9“;,—%—*/?<wzf<r> + f'(r)) +IS1/(r)
(66) < (L4024t + S|+ 20uf - du? + 2621}
= (140" 2{IS] + 2= § + 2] + 4 + 2{u))}
< (L+0)'{S) + @2 (=5 + 24pP 0o + u* + 2ul)}.
By (58),

n(n-2) A2
4 (on)*

Now in (66), choose x = —1/4/768pry. Then from (66) and (57), we have
(68)

wh1(r) + 2020'0) + 170) + L8V s (1) 4 £1(0) 4181100

(67) IS] <

cororf (L2 2 ) aey
= 7680ro\ 4 768  7680r 76801, 4 (on)?

1 1 24 1 2 nin—2) A2
< V73 B B
<(1+1) {7689ro ( 17768 768 T \/768) T (0’0)2}

1 nin-2) A2
2
<1+ {6144Qro+ 7 (aro)2}<°'

Here we also used a consequence of (57) that grg > 1.
From (62) and (68), we can choose z; = z(4, n, ry) > 0 small enough
such that

(69) Lv, >1 on (0, 3pn).
Therefore
(70) Lvy, > K/m; on (0, orp).
(2) On (3pry, ©). We compute

(71)
Lv, = —e“‘w"k/("‘z)(kzwlzrz("‘l) + k(k — Dwrk=% + ﬂ(—)gg—r—\/zk’u)lrk" + IS[) .
Choose w; = §(n—2)a/p*. By (4),

Olog\/g <(n-1 (é) cosh(A4r/p)
7 or ~ 0 / sinh(A4r/p)
(72) A\ 1+ e~ b4n

<(n—1) (E‘)m forr23gr0.

Then

KD (k= Dy 4 LBV oy, et g

<r**=DCy(n, A, ro, k,a) forr>3or,.
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Assume
(73) 1/my > Cs(n, 4, 1o, k, a)g**=V

(later we will choose the constant C(A, B, n, ry, k, o) in the assumption of
Theorem 5 such that (73) is true). Then we have

1 (r\** D K
> _ M —ar®[p® 5 > .
(74) Lv, > . (Q) e 2 for r > 30r
(3) On (pry, 20r1y) . By a computation, we have
(75)

n nt2
Ly = (v)‘fr'% {dw,"_t%L'u, +(1- gb)vz;‘Lszz

- 2B 1y~ un)o (1) - (01— 02)8r) ~ 26/~ ) }.

From properties (1)-(6) of ¢, Proposition 1, and the construction of v, v;,
we see that there is a constant C*(n, 4, B, ry, k, a) such that for goro <r <
29 ro,

Ly > (0)"D/=2(_g0C*(n, A, B, rg, k, @) + (1 — go)od™ 2/ "=D Ly}
Using (69) gives
(76) Lv > (v)""D/=2(_g,C*(n, 4, B, ry, k, @) + (1 — go)v{"+2/ =2y,

Now we see that there is a small ¢y = gyo(n, 4, B, ry, k, a) > 0 such that if ¢
is defined by this &;, we have

Lv >0 on(gry, 20r).
Since K <0 on (grg, 20r),
(77) Lv>K/m; on (grg, 20r).
(4) On (20ry, 3pry) . By (69) and (75), we have that on (2pry, 30719),
Lo 2 (o) 2002 fgu(re/n D, - ZIBVE (o, )
(78)
(00— 02)9" () - 260} - 0}

Now if at r; with 2prq < r; < 3pry,
Pu" D Ly (ry) - ﬂoagr—\/?(vl —02)¢'(r1)

= (V1 = v2)¢"(r1) = 2¢'(r)(vi(r1) = v3(r)) 2 0,
we certainly have
(79) Lv(r;) > 0.
If at r; with 20ry <r, < 3pr,

S0 Ly ()~ TBVE (4 )t (n)
~ (U1 = v2)¢"(r1) = 2¢'(r)(vi(r1) — v3(r)) <0,
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and noting that on (29ry, 3079), ¢ > &, then v > gu; on (20719, 30r), we
have
(80)

Lo(r) > (gov])—(n+2)/(n—2) {¢v§n+2)/(n—2)LUl(rl)

_ ﬂ%ﬁr_\/.?_(vl(m —uy(r))¢'(n)

~ (1 = v)d"() — 26/ ()W (1) - vé(rl))} .

Hence in all cases there is a constant C4(n, 4, B, ry, k, o) such that
(81) Ly > —Cy4n,A,B,rg,k,a) on (20ry, 30r9).

Then in order to have

(82) Lv > K/m; on (20ry, 30r0),

we only need that on (2¢pry, 30719),

1 r k=D k ok

-— = e e < —C4(n,A,B,ry, k, a).
m (Q ) ( )
It is enough to have

1 1

m; — (2"0)2("—1)
Now it is clear that if we choose the constant C(4, B, n, ry, k, a) in the
assumption of Theorem 5 in such a way that

C“'(A,B, n,r, k,a)

(83) G Cy(n, 4, B, ry, k, ).

1 a(3ro)*
(84) =max{Wme(ro) Cin,A,B,ry, k,a),

Ci(n, A, ry, k, a)gz(k")} .

Then (73) and (83) are true. Therefore (82) is true. Now (70), (74),(77),
and (82) imply that v is a supersolution to the equation in problem (P*).

On the other hand , since w, > 0, we can choose a small constant z3 > 0
such that z; < v. But when z; is small, we have

(85) Lz3=z; " PS <K/m on M"

by the assumption on K and the fact that S < C(n, 4, ry) < 0. Therefore for
z3 small, z3 is a subsolution to the equation in problem (P*).

Now Proposition 2 yields a solution u to the equation in problem (P*)
satisfying z3 < u < v. It is clear that this solution is positive and also makes
u*/(n=2) g complete because g is complete and u > z3.

In the case that max K < 0, we choose a positive constant m; such that
1/my > C~'(n, A, B, ry, k,a). Then we can proceed as in the the previous
case to conclude the existence of a solution of problem (P*). Therefore there
is no restriction for maxy» K when K <0. 0O
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Remark 11. From the proof of Theorem 5, one can check that the estimates
needed for the volume element are (64), (72), and

Olog./g <C
or

Thus Theorem 5 actually holds for the following type of complete, noncompact,
simply connected manifolds (M", g):

(1) So<-C<0;

(2) Ricc(g) > —(n—1)4, Sec(g) <0.

Remark 12. Condition (56) is not a best possible condition in the following
sense.

(ri,rn) for0<r <r<n.

Claim. Let (M", g) be a manifold satisfying our basic assumptions. Given
positive constants 4, B, ry, k, a, C,; for any m > 0, there is a function
K,, on (M", g) such that

—Cy < Km(x) < —r(x)2k=De=er®)*  for r(x) > ro.
But maxy K, > m, and problem (P) is solvable for this K, .

Sketch of the construction. Choose a function K on M” such that
—Cy < K(x) < —r(x)Xk=De=ar®"  for r(x) > ro.

By (4),
il(;gT\/?zC(B,n)% for0<r<l.

Also notice that (65) actually holds as

W2 + 2w /() + 1) + TOBYE (s () 4 () + 18100
S+ ut +1S| - (1 -0 - (1 =0 = (1 - 1))
dlog\/g
- ,UZT(I + t)l/z.
Now replace m, in the definition of (60) by

my; = rr&l)ale K(x).
Then for the same choice of u, z,, w;,, &, we see that we can modify K on
{x|r(x) < 1} to get a K,, satisfying the requirement in the Claim and problem
(P) is solvable for this K,, by the same proof given in the proof of Theorem
5. 0

Remark 13. From Remark 12, one might guess that probably no restriction on
max K is necessary. In the following, we give an example to show that the
situation might be complicated.

Example 3. Consider the hyperbolic space form H"(—1). Let

1 (n=2)/2
U= (4(coshr/2)2) ’
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Then it is easy to see that —A,v; + Sv; = 0. Also set v, = e¥” with w <
—(n+2)/2 and

w2+w“;+‘/§+|S|zC>o forr > r

where r; is some number. Such w exists because 9 log,/g/dr is bounded for
r>1.

Now consider the metric gg = (v, + v7)¥("=2 g It is clear that g is not
complete because w < 0. Furthermore the scalar curvature of gg is

K = yp(vy +02) "D (AL (v) + 1)) + S(v1 + )
1
vy + vy)~ D/ (=2) <w2 4 wa‘%\@ + |S|) o

~ _Ce(w+(n+2)/2)r as r — oo.

Therefore for some C;, C,, ry, K satisfies
—Cy < K(x)/Cy < —eW*r+D/Drx) - for p(x) > ro.

That is, we demonstrated a function K/C;, which satisfies the assumptions of
Theorem 5 except (56), but the corresponding equation in problem (P) has a
positive solution u = v, + v, which does not make u*/("~2)g complete.
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