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BESOV SPACES ON CLOSED SUBSETS OF R”

ALF JONSSON

ABSTRACT. Motivated by the need in boundary value problems for partial dif-
ferential equations, classical trace theorems characterize the trace to a subset
F of R" of Sobolev spaces and Besov spaces consisting of functions defined
on R",if F is a linear subvariety RY of R” or a d-dimensional smooth
submanifold of R”. This was generalized in [2] to the case when F is a d-
dimensional fractal set of a certain type. In this paper, traces are described
when F is an arbitrary closed set. The result may also be looked upon as a
Whitney extension theorem in L? .

0. INTRODUCTION

In this paper the trace of the Besov space B?:9(R") to an arbitrary closed
subset F of R” is characterized for ap > n and a < 1. For p = g theresult is
as follows. Consider a fixed measure x4 with support F satisfying the doubling
condition, more precisely the conditions (D,) and (3) in the next section; such
a measure exists due to a result in Volberg and Konyagin [4]. Then the trace of
B?-9(R") to F consists of all functions f defined on F with finite norm

1/p
)~ FO)P |
D Wt (//|x_y|<l =B (x, [ =y H)HO ))

where B(x, r) denotes the open ball with center x and radius r. We also
consider results when the range of the parameters o and p is wider, in which
case one has to impose restrictions on F . In particular the case p = ¢ =2 and
o = 1 is included, which means that we have a result for the Sobolev spaces
[,VIZ (R") i

The results contain the classical results on the restriction of Besov spaces to
hypherplanes and their generalizations to d-sets given in [2] (see Example 1).
However, we do not allow the range of the parameters to be as wide as in these
cases.

The possibility to prove theorems like the one in this paper is suggested by
the results in Dynkin [1], where the norm (1) is used to prove results on the
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trace to the boundary of the unit circle of analytic functions whose derivatives
are in the Hardy space H? , under some additional conditions on F .

1. DEFINITIONS AND RESULTS

We assume throughout the paper that F is a closed subset of R*, n > 1,
and that u is a measure with support F . Following [4], we say that u satisfies
the condition (D;), 0 < s < n, if for some constant ¢ independent of x, r,
and k,

(Ds) u(B(x, kr)) < ck*u(B(x,r)), xXeF,r>0,k>1,kr<1

(in [4], however, the limitation kr < 1 is not imposed). Note that (D;) is a
generalization of the familiar doubling condition: If u satisfies (D), then

(2) u(B(x, 2r)) <cu(B(x,r)), xeF,0<r<1/2.

In general the measures considered will be assumed to satisfy the assumption
that for some constants ¢;, ¢; >0

(3) a <u(B(x, 1)) <c, x € F.

In [4] it is shown that every closed set F carries a measure satsfying (D,), and
(Proposition 1 below) it may also be assumed that this measure satisfies (3). We
furthermore say that u satisfies the condition (Ly), 0 < d < n, if for some
constant ¢ >0

(Ls)  w(B(x,kr)>ck?u(B(x,r), x€F,r>0,k>1,kr<l.

Note that (L;) imposes no restriction on u.

Let assumptions on a, p,q,s,d, and u, be as in Theorem 1 below. The
Besov space BP-9(F) is defined as the class of functions defined on F with
finite norm

1/p q\ /4
||f||p,u+( (2"<° /P (//| o x)”{((y)')"du(xmu(y)) )) ,
x—yl<2-v My v

where m,(x) denotes u(B(x,27")). For p = 0o, the terms in the v-summa-
tion should be interpreted as (2”* sup, sup,_, <2+ |f(x) — f(»)])?. This norm
depends on u, but if follows from Theorem 1 that different u give rise to
equivalent norms in a certain sense, see §3.5. One obtains an equivalent norm
if the domain of integration is replaced by |x — y| < ¢27", where ¢ > 0 is a
constant (cf. [3, p. 434]). For p = g, the norm is equivalent to the one given
in the introduction (Proposition 2). If F = R” and u is the n-dimensional
Lebesgue measure, then the space B?2-9(F) is equivalent to the classical Besov
space A2:9(R") ([2, p. 128]; the definition of A2-9(R") will be recalled in §3).

The main result of this paper is the following trace theorem. To state it,
we must define what we mean with the restriction Rf to F of a function f
in AP-9(R"), since functions in this space are defined a.e. with respect to the
Lebesgue measure m in R”, only. We put

1
RI(x) = lim s /B L Jmy

at every point x € F where the limit exists. It is part of the conclusion of the
theorem that the limit exists u-a.e. on F.
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Theorem 1. Let 0<d <n,d<s<n, s>0,1<p,g<o0, (n—-d)/p<
a< 1+ (n-s)/p, and let u satisfy the conditions (D), (L;), and (3). Then
BP:9(F) is the trace to F of A2-1(R") in the following sense:

(a) The restriction operator R is a continuous linear operator from AZ-9(R")
to B?-9(F).

(b) There is a continuous linear extension operator & from B2-4(F) to
A2-9(R") such that R(&) is the identity operator.

Part (a) is proved in §4 and part (b) in §3. We point out that as a special case
we have the following result, in which the space B2-9(F) is defined by means
of a measure u with support F satisfying (D,) and (3).

Corollary 1. Let F be a closed subset of R", 1 < p,q < o0, a < 1, and
ap > n. Then the trace of AE:9(R") to F is BP-4(F).

We conclude this section by giving some examples.

Example 1. If u isa d-set, 0 < d < n, as defined in [2], then u satisfies (D;),
(Ly) , and (3), and the restriction on a in Theorem 1 becomes 0 < # < 1 where
B=a—-(n—-d)/p. The space B2-4(F) is in this case equivalent to the space
Bﬁ"’(F ) defined in [2], and Theorem 1 reduces to the trace theorem in [2, p.
142). However, in [2] the trace on a d-set F of A2-9(R") is characterized for
B=a—-(n-d)/p>0.

Example 2. Consider F C R? = {(x;, x2)} defined by F = F; U F,, where
Fi={(x1+1)2?+x}<1} and F, ={0<x, <2, x, =0}. Let m, denote the
n-dimensional Lebesgue measure, for » = 1 distributed over the x;-axes, and
put di = x;dm,. Then u = m,|F, + A|F, satisfies (D,), (L;), and (3), and
thus Theorem 1 yields, with this ux, a trace theorem in the range 1/p <a< 1.

Example 3. Let F C R? betheset F = {0 < x; < 1,0 < x; < x]} where
y > 1, and put dv = xll"dmz and p = v|F. Then it can be shown that u
satisfies (D;), (L), and (3), so we get a trace theorem for 1/p < @ < 1 using
this measure u.

Example 4. Let F c R!, F = {0}uU{ay, k > 0} where a; =27% andlet u be
defined by £({0}) =0 and u({ax}) = a=*, where a is a constant, 1 <a <2.
Then u satisfies (D;) with s = Ina/In2, and we get a trace theorem for
1/p <a<1+(1-s)/p. We now simplify by taking g = p. It can be shown
that the B?:?(F)-norm can be simplified to an equivalent norm

I~ 1/p I~ 1/p
(Z |f(ai)|"a-'> + (E 2i@p=0)| f(a;) - f(ai+1)|") ;
i=0 i=0
also, it can be shown directly that these norms are equivalent for a > 1. It

follows that we have a trace theorem for 1/p < a < 1+ 1/p, with the norm in
the trace space given by the above expression with, e.g., a =2.

2. REMARKS ON THE PRECEDING DEFINITIONS

In the conditions (D;) and (L;), it is assumed that kr < 1. However,
for ry > 1, the class of measures satisfying (L;) is unchanged if kr <1 is
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replaced by kr < ry, and so is the class satisfying the conditions (D;) and (3)
simultaneously. To show the latter statement, one uses the observation that if
u(B(x, 1)) <c, x € F, then

(4) W(B(x,r) <cr, r>1,x€eR"

It is also easy to realize that if u satisfies (L;), then the condition defining
(Lg) is satisfied not only for x € F but for x € R” and that if (Ds), (L,), or
(3) hold for open balls, they hold for closed.

If u satisfies (D;s), then the set F has Hausdorff dimension < s, and if u
satisfies (Ly), then it has dimension > d at every point in the sense that every
set FNB(x,r), x € F, has dimension > d. These statements can be proved
in the same way as similar results for d-sets in [2, p. 32]. The reason for this is
that, putting A(d) = rl‘d/z(B(x, r1)), we have for x € F and r <ry (cf. (18))
the inequalities

(3) W(B(x, 1) <cAd)r’ and u(B(x,r) > cAls)r

if u satisfies (Ly;) or (Ds), respectively; these conditions are similar to those
used in the definition of a d-set. Note also that it follows that u has no
point mass if u satisfies (L;), d > 0. One can think of the significance of
these observations in relation to the assumptions in Theorem 1 as follows. The
condition (D;) guarantees that F is so small that B2-9(F) should be defined
by means of first differences, and (L;) that F is so big that the trace on F of
a function in B?2-9(F) exists u-a.e. In [4] it is shown that every closed set is
the support of a measure satisfying (D,). We shall verify that things may be
arranged so that (3) is fulfilled, too.

Propeosition 1. For every closed set F C R", there is a measure u with support
F satisfying (D,) and (3).

Proof. Cover R” with the closed balls of radii ry = 64/n which have centers
in points with integer coordinates. Denote the balls intersecting F by B;,
i=1,2,..., and let v; be a probability measure on B; N F satisfying the
condition (D,), without the limitation kr < 1; v; exists due to [4]. Let ¢ be
given by ¢(x) = 1 if |x| < ro/2, 9(x) = ((ro — [x[)2/ro)" if ro/2 < |x| < 1o,
and ¢(x) = 0 elsewhere, and let ¢; be the translation of ¢ such that the
support of ¢; is B;. Put du; = ¢;dv; and u = > u;. Then u has the desired
properties, as we shall see.

Denote the center of B; by x; and the ball B;(x;, ro/2) by B;/2. For any
x € F there is an x; with |x — x;] < v/n/2, so B(x, 1) is contained in B;/2
and thus u(B(x, 1)) > u;(B(x, 1)) = vi(B(x, 1)). Since v; satisfies (D,),
with the constant ¢ in the condition (D,) depending only on n according to
the construction in [4], we have 1 = v;(B(x, 2ry)) < cvi(B(x, 1)), and the
lower bound in (3) follows. The upper bound follows from the fact that only a
bounded number of B;’s intersect B(x, 1).

To show that (D,) holds, consider a ball B(x,r), x € F, and assume
kr < 1. We shall show that for any /i we have u;(B(x, kr)) < ck"u(B(x,r))
which gives (D,). We consider two cases.

Case 1. The distance d from B(x, kr) to the complement of B; is > r.
Assume first that B(x, kr) does not intersect B;/2, and note that if a is the
distance from a point x € B;\(B;/2) to the boundary of B;, then ¢;(x) =
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(2a/ro)" . Then from u; = ¢,v; it follows that
1i(B(x, kr)) < (2(d + 2kr)/ro)"vi(B(x , kr))
< (2(d + 2kr)/r)*ck"vi(B(x, r))
< (2(d + 2kr)[ro)"ck™(2(d + (k — 1)r)/ro) " ui(B(x, r))
< c3"k"ui(B(x, r)).
If B(x, kr) intersects B;/2 we instead have, using kr <1,
1i(B(x, kr)) < vi(B(x, kr)) < ck"vi(B(x, r)) < ck™(2/r)) " wi(B(x, r)).
Case 2. d <r. Then
Ui(B(x, kr)) < (2(r + 2kr)/ro)"vi(B(x, kr)) < (6kr/ry)".
But B(x, r) is contained in some B;/2,so u(B(x,r)) >vj(B(x,r)), and we
also have
1 =v;(B(x, 2rp)) = vj(B(x, (2ro/r)r)) < cr™"vj(B(x, r)).

Together, these estimates give u;(B(x, kr)) < ck"r* < ck"u(B(x,r)).

Finally we give, for p = ¢, a norm in B?-9(F) which in the case when
F =R" and u is Lebesgue measure reduces to a classical norm in AZ:?(R").
Compare also with §0.

Proposition 2. Let o, p, s, d, and u be as in Theorem 1. Then the B?-P(F)-
norm is equivalent to expression (1).

Proof. The B2-4(F) norm equals, if p =g, | fl|p,, plus

1/p
(6) ( 2V(ap n Z//-z I<|x—p|<2- %dﬂ(}c) d'u(y)) .

Since u satisfies (Lz) we have m,(x) = u(B(x, 277V277)) > 20~ m (x).
Using this in (6) and reversing the order of the summations one obtains that
(6) is less than

3 - 1/p
—21d v(ap—n+2d) M
(cgz 2 //2"“'S|x—y|<2—v () me(y) "”‘x)d”(y)) ’

where the sum with respect to v may be replaced by 27(@»—7+2d)  Since, by
(2), m(y) > cm,—y(y) > cu(B(x, |x —y|)) if |x —y| < 277, it follows that the
B?:4(F)-norm is less than (1).

The converse follows immediately if we write the double integral in the latter
norm as a sum of integrals over 27¥~! < |x — y| < 27¥, and use that then we
have u(B(x, |x —yl)) = cmy(x), cm,(y).

3. THE EXTENSION THEOREM

3.1. The proof of part (b) in Theorem 1 is similar to the proof of the extension
theorem in [2], and we shall now and then refer to [2] for details. To define the
extension operator, we need the Whitney decomposition of the complement of
F, which has the following properties (cf. [2, p. 23]). It consists of a collection
of closed cubes Q;, i =1, 2,..., with mutually disjoint interiors and sides
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parallel to the axes such that CF = |JQ;. Denote the center of Q; by x;, its
diameter by /;, and its sidelength, which we assume is of the form 2=, M
integer, by s;. Then

(7) i <d(Q;, F)< 4,
where d(Q;, F) is the distance from Q; to F, and if Q; and Q, touch, then
(8) 1/41; <1, <4l

Let 0 <& < 1/4,and put QF = (1+¢)Q;. Then each point in CF is contained
in at most Ny = Np(n) cubes Qf, and, furthermore, Q; intersects a cube
Q, only if Q; touches Q, . To this decomposition we associate a partition of
unity, consisting of nonnegative functions ¢; such that ¢;(x) =0 if x ¢ Q,
S i(x)=1, xelF, and

9) ID7gi(x)| < A;(1) V.

We are now prepared to define the extension operator & , and assume first
that u satisfies (D;) for some s < n; the remaining case will be taken care of
in §3.5. Putting ¢; = u(B(x;, 61;))"!, we define & on BZ-9(F) by

£fw=Yoxa [ fOdut),  xeCF,

i€l Jt—x;|<6/;

where I means those i such that s; < 1. Note that since s < n, this defines

& f a.e. on R", by the discussion in the preceding section. We prove in §3.3
that € f € A2-9(R") and in §3.4 that & f|F = f, but give first some preliminary
estimates related to the above construction.

3.2. Assume that Q; touches Q,. By (7), there is a point p; € F with
|pi — xi| < 5/;, and since, if |t — x| < 6/, , we have by (8) that

|t = xi| <t —xy| +|xg —xi| <6l + 1+ 1, <30

it follows from the doubling condition that u(B(x;, 6/;)) > wu(B(pi, l;)) >
cu(B(pi, 30L;)) > cu(B(xy, 61y)), so

(10) ci < CCy.

As we saw, we have

(11) |t — x| <300, if |t — x| <6
and by (9) and (8) we have

(12) ID7gi| < el V.

Note that (10), (11), and (12) hold if x € Q, and ¢;(x) # 0, since then Q;
and Q, touch. Using (8) it also follows that &f(x) =0 if x € Q,, s, > 4
and 3., 9i(x) = Y 0i(x) if x € Qy, 5y, < 1/4.

The following two lemmas will be needed. The first is a variation of Lemma
D in [2, p. 111], and we omit its proof since it is similar to the proof in [2], the
only essential difference being that we use (10) as a replacement for [2, formula

(6)].
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The second lemma is the same as Lemma 2 in [2]. Put

1/p

To(xg, x0) = | eyee //| VO = O dut ducs
Is—xe| <300,

Lemma 1. Let 1 <p <oco andlet x € Q, and y € Q;, sy, s < 1/4. Then
the following hold.

(&) 18/(x)~ &[] < cyplxy, xo).
(6) IDIE )0 < el V(g x0), 1] > 0.
(€) |&f(x)=b| <c(cq flt—xxIS-?le |f(6)—blP du(t))/? where b is a constant,

and
(d) forany Qy and |j| >0

— x| <30/,

' 1/p
\D/(& £)(x)| < cly V! (Cx /u Lf (@) du(t)) .

Let A, denote the union of those cubes @, which have sides of length
S X = 2_V .

Lemma 2. Let a > 0, let h be a nonnegative function defined on a closed set
F cR”, and let u be supported by F. Let g be given by

g(x)= / h(t)du(t), X €intQy, 5, =27".
[t—xx|<alx
Then, for xo € R" and 0 <r < oo

(13) / g(x)dx < 2" / h(t)du(t);
X€A, |t—xo|<r+ce2-v
[x—xo|<r

in particular for r = o
(14) / g(x)dx < c2""’/h(t) du(t).
XEAV

Here the constants ¢ and ¢y depend only on a and n.

Finally we note that it is shown in [2, p. 110], that

v+3
(15) yed,= |J A ifxeA, and |x -yl <27/2.

i=v=2

3.3. We are now ready to prove that & f € A2-9(R"). Explicitly, we treat the
case p < oo and g < co only. Recall that the norm of & f in A2-49(R") can
be given by

K} g q 1/q
(16) 1€ £, + ( /lM 145,(& )llp dh)

|h|n+aq

where s is the smallest integer greater than « and H is a positive number.
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In order to estimate ||& f||,, note first that, with p, as in the argument
leading to (10), it follows from the doubling condition that if |t — x,| < 30/,
then

K(B(xy, 61y)) > u(B(py, Iy)) 2 cu(B(py , 360y)) 2 cu(B(t, 1)) 2 cu(B(t, sy)),
)
(17) ¢y <c/my(t) if |t — x| <300, 5, =27".

If x belongs to some Q, with s, > 4 then & f(x) = 0, and otherwise it
follows from (d) in Lemma 1 and (17) that

p
1€ f(x))P < c/lt—x,|s301, %dﬂ(t), XEQy, s =27"

Using (14) in Lemma 2 with A(t) equal to h,(t) = |f(¢)|?/m.,(t) and g(x)
equal to g,(x) = flt—xx|s301, h,(t)du(t), x €intQ,, s, =277, one obtains

=3 /A EfPdx<c Y / g (x)dx

v==2 v=-2
S~ 5on [ SOP
SCV;ZZ /mdﬂ(l)

Now, if 1 > r; > rg > 0 and pu satisfies (D;), then by writing B(¢, r;) =
B(t, (r1/ro)ro) we see that

(18) M(B(t, 1)) < c(ri/ro)’ u(B(t, n)), teF.

With r; =1 and rp =277 we get ¢; < my(t) < c2*m,(t), t € F, where the
first inequality is due to assumption (3). Using this estimate for m, above and
performing the summation we get, since s < n, that ||& fl|, < cllfllp,x-

To treat the second term in (16), we for convenience choose H = 276/2s
and put A, = 27™/2s. Then the second term in (16) is less than

(19) ¢ (i grinsea) [ ([mEnwr dx)q/,, dh) "
m=6

Since & f(x) =0 if x € A,, v < -3, it follows from (7) that A} (& f)(x) =0
if xe€A,, v<-5 and |h| < h¢, and putting G, = U,__,A, and Fpyy =
US2,us1 A, we see that (19) is less than c(3° Am)'/? + ¢(3 Bm)'/9, where Ay,
and B,, are as the terms in (19), but with the x-integration taken over x € Gy,
and x € F,,,, respectively.

In [2, pp. 115-116] it is shown (cf. (15)) that

[ wEnepax<dne Y [ 1DEnep ax

|il=s

m+l$|h|<hm

if |h| < h, , where A, = J%* ,A; (this does not depend on the form of & f).
Thus, if |A| < by,

m+3

[ wEnwrax s S S [ e nep ax

ljl=sv==2
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since D/(&f)(x) = 0 if x € A,, v < -3, and putting this into A4,,, and
performing the A-integration we get

) 00 m+3 alp
Y Am <) 2mlem (Z Z/ |D/(& f)(x |de)
m=6 m=6 |jl=sv==2
o qa/p o
<c Z via=s)q (}:/wfé’f x)|"dx) =c)y 4,
v=-= ljl=s v==-2

where the latter 1nequahty is a consequence of Hardy’s inequality, [2, p. 121],
since a <.

Now we use (b) in Lemma 1 with y =t and get for x e Q, CA,, v > 2,
and |j| = s that

piEnpser [ [ - fopdu,
|t=x, <30l J|t—s|<c2~v

where we temporarily put du; = du(s)du(t)/(m,(t)m,(s)). To obtain this we
put ¢, under the integral sign in J,, applied (17), and used that |s —x,| < 30/,
and |t — x,| < 30/, imply |s —¢] < 60/, < c27¥. Using (14) in Lemma 2 with
the integral with respect to s above as A(t), we obtain

a/p
ZA’ <cz2"“ o (zwz // ORI )I”dm) ,

which 18 less than a constant times the B?-9(F)-norm of f raised to the power
g by the remarks given after the definition of B2:9(F). The estimation of 4] ,
v < 2, is simpler; by means of (d) in Lemma 1 and (14) in Lemma 2 one easily
obtains that 4, <c|f||? ., -2<v <1.

In order to treat 3 B,, , we start from a simple estimate given in [2, p. 117],
which gives that if |h| < A, , then

/F ALENX)Pdx < c / & f(x) & f(x + h)P dx.

F, m—2
It is easy to show (we perform it at the end of this paragraph), that the right-
hand side is, if |A| < Ay, , less than

(20) clh|" / / & F(x) = & f(x + D dx dt.
t|<2|h| Sx,x+t€EF,_4
Thus
a/p
Snscy o | ff s - r drdy
X yGFm 4
|x—y|<2hm

Now we proceed as in [2, p. 118], with small modifications, and get for v, N >
m-4, m>6,

J[ - Esm-gsmpaxay
X€EA, ,yEAN

|x—y|<2hm

—vny=Nn (@) = f)P
T //t —s|<c2=m m,, ult) duls)

“m,()ymy(s)
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The calculation involves starting with the estimate (a) in Lemma 1 for
|& f(x) — & f(y)|P, then replacing c¢,, as we may by (17), by 1/m,(t) if
sy = 27¥ and integrating over x € A,, |x —y| < 2h, by means of (13) in
Lemma 2, replacing then ¢; by 1/my(s) and integrating over y € Ay apply-
ing (14). From (18) we get that m, (f) > c2"="m,,(t), v > m, an inequality
which is obviously valid for m — 4 < v < m, also, and using this and the
analogous estimate for my(s) one obtains

st 00 oo q/p
Sz $ amysmnyvo )
m=6 m=6 v,N=m-4

where I,, is the double integral with respect to ¢ and s above with m, and
my replaced by m,,. Since we assume s < n, we can perform the inner
summations and get the desired estimate, which completes the proof of the
result & f € A2-9(R").

We conclude this section by showing how (20) follows. For M C R” we have
for a certain constant c;

n h) — P iy — _ P
cilh /xele(x+ )= f(x)P dx /| L /XEM|f<x+h> f)P dx

— p
<c /l » / M0 = JGop d
+c/|t|<|hl/XEM|f(x+h)—f(x+t)|”dx,

where the latter term equals cflt|<|h| fxeM,, |lf(x) = f(x +t - h)]Pdx, where
M), is a certain translation of M . Thus the right-hand side of the inequality
above is less than ¢ flt|<2lh| fxthuM |f(x +1t)— f(x)|P dx. In our case we have
M = F,,_, and |h| < h,,, and (20) follows with the aid of (7).

3.4. It remains to prove that & f|F = f. From (c) in Lemma 1 it follows (cf.
[2, p. 119]) with the aid of (17) and (13) in Lemma 2 that

— p
[ Erw-swpaxsan | VO =T ),
X€A, |t—to|<r4c2—v mu(t)
|x—to]<r
If |x—to) <r and x € A,, then (see [2]) v/n27" < r, soif 7 is the integer
such that 27 < r/y/n < 27~1 | we get integration over |x — fp| < r in the
left-hand side if we perform summation from 7 to oo, and using again that,
by (18), m,(t) > c20~"$m,(t) and that s < n, we get

e [ IESW - o dx < 2B, 2 g,

where (0) ~ fto)P
= J{o
to) = ————du(t
&:(to) /lt—t0|<c2—f m.(t)m(to) ®
and where we also extended the fraction by m.(f). By the definition of
B?:4(F) and the remarks given after it, we have

oo

Z (2’(0-"/P) (/ gr(to)du(to)>l/p>q < o0,

=0
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so [ g(to)du(ty) < c27%@=m_ Now, if we divide both sides in (21) by
m(B(ty, r)) and use (15), we obtain on the right-hand side

27" g (tg) = 2727 g (1),
But by the estimate above we have

/ Y27 g(to) dulty) < Y 27T,

=0 =0

soif ap—(n—d)—¢&>0, then 27*@-8 g (£o) is uniformly bounded in 7 for
u-almost all #,. From our assumption « > (n—d)/p it follows that ¢ > 0 may
be chosen so that ap — (n —d) — ¢ > 0, and thus we get for u-almost all ¢

1
mr—))/lx—mgr 1€ f(x) - f(to)Pdx — 0, r—o0,

which gives the desired result (cf. [2]).

3.5. The case s = n. In this case the assumptionon « is (n—d)/p<a< 1.
We shall reduce this case to the case s < n by considering R” as a subset
of R™!. It is clear from the definition, that the space B?'¢(F), F C R",

is the same as B?:1 p(F) when F is considered as a subset of R, Let

f € B24(F). Since (n+1-d)/p <a+1/p < 1+(n+1-s)/p and s =n < n+1,
the already proved part of the extension theorem gives us a function Ef €

Aﬂfl /p(]R"“) such that Ef|F = f p-a.e. The classical restriction theorem

for Besov spaces tells us that Ef|R" € A2-9(R"), and we take & f = E f|R"
as our extension of f. Possibly, & f|F could be different from E f|F, since
the restriction operators are defined in different ways, but at least & f|F €
B?:9(F) by the restriction part of Theorem 1, which will be proved in the
next section. However, using that both ¢ — g|F and g — (g|R")|F are

continuous operators from A?:4 /p(R"*‘) to B?-4(F), and that C°(R"™!) is

dense in AZ;, (R™ 1), it is easy to see that the two ways of taking restrictions

coincide (cf. [2, p. 211]). Thus, &f|F = f a.., and since all operators
involved in the above argument are continuous, the extension theorem in the
case s =n follows.

To see that different measures x4 on F give rise to equivalent spaces B?:4(F),
we argue in a similar way. Let f belong to the space B?:9(F) defined by means
of u;. By the extension theorem, there is a function & f € AZ-9(R") such that
Z f|F = f except on a set E; with u(E;) = 0. By the restriction theorem,
& f|F exists except on E;, u(E;) = 0, and belongs to Fﬁ’q(F ), the space
defined by means of u,. Thus, it is possible to redefine f (as &f|F) on a
set with u;-measure zero (E|\E), so that f is defined u,-a.e. and belongs to
Br-9(F).

Finally we mention that the equivalence of A2-9(R") and BZ:9(R") also
follows by means of an argument similar to the one used above to prove the
extension theorem when s =n.

4. THE RESTRICTION THEOREM

Following [2], we shall prove the restriction part of Theorem 1 by first prov-
ing two lemmas (Lemmas 6 and 7) on Bessel potentials, and then use the real
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interpolation method to obtain the result. We start by giving some preliminary
estimates in a sequence of lemmas. Recall that by the comments in the be-
ginning of §2, the conditions (D;), (L;), and (3), are valid in a slightly more
general setting; we will use this without further comments.

Lemma 3. Let r<1, y>0, and t € R", and let u satisfy (2) and (3).
(i) If 0<d < n and u satisfies (Ly), then

[t —y|77 _
- d < Y fory<d.
/i,_y.qu(B(y,r)) uy)ser fory

The inequality also holds for y=d =0.
(ii) If 0 < s < n and u satisfies (D;) and (3), then

lt=y|™’ )
(B, ) <cr™? fory>s.
/’Slt—y|<1 u(By,r)) 1) < fory

Proof. (i) We assume that r = 2= for some integer vy > 0. For |t —y|<r
we have by (2) that u(B(y, r)) > cu(B(y, 2r)) > cu(B(t, 2r)) which gives the
inequality for y = d = 0, and that the integral in statement (i) is less than
cz,‘f‘;uo 2¥7u(B(t, 27v))/u(B(t, 2=%)) for d > 0. Here we used dyadic rings
and the fact that x has no point mass if d > 0. From (L;) we have

u(B(t, 27)) > 2= u(B(z, 27)),

so the sum is less than ¢y 52, 21042v0~4) = 217 = ¢r=7 if y < d.

(ii) We assume that r = 2= for some vy > 1. With k = 3|y —t|/r we get
from (Dy) that u(B(t, 2|y —t|)) < u(B(y, kr)) < ck*u(B(y, r)). Putting this
estimate into the integral in (ii) and using again dyadic rings, one obtains that
it is less than

1/0—1 —v
—s vyn—vs #(B(ta 2 )) < —szuo(y—s) - y 3
cr ;:02 2 2(B(, 2-275-1)) <cr cr’ ify >s.

For the definition of the Bessel kernel G,, see, e.g., [2, p. 6]. We also need
some estimates on it which may be found in [2, p. 104], for example we have

(22) |DIG,(x)] <clx|eVl=",  x#0,a<n+]j|
In the remaining part of this section, we will use the shorthand notation
dvy =du(x)du(y)/u(B(x, N)u(B(y, r)).
Lemmad. Let 0 <a<n+1l,a#n, 0<d<s<n,0<r<1,6>0,
t € R*, and let u satisfy (Ds), (Ly), and (3). Then
h= // Galx = 1) = Galy = ) dv, < cre=™ i % _(n—a) > 0.
x—y|<r 6

ly—t|<2r

The same estimate holds for s/0 — (n—a) < 1 ifin the domain of integration
|y —t] < 2r is replaced by |y —t| > 2r (we denote the corresponding integral by
J).

Proof. Starting with J;, we consider the cases a < n and n < a < n+1
separately. If n < a < n+ 1, the Bessel kernel is Lipschitz continuous with
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exponent a — n, SO

(a—n)0 1
hiser //lx_yk, W(B(x, NaBy, ) X kD).

|ly—t|<2r

If [x —y| < r we have B(y,r) C B(x,2r) and (2) gives u(B(y,r)) <
cu(B(x, r)), so replacing u(B(x, r)) by cu(B(y, r)) in the denominator and
performing the x-integration we get

1
I < Cr(a—n)@/ L — | < cr(a—n)e’
1< <z HB, 1) W)

where we used (i) in Lemma 3 with y = 0. (To apply Lemma 1 here and below,
we have to make some small adjustments: Replace u(B(y, r)) by u(B(y, 2r)),
which is allowed because of (2), and use that the limitation » < 1 in Lemma 3
may be replaced by r <ry.) If a < n we use the triangle inequality to split J;
into two parts with |G,(x — 1)|® and |G4(y — 1)|? in the integrands. To treat
the second part we replace as above u(B(x, r)) by cu(B(y, r)) and perform
the x-integration which gives Cf|y-z|<2r |Ga(y = 0)|°/u(B(y, r)) du(y) which is

less than rl@="¢ by (22) and Lemma 3 if (n — a)@ < d. The first part may
be treated in the same way if one first replaces the domain of integration by
{(x,»);Ix =1t <3r, |x—y|<r}.

To treat J,, we first note that it is less than J;+J;', where in J; and J)' the
domains of integration are as in J,, but with 2r <|y -t/ <2 and |y—¢|>2,
respectively. Using the mean value theorem on G,(x — ) — G,(y — t) and
estimating in the same way as in [2, p. 106], using (22), we get

Jy < cro/ ly —t)e=r=D0 gy, |

the integral taken over |x —y| < r, 2r < |y — t| < 2. Replacing as above
u(B(x,r)) by cu(B(y,r)), performing the x-integration and using part (ii)
in Lemma 3 we get J; < cr®™% if (n+1-a)f > s. Finally a similar
calculation (cf. [2]) gives, using the exponential decrease of G, , (4), and (5),
that J)' <crf=s,s0 J)' <cre=m0 if 5/ — (n—a) < 1.

Lemmas. Let O<a<n+1l, a#n, >0, y=n/0—-(n-a), h e R",
|h| < 1. Then

/ (Galt + h) = Ga(D)? dt < clh[”® if y > 0.
1] <2|h|

The same estimate holds for y < 1 if in the domain of integration |t| < 2|h|
is replaced by |t| > 2|h|.

The proof of this lemma, which is essentially the same as Lemma B in [2, p.
1061, is similar to but simpler than the proof of Lemma 4. From now on, u will
denote the Bessel potential defined by u(x) = [ G,(x —t)f(¢)dt, f e LP(R");
cf. also [2, p. 107].

Lemma 6. Let 1<p<o0,0<d<n,d<s<n,0<r<l1,s>0,a>0,
a#n,and (n—d)/p <a <1+ (n-s)/p. Let furthermore u satisfy (D),
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(Lg), and (3), and let u= Gy f, f € LP(R"). Then

1/p
(//I l |u(x)—u(y>|”du,) <P £l
x—y|<r

where ¢ is independent of r and f.

Proof. The left-hand side of the inequality to be proved is less than or equal to
A+ B, where

1/p

p
A= (/[x—y|<r (/"y_kar |Ga(x - t) - Ga(y - t)l lf(t)l dt) dVr) ,

and B is given by the same expression but with |y —¢| > 2r. We first estimate
A. Let 0 < a < 1. From Hélder’s inequality it follows that the integral with
respect to ¢ in A raised to the power p is less than or equal to

[ L 1Gulx =0 = Goly = DI OP i Lyt ),
y—t|<ir

where, with 1/p'=1-1/p,

p/p
IA(.X, y) = (/ |Ga(x_t)_Ga(y_t)|(l_a)pl dt) .
ly—tl<2r

If |x-y|<r and
(23) y=n/(l-a)p'—(n—a)>0

then, by Lemma 5, I4(x,y) < cr’1=97  and after a change of order in the
integration we get

1
(24) A< e ( / |f(t>|”JA<t)dz) "

where
Ta(t) = / / Ga(x — 1) = Ga(y — 1)| dv,.
x—yl<r
ly—tl<2r
To deal with J,, we separate two cases. If d = 0 and so ap > n we take
a = 0. Then clearly (23) holds, and estimates performed in the beginning of

the proof of Lemma 4 show that J, < c. Consequently, 4 < cr?’ = cro="/?  If
d > 0 we obtain from Lemma 4 that J, < cr(e=™a if

(25) d-(n—-a)ap >0,

and putting this estimate into (24) we get A < cr*="/?| f||,. It remains to
see that @ with 0 < @ < 1 may be chosen so that (23) and (25) hold. But
these inequalities can be simplified to, if o < n (the case a > n is obvious),
a>(n-ap)/(n—a)p and a < d/(n - a)p, respectively, so a can be chosen
since we assume n — ap < d and, in this calculation, p > 1 and d > 0.

Now we turn to the term B, and take an a with 0 < a < 1, which need
not be the same as above. We make the same calculations as above, and get
analogous factors Ig(x,y) and Jp(f) with |y —¢| > 2r in the domains of
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integration. By the second parts of Lemmas 5 and 4 we have with y as in (23)
that Ig(x,y) < cr’'=9? if y < 1, and that (now we have no case a = 0)
Je(x,y) <crle=mar if s _(n—a)ap < ap. Thus we get B < cr*="/? if a may
be chosen. The limitations may be simplified to a < (n+p —ap)/(n+1—a)p
and a > s/(n+ 1 — a)p, respectively, and thus a may be chosen since we
assume s<n+p—ap and p>1.

Lemma7. Let | <p<oo, 0<d<n,a>0,a#n,and (n-d)/p<a,let u
satisfy (Ly) and (3), and let u=G,* f, f€ LP(R"). Then |lull, . <c|lfllp,
where c is independent of f .

Proof. We have (cf. the preceding proof) that ||u|, , < A+ B, where

p 1/p
A=(/ (/ IGa(x—t)f(t)ldt) du(X))
|x—t|<1

and B is the same but with |[x —¢| > 1. To treat 4, let 0 <a < 1. By means
of Holder’s inequality we get

' Y
A<y </ lf(t)|1’JA(t)dt) ’ ,
where I, = [

<1 |Ga(8)|1=9%" dt and J(t) = Jix—i<1 |Galx=1)|% dpu(x) . Thus
we get the desired estimate for 4 if I, and J, converge, the latter with a bound
independent of ¢. If a > n they converge since the integrands are continuous.
If o < n, we get from (22) that I, converges if

(26) (n—a)(1 —a)p’ < n.

To treat J,, we consider first the case d = 0, so that ap > n, and take a =0.
Then (26) is fulfilled so I, converges, and we have J,(¢) < ¢ as a consequence
of (3). If d > 0 then (22) and the estimate u(B(t,r)) < cr?, t € R", easily
give (cf. the proof of (i) in Lemma 3) that J,(¢) <c if (n—a)ap <d. As we
saw in the proof of Lemma 6, a may be chosen so that this inequality and (26)
hold simultaneously, so the desired estimate follows. To deal with B we take
0 < a <1 and use Holder’s inequality as above. Then it is easily seen that the
correspondence factors Ip and Jp(t) are convergent, due to the exponential
decrease of G, and (4).

Now we prove the restriction part of Theorem 1. The proof consists of an
application of the real interpolation method to the estimates in Lemmas 6 and 7.
We need the space .ZP(R") of Bessel potentials. This consists of all functions
u of the form u = G, f, f € LP(R"), and the norm of u in Z7(R") is
defined as || f]|, -

Let ap and a; satisfy 0 < qp < a<aj, a9, a1 #n, (n—d)/p < a; <
1+(n—s)/p, i =0, 1, and define 6 by a = (1-80)ag+0a, . Using interpolation
together with Lemma 7 in the same way as in [2], we get that the restriction
operator is bounded from AZ:9(R") to LP(u). In order to take care of the
other part of the B?-9(F)-norm of f we proceed as follows. Define 7, by

(T,N)(x, y) = (f(x) = f(¥)/(my (x)m, (1)) "/?

if [x—y| < 27" and (T, f)(x, y) = 0 otherwise, and denote by /;(4) the space
of all sequences (a,)§, a, € 4, with norm (302 (2"*||av|l4)9)"/? < oo, where
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A = LP(du(x)du(y)). We must prove that Tf = (T, f)3° is bounded from
A2:9(R") to IS"P(4). Lemma 6 shows that T is bounded from ZP(R")

to %P i = 0,1, and thus by interpolation T is bounded from the in-
termediate space (Z2(R"), ZF(R"))g, = A5 9(R") to the intermediate space
(2377 (A), 187"P(A4))g, = 15 7"P(4) .
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