
transactions of the
american mathematical society
Volume 341, Number 1, January 1994

THE PLANAR CLOSING LEMMA FOR CHAIN RECURRENCE

MARIA LUCIA ALVARENGA PEIXOTO AND CHARLES CHAPMAN PUGH

Abstract. If z is a chain recurrent point of a C planar flow, all of whose

fixed points are hyperbolic, then it is proved that the orbit through z becomes

periodic under a perturbation that is C small in the Whitney topology.

1. Introduction

Let tp be a flow on M, a metric space. The forward orbit of p £ M under
<p is

O+(p) = {tptp:t>0}.

There are several natural ways to extend 0+, <p-invariantly. The simplest is
to form

0+(» = 0+(p) u co(p)

where co(p) is the «y-limit set of p,

co(p) = {x £ M : <pt„(P) -* x for some /„ -> oo}.

Thus, 0+(p) is the closure of 0+(p). Although œ(p) is closed and tp-

invariant, there may be points q near it which tend to new limits. This leads
one to define the first prolongation of 0+(p) as

Pl(p) = 0+(p)UJl(p),

J\(P) - {y £ M: <Pt„(xn) -* y for some /„ -> oo and x„ -» x}.

Repeating the process transfinitely, with neighborhood closure at limit ordi-
nals, leads to the ultimate prolongation of 0+(p):

T

P(p) = 0+(p) u (J Ja(p) = \JPa(p)
a a

where a ranges through all ordinals. See Bhatia and Szegö (1970) for details.

Correspondingly we write J(p) = (JQ J<*(p) ■ If Af is separable then it turns
out that some countable ordinal ß = ß(tp) suffices, that is

Pa(p) = Pß(p)   for all a > ß.

Surprisingly, a more general extension 0+(p) exists based on the concept of
(e, F)-chains.
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Definitions. An orbit segment of <p is a set {tptx: 0 < / < t} for some z > 0.
We denote it by [x, y] where y = q>x{x). Its duration is t. An (e, T)-chain

from p to q is a finite collection F of orbit segments [xi, yi], ... , [x„,yn]

each of duration > T such that d(y¡, x¡+i) < e, 0 < /' < n , where we under-

stand p = yo and q = xn+i. See Figure 1.1.

'n-2

Figure 1.1. An (e, T)-chain from p to q.

The chain extension of 0+(p) is 0+(p) li E+(p) where £+(,£>)

for all e, T > 0, there exists an (e, T)-chain from p to q} .
{q £ M:

If M is not compact then the e and T above should be thought of as

positive continuous functions defined on M. They are "local constants". An

(e, 7")-chain is a finite collection of orbit segments, as before, satisfying

(a) [Xj, y¡] has duration > T(x¡), 1 < /' < n ;

(b) d(yi,xi+i) <e(y¡), 0 < i < n .

Note. Nitecki (1978) requires T to be constant, even when M is noncom-

pact. In Appendix 1, we show that this does not affect the definition of chain

extension.

Corresponding to concepts of orbit extension are concepts of recurrence. The

point p £ M is

fixed

periodic
to-recurrent

nonwandering

prolongationally recurrent

chain recurrent

if {p} = 0+(p),
if p £ 0+(p) Í {p} ,
if p £ œ(p),
if p£ Ji(p),

if p£[jaJa(p),

if p £ E+(p).

How much do these recurrences coincide?   The Closing Lemma may be

viewed as an attempt to force coincidence by approximation:    («-recurrent
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points and 7i recurrent points become periodic after a perturbation of the

dynamics. See Pugh (1967a, and b) respectively. The Closing Lemma for more

general recurrence has not met with success, although in Pugh (1984), an ex-

ample is given to show that the J2 Closing Lemma is false on noncompact

surfaces, and in Pugh (1975) there is an example against C2-double closing

of .^-recurrence on the 2-torus. Here we verify the Closing Lemma for some

planar chain recurrence.

1.1. Theorem. Suppose X is a C vectorfield on an open subset M of S2,

I < r < oo, X generates a flow tp, and z £ M is chain recurrent. Suppose all

the fixed points of tp are hyperbolic. If % is a neighborhood of X in the C

Whitney topology then %f contains a field Y for which z is periodic.

See §5 for the proof of this theorem.

Remarks. S2 minus a point is R2 so the theorem applies to flows on R2.

The assumption about hyperbolic fixed points reflects our inability to solve the

following.

Local singular connecting problem.    Let p be an isolated fixed point of the

smooth flow tp on R2. Suppose co(x) = p = a(y) for some points x, y ^ p .

Can tp be Cr perturbed to put x,y on the same trajectory"!

Figure 1.3. Connecting jc to y via p in a nonhyper-

bolic case; Y approximates X = tp .
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If p is hyperbolic then the answer is "yes"; see Figure 1.2. In some other

cases (Figure 1.3) the answer is also "yes", but in general the problem may be

hard.

2. The Whitney topology

If M is a compact manifold, it is natural to topologize the space of C

tangent vector fields on M, Sfr(M), with the C-uniform topology. When M

is no longer compact, such as M = R2, one uses the Whitney topology. It can

be defined in several equivalent ways, one of which is the following. Note that

the definition we give is simpler than the usual one which involves coordinate

coverings.
First take the case that M is Euclidean space, M = R" . If e is a positive

continuous function on R" and X £ Sfr(Rn) then we set

JC(X) = {Y £ jrr(R"): for all x £ R" ,

\Y(x) - X(x)\ + ■■■ + \\Dr(Y - X)x\\ < e(x)}.

These JÇ(X) are a neighborhood base at X for the C Whitney topology
on <rr(R").

Next take the case that M is a general smooth m-manifold. The meaning

of ||/)r(^ - X)\\ becomes a problem which we bypass by choosing

(a) a proper smooth embedding Mm <-* R" ,

(b) the proper smooth tubular neighborhood retraction p: N —► M along

short normal segments to M in R" ,
(c) a smooth bump function ß: N —> [0, 1] which is identically zero near

dN and identically one near M.

Then we define the extension operator e: SfT(M) —> Jfr(R") by

j ß(x)p*X(x),        X£N,

eiX) = \0, xfN,

where p*X is the parallel extension of X to /V along /^-fibers. That is,

p*X(x) £ TX(W) is the R"-parallel-translate of X(p(x)).
The Whitney topology on Sfr(M) is the <?-pullback of that on S?r(W).

That is, a neighborhood base at X £ 3Tr(M) is given by {Y £ %"(M): e(Y) £
jVz(eX)} where e runs through all positive continuous functions on R" . It is

independent of the choices made in (a), (b), (c).

2.1. Convexity Proposition. âfr(M) has a neighborhood base "V with the fol-

lowing property. If V is a y neighborhood of X, if Ai, A2, ... , A„ in Sfr(M)
have disjoint supports, and if Y¡ = X+A¡ lies in V for each i then Y = X+IA,

also lies in V.

Proof. Suppose M = R" . Since ^(X) is defined pointwise, it is clear that it
has the above property. If M <-» R" then %?r(M) inherits this property from

Sfr(Rn) under <?-pullback.   D

3. Flowboxes and lift

To quantify the perturbations we use for the Closing Lemma, we introduce

flowboxes in a uniform way.
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Let tp be a C flow on a manifold Mm. We assume M equipped with

some fixed smooth Riemann structure. As standing notation we call M0 the set

of regular points of tp ,

Mo = {x £ M: x is not a fixed point of tp}.

Choose and fix a smooth (m - 1) plane bundle over Mo complementary to X,

n © span(^) = TM0.

For any x £ Mo, there exists v > 0 such that the map

fx- [-v, H xYlx(v)^M,        (t, v) -> <p,(expx(v))

is a C embedding, where Flx(v) is the disc of radius v in LT*. Since M is

locally compact we may determine some positive continuous function v on Mo

such that fx is an embedding for each x £ Mo . Fix such a flowbox-radius

function v.

Definition. The canonical flowbox of radius v(x) at x £ M0 is the range Fg

of the chart map /* w . If 0 < c < 1 then the c-central portion of /^ is the

set

{<Pt(expx(v)): \t\ < v(x) and v £ Fix(cv(x))}.

3.1. Lift Lemma. Let % be a neighborhood of X = tp in the C Whitney
topology on Sfr(M), r > 1, and let p: M0 -> R be a continuous function such

that 0 < p(x) < v(x) for all x £ M0. Then there exists a positive continuous

function c on Mo such that if y, y' lie at opposite ends of the c(x)-central

portion of the canonical Fx then there exists afield Y-£W with Y = X off Fx

and, under the Y-flow, y flows to x which flows to y' across the c(x)-central

portion of Fx .

Proof. Consider Figure 3.1.   D

Figure 3.1. Y lifts y to x and x to y'.

4. Quasiorbits

A C  curve X(t) in M is an e-quasiorbit of X if \X'(t) - X(X(t))\ < e

for all / where X is defined. In other words, it is an e-approximate solution
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of the differential equation x' = X(x). When M is noncompact it is natural

to replace the constant e with a positive continuous function e(x). Then we

require \X'(t) - X(X(t))\ < e(X(t)).
In Nitecki (1978) it is shown that a point z is chain recurrent if and only

if for every positive continuous function e > 0 on M there exists a periodic
e-quasiorbit through z.

4.1. Global Replacement Lemma. Suppose that the fixed points of the X-flow

on M2 are hyperbolic, therefore countable in number, say Pi, p2, ... and z is

a chain recurrent point, z £ Mo ■ Then there is a neighborhood V of {/?,} such

that if e : M —► [0, oo) is a given continuous function, positive on M\V, then

there is a periodic e-quasiorbit X through z. Moreover X is a simple closed
curve.

Remark. We permit e = 0 on V. Then X n V consists of true X-trajectory
arcs.

4.2. Local Replacement Lemma. Suppose p is a hyperbolic fixed point for a flow

tp in R2 and U is a neighborhood of p on which tp is linearizable. Let N c U
be a small neighborhood of p and let T± , T± be transversals to Ws(p), Wu(p)

as shown in Figure 4.1. Then, for every e > 0 there exists ô > 0 such that any

S-quasiorbit a from T to T* in U can be replaced by an e-quasiorbit X from
T to T* in U such that

(a) X = o near T and T*,
(b) X n N is a true orbit arc,
(c) X is an arc.

Figure 4.1
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Remark. This result is valid in dimension < 3 but not in dimension > 4. It

is easy to see that (c) is implied by (a) and (b).

Proof. We draw flowboxes F±, F± across Wu(p), Ws(p) to get the situation

shown in Figure 4.2.

Figure 4.2

Figure 4.3
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Let a be a ¿-quasiorbit from z £ T to z* £ T* in U. When ô is small,

the parts of a outside N are nearly trajectory arcs in the Cx sense. Near p ,

a may be quite twisted, because the angle between X and a' may be large

when X and \X - o'\ are small.
Suppose z £ T+, z* £ T*. According to Appendix 2, we may replace a

with a çj-arc Xq from F+ to F+ (necessarily in the first quadrant) together with

¿-quasiorbits across F+, F* as shown. See Figure 4.3(a). Note that z, z*, a

need not lie in the first quadrant. See Figure 4.3(b).

The heavy line is the ç>-arc Xo from F+ to F I. The dotted line in F+ is an

e-quasiorbit X+ joining Xq to the incoming part of o, while X\ is a similar

e-quasiorbit in F*.
Consider a n F+ . It is either in the first quadrant or nearly so, because

otherwise a could not reach T$ .

Thus, for small ô , an e-quasiorbit X+ exists as asserted; similarly X*+ .

If z £ T- and/or z* e T*_ then the corresponding construction places Xo

in one of the other quadrants, verifying (a), (b), (c).   D

Proof of Proposition 4.1. Let {Pi} be the set of fixed points of the X-flow and

zo £ Mo the given chain recurrent point. Choose disjoint neighborhoods U¿

of Pi on which the X-ftov/ can be linearized, z ^ U¡. In each U¡ draw

the transversals T±(i), T±(i) and the smaller neighborhood N¡ of p¿ as in

Lemma 4.2. Choose a yet smaller neighborhood V¡ of p¡ with V¡ c TV,. Call
V = \J¡V¡. Let e be a given nonnegative continuous function on M, positive

on M\V. Since V¡ c N¡, e(x) is bounded away from 0 for x £ U¡\N¡ ; say

e, = inf{e(jc): x £ Ui\N¡} > 0. Let 0¡ be the number supplied by Lemma 4.2
and choose a continuous function ô(x) such that

0 < ô(x) <e(x)   for all x £ M\U,

ô(x) <öi       if x £ Vi;,  C/ = [J Ut.
i

According to Nitecki's Lemma there is a periodic <5-quasiorbit a through the
chain recurrent point z . By Lemma 4.2 it can be replaced by an e-quasiorbit

X whose intersection with yV consists of true X-trajectory arcs. By a slight

change we assume these X-trajectory arcs are distinct and X is an immersed

curve with generic self intersection. The self intersection points are finite in

number and occur outside N. Cancelling extraneous loops and rounding off

corners in the standard way, X becomes a smooth simple e-quasiorbit through

z as asserted.   D
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5. Two-dimensional closing

Before starting the proof of the Closing Lemma, we need two more pre-

liminary results. The first refers to the flowbox radius function v: Mq —>

(0, oo), Mo being the set of nonfixed points of the X-flow. It was constructed

in §3.

5.1. Lemma. There exist positive continuous functions en, (o, p: Mo —> (0, 1)

such that 0 < p < oj < v and, writing Fx for Ff(jc), etc.,

(a) // Fp r\Fxv¿0 then F$ c F% ;

(b) ifx' i F? then F$ (1^ = 0;
(c) suppose Fx, FX2 are contained in Fx and FXi meets the convex hull

of Fg U Fg in F£ . Then any eo-quasiorbit o through a point of F£

stretches all the way across Fx .

Proof. If o) c v then intersections of w-sized boxes occur only near the centers

of //-sized boxes, giving (a). If p <c œ and x' <£ Fx then F%, is so small that

it cannot meet F/ , giving (b). Since Fx is compact, co is bounded away from

zero on it, and the centers xx, x2 of w-sized boxes are bounded away from

dFx . If p < œ then their convex hull H and any F£ meeting H are also

bounded away from dFx . For small enough en this gives (c). See Figure 5.1.

Note that (c) applies to all FX} which meet Ff .   D

F^

F(0
"2

«->—" -

Figure 5.1

5.2.   Lemma. A simple loop in the plane or sphere which crosses an arc in one

direction only, crosses the arc at most once.

Proof. Consider the Poincaré-Bendixson picture in Figure 5.2.   D

r"3



182 M. L. A. PEIXOTO AND C. C. PUGH

Figure 5.2

Remark. In the proof of the Closing Lemma given below, we perturb X in a

sequence of flowboxes along a periodic e-quasiorbit through z . This resembles

the box-chain construction in Peixoto (1988). The point to keep in mind is

"does the perturbation act only one time on the periodic orbit being produced?"

Proof of the Closing Lemma (Theorem 1.1). Recall that we are given a Cr

tangent vector field X on M, M is an open subset of S2, í¿ is a given

neighborhood of X in the C Whitney topology, r > 1, and z is a nonfixed

chain recurrent point of the X-ñov/. The fixed points of X are assumed to be

hyperbolic. We want to find Y £ %f with a periodic orbit through z .

Step 1. By the construction in §3 we determine the flowbox radius function

v . It is positive and continuous on Mo , the set of nonfixed points.

Step 2. By Lemma 5.1 we determine positive continuous functions œ, p, £n

on Mo.
Step 3. From hyperbolicity of the fixed points we use Proposition 4.1 to

determine a suitably small neighborhood V of the fixed point set.

Step 4. From f¿, p, œ we use the Lift Lemma 3.1 to determine a small

enough c: A/n —> (0, 1]. Besides, we require c to be so small that on the

¿•-central portion of any F^ , cF^ , with x £ Mo, the following property holds:

(d) If x' £ cF» and F£ C F¡¡ then cF» cuts across the middle of F£ . See
Figure 5.3.
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Figure 5.3. The c-central portion of Fx  cuts across
the middle of Ft.

It follows from (d) that
(e) If F£, ... , F£ are disjoint, contained in F£ and their centers Xi, ... ,

Xk lie in cFx , then cFx\\JFx¡ consists of k + 1 topological rectangles as
shown shaded in Figure 5.4.

Figure 5.4

Note that the actual shape of the F£t can be somewhat contorted, as in Figure

5.5, but the monotonicity of the shaded rectangles persists.
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Figure 5.5. Possible shapes of F£ .

Step 5. Choose e: M —► [0, 1] as follows. We require that e is continuous,

identically zero on V, positive off V, and e < £n everywhere. Also we require

e to be so small that
(f) If o is any e-quasiorbit through x £ Mo, then the connected component

of a f\Fx   containing x is an arc in the c-central portion of Fx .

It is possible to verify (f) because when x ranges over M\V, \o' -X\ being

small implies that the angle between a' and X is small, while on V, e = 0.

See Figure 5.6.

Figure 5.6

Note that the c-central portion of F£° is contained in the c-central portion

of F* .
Step 6. Using this choice of e and Proposition 4.1, we determine a smooth

simple closed curve X which is a periodic e-quasiorbit through z. In V, X
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consists of true ^-trajectory arcs. By Lemma 5.2,

(g) If x £ X then FÏ , F?, F^ meet X in nested arcs.
See Figure 5.7. (It is exactly here we use planarity.)

Figure 5.7

Step 1. Starting at z = z0, we cover X with co-sized flowboxes as follows. By

(f), we know that X exits the right-hand edge of F™ in the c-central portion,

say at u0. Choose z» e X slightly beyond «o so that XnF™ includes «o in its

interior. Repeat the construction beyond the point Mi where XnF™ exits F™ .

Since X is compact, contained in A/n and oj is continuous, œ is bounded away

from zero on X and we eventually get a finite, indexed cover F™, ... , F™_i of

X. We set z„ = z0 and write indices cyclically. We call z,, center points. See

Figure 5.8.

Figure 5.8

By (g), choice of e < en , and part (c) of Lemma 5.1, we know that X0 - XnF^

By (f)> ^o lies in the c-central portion of Fz"o.

Because

is an arc crossing all of Fz"o

By part (a) of Lemma 5.1, Fz™ pw
rzo ■

pw
1 z\

are all contained in F%

Zi lies outside Fz", pco
z;-i , part (b) of Lemma 5.1 implies that F£ iseach

disjoint from F£,..., F^_,. Thus

(h) The boxes F£ are disjoint, i = 0, ... , n - I.
Step 8. We need to say a little more about the configuration of these boxes.

Consider F?., F® . They lie in F£ by construction. The part of cF^ between

F£ and Fz^+1 is a rectangle R¡, by (d). (If i ^ n - 1, /?, is contained in F¡f,
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but for i = n — \, all we can say is that /?, is part of the convex hull of

Fzí U FzM.) Suppose F^ meets R¡. By (c) X n F^ is part of an arc stretching

all the way across F^. But X meets F". in a unique arc, namely the one

containing z,. Therefore Zj lies on this arc. Since F^ meets R¡, we see by

(e) that Zj lies between z, and zi+1 on A, a contradiction. Therefore,

(i) the rectangle R¡ which is the part of cF"t between F£ and F?M meets

no Fzj • See Figure 5.9.

Figure 5.9

Step 9. Consider the point v¡ where X enters F£ . Let y, be the point of the
left edge of F* on the X trajectory through v¿. Thus, [y¡, v¡] is a horizontal

line in the ocentral portion of F^ . Similarly, let y ■ be the point of the right

edge of F". , horizontally related to vi+i . See Figure 5.10.

y.

F?.

4+1

y,

Figure 5.10
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By the Lift Lemma 3.1, there is a perturbation of X, Y¡■, such that Y¡ = X

off Fl¡ and under the 7,-flow we have

Vi Vi+i -* y¡.

For y i, y\ lie in the c-central portion of F".. Let y¡ be the part of this Y¡-

trajectory from v¡ to vi+i . It lies in the c-central portion of Fz^ and therefore

(j) y i C (F?, U Rt). See Figure 5.11.

Figure 5.11

Step 10. Let Y = X + Y!¡IqÍyí ~ x) • BY the convexity property of the
Whitney topology mentioned in Proposition 2.1 and disjointness of the supports

of the Yj - X shown in (h), Y £ 1/. We claim that y0 U yx U • • • U y„_. is a

periodic orbit of Y. By (i) none of the Ï} affects the part of y¡ in R¡ and,

by disjointness of the supports F£ of Y¡ - X, none of the F^ , j ¿ i, affects

the part of y¡ in F^ . Therefore y is indeed 7-periodic.   D

Appendix 1

Above and in Nitecki (1978) one uses (e, F)-chains on noncompact man-

ifolds with e a function but T a constant. Here we show that the natural

definition in which T also is a function leads to the same chain extensions and

chain limit sets.

Let tp be a flow on the metric space M. An orbit segment of tp is a set

{tpt(x) ; 0 < / < t} which we denote by [x, y], y = tpT(x). An (e, T)-chain

from p to q is a finite union of orbit segments
n

r = IJ y¡,       y i = [xí ,y¡], y¡ = tpu (x¡),
i=\

such that
(a) t, > T(x¡), I < i <n ,
(b) d(y¡, xi+i) < e(y¡), 0 < i < n .

In (b) we understand p = yo and q = xn+¡ . See Figure 1. The duration of y¡

is ti and the duration of F is X) U ■
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Figure 1. An (e, F)-chain from p to q .

Theorem. Suppose M is locally compact, p, q £ M, and for every constant

D > 0 and every ô > 0 on M, there is (ô, l)-chain from p to q of duration

> D. Then there exists an (e, T)-chain from p to q.

Corollary. Nitecki 's definition of chain extension and chain recurrence agree with

ours.

Proof. Immediate.   D

Proof of the theorem. Without loss of generality we assume e < 1 and T > 2
on M. Also, we resca.e the metric so all unit balls on M are compact. Then

we determine an appropriately small ô > 0 on M as follows.

First, for each y £ M ,we call

T(y) = 3max{F(z): d(z, <pty) < 1 for some / £ [0, 2T(y)]}.

In particular T >3T. If <5 > 0 is small and T is a (S, l)-chain from y to y'

of duration z < T(y) then

(*) d(tpT(y),y')<e(tpTy).

Such a S exists. For the set of such T's is compact and y' —► tpx(y) as ô —► 0.

The convergence is uniform over all F and all x £ [0, T(y)]. That ô(y) can

be chosen as a continuous positive function of y £ M follows from continuity

of tp and local compactness of M.

By hypothesis, there is a (S, l)-chain F from p to q of duration > T(p).

Break its orbit segments yx,... , y„ into pieces, each of duration between 1

and 2. This introduces new jumps, but all of size zero. Thus, we assume,

without loss of generality, that the orbit segments y¡ — [x¡, y¡] of F already

have duration /, e [ 1, 2].
Successively choose n\ < n2 < • ■ • such that

T(p)<Ti =/, + ••• + /„, <2T(p),

T(yn¡ )<T2 = tn¡+x + --- + tn2< 2F(y„, ),

etc. Thus, the total duration of the first «■ orbit segments is Tx = T(p), the

total duration of the next n2 - «i  is T2 = T(yn¡), and so on.  Since T > 2
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and t, £ [1,2] it is always possible to choose «i < n2 < ■ ■ ■ < «# < n with

these properties, K > 1 being the last choice. The final n - «^ orbit segments

have total duration TK+i < T(y„K) and so we combine them with the preceding

«a- — «a:—i durations as

Ik =    51    *' = TK + TK+i-
"K-\<i<"

When k = I, ... , K - I we set xk = Tk and

¿i = {>/i»:0<i <Ti} = [pi, zj,

h = {<Pt(yn^t)- 0 < t < xk} = [pk, zk],

¿K = Wt(ynK-t)- 0<t<xK} = [pK, zK].

The chain A = Xi U • • • U X¡c starts at pi = p and ends at zK . The duration

xk of Xk satisfies

T(pk) <xk< 2T(pk) < T(pk),        l<k<K-l,

by construction. For k = K we have pK — y„K_i and

T(pK) = T*^.,) < Fjç < Fjf + TK+i

<2T(ynK_i) + T(ynK)

<\T(ynK_i) + \T(ynK_i) = T(pK).

Thus, by (*)

d(zk,pk+i)<e(pk),        0<k<K,

where z0 and Pk+i denote p and q. That is, A is an (e, F)-chain from p

to q and the theorem is proved.   D

Appendix 2

It is not hard to see that the property of hyperbolicity of fixed points we used

was:

(H) p has a neighborhood ;V such that every e-quasiorbit in ./V can be

¿-shadowed by a single ^-orbit-segment and ¿5 -+ 0 uniformly as e —► 0.

For conciseness we say p is singly 6-shadowable. It is easy to see that hy-

perbolic fixed points have property H. So does the fixed point of

(*) x = x2+y2y = 0.

See Figure 1.
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Figure 1

Proposition. Let tp be a flow in the plane with an isolatedfixed point p . Property

H holds for p if and only if either

(a) tp is topologically conjugate to (*) near p .

(b) tp is topologically conjugate to a hyperbolic flow near p.

(c) p is a rotation point of tp with alternate inward-outward nonperiodic

bands, no bands of closed orbits, and no semistable closed orbits.

Proof. In Hartman ( 1964) the local phase portrait of isolated planar fixed points

is well described in terms of sectors.

First suppose p is not a rotation point. Assume there exists an elliptic solu-

tion E. Inside F is a second elliptic solution E'. See Figure 2(a).

Figure 2

The e-qur-siorbit along E followed by E' is not singly <5-shadowable. Thus,

there are no elliptic sectors at p. All the sectors are hyperbolic or parabolic,

and none of them has any elliptic parts. They are pure.

If p has a hyperbolic sector H and also a parabolic sector P, say positive,

then an e-quasiorbit along an interior base-solution in P joined to the negative

base solution of H by a C1 curve cannot be singly ¿»-shadowed. See Figure

2(b).
Therefore, if p is not a rotation point then all its sectors are pure parabolic

or all are pure hyperbolic. In the former case, p is a source or sink. In the

latter case the number nn of hyperbolic sectors is even because of the Poincaré
Index Formula (Hartman (1964)). If nn = 2 then tp is topologically equivalent

to (*). If nn = 4, it is a hyperbolic saddle. If nh > 6 then an e-quasiorbit

along a positive base-solution (separatrix) joined to a nonadjacent negative base

solution by a C1 curve is not singly ¿-shadowable. Consequently, p obeys (a),

(b), or is a rotation point, the case we now analyse.
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Rotation points p are encircled by arbitrarily small closed orbits. Let S

be the set of all closed orbits near p. The set S contains no annulus A of

closed orbits because there would exist e-quasiorbits which are nearly dense

in A . They would be singly unshadowable. Similarly an e-quasiorbit along an

ingoing spiral to a semistable closed orbit followed by an outgoing spiral (joined

by a C1 curve) is singly unshadowable.

Thus, the complement to 5 U {p} near p consists of a countable number of

bands of nonperiodic orbits. By Poincaré Bendixson theory, all the points of

such a band B have the same ry-limit set, one of the two boundary curves of

B, and all the points have the other boundary curve as their a-limit set. Say

that B is inward if w(x) is inside a(x) for all x £ B and outward if the

opposite.

Figure 3

If between two inward bands Bi and B2 there are only inward bands then

there exist e-quasiorbits marching forever inward from 5> through B2 which

are singly unshadowable. This is the semistable contradiction again.

Thus property H implies (a), (b), or (c). The converse is easily verified and
left to the reader.   □
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