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THE BROWNIAN MOTION AND THE CANONICAL
STOCHASTIC FLOW ON A SYMMETRIC SPACE

MING LIAO

ABSTRACT. We study the limiting behavior of Brownian motion x; on a sym-
metric space ¥ = G/K of noncompact type and the asymptotic stability of the
canonical stochastic flow F; on O(V). We show that almost surely, x; has
a limiting direction as it goes to infinity. The study of the asymptotic stability
of F; is reduced to the study of the limiting behavior of the adjoint action on
the Lie algebra & of G by the horizontal diffusion in G. We determine the
Lyapunov exponents and the associated filtration of F; in terms of root space
structure of & .

1. INTRODUCTION

The purpose of this paper is to study the asymptotic behavior of the Brownian
motion and the canonical stochastic flow on a Riemannian symmetric space V .
If V is of compact type, then the Brownian motion is known to be recurrent
and we will show that the canonical stochastic flow has only zero Lyapunov
exponent. The case of noncompact type symmetric spaces is more interesting.

It is well known that the Brownian motion on a simply connected Riemannian
manifold whose sectional curvatures are bounded from above and below by
negative numbers has an asymptotic direction, see [9 and 10]. This is not true if
some of the sectional curvatures are allowed to be zero. In fact, the proof of this
result cannot be applied to a Riemannian symmetric space of noncompact type,
whose sectional curvatures are only nonpositive and some of them may be zero.
However, in this case, the Brownian motion has an asymptotic direction. This is
a direct consequence of the limiting behavior of the horizontal diffusion process
associated with a symmetric space with respect to the Cartan decomposition, see
[6]. That paper also discusses the limiting behavior with respect to the Iwasawa
decomposition. In fact, the result for the Cartan decomposition is derived from
that for the Iwasawa decomposition. See also [11 and 12] for a more accessible
treatment of these results. In the present paper, we will present a different and
more direct proof for the existence of the asymptotic direction of Brownian
motion on a noncompact type symmetric space.

Our main purpose is to determine the Lyapunov exponents and the associated
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filtration for the canonical stochastic flow on the orthonormal frame bundle of
a symmetric space of noncompact type.

We will now briefly recall some basic definitions. Let V' be a d-dimensional
Riemannian manifold and let O(V") be its orthonormal frame bundle. For any

orthonormal frame u = (X, X3, ..., X;) at o € V', let u(t) be the parallel
displacement of u along a curve tangentto X, at o. u(#) isacurvein O(V).
Let X;(u) be the tangent of u(¢) at u. Then X, X,,..., X, are n vector

fields on O(V). The stochastic flow F; generated by the Stratonovich stochastic
differential equation

d
(1) du, =Y X;(u) o dw;
j=1
is called the canonical stochastic flow on O(M), where w, = (w}, w?, ..., wf)
is a d-dimensional Wiener process. Let u be an orthonormal frame at 0. The
image of F;(u) under the natural projection: O(V) — V' is a Brownian motion
in V, i.e., a diffusion process with one half Laplacian as generator.

Let || - || be the canonical metric on O(V) defined in [2]. The canonical
metric “respects” the Riemannian connection. If g: V' — V is an isometry,
then it induces naturally a map g: O(V) — O(V), which is isometric with
respect to || - ||c. The Lyapunov exponents of F;, are defined as the limits of
(1/t)1og||DF,(X)|lc as t — oo, where DF; is the differential map of F, and
XeTOoW).

The Lyapunov exponents describe the asymptotic stability of the canonical
stochastic flow and are interesting geometric invariants. A general discussion
can be found in [2]. In the case of constant curvature manifolds, the Lyapunov
exponents are computed explicitly in [1] and [2]. Note that in the present case,
the existence of exponents is not guaranteed by the general theory since the
manifold is not compact.

We will take an algebraic approach as in Baxendale [1]. But unlike [1] which
relies heavily on explicit computations, we will use the general theory of sym-
metric spaces. As in the case of constant curvature, the computation of ex-
ponents of the canonical stochastic flow can be reduced to computing the ex-
ponents of the adjoint action of the horizontal diffusion. One will need the
existence of the asymptotic direction of Brownian motion and the asymptotic
growth rate of the radial part of Brownian motion. In fact, the filtration as-
sociated with the exponents depends on the asymptotic direction of Brownian
motion and this dependence can be described in terms of the root space struc-
ture of the Lie algebra. At one crucial step, one will have to carefully examine
the exponential rate at which the Brownian motion converges to its asymptotic
direction and the effect on the adjoint action of the horizontal diffusion. This
is now more difficult than in the case of constant curvature because the root
system of the Lie algebra is more complicated.

Our paper generalizes the results in the first part of [1] for hyperbolic spaces to
general symmetric spaces. In the second part of [1], the stability of the gradient
flow on the sphere S?-! is discussed using the fact that the gradient flow can be
induced by the horizontal diffusion in SO(d, 1). This second part can also be
generalized and the gradient flow on S9~! corresponds to the stochastic flows
on the boundaries of a Lie group G induced by the horizontal diffusion in G
(see the author’s recent paper [5]).
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To make this paper accessible to a more general audience, we will use the
space V' = SL(n)/SO(n) to explain the theory of symmetric spaces. This
method was used in [11 and 12], see also [7]. The reader may choose to limit
his attention only to this example, then a solid knowledge in symmetric spaces
is not really necessary.

It should be mentioned that our method only yields the exponents for the
flow F, restricted to a subbundle G, of O(V), the orbit of a frame u under
the action of G, which is invariant under F,. G, = O(V) if V' has constant
curvature. It seems that F; on O(V) should have the same exponents. At
least, this is true if all the exponents of F; on O(V) exist, such is the case if
V is compact, see the proof of Theorem 1. But we are unable to prove this in
general.

The paper is organized as follows. The next section contains a brief intro-
duction to symmetric spaces. We show that the discussion of the canonical
stochastic flow F; can be reduced to that of the horizontal diffusion g; in G.
Section 3 summarizes some basic facts about symmetric spaces of noncompact
type. In §4, we show that, almost surely, Brownian motion in a noncompact
type symmetric space has an asymptotic direction and its radial part has a limit-
ing growth rate. Section 5 contains our main result. We determine the limiting
behavior of the adjoint action of the horizontal diffusion (Theorem 3) and as a
consequence, we obtain the Lyapunov exponents and the associated filtration of
the canonical stochastic flow. Section 6 contains the proof of a technical result
which is used early.

2. SYMMETRIC SPACES

We will briefly recall some facts about symmetric spaces. The reader is re-
ferred to [3] for details.

Let G be a connected Lie group with Lie algebra & . Any X € & isidentified
with a left invariant vector field on G. For X, Y € &, their Lie bracket
[X, Y] is the element of &€ which is identified with the left invariant vector
field XY — YX. We define ad(X): £ — £ by ad(X)Y = [X, Y]. For any
g € G, the Lie group automorphism: G — G defined by y — gwg~! induces
a Lie algebra automorphism Ad(g): & — Z . This is called the adjoint action
of G on &. We have

(2) VXeZ, e = Ad(e¥).

Let K be a compact Lie subgroup of G with Lie subalgebra % and let 6 be
an automorphism on G such that 62 is the identity map and 1(Gy) C K C Gy,
where Gy is the subgroup of G fixed by 6 and I(Gy) is the identity component
of Gy. The homogeneous space V' = G/K is called a (globally) symmetric
space. We will use o to denote the coset K. Note that G acts naturally on
V:ge G maps wK into gwK . The subset N of G which fixes every point of
V' is a normal subgroup of G contained in K . For simplicity, we will assume
that N = {e}, where e is the identity element of G. Then G acts effectively
on V in the sense that if g(x) =x forall x € V', then g =e. A Riemannian
metric on V is said to be G-invariant if it is left invariant by the action of G.
All the G-invariant Riemannian metrics have the same Riemannian connection
(Corollary 4.3 of [3, Chapter IV]).
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Let 6 also denote the induced Lie algebra automorphism 6: % — . For
XeZ,0X)=X.Let P={Xec¥%;6(X)=-X}.Then & =% &P and
& is Ad(K)-invariant in the sense that Vk € K, Ad(k)% C & . We have

(Z,ZlcXZ, Z,Plc P, [#,PCX.

Note that % can be identified with 7,V under the map Y — % exp(sY)ols=0,
for Y € & . The Killing form of & is defined B(X, Y) = Trace(ad(X)ad(Y))
for X,Ye¥%. Wehave B(X,Y)=0 for X € % and Y € &, and B(-, )
is negative definite on .# x % . The homogeneous space V = G/K is said to
be a symmetric space of compact type if (-, -) is negative definite on & x £,
it is said to be of noncompact type if B(-, -) is positive definite on P x ZF.

Let VV = G/K be a d-dimensional symmetric space of compact or noncom-
pact type. We now introduce an inner product (-,-) on ¥. If G/K is of
compact type, we will let (X,Y) = —B(X,Y). If G/K is of noncompact
type, we will let (X, Y)=—B(X, 6(Y)). Since the Killing form B is Ad(G)-
invariant, (-,-) is Ad(G)-invariant when G/K is of compact type. One can
also show easily that (-, -) is Ad(K)-invariant when G/K is of noncompact
type. We will use |X| to denote the square root of (X, X). With the iden-
tification of & with T,V , the norm | - || restricted to & extends to be a
G-invariant Riemannian metric on V. This Riemannian metric will be called
the standard metric on V.

Let G = SL(n), the group of n x n real matrices of determinant one. Note
that this is usually denoted by SL(n, R). We will use SL(n) instead to simplify
our notation. Let 6: G — G be defined by 6(4) = (4*)~', where A4* is the
transpose of the matrix 4. The group Gy coincides with SO(n), the group of
n x n orthogonal matrices of determinant one. We will let K = SO(n). Now
Z = sl(n), the space of n x n matrices of trace zero, Z = o(n), the space
of skew symmetric matrices, and % is the space of n x n symmetric matrices
of trace zero. Note that the Lie bracket [X, Y] of X and Y is XY - YX
as matrices and the Lie algebra automorphism 6: s/(n) — sl(n) is given by
0(X) = —X*. The Killing form on & = s/(n) is given by

B(X,Y)=2nTrace(XY).
It follows that V' = SL(n)/SO(n) is a symmetric space of noncompact type.
We also note that (X, Y) =2nTrace(XY™).

This example will be used throughout to explain our theory. It is much easier
to understand the structure theory of symmetric spaces with this example than
with a general symmetric space. The reader may choose to work only with this
example. Note that V' can be identified with the space of positive definite
symmetric matrices of determinant one via the map X — XX* defined on
SL(n). Since such a symmetric matrix represents an rn-dimensional ellipsoid
of unit volume, V¥ can be regarded as the space of ellipsoids of unit volume.

Any g € G is an isometry: V — V. Its differential map Dg induces a
map: O(M) — O(M), which is isometric with respect to the canonical metric
on O(M) and will also be denote by g. Let u be an orthonormal frame
(Xy,..., X;) at o and let

(3) Gy ={g(u); g € G}.
G, is a subbundle of O(V). Note that via the map: G — G, defined by
g — g(u), G is naturally identified with G, and Z is naturally identified with
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T,G, . The canonical metric || - || restricted to 7,G, becomes a norm on &,
which will still be denoted by || - ||, .

For g € G, the left and right translations L, and Rgz: G — G are defined
respectively by L,(w) = gy and R,(y) = wg. Recall that X; is identi-
fied with a left invariant vector field on G. Consider the following stochastic
differential equation.

d
C) dgi=)_ Xj(g)odw).
j=1
Let g, be the solution for which gy = e. The process g, is called the hori-
zontal diffusion in G. Note that the definition of g; depends on the choice
of an orthonormal frame u = (X,, ..., X;), however, its probability law is
independent of u .

Lemma 1. Let g, be the horizontal diffusion in G defined with respect to an
orthonormal frame u. We have

(5) Vgea, Fi(g(u)) = (g&)u.

In particular, F,(u) = g,(u). Consequently the image x, of g under the natural
projection: G — V is Brownian motion in V and the canonical stochastic flow
F, leaves the subbundle G, invariant. Moreover, for any X € & = T,G,,

(6) IDF(u)X||c = [|Ad(g; ") X .-
Proof. To prove (5), it suffices to show that u, = gg,u satisfies (1). Let I be
the smooth function: G x O(V) — O(V) defined by I(g, u) = gu.

dlggul = Dgl(gg , u)Lgodg =Y DcI(gg , u)X;(gg) o dw].
J

d .
D,I(gg:, u)X;(gg)=D.I(gg, u)ﬁggte”‘f ls=0

d . -
=57 (8%, u)|s=0 = X (g &)

The last equality above follows from the fact that forany X, Y € &, the parallel
displacement of Y along the geodesic ¢ — e'Xo is given by Dexp(tX)(Y), see
Theorem 3.3 in [3, Chapter IV]. This shows that u, = ggu satisfies (1) and
hence proves (5). We have

DEW(X) = & e g ()llo = & [,xp(s Ad(g ) X)w)lsc0

Now (6) follows from this and the fact that the canonical metric is invariant
under the action of G.

For our example G = SL(n), we may take {X;, ..., X} to be the following
symmetric matrices: Ej/2y/n, 1< j <k <n,and D;,/2y/n for 1 <i<n,
where Ej; is the matrix whose (j, k) and (k, j) entries are one and other
entries are zero, and Dj; is the diagonal matrix whose jth diagonal entry is one,
kth diagonal entry is negative one and other entries are zero. Let g € SL(n)
and X € sl(n). The tangent vector to the curve s — geX at s =0 is gX
(matrix multiplication). Therefore, when X is considered as a left invariant
vector field on SL(n), its value at g is given by gX . The stochastic differential
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equation (4) becomes
(7 dg=LZgE~ odwjk+-—l——nz:lgD~ odw!
t 2\/ﬁj<kt"k t 2\/51':1 t&in to
where {w/*,w/; 1 < j<k<n, 1 <i<n}isan [(n-1)(n+2)/2]-
dimensional Wiener process.

By Lemma 1, to determine the exponents of F;, it suffices to compute the
limiting exponential growth rate of ||Ad(g,!)X].. Since any two norms on a
vector space are equivalent, this is the same as the limiting exponential growth
rate of ||Ad(g!)X||. The advantage of using || - | instead of | - || is that
the norm || - || on ¥ is Ad(G)-invariant for compact type G/K and it is
Ad(K)-invariant for noncompact type G/K .

Let X, = Ad(g!)X. We have X, = X and X, satisfies the following
stochastic differential equation.

d
(8) dX, =) [X;, X;]odw].
j=1
To prove (8), let J be the smooth function: G x & — % defined by
J(g, X)=Ad(g"")X.

dX,=DgJ(&, X)odgi =) DgJ(&, X)X;(&) o dw].
J
Since Xj(g;) is the tangent of the curve

s+— giexp(sX;) ats=0,
DgJ (g, X)X;(g) is the tangent of the curve
s J(geX, X) = Ad(e™ % g7 X = Ad(e M) X,
= X, + s[X;, X;]+ O(s%),

so it is [X;, X;] as desired. See (4) on p. 128 of [3] for the last equality above.
Our claim is proved.

Assume that V' is a compact type symmetric space. Since (-, -) isan Ad(G)-
invariant inner producton &, ([Z, X], Y)+(X,[Z,Y])=0 for X,Y,Z €
Z . Hence,

d(X;, X)) =2 (X;, [Xo, X)) odw! = =2 (X, Xi], X)) o dw] =0.
J J

So ¢t — (X;, X;) is constant. It follows that F; restricted to G, has only zero
exponents. In fact, this is also true for the flow F; on O(V). To see this,
note that F;(u) depends on the Brownian path w. We will write Fi(u, w)
for F;(u) when we wish to indicate this dependence. Any orthogonal matrix
a transforms u into a new frame ua. We have F;(ua, w) = F;(u, aw)a, see
[2]. Hence, by the definition of the canonical metric, if X € T,,0(V) and if X
is orthogonal to 7,G,, the length of DF;(-, w)X is no less than that of X .
We see that if F, has a nonzero exponent on O(V'), then it has to be positive.
But this is impossible since the mean exponent is zero [2]. Therefore, the flow
F, on O(V) has only zero exponent.
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Theorem 1. The canonical stochastic flow on the orthonormal frame bundle of a
Riemannian symmetric space of compact type has only zero Lyapunov exponent.

3. NONCOMPACT TYPE SYMMETRIC SPACES

Throughout the rest of the paper, we will assume that V' = G/K is a d-
dimensional Riemannian symmetric space of noncompact type with standard
metric and o is the coset K. By the general theory [3], V is diffeomorphic to
R? and has nonpositive sectional curvatures. Recall that & can be identified
with T,V via the map: & — T,V defined by X — % exp(sX)|s=0. Since
T,pV can be identified with V' via the exponential map at o, we see that &
and V can also be identified. We will use these identifications without further
comments. Note that if x € V' is identified with X € &, then for any k € K,
k(x) is identified with Ad(k)X , therefore, with identification of ¥ and 2,
we should also identify the action of K on V and the adjoint action of X on
7

Recall that (X, Y) defined by —B(X, 6(Y)) is an inner product on & .

Let &/ be a maximal abelian subspace of Z?. Here, the term “abelian”
means that [X, Y] =0 forall X,Y € & . A linear functional o on & is
called a root if the space

. ={Xe¥%;, VHew, ad(H)X = a(H)X}
is nonzero. &, will be called the root space of «. It is clear that 0 is a root

and its root space % = & ®.# , where .# is the centralizer of & in %, i.e.,
M ={XeZ; [X,H=0for He &}. We have

(9) 6(%,) C %o and [%, 5] C Gurp.

The first relation above follows from the fact that 6 is a Lie algebra automor-
phism, 6(X) = X for X € Z and 6(X) = —X for X € . The second
relation is an easy consequence of the Jacobi identity.

For He &, ad(H): & — Z is symmetric with respect to the inner product
(+, +). The family of linear maps {ad(H); H € &} is commutative, hence,
by simultaneous diagonalization, we have the following decomposition of &
which is orthogonal with respect to (-, -).

(10) g=%%0%,

a€X
where X is the set of all nonzero roots. Note that our definition of roots and
the above root space decomposition depend on the choice of a maximal abelian
subspace &/ of .

Any nonzero root o determines a hyperplane « = 0 in % and % minus
these hyperplanes consists of several open components. These components are
called Weyl chambers. Now fix a Weyl chamber &/ * contained in & . A root
a is said to be positive if o > 0 on &*. Let £* be the set of all positive
roots. We have X =Xt U {-X*}.

For any a € Xt there is a unique element H, € &/ such that VH € &,
a(H) = B(H, H,). We will call H, the vector representing o. Let m, =
dim(%,), p= % Y acz+ Mo and let H, be the vector representing p, i.e.,

1
(11) Hp = i‘ Z maHa.
a€Xt
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It can be shown (see [6] or [12]) that
(12) H,ed™.

Recall that for our example G = SL(n), & =sl(n), Z = o(n) and &£ is
the space of symmetric matrices of trace zero. Let %/ be the space of diagonal
matrices of trace zero. Then & is a maximal abelian subspace of % . For a
diagonal matrix H = diag{A;, ..., 44}, let aj(H) =A; — A, for j # k. The
set of nonzero roots is

S={oj;1<j, k<n}

Let & be the root space of aj;. Then & is I-dimensional and is generated
by the matrix whose (j, k)-entry is one and other entries are zero. Note that
for our example, .# = {0}, so & = & . A diagonal matrix in & is contained
in one of the hyperplanes aj; = 0 if and only if at least two of its diagonal
entries are the same.

Let &7+ be the space of diagonal matrices in & whose diagonal entries are
in strictly descending order. Then &/ * is a Weyl chamber. The corresponding
set of positive roots is given by

Z*:{ajk;1§j<k§n}.

The vector representing aj, is Hj = ﬁDjk (recall that Dj; is a diagonal
matrix whose jth diagonal entry is one, kth diagonal entry is negative one and
other entries are zero) and

1 1 ..

(13) H,= 52ij = g diag{n—1,n-3,...,~(n=3), ~(n - 1)}.
j<k

Note that (12) holds for our example.

Any element of 2 is contained in some maximal abelian subspace of .
In fact, for any k € K, Ad(k)&/ is also a maximal abelian subspace and
Ukex Ad(k)&/ = & . For our example G = SL(n), this is an easy consequence
of the fact that any symmetric matrix can be diagonalized through an orthogonal
transformation.

If C and C’ are two Weyl chambers, possibly contained in two different
maximal abelian subspaces of #, then either C = C’ or C N C’ is empty.
Moreover, there exists k € K such that Ad(k)C = C’'. An element of & is
said to be regular if it is contained in some Weyl chamber. Let 2’ be the set of
regular elements. %’ is an open subset of & and P’ =, Ad(k)C, where
C is a Weyl chamber. For our example G = SL(n), &’ consists of symmetric
matrices of trace zero having distinct eigenvalues.

Let M be the subgroup of K whose adjoint action fixes & , i.e.,

M={keK; Adk)H=H, He «}.

The Lie algebra of M is .# , the centralizerin .Z° of & . The map ®: (K/M)x
At — P defined by kM, H) = Ad(k)H is a diffeomorphism (see [3,
Chapter IX]). Note that for G = SL(n), the identity component of M is {e}.

The following lemma will be useful when studying the limiting behavior of
Brownian motion in V. It was proved and used in [12].
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Lemma 2. The set -2 of irregular elements is contained in the union of a
finitely many submanifolds of # whose codimensions in P are at least two.

Proof. For any nonzero root a, let I', be the hyperplane o = 0 in & and let
M, be the Lie subgroup of K whose adjoint action fixes the elements in T, .
The Lie algebra of M, is

My={XeZ; [X,Y]=0forY el,}.
It suffices to prove
(14) VaeX, dim(Ad(K)T,) <d - 2.

It is clear that # C #,. Let X € &,. Thereare Y € # and Z € % such
that X =Y +Z . Since ad(H)X =0 for H €T, , we see that ad(H)Z =0 for
H eT,. It follows that dim(/#) < dim(4,), so dim(K/M,) < dim(K/M).
Since
dim(K/M) + dim(¥ ) = dim(K/M x & *) = dim(P) =d,
we see that
dim(Ad(K)I',) = dim(K/M, x I',) = dim(K/M,,) + dim(I',) < d - 2.

Let S be the unit sphere in & with respect to the norm | - || and let

(15) S, = {Ad(k)(H,/IHll); k € K}.

The set S, is an Ad(K)-invariant subset of .S and its definition is independent
of the choice of the Weyl chamber &/ * . It is also clear that X € % is contained
in S, if and only if X is H,/||H,| with respect to some Weyl chamber.

For our example SL( ), S is the set of symmetric matrices X of trace zero
such that 2n}°; |\ X k =1, where Xj; is the (j, k)-entry of the matrix X,
and S, is the subset of S cons1st1ng symmetric matrices having eigenvalues

n-1 n-3 3—-n 3-n
4n ’ 4n 7 4n ’ 4n -
We now define a function ¥ on S. For Y € S, choose a maximal abelian
subspace &/ of 2 which contains Y and define

(17 YY) =3 3 mala(¥)],
a€X*

(16)

where the set of positive roots X* is defined with respect to a Weyl chamber
&t contained in & . We will see later in (18) that the definition of ¥ is
independent of the choice of & and & +.

Fix Y € S. Consider the symmetric bilinear form

Ly(X, X') = B(ad(Y) X, ad(Y)X")

on Z. Let vy, ..., v, be the distinct eigenvalues of Ly with the corresponding
multiplicities m}, ..., m,. Since ad(Y)X € Z for X € & and B is negative
definite on %', we see that all v; < 0. We claim

(18) YY) = 33 iy
i=1




262 MING LIAO

Choose a maximal abelian subspace & of 4 containing Y and fix a Weyl
chamber &+ contained in & . For a € Z*, let %, be the image of %,
under the natural projection: 7 & # — . Choose an orthonormal basis
{Y1,...,Y;} of & such that each Y; is contained either in % or in some
. f Yed, adY)Y; =0. If Y; € &,, then there are X; € &, and
Zj € Z such that X; =Y;+Z;. Since ad(Y)X; = a(Y)X;, ad(Y)Y; € Z
and ad(Y)Z; € &, we see that ad(Y)Y; = a(Y)Z;, ad(Y)Z; = a(Y)Y; and
ad(Y)?Y; = o(Y)?Y;. It follows that

Ly(Y;, Yi) = B(ad(Y)Y;, ad(Y)Y;) = —B(ad(Y)*Y;, Y;) = —a(Y)*d.

Hence, {Y;, ..., Y;} is a complete set of orthonormal eigenvectors of Ly and
the eigenvalue corresponding to Y; is —a;(Y)?, where a; =0 if ¥; € & and
a; is the positive root a if Y € &, . It is now clear that the right-hand sides
of (17) and (18) are the same, so (18) is proved. It follows from (18) that ¥
is a continuous function on S.

By (17), ¥ >0 on S. For Y e SN+, W(Y) = B(Y, Hy),so ¥(Y) <
||H,| and the equality holds if and only if Y = H,/||H,||. Since ¥ is Ad(K)-
invariant by its definition, it assumes the same set of values on the closure of
any Weyl chamber. This proves the following lemma.

Lemma 3. ¥ defined by (18) is a positive continuous function on S, its maximal
value is ||Hy| and W(Y) = ||H,|| ifand only if Y € S,.

The function ¥ is naturally associated with the curvature of V. To see this,
let Y;,..., Y; be as above. We may assume Y, = Y. By Theorem 4.2 in [3,
Chapter IV], the curvature tensor is given by R(X, Y)Z = —[[X, Y], Z]. Let
s; be the sectional curvature of the section spanned by Y and Y;. Then

s;i=(R(Y;, Y)Y, Y)) = —B(ad(Y)ij, Y)) = aj(Y)z.
It follows that

d
(19) YY) = %Z,/_—sj.
j=2

4. THE ASYMPTOTIC BEHAVIOR OF BROWNIAN MOTION

Let x; be a Brownian motion on V' with an arbitrary starting point and let
r, = r(x;), where r(x) = d(o, x) is the Riemannian distance between o and
x . As before, we will identify V' with 4 . Fix a maximal abelian subspace &/
of & and a Weyl chamber %/ contained in %/ . Recall that the set of regular
elements, ', is an open subset of & which is diffeomorphic to (K/M)x &+
under the map ®. By Lemma 2 and the well-known fact that Brownian motion
will never hit a set of codimension greater than or equal to two, it follows that
almost surely,

(20) x € P fort>0.
Therefore, we always have the decomposition x, = (k,, 4;) with k, € K/M
and A, € &*. Assume m = dim(&/*) and let 4,, 4>, ..., An be an or-

thonormal basis of &/ . Any A € &t can be expressed uniquely as 4 =
3 aiA;. Note that ||4]2 =3,a?. We have r, = || 4] .
Our main objective in this section is to prove the following theorem.
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Theorem 2. Almost surely, ||A)| — o and A/t — H, as t — oo, and
lim,_ k, exists.

Recall that for G = SL(n) and K = SO(n), V = G/K can be identified with
the space of positive definite symmetric matrices of determinant one through
the map: g — gg* defined on SL(n). Let g be the horizontal diffusion in
SL(n) defined by (7) with gy = I, the identity matrix, and let x; = gg/.
The process x; in V is called the Brownian motion in the space of ellipsoids
by Dynkin. Let X, be the process in & such that x, = e*'. Since almost
surely, X, € &', we see that almost surely, x, has distinct eigenvalues. Let u,
be an orthonormal frame in R” with respect to which x, is diagonalized with
descending diagonal entries. Such a frame is not unique because the direction
of any axis of u, can be reversed. All such frames form an equivalence class
U, , called a flag. It is not hard to see that the process #, plays the role of k; in
K/M . Note that x, can be considered as an ellipsoid of unit volume and %,
can be considered as the axes of this ellipsoid. Now A4, is a diagonal matrix-
valued process whose diagonal entries are the eigenvalues of X, in descending
order. The process A, describes the behavior of the eigenvalues of x;. The
limit lim,_, 4;/t = H, means that for large ¢, the eigenvalues of x; behave
like

exp{h—l’;(n - l)t} , exp{-41—n(n— 3)t} N
exp{%(i& - n)t} , exp{‘—‘%(l - n)t} ,

and the existence of the limit lim,_ ., k, means that when ¢ — oo, the frame
of the axes of the ellipsoid x, tends to a limit.

Lemma 4. r, — oo and liminf,_ . r,/t > ¢ for some constant ¢ > 0.

Proof. With the polar coordinate decomposition x, = (r;, 8;), where 6, is a
process in S, we have [9],

t
(21) r,=r0+w,+/F(rs,0s)ds,
0

where w, is a 1-dimensional Wiener process and F is some function on V.
We have a useful expression for F using Jacobi fields. Fix a unit vector Y; in
ToV = 2 and let y be the geodesic starting from o with y’(0) = Y,. The
value of F at y(r) is given by

d
1 ~ o~
(22) F=33(¥. ),
j=2
where f’z, }~’3, ey )~’d are Jacobi fields along y such that f’j(O) = 0, and
{y'(r), Ya(r), ..., Ys(r)} form an orthonormal basis in T,V .
Let Yy, Y,..., Y, be the parallel displacements of Y;, Y3, ..., ¥; along

y . By solving the Jacobi equation, we see that Y, =y’ and Y; = f;Y;, where

£ = SR/

sinh(,/s;r)
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for 0 <t <r and s; is the sectional curvature of the section spanned by Y;
and Y;. By (22), for fixed 6 =Y, € S,

d
F(r,0) = %Z V/—sj coth (\/=s;r).
j=2

It follows that F(r, 8) — Y, /—s; = ¥(0) as t — oo uniformly for 6. Recall
that ¥ can be defined by (19) and ¥ is a positive continuous function on S,
so there is a constant ¢ > 0 such that ¥ > c¢. As t — oo, w; = O(+/tloglog?),
it follows from (21) that liminfr,/t > c.

Recall that 2’ is identified with an open subset of V' and is diffeomorphic
to (K/M)x*. Let A be the Laplace-Beltrami operator on %’ . By Theorem
5.24 in [4, Chapter II], if f is a smooth function on & * and if it is consid-
ered as a function on P’ = (K/M) x &+, then Af = Ay+f, with Ay the
differential operator on &t defined by

(23) Ag+ =Ag+ Y mgcoth(a)H,,
a€Xt

where A, is the Euclidean Laplacian on &/* and the root vectors H, are
considered as vector fields on &/

From this we can conclude that A4, is a diffusion process on &/ * with gen-
erator Ay +/2. Hence,

t
(24) A= Ao+ Wi+ / F(A,)ds,
0

where W, is an m-dimensional Wiener process and the vector field F(A4) on
&% is given by

(25) F(A) = % > mq coth(a(4))Hy.
a€Xt

The limiting property of A, is stated in the next lemma which is due to
Orihara [7]. We present a different proof here.

Lemma 5. A, is a diffusion process on &/ + with generator Ay + defined by (23)
and almost surely, |A;|| - oo and A;/t — H, as t — oo.
Proof. We have seen that ||4|| =r; — c© as t — . Since x;, € #' for t >0,
A; never hits the boundary of &/ *. It remains to prove that A4,/t — H, as
t—o00.

If we can show that a(4;) — oo as t — oo for any a € I+, then by (25),

lim F(4,) = % > meH, = H,,.

t—o0
a€Xt
By (24) and the fact that W, = O(+/tloglogt?) as t — oo,
At AO

w, 1 [
= +T+7/OF(As)ds—>H,,.

Therefore, it suffices to show that a(A4,) — oo as ¢t — oo forany a € Z*.
For any 4 € &/* with r = ||4|, let ¢(A4) be the angle between 4 and H,,
considered as vectors at the origin. Recall that H, € &/ *. We can introduce the
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polar coordinates (r, ¢, ¥, ..., ¥m—2) on &+ such that r = ||4|, ¢ = $(A4)
and (¢, ¥y, ..., ¥m—2) are orthogonal coordinates on the unit sphere S'. For
any a € Xt let ¢,(A) be the angle between A and the hyperplane o = 0. It
is clear that for sufficiently small ¢ > 0, if ¢(4) <& when ||A4| is sufficiently
large, then a(A4) — oo for any « € Z+. Therefore, in order to prove Lemma 35,
it suffices to show that Ve > 0, ¢(A4;) < 2¢ for sufficiently large ¢.

¢ can be considered as a function on & *, and H,, H, and F(4) as vec-
tor fields. A direct computation using polar coordinates shows that H,¢ =
O(1/r) as r — co. Since H, is at the north pole, one can check that H,¢ =
—||H,||sin¢/r. On the hyperplane o = 0, the vector H, is in the inward nor-
mal direction with respect to &/ *, therefore, H,¢ < 0 if ¢,(A4) is sufficiently
small. By (295),

Fé=Hy,p+ % )" macoth(a(A4)) — 11Ha.
a€Zt

Note that coth(a(A4)) ~ 1 when a(A) is large, which is the case if || 4| is large
and ¢,(A4) is not too small. On the other hand, if ¢,(A4) is small, H,$ < 0.
Therefore, by the above expression for F ¢, we can show that Ve > 0, 3C, ¢ >
0 such that

(26) Fp< -§ if 4 € /" with $(4) > ¢ and || 4] > C.

We would like to apply Ito’s formula to ¢. However, ¢ is not smooth at
¢ =0. Let f(x) be a positive smooth function on [0, co) such that f(x)=x
for x >e, f(x)<e for x<e and f'(x) =0 for x <e¢/2. Set v = f(¢).
Then y is a smooth function on &/t and ¥ = ¢ on [¢ > &]. Moreover,
v > ¢ if and only if ¢ > ¢. It suffices to show y(A4;) < 2¢ for sufficiently large
t.

By Ito’s formula,

2

where M, = fO'Vy/(As)dWs, V, = fot Ay(A4s)ds and the gradient V and the
Laplacian A are computed with respect to the Euclidean metric.

M, is a martingale whose bracket (M), = félVy/(As)l2 ds. Since V¢ =
O(1/r), Vy = f'(¢)V¢ and r, = O(t) as t — oo, we see that

IV (4s)? = O(r7?) = O(s™2).

This implies that (M), < oo and hence, almost surely, M, has a finite limit
as t — oo. Recall m = dim(&/*). The case when m = 1 is trivial. We will
assume m > 2. One can show that A¢ =0 if m =2 and |A¢| < ¢/r™!sin¢
for some constant ¢ > 0 if m > 2. Since

Ay = f"(®)IVEI* + ['($)As,

27) W(A) = w(do) + My + 2Vi + /0 (Fy)(4;)ds,

we see that Ay = O(r=2) if m > 2. It follows that [°|Ay(4;)|ds is finite
and ¥V, has a finite limit as 1 — co.

We claim that V7' > 0, 3t > T such that y(4;) < ¢. Otherwise, for some
T > 0, we would have y(A;) > ¢ for ¢t > T. Because (26) holds when ¢ is
replaced by vy, fOI(Fa//)(As)ds would tend to —oo as ¢t — oo, and by (27),
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w(A;) —» —oo. This is impossible, so our claim is true. Since both M; and
V, have finite limits as ¢ —» oo, and Fy(A4) <0 when y(A4) > ¢ and ||A4| is
large, it follows from (26) and (27) that if y(4,) < ¢ for some large ¢, then
w(A;) < 2¢ as t — oo. This concludes our proof of Lemma 5.

Recall X+t is the set of positive roots. For a € X+, let &, and %, be,
respectively, the images of &, under the natural projections of & & .%Z onto
2 and % . We have

P=APY P ad T =P )

a€Xt a€Z*

Let Z,, Z,, ..., Z, beabasisof ) 5. %, , which is orthonormal with respect
to (-, ), such that each Z; is contained in some .%Z, . Recall that 4;, ..., An
is an orthonormal basis of & . For (a, b)=(ai, ..., am, b1, ..., b)) € R™!
define

) m
(28) &' (a, b) = Ad (exp (Z b,~Z,~)> > a4 ).

i=1 j=1
For 6 > 0, let

(29) Ué:{Yeg’; Y =®(a, b), Za,-A,-eM*andlb|<5}.

When ¢ is sufficiently small, U; is an open subset of & and @' is a diffeo-
morphism from an open subset of R™*/ onto U; . Therefore, (a, b) can be
used as local coordinates on Uj. Note that if we allow &* to vary over all
Weyl chambers, then {U;} will form an open cover of &'.

We will express the Riemannian metric in the coordinates (a, b). Let Z;,,,
..., Z; be a basis of .# . For a small perturbation Ab of b, we have

exp( (bj+Abj)Zj)
j=1

!
= exp (Z ijj) exp (Zzaij(b)Aiji + 0(|Ab|2)) ,

j=1 i=1 j=1

M~

(30)

where a;;(b) is a smooth function of b and a;;(0) = J;;.

Lemma 6. For X ¢ &+ and Y € %, for some o € X*, we have exp(X +1Y)
exp(X) exp(tZ + O(t?)), where

(31) Z = a(X)~'sinh(a(X))Y — a(X) 2[cosh(a(X)) — 1]ad(X)Y.

Proof. By Theorem 1.7 in [3, Chapter II], VX, Y € &, exp(X + tY)
exp(X) exp(tZ + O(t?)) , where

o (=1p
(32) Z= ;) TN ad(X)?Y.

Now (31) follows from (32) and the identity ad(X)?Y = a(X)?Y .
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For each Z; € %, , we can choose Y; € &, such that Y; + Z; € Z,. Thus,

Yy, ..., Y, form an orthonormal basis of ) .. %,. We will let o; be the
positive root o if i</ and Z; € %,,andlet a;=0if i=[+1,...,h. We
have

(33) VHe, ad(H)Zi =a;(H)Y; and ad(H)Y; = ai(H)Z;.

Lemma 7. In the coordinates (a, b), the Riemannian metric is given by
0 d a 0
(v 7)o (oo, =

o 8 ! .
<%, %) - zlamw)aiq(b) sinh(a(A)),

i=
where A=37 a;A;

Proof. The first equality follows from the fact that the Riemannian metric is
flat on &+ and Ad(k) is an isometry for k € K. By (33),

4 Ad(exp1Z) Alucg = L0342 1) = 20(Z) A = ~ay( )Y,

Note that Y; as a vector at o is now considered as a vector at A, the tangent
vector of the curve t— A +tY; at t=0. Let Y, be the parallel displacement
of Y; at o along the geodesic y: t — tA. Since e?: ToV — Tosp)V gives the
parallel displacement along y and by Lemma 6,

exp(4 + tY;) = ed exp(tF + O(t?)),

where F = a;(A4)7! sinh(a;(A4))Y; + Y’ for some Y’ € %, we see that
Y; = a;(A)" ! sinh(a;(A))Y; at A.

Let Z =%, b:Z;. We have, by (30),

Ad(e?*'%)A = Ad(e?)Ad (exp (tZa,-p(b)Z,- + O(tz))) A
_ tz aip(b) ad(Z,)+0(£) A

and by (33),

Ad(e?*'%) 4 = Ad(e l —tZa,p Y+0(t2)}

6—(2—= [ Za,,, ) sinh(a;( ))7,}.
14

Since Ad(e?) is an isometry, we obtain the desired formulae in Lemma 7.
Let y be a curve contained in U; and let ds be the differential of arclength
on y. By Lemma 7,

(34) ds? —Zda + Z aip(b)aiq(b 51nh2(a,~(A))dbpdbq.

i,p.q
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Let
(35) Us={YeP;, Y= (a,b), |b|<d, ||4]>1and ¢(4) <d}.
Recall that 4 = Y, a,4; and ¢(A) is the angle between 4 and H,. It is

clear that Us is an open subset of U;. Note that if Y = ®&(a, b), then
|4l =d(o, Y).

Lemma 8. Ve >0, 36 > 0 and C > 0 such that along any curve y contained
in Us, |db| < Cexp(—(1 —¢)Ar/||H,||)ds, where r = d(o, y), the Riemannian
distance between o and y, and A = min,es+ a(H,).

Proof. For any ¢ > 0, when ||4|| > | and when ¢(4) is sufficiently small,
A= Hy|A|l/IIH,| , so

sinh(a(4)) > cexp((1 — &)a(H,)|| 4|/ H,ll),

for some constant ¢ > 0. Since a;,(b) is continuousin b and a;,(0) = J;p , the
smallest eigenvalue of the symmetric matrix Y, a;,(b)aiq(b) is bounded from
below by a positive constant. Lemma 8 follows from (34).

Lemma 9. Almost surely, 3 an integer N > 0 and 0 < n < 1 such that ¥V
integer n > N,
sup{d(x;, Xn); n<t<mn+1}<n".

The above formula is given in [10] (see line 8 on p. 1541, where p? should
read p’/). In that paper, it was assumed that the sectional curvatures were
bounded from above and below by two negative numbers. However, a careful
examination of the proef of this formula reveals that the boundedness of sec-
tional curvatures was only used to control the function F in (21), where the
boundedness of Ricci curvature suffices. Therefore, this formula holds also for
a symmetric space of noncompact type.

Now, we are ready to prove Theorem 2. By Lemma 5, it suffices to show that
almost surely, 3 an integer N such that if xy € U;/; for some Weyl chamber
&+ and 6 >0, then |b(x,)| <J for t > N and lim,_,. b(x;) exists.

Choose a typical path w. Fix ¢ > 0 and let N be the integer in Lemma 9.
By Lemma 5, lim,—,r:/t = ||H,||, and so we may assume (1 — &)||H,|| < ri/t
for t > N. For n > N, let y, be the minimal geodesic joining x, and X, .
Since the length of y, is at most n",

d(o,yn) 2d(0, Xp) —n" =1y —n" 2 (1 —¢)||Hplln —n".
N can be chosen to be large enough so that
0
> Cexp[—(1 - e)A((1 - )| Hplln — n")/| HpllIn" < 5,
n>N

where J is the constant in Lemma 8. Assume xy € Us;,. We have |b(xn)| <
0/2 and by Lemma 8

0
3 B (nsr) = b(xn)| < Z/ dbj < 2.
n>N n>N
So {b(x,)} is a Cauchy sequence and |b(x,)| < d. For n <t <n+1,]let
be the minimal geodesic joining x, and Xx,. Then

b(x:) = b(xa)| < / db| < Cexp[—(1 = &)A((1 — )| Hlln — n") /|| Hp||]n".
y
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Hence, |b(x;)| <  for t > N and lim,_,, b(x;) exists. This concludes the
proof of Theorem 2.
As a direct consequence of Theorem 2, we obtain

Corollary 1. Let x, = (r,, 6,) be the polar coordinate decomposition of the Brow-
nian motion x; about o with 0, € S. Then, almost surely, lim,_. r;/t = ||H,|,
and lim,_ 0, exists and is contained in S, .

Note that if xo = 0, then 6, = lim,_. 6, is uniformly distributed on S,
in the sense that its distribution is Ad(K)-invariant.

5. THE ASYMPTOTIC STABILITY OF THE CANONICAL STOCHASTIC FLOW

We will continue to use the notations introduced earlier. Fix an orthonormal
frame u = (X;,..., X;) at o. In §2, we have seen that to determine the
Lyapunov exponents of the canonical stochastic flow F; on G,, it suffices to
determine the exponential growth rate of || Ad(g, ') X|| for any X € &, where
g; is the horizontal diffusion in G defined with respect to the frame u. Recall
that the norm || - || is Ad(K)-invariant on & .

By Lemma 1, the image x; of g under the natural projection: G — V
is Brownian motion in V. By Theorem 1.1 in [3, Chapter VI], the map:
P x K - G defined by (X, k) — eXk is a diffeomorphism, so with the
identification of V' with &, g, = exp(x;)k; for some process k, on K. With
polar decomposition, x; = r,f,, we may write g, = exp(r,6,)k, and

| Ad(g, YWl = || Ad(k;") Ad(e™ ") W || = |le™" 2@ ||,
Note that almost surely, 6. = lim,_,, 6, exists and is contained in S, . There-
fore, there is a Weyl chamber &/ * such that 6, € &+ and 0, = H,/||H,| .

Theorem 3. Assume that 0 is contained in /*. If W € & with W # 0,
where B is a root, then

(36) lim || Ad(g YW ||V! = e~ FHr).
—o00
Proof. Since 0, ~ 6, forlarge ¢ and ad(6.)W = B(6-)W , it may seem that
(36) can be derived as follows.
”e-r, ad(0,)W“1/t ~ "e—r, ad(Goo)W"l/t — €_ﬂ(0°°)”/l”W”l/' ,
which tends to exp(—f(0)||H,||) as t — oo. However, the above ~ cannot

be easily justified. This forces us to use a more careful argument.
We may assume that x;, € U; for sufficiently large ¢, x; = Ad(h,)A4,, where

h = cxp(Zf,=l by(x:1)Z,) and A, € &%, and A4,/t — H, and by(x;) — 0 as
t — oo. Recall that Z,, ..., Z; is a basis of ) 5. %, such that each Z; is
contained in some %, . We have
| Ad(g7) Wl = | Ad(e™ )W | = e~ *Adm 4y
= || Ad(h,)e~ 244 Ad(h YW || = [le™ 24 Ad (kYW ).

Let Wy, ..., W, be abasis of & such that each W; is contained in & for
some root f. We will use B; to denote the root f if W; € &. We may
assume W = W; for some j. We have

(37) Ad(e™Zo 202w, = 3 £ (b) Wi

k=1
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It is clear that the fj(b) are bounded smooth functions and fj;(0) = ;. We
have

p—ad(4) Ad(h ) = e 2d(4) Ad(e” Z by (x,)zp)W
= Z fj'k(b(xt))e_ﬂk("‘z)l,y;(.

Note that fjx(b(x;)) — d;x and ,Bk(A = tPk(Ai/t) = tPr(H,) as t — oo, sO
the jth term of the right-hand side of (38) has the correct exponential growth
rate for (36) with W = W, . To prove (36), we need to show that the exponential
growth rates of the other terms are not greater.

(38)

The following lemma will be proved in the next section.
Lemma 10. If B; # Py, then Ve >0,
(39) fik(b(x)]| < e~ OB H -l
for sufficiently large t > 0.

We now show that Theorem 3 follows from the above lemma. Note that the
sum on the right-hand side of (38) is orthogonal, we have

I Ad(g; " YWjII? = lle= 244 Ad(h, ")W1 = z|f1k (b(x,))|2e 2840,

liminf | Ad(g;” hw |Vt > lim inf | £;; (b(x ))|'/' —AAN/t = o= Bi(Hy),
Since A; = H,t+ o(t), by Lemma 10,
| fix(b(xe))|e™ Bi(4) < o= Bi(Hp)t+e| ;= Bil (Hp)t+o(t)

It follows that

lim sup || Ad(g,")Wj||'/’ < e BilHy) ml?x ec1Bi—Bl(Hp)

t—oo
Since & > 0 can be made arbitrarily small, Theorem 3 is proved.
Let uy > py > --- > pg be the distinct values contained in the set {a(H,); a

€ X*}. Since any nonzero root is either @ or —a for some a € X*, the eigen-
values of the linear map ad(H,): ¥ — £ are given by {u;; i =0, £1, £2,

, x5}, where uo=0 and u_;, = —u;.
Let & be the eigenspace of the map ad(H,) corresponding to 4;, for i =
0, +1, ..., +£s. Note that when i =0, % is & as defined earlier. Each &,

is a direct sum of £ s, where f is a root satisfying f(H,) = u;. We have the
following orthogonal decomposition of & .

)

i=—s§

Now fix a typical path w. We may assume 0., = H,/||H,| . Fix u € O(V)
and recall that G, is defined to be the orbit of # under the action of G on V
and it is an Fi-invariant subbundle of O(V). With the natural identification
of G, with G, we may identify T,G, with & . The following corollary is a
direct consequence of Theorem 3 and (6).
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Corollary 2. Consider the canonical stochastic flow F; restricted to G, for some
orthonormal frame u based at 0 € V = G/K . Let 0 € TgV be the limiting
direction of the Brownian motion which is the image of F,(u) under the natural
projection: O(V) — V . With the identification of T,V and &, we may think
of O as an element of & = T,G,. The linear map ad(0.): &€ — & has the
Jfollowing eigenvalues

<~y < < —ps O < g <o < < .

Let &' be the eigenspace corresponding to u;, for i =0, £1, ..., xs, where
uo=0 and p_;=—u;. Thenif W € &' with W #0,

.1

lim ~log |DE(W)|| = —pi.

—o0 |

Note that &/ = & if 6, € &*. The following theorem establishes the

existence of the so-called stable manifold for the flow F, restricted to G, .

Theorem 4. Let G, = {eXu; X € 3}, &/} and let d be the distance on G,
induced by the canonical metric. Then for any v;, vy € G, d(F,(v1), F(v2))
tends to zero exponentially fast as t — oo in the sense that

1
lim —logd(Fi(v1), Fi(v2)) < —Hs.

Proof. We may assume 0, € &+ and &' = ;. It suffices to prove the above
forvi=uand v, =eXu, X €%, i=1,2,...,s. The distance d on G, is
G-invariant and it is easy to see that when X is contained in a neighborhood
of 0 in &, d(u, eXu) < c||X| for some constant ¢ > 0. We have

d(Fi(u), Fi(e*u)) = d(gu, e*gu) = d(u, g 'e* gu)
= d(u, e*& ¥ uy) < o Ad(g )Xl
It now follows from (36) that if X is a nonzero vector contained in %; for
i=1,2,...,s,then

(40) lim < logd(F (), Fi(e*u)) < .

Theorem 4 is proved.
For G = SL(n) and K = SO(n), by the root space structure and (13),
s=n-1 and

_n-1 _n-=2 _ 1
= m M2 = n a"'sﬂn—l_zn'

Let g; be the horizontal diffusion in SL(n) defined by (7). We have seen that
the process x; = gg; is the projection of g into V. Let x, = e"% be the
polar decomposition of x;, where r, is a positive real-valued process such that
r;/t tends to

IHpll = 4/ (n? - 1)/24,

the process 0, is S-valued and the limit 6., = lim,_, o, 8, is a symmetric matrix
having eigenvalues (16). The eigenvalues of the linear map ad(0): s/(n) —
sl(n) are given by u;, i =0,+1,...,+(n—1), where yo =0 and u_; =
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—u; . By Theorem 3, if W in sl/(n) is contained in the eigenspace of u;, then
lg "W g/t tendsto e~* as t — oo, where | - || can be any norm on s/(n).

6. PROOF OF LEMMA 10

As before, let W, ..., W, be an orthonormal basis of & such that each W;
is contained in some root space %, let Z,, ..., Z, be an orthonormal basis
of Z such that each Z; is contained in some %, for 1 <i</ and Z; e #
for i >/, and let Y;,..., Y, be a basis of ) .y, &, such that each Y; is
contained in some %, and Y; + Z; € &,. Recall that f; is the root f such
that X; € & . Let o; be the positive root o such that Y; € &, and Z; € %, .
Wehave -Y; +Z; €%,

1Zi, Xj1=3Yi+ Zi, X,]+3[-Yi+ Zi, X;]1 € Tp1a + T, s

and

n
(41) ad(Z)W, =Y Cin Wi,
k=1
where C,',k =0 if ﬂk # ﬂ, +o;.
Fix ¢ > 0. Recall that we have assumed that

!
x; = Ad(h,) A4, = exp (Z bp(x1) ad(Zp)) A,

p=1

where b,(x;) tends to zero and A,/t tendsto H, as t — co. Let N be the
integer in Lemma 9. For n > N, let y, be the minimal geodesic joining x,
and x4 . Since A, = H,n + o(n) and the length of y, is at most n", where
0 < n < 1, it follows that the & *-component of y, is also equal to H,n+o(n).
By (34), we see that along y,, when N is sufficiently large,

< Ce U=8eillpngs  fori=1,2,...,1.

l
Zaip(b) db,
p=1

Similarly, by Lemma 8, we obtain, along y,,
|db| < Ce~1=0)n g5,

Recall A = min,eyz+ a(H,). We can introduce a new parameter #, and y, such
that du, = e~ (1-94"=N)ds We then have

!
> aip(b)dby| < Cem 1= HN gy, . fori=1,2,...,h,
p=1
where «; is defined to be zeroif i=/+1,..., A4, and
o0
> / dun| < Y e 1=eRn=Nipn < N1S "= (10K (k 4 1)" < LN,
n>N"Y7"n n>N k=0

where L is a positive constant independent of small ¢ > 0. By piecing these
parameters u, together we can define a piecewise smooth map y: (0, U] — R/
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such that U < LN", y(U) = b(xy), w(u) — 0 as u — 0 and

1
(42) Za,-,,(«,/)d < Ce (=il H)N = forj=1,2,...,h,
p=1
where o; is a € Xt if Y; e &, for i =1,2,...,] and o; =0 for i =
I+1,...,h.
By (30),

exp (— > (b +Abj)Zj) = exp (— > aijAb;Z; + O(|AbP ) exp ( Zb ZJ) ’

J i,j

Ad(e™ 2 br+aeZy _ l[ 3" a;jAb; ad(Z;) + O(|Ab| )] d(e™ 2 0%)

i,j

Recall fj; are defined by (37). We have

S df W = diadie” 2P
k=1
h
= - 33 a, db,ad(Z)[Ad(e” 2oy W;)

i=1 p=1

R I n
-7 Z Z Z aip dpp,fjr ad(Zl)W
i=1 p=1r=1
n h n
= - Z Z Z Czrkf}r (Za,p db )
k=1 i=1 r=1
Hence,
df:lk - chlrkﬁr (Z ajp db )
i=1 r=1
Let
gix = fixe ~OBi=AdH)N
and

]
dv; = e1=HIN S g b
p=l

Since Cjx = 0 if B # Bt a; and (|8 — Br| + ai)(H,) > |Bj — Bk|(H,) if
Bx = Br £ a;, it follows that

h n
dgjk z Z Cir8jr dvi,

i=1 r=1

where |C~‘,~,k| < |Cirk| . With the map y defined above, we can regard b;, firow
and gjcoy as piecewise smooth functions of u and by (42), we have |dv;/du| <
C. It follows that gj, o ¥ satisfy a system of linear homogeneous differential
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equations
d
Jo&kov =2 Calw)gioy,
r

with bounded coefficients C,;(u).

Now fix j. Let |g;| be the square root of 3", |gjx © w|>. Then there exists a
constant A > 0 such that |g;|(U) < |g;](0)erV < |g;|(0)eALN" . Since [y (0) =
djk , we see that |g;|(G) = |f;;(0)| = 1. Hence,

ik o w(U)] = |gjx o w(U)|e= (=B =BlHIN < oALN" g=(1=0)B)=BLl(H)N

If Bj# B, |Bj— Bkl(Hp) > 0. Since 0 <n <1, ALN" <¢|B; — Bi|(H,)N
when N is sufficiently large. It follows that

b ))| = LS w(U)] < e=1-2008 AN,

It is easy to see that in the previous discussion the integer N can be replaced
by any large real number ¢. We obtain (39) by replacing 2¢ by ¢. Lemma 10
is proved.
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