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SUBGROUP RIGIDITY IN FINITE DIMENSIONAL GROUP
ALGEBRAS OVER p-GROUPS

GARY THOMPSON

ABSTRACT. In 1986, Roggenkamp and Scott proved in [RS1]

Theorem 1.1. Let G be a finite p-group for some prime p, and S a local
or semilocal Dedekind domain of characteristic 0 with a unique maximal ideal
containing p (for example, S = Z, where Z, is the p-adic integers). If H is
a subgroup of the normalized units of SG with |H| = |G|, then H is conjugate
to G by an inner automorphism of SG .

In the Appendix of a later paper [S], Scott outlined a possible proof of a
related resuit:

Theorem 1.3. Let S be a complete, discrete valuation domain of characteristic
0 having maximal ideal p and residue field F = S/p of characteristic p. Let
G be a finite p-group, and let U be a finite group of normalized units in SG .
Then there is a unit w in SG such that wUw~! < G.

The author later filled in that outline to give a complete proof of Theorem
1.3 and, at the urging of Scott, has been able to extend that result to

Theorem 1.2. Let S be a complete, discrete valuation ring of characteristic 0
having maximal ideal ¢ containing p. Let A be a local S-algebra that is
finitely generated as an S-module, and let G be a finite p-group. Then any
finite, normalized subgroup of the S-algebra &/ = A ®s SG is conjugate to a
subgroup of G .

1. INTRODUCTION

The isomorphism problem for group rings was first posed in 1940 by Graham
Higman who asked, “For finite groups G and H, does ZG~ZH =G~ H?
Dade [D] found counterexamples to the analogous question for ¥ G ~ ¥ H
where  represented the family of all fields (i.e., FG ~ FH for any field
F) . Significant positive results have been achieved by Higman [H] in 1940 for
abelian groups over Z, Whitcomb [Wh] in 1968 for metabelian groups over Z,
and Roggenkamp and Scott [RS2] in 1986 for abelian by nilpotent groups over
Z . Roggenkamp and Scott also proved the following result in [RS2]:

Theorem 1.1. Let G be a finite p-group for some prime p, and S a local or
semilocal Dedekind domain of characteristic 0 with a unique maximal ideal
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containing p (for example, S = Z, where Z, is the p-adic integers). If H is
a subgroup of the normalized units of SG with |H| = |G|, then H is conjugate
to G by an inner automorphism of SG.

This result provides a partial answer to a conjecture of Zassenhaus that runs
as follows: Let G be a finite group and H a finite subgroup of the units of ZG
of augmentation 1. If |H| = |G| then there exists a unit ¥ in QG such that
uHu~! = G . Obviously any positive result for the Zassenhaus conjecture for a
class of finite groups provides a positive result for the isomorphism problem. It
is important to note, however, that Roggenkamp and Scott have recently come
up with a metabelian group G for which the isomorphism problem holds true
and that provides a counterexample to the Zassenhaus conjecture [RS3].

The main result in this paper is, in a sense, a version of the Zassenhaus
conjecture.

Theorem 1.2. Let S be a complete, discrete valuation ring of characteristic 0
having maximal ideal @ containing p. Let A be a local S-algebra that is
finitely generated as an S-module, and let G be a finite p-group. Then any
finite, normalized subgroup of the S-algebra &/ = A ®s SG is conjugate to a
subgroup of G. (Note that &/ ~ AG.)

By letting 4 =S, one easily obtains

Theorem 1.3. Let S be a complete, discrete valuation domain of characteristic
0 having maximal ideal o and residue field F = S/p of characteristic p. Let
G be a finite p-group, and let U be a finite group of normalized units in SG.
Then there is a unit w in SG such that wUw™! <G.

Combining Theorem 1.3 with Theorem 1.1, we immediately get the following
corollary, the first part of which is even equivalent to Theorem 1.3.

Corollary 1.4. (1) Any finite group of normalized units in SG can be embedded
in a finite normalized group basis of SG.

(2) Any normalized torsion unit in SG can be embedded in a finite group
basis of SG.

Roggenkamp and Scott proved the S = Z, version of Theorem 1.3 for p =2
in 1986 [RS1, R1]. Scott, working in the spirit of [RS2], also proved in the
Appendix of [S] the same version for groups of order p3 in the case where
sP =1, where s € G is a particular group element that will be introduced in
§4. In that same Appendix he also suggested an inductive argument for the
general p" case. Finally, Weiss [W] established the S = Z, version for any
finite p-group G. The results obtained by Weiss, as well as by Roggenkamp
and Scott, generalized without comment to unramified extensions of Z,. Weiss
was able to prove his version of Theorem 1.3 by first establishing the following
result about permutation modules and generalized permutation lattices:

Theorem 1.5. Let { be a primitive pth root of unity, set =1 = 1 —{, and set
R =Z,[{]. Let M be an R-representation of the finite p-group G so that
M = M/aM is a permutation F,-module of G. Then M is a generalized
permutation lattice for G .

In the spring of 1989, Roggenkamp generalized the above result to obtain a
proof of Theorem 1.3. His generalized version of Theorem 1.5 runs as follows:
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Theorem 1.6. Let R be a complete Dedekind domain of finite rank of character-
istic zero with residue field F of characteristic p > 0, and let n be a parameter of
R;ie radR=nR. For an R-module M , and for some fixed natural number
t, define R~ to be R/n'R, and define M~ to be M/n'M .

(1) Assume that R either does not contain a primitive pth root of unity, or
if it contains a primitive pth root of unity { then n'R C (1 —{)R. Then an
RG-lattice M is a generalized permutation module if and only if M~ —note that
we are always assuming that the various U-actions on R~ are induced from the
U-actions on R where U < G—Iis one.

(2) If 'R & (1-{)R, then there is an RG-lattice M that is no: a generalized
permutation module, but M~ is a generalized permutation module.

Roggenkamp’s independent work was done at about the same time the author
independently established Theorem 1.3 for his Doctoral dissertation. Our ap-
proach, however, gives a more constructive, or at least algorithmic, approach to
the problem, and it has been possible to apply the ideas and arguments found in
the dissertation to a more general setting. Subsequent investigations and discus-
sions with Leonard Scott finally led to the formulation and proof of Theorem
1.2. The ideas and results found in §3 are closely related to the results and ideas
found in [RS2]. The reduction in §4 is an adaptation of the argument found in
the Appendix of [S]. The difficult arguments in §5 provide the key results needed
to modify the sketch contained in the Appendix of [S] into a complete argument,
while removing any restrictions on s” . Finally, §6 discusses three possible gen-
eralizations/applications of the first five chapters. First, an improvement to the
conclusion of Proposition 5.2 is hinted at. Then some possible applications of
the techniques of §§2 through 6 to nontorsion units in group rings over groups
of order p? are mentioned. Last of all, there is a comment on the possibility
of proving Theorem 1.2 using a more general domain S'.

Before we begin, several definitions and notational conventions need to be
made. First of all, we shall frequently refer to the set of elements {1 ® g} in
& as G. It should be clear from the context when we are referring to the
group G and when we are referring to G C % *. We shall also do this when
discussing subgroups of G (such as H) or elements of G (such as #). Let
{v:} be abasis for 4 over S, where y, = 1. If {g;} comprise the elements of
G, then the set {y; ® g;} is a basis for & over S. Define the augmentation
map e: & — A by 3, s j(yi®g)— 3, ;Si,;vi. Define an element x € &/
to be normalized if x has augmentation 1. Finally, given the unit ¥ € &/ and
the element x € &/, “x is understood to represent uxu~!.

2. PRELIMINARIES

Given a discrete valuation domain S, a finite p-group G, and a local, S-
algebra A that is finitely generated as an S-module as described in the intro-
duction, we wish to show that any finite group of normalized units U in the
tensor algebra &/ = 4 ®5 SG is conjugate by a unit in % to some subgroup
H of G. We already know by [RS2] that this is true in the case 4 = .S and
|U| = |G|. A key idea in that proof was to take some subgroup Q of UNG
and to expand Q via conjugation arguments. The same idea will work in the
present setting, too. Accordingly, define Q to be some subgroup of UNG such
that QAU and Q<G.
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For any commutative ring R, and any group G with normal subgroup N <
G, define I(RN),or I(N), tobe theideal in RG generated by {n—1: n € N}.
It is well known that the kernel of RG — R(G/N) is I(N). Moreover, if R is
a local ring with p e rad R and G is a p-group, then RG itself is a local ring
with maximal ideal pRG + I(G) = rad RG, and rad RG is nilpotent modulo
pRG . Note that since RG is a local ring, only units map to units in the
map RG — R(G/N). Finally, we have the following lemma about radicals of
subalgebras:

Lemma 2.1. (1) Let R be a commutative ring, A an R-algebra that is finitely
generated as an R-module, and B an R-subalgebra of A. Then BNradA C
radB.

(2) Conversely, suppose R is a commutative local ring with maximal ideal
9. Let A bean R-algebra such that pA C rad A, and let B be an R-subalgebra
of A which is finitely generated as an R-module. Then rad B Crad 4.
Proof. (1) Let x € BNnrad A. It suffices to show that 1+ x is invertible in B.
Since x € rad 4, 1+x is certainly invertible in 4. Consider now the following
diagram where f and g are multiplication by 1+ x and 4 is multiplication
by 1+x.

0 B » A A/B —— 0
ool b
0 B y A/B —— 0

By the Snake Lemma, ker /. ~ coker /. However, A/B is a finitely generated
R-module, and in such modules an epic endomorphism is an isomorphism (see
Theorem 2.4 of [M]). Thus kerh = 0 = coker f, and so f is onto. Hence
1 + x is invertible in B.

(2) The proof of part (2) follows instantly from Proposition 5.22 of [CR2]:
Let R be a commutative local ring with maximum ideal p. Let B be an R-
algebra that is finitely generated as an R-module. Then B C rad B, and there
is some positive integer k such that (rad B)* C pB. O

Returning to our tensor algebra &/ , let us first note by 5.22 of [CR2] that
p C rad® and that rad%/ is nilpotent module p£/ . Using the fact that
any ideal that is nilpotent modulo the radical must be contained in the radical,
it is easy to show that J =rad 4 ®sSG + A®srad SG Crad &/ . Since & /J ~
A/rad A, which is some division ring &, & itself must be a local ring with
radical J. Since A is a local ring, the basis {y;} for 4 over S may be chosen
so that each y; = 1 modulo rad 4. Hence each y; ® g; = 1 modulo rad &/
since the augmentation map & maps units to units and radicals to radicals. Let
|G| =p”. If v =0 then U = 1®e where e is the identity of the group G and
the theorem is true. Proceed now by induction on v . Since U - Z(G) is still
a finite group of normalized units, we may assume without loss of generality
that Z(G) € UN Q. The strategy is to enlarge Q. First of all, choose an
element ¢ € Z(G) such that ¢?» = 1, and let C = (c) . By the comments above,
& [(c—- 1) ~ A®s S(G/C). According to the induction hypothesis, for some
unit z € & there is a subgroup H of G such that H = “U modulo (c—1)% .
We require that Q be centralized by z. Now select some ¢t € H\Q such that
P € Q and f € Z(H/Q). The idea is to replace Q with (Q, ¢). Note that
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(c—1» =0 (modp). Hence some sort of argument based on completeness
seems feasible. One potential difficulty is the fact that ¢ — 1 is a zero divisor.
Much of the following argument does not require that ¢ — 1 not be a zero
divisor. Ultimately, however, it does become a problem. The solution is to
introduce A = & /c/ where ¢ = 1+c+---+c~!. Now =n, the image of
¢ — 1, is no longer a zero divisor, A is still a local ring, and rad&/ — radA.
If we let { be the image of ¢ and R = S[{], then n?~! = wp for some unit

= -1 (mod=nR). An important question now is, “Does conjugation carry
over from A to & in a reasonable manner?” The answer is fortunately yes
and can be found in the following three results, which are generalizations of
Lemma 2.4, Corollary 2.4.1, and Proposition 2.5 in [RS2].

Lemma 2.2. There is a pullback diagram
54 —_— A

l l

&[(c- 1) —— A/nA
Moreover, A/nA ~ A®s k(G/C) where k =S/pS.
Corollary 2.3. The group G maps bijectively onto its image in the units of A.

Proposition 2.4. Let Ay be the image of SH in A. Then every R-linear
monomorphism o of Ay into the order A which is the identity modulo nA
comes from a unique S-monomorphism of SH into &/ (denoted also by «)
which fixes C pointwise and induces the identity on S(H/C) (hence automat-
ically preserves augmentation). Conversely, any such monomorphism a of SH
into & induces an R-monomorphism of Ay into A which is the identity mod-
ulo A . Moreover,

(a) « is induced by an inner automorphism of & if and only if « is induced
by an inner automorphism of A.

(b) a stabilizes H C SH (that is, « is induced by a group automorphism of
H) if and only if o stabilizes H C Ay .

(c) In fact, o stabilizes setwise (or pointwise) any given subset of H C SH
if and only if a stabilizes setwise (or pointwise) the corresponding subset of
HCAy.

Let U now also represent the image of U in A. Then the congruence
H =?U (mod(c-1)&/) translatesto H = U (modzA). Use this congruence
to choose u € U such that t = u (mod #A) and define a function y: H — A by
(1+7ny(g))g « g. Itiseasy to see that y(gh) = y(g)+8y(h)+ny(g)¢y(h) and
that y|g = 0. Thus y is an additive cocycle modulo nA that is trivial on the
subgroup Q. Moreover, the image of y liesin A? the fixed points of A under
conjugation by elements of Q, and these fixed points are precisely the image
of &% in A [RS2, Lemma 3.1]. Furthermore, by Lemma 2.1 rad A2 = A®n
rad A, and by Proposition 5.22 of [CR2] (stated in the proof of part (2) of
Lemma 2.1) rad A is nilpotent modulo pA . Since p|p, and since n|p, rad A
is nilpotent modulo 7A.

The set of conjugacy class sums x for x € G under conjugation by Q forms
a basis for (SG)® over S, and the set of images of the tensors of these class
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sums with ihe {y;} (the S-basis for A4 over S) in A contains a basis for A®?
over R (see §3.1.1 of [RS2]). Let B be such a basis and denote an element of
B by y®Q(g) for some y € A and g € G. Then there are three possibilities
for the action of ¢ on y ® Q(g):

0) 'roQ(g)) =y®Q(g).

(f) yoQg), 'yoQ(g), .- *"'(y ® Q(g)) are R-independent.

(&, (yeQ(g) =y®L(Q(g) for some integer ;. We allow this notation
for all integers i, but the possibilities with 0 < i < p are disjoint from each
other and the above cases.

Now define Ag to be the R-submodule of all R-linear combinations of y ®
€(g)’s satisfying condition (0), and define A, and A; similarly. Also, set

Ag= ) A

O<i<p

The sum Ag + A; + Ay is then direct, as is the above sum for A;. Define
Y0, 7r, ?i,and y; to be the projections of y onto the appropriate subspaces of
A2,

The following proposition appears as Proposition 1.6.1 in [RS2] and falls
into the category of those identities that are obvious once someone else has
been considerate enough to work them out for you.

Proposition 2.5. Let A be aring, z an element of A with 1+ z invertible, and
x an element of A. Let [ , ] denote the ring-theoretic commutator ([a, b] =
ab—ba for a,beA). Then

(2.1) (1+2)x(1+2)~" = x +[z, x](1 + z)~.

For x € A define T(x) = x+'x+---+” 'x. We now conclude §2 with the
following lemma:

Lemma 2.6. The free part of y(t), namely y/(1), is in rad A®. In fact, U may
be modified by conjugation so that the new y(t) € nAy while changing neither
yo(t) nor y(t) modulo nA®.

Proof. Since t? € Q, y(t?) = 0. However, recall that given g, h € H, y(gh) =
7(g) +8y(h) + my(g)8y(h). Thus 0 = y(t?) = T(y(¢)) + nA for some A € A®.
It is easy to see that T'(y(t)) = pyo(t) + T(y,(?)), and so

T(ys(t)) =0 (modnA®).
Since A is a free module for the cyclic group (2, )/Q, there is some y € Ay
such that ‘y —y = y,(t) (modnA®). In particular y,(f) € rad A®. More-
over, note that for any integer n > 0, (1+7ay) ' =1 -y + (ny)2 —--- +
(=1)"~Y(zy)"~! (mod=n"A). Thus applying Proposition 2.5,
1

)y = u+ [my, u](1 + ny)~
=t+ny)t+nly, t+my)t)(1 + ny)~!
=t+ay)t+nly,t] (modn’A®)
=(l+ay(t)+n(y—"'y)t  (modn>A®)
= (L+ap(t) +ny ()t  (modn?A®). O
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3. THE CASE WHERE ¢ CENTRALIZES Cg(H/C)N Cg(Q)

By Lemma 2.6 we may assume that y,(f) € nA® . Pushing y,(f) and y(?)
down into A9 is considerably more difficult. Section 3 is devoted to handling
the case where ¢ centralizes Cg,c(H/C)N Cg(2). We observed in §2 that
rad A is nilpotent modulo 7A. Hence by Lemma 2.1 rad A2 is nilpotent
modulo nA®. Furthermore, some elementary calculations show that each y;(¢)
is centralized by H modulo nA®. These observations lead to the following
lemma:

Lemma 3.1. If t centralizes Cz(H/C)N Cg(Q), then y;(t) € rad A® for 1 <
i<p-1.

Proof. The proof is almost identical to that of Claim 2 in §3.3 of [RS2]. First of
all, let ¢ = p+7nR. Note that (p+(c—1)SC+cSG)SG = pG+(c—1)SG+cSG =
G+ (c— 1)SG+pSG = pG + (c — 1)SG. Thus

A/pA = A ®s (SG/I(SC)G)/((pG + I(SC)G)/1(SC)G)
> 4 ®5 S(G/C)/(pG/(pG N I(SC)G)).

Moreover, pG N I(SC)G = pG N (c — 1)SG = (c — 1)pG = I(pC)G. Thus
A/pA = A®s S(G/C)/p(G/C) = A®s (S/p)(G/C) = A®s F(G/C).

Since each y;(t) is centralized by H modulo nA® the image of y;(¢) in
A/p =2 A®s F(G/C) must be a linear combination of H/C-class sums. If a
coset xC lies in Cg(H/C)N Cg(Q) then ¢ centralizes x. Thus Q(x) is in
Ay and so does not contribute to y;(¢). Therefore all H/C classes whose sums
appear with a nonzero coefficient in the expression for the image of y;(¢) in
A®s F(G/C) have cardinality greater than one. The corresponding sums thus
lie in the radical of 4 ®¢ F(G/C). By Proposition 5.22 of [CR2], radA =
¢~ (rad(4 ®s F(G/C))) where ¢: A — A/pA. Thus y;(t) eradA®. O

As was mentioned before, rad A® is nilpotent modulo 7A®. Lemma 3.1
thus provides a small first step toward pushing y;(f) down into 7A?. One
shortcoming of the decomposition A® = Ag+ A, + A ¢ is that it gives a direct
sum for modules but not for rings since none of Ag, A;, and A, are closed
under multiplication. The multiplicative behavior of these submodules is very
nice, however, with respect to certain parts of rad A?. We shall exploit this
nice behavior throughout the rest of the paper.

In the next two paragraphs, we are going to introduce some notation and
results taken from §3.3.1 of [RS2]. The proofs for these results can either be
found in [RS2] or done by the reader.

For starters, let us define L to be the ring of points in A? fixed by ¢ modulo
nA® let I =nA®+T(A;),andset Lj =1+A;. Note that I C rad A®. Also,
I QL and E = L/I is a Z/pZ-graded ring with jth grade L;. Call an R-
submodule M of L graded if its image in FE is graded, that is, if ] + M =
Y I+M)nLj. If M isgradedset M; =(I+M)NLj=T+(MnNLj).
Thus I C M;, and M; is contained in I + M , but perhaps not in M. The
powers of M are also graded, and we write MI’F for (M*) j - Moreover, if we

define pr;: A? — A; to be the projection map, reducing j modulo p, then
the equation M; = I + pr;(M) holds for all graded R-submodules M of L,
and pr;(1) C mA2.
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Now define D; = L;Nrad A® = I + (A;Nrad A®), and set D=3 D;. Note
that pry(D) = pry(D) = pry(D) = 0 (modradA®). Moreover, D < L and
D is a graded R-submodule of L. By the above paragraph D + 1 = ZD{F
where D¥ = (D¥+I)nL; =1+ (D*¥NL;). Also, by Lemma 3.1, y;(¢) € D; for
1 <i<p-1. Suppose now for some m >n >0 that y(t) € n"A® and that
Yr(t), yc(t) € amA® (butif m =0, assume y,(t) € tA? by Lemma 2.6).
Lemma 3.2. Suppose integers r > k > 1 have been chosen such that for 1 <i <
p—1 each y;(t)=a™0; (modn™(D**!+1)+am+t1A®), with 6; € Dy , where
Dy, =DknA;nrad" A®. Then u may be conjugated by a unit in A so that the
new y;(t) = n™6; (modn™(D¥+! +I) + a™+'A®) where 0; is now in Dy ..,
while yo(t) remains in n"A® and y/(t) remains in a™A®.

Proof. Let d = 77 Ly;(¢). Since each y;(¢) € rad A®, d is also in the radical

of A%, Thus 1+ d is invertible and so, using a modified version of formula
2.1, one gets

iy =y + (n[d, y(t)] + (1 +ay()d, ) He(1 +d)~ 1t

Observe that [d, {]t™' =d —'d = Y07 1(1 - {")yi(¢) . By hypothesis yi(t) €
nmA® and (- 1=in (modn ) since 1 is a double root of the polynomial
f(x) = (x =1)—i(x — 1). Hence [d, 1)t"" = —ny;(t) (modz™+2A%). In
particular,

ny(t)[d, ]t =0 (mod n™+2A®).
Also,
t(l+d) ' =1+'d) ' =1-'d+(d)?* -
=1  (moda™'A® + a™(D* +I)).
Hence

d, )1 +d)~" ' = —ny(t)  (modn™ A% + 2™ (D* +1)).
(If m >0 then the n™*!(D%* 4 I) term is actually contained in n”+2A%.)
Finally we must dissect the term involving [d, y(2)]. First off,
p—1

[a’,y(t)]=21 y.(t) yo(2 +Z% +y7(2)

i=1
= Z =[7:(®), yo()]  (mod n"*'A® + 7™ (D* + 1))

since ys(t) is assumed to be in A2 and each y;(¢) is in ™Dk . Now define
A; to be the R-submodule of A® generated by {Q):y ¢ Cs(Q)}, define
A, to be the R-submodule of A® generated by {Q(y): y € C5(Q)}, and define
pr; and pr; to be the corresponding projections. Here the / and the s stand
for “long class sum” and “short class sum” respectively. Clearly each of A%,

Ao, ... has a direct sura decomposition into a short part and a long part. Also
clear is the fact that g ¢ Cg(Q) & Q(g) € rad A®. Thus A C rad A® so that

pr; yo(t) € rad A® which implies that pr; yo(f) € Do C D . Thus
i), pr;70(H)]1=0  (modn™(D**! +I)).
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On the other hand, if g € C5((Q, t)) then
[7:(1), gl =n"(0ig — g6:)) (modz™*'A® + n™(D**! 1+ 1))
=0 (modn™'A?+ ™Dk + I+ n™(Dy i1 + 1))
Thus
"y=y—my ()t (moda™*2A% 4+ a" (DK 4 [) 4 2Dy g + 1))
which completes the proof of Lemma 3.2. O

Since rad A9 is nilpotent modulo 7A® one may repeatedly apply Lemma
3.2 to produce y;(f) = 0 (modn™+'A® + n™(D¥*! 4 I)). Thus Lemma 3.2
allows one to increase the value of k. However D is also nilpotent modulo
nA? and pr;(I) C nA?, and so additional applications of Lemma 3.2 prove

Proposition 3.3. Suppose m > n > 0 with y, (1), y,(t) € ™A%, and y(t) €
n"A®. Then u may be conjugated by a unit of A® so that the new 7e(t) €
nmHAR while yo(t) and ys(t) stay in n"A® and n™A® respectively.

Solong as p—1+n>m, Lemmas 3.4 and 3.5 of [RS2] may be applied to
obtain y(t), y/(f) € ™ 1A®. Once (1), y/(f) € P~ '*"A®, §3.4.1 of [RS2]
yields p(yo(t) + w(yo(2))?) = =T (ys(¢)) (modmP*"A®). Note that T(ys(1)) €
P~ rad A® D nP+"AQ . Because n is not a zero divisor in A one now
obtains

y0(t) + w(yo(£))’ =0 (mod 7" rad A?)

so that yo(f) + w(yo(2))? € rad A®. Since w = —1 (modradA), y,(¢) is a
root modulo rad A of the polynomial f(x) = x» — x. But A/radA & &
so that the image of yo(f) in A/radA is in the field F,. Suppose y(f) ¢
radA. Then yo(f) = b (modradA) for some 1 < b < p—1. Choose a group
homomorphism y: H — C such that Q <kery and y(f) = c?. If we define
a group automorphism f: H — H by B(g) = gw(g) and extend B to Ay,
then

Bt)y=t+r(1+{+---+ 0t

=t+ nbt (mod mrad A)

=t+my(i)t (modrrad A).
Thus B(t) = u (modnradA). Hence we may replace ¢ with B(f) and argue
as before, this time having the additional assumption that y(z) € rad A. After
applying Lemmas 2.6 and 3.1 we may even conclude that yy(¢) € rad A, and
this inclusion is not altered by any of the arguments following Lemma 3.1. The
argument contained in the last full paragraph of 3.6 of [RS2]—starting with
“Since p—1>0, ... —may now be applied to prove
Proposition 3.4. Suppose y(t) € n"A®. Then u may be conjugated by a unit in
A so that the new y(t) € n"t'A.

Taking a limit as n — oo now drives y(¢) to 0, and so Q may be enlarged
to include ¢. This concludes the proof of Theorem 2.1 ir: the case where ¢
centralizes Cg(H/C)N Cg(Q).

4. THE CASE WHERE ¥;(f) ¢ rad A®: TAKING OUT THE TRASH

In §3 we assumed that ¢ centralized Cg(H/C)N Cg(Q). The value of that
assumption is that it implies that y;(¢) € rad A% . Suppose now that ¢ does not
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centralize C;(H/C)NCg(L) and that y;(¢) is not in rad A®. The idea then is
simple enough—just conjugate # by a unitin A so that the new y;(¢) € rad A®.
In the process of finding such a unit in A and showing that that unit does the
job, we will make use of an explicit description of A; and of the multiplicative
relationships between Ag, A, and the A;.

Since ¢ does not centralize Cg(H/T)N Cg(R2) it is possible to choose some
s € Cg(H/C)N C;(Q) such that ‘s = Cs Then A; =s'Ag for 0<i<p-1.
Thus express A2 as the direct sum , 0 (s —1)"Ag+ A/, and for some x; € Ag
and Ay € As let y(1) = 307, Ys— 1)ix; + Af The idea is to specialize (t)’s
form enough to conclude that the y;(¢) are in rad A®.

Lemma 4.1. Let x € rad’ A2, If x € Ao, then xs € A;. If x € Ay, then
xs € As. In either case,

X(s—1)'= 2’: (;) (s = 17/ f;,j(x)

j=0

where f; j(x) = f;=0(—1)"(,{)sk_ix. The coefficient f; o(x) € rad® A2, and
the remaining f; j(x) € rad’*' A2 .

Proof. Recallthat s € C4(H/C)NCs(RQ). Thus Q(g)s = Q(gs) forany g€ G.
The assertions about the product xs follow immediately.

The equations for x(s — 1)’ and the f; j(x) can be proven using a straight-
forward, albeit messy, induction argument.

Since s = 1 (modradA®), f; o(x) = *'x = x (modrad’ A®?). Sim-
larly, fi ;(x) = (Tio(=D¥())x (modrad”*'A®) = 0 (modrad”*'A®)
since 371 _o(-1)*(/)=0. O

The virtue of this lemma is that rad A? is nilpotent modulo 7A€, and we
now know that “commuting” expressions with powers of s — 1 preserves in
some sense powers of rad A% .

The strategy now is to modify y(¢) so that it resembles (s—1)?~!x for some
x € Ag. If (1) actually was (s—1)?~'x then it is clear that y;(¢) € rad A® for
1<i<p-1<¢ xerad A®. However x € rad A? is equivalent to x; € rad A®
where x; is the projection of x onto A;.

Lemma 4.2. Let x,y € A®. Then (i) x,y € A? = xy € A?;
(i) x €A and y € A}, or x € AY and y € A} = xy € AP
(iii) x,y € A% = pry(xy) =0 (modn?~'A%).

Proof. Parts (i) and (ii) are trivial since A; is generated by the tensors of
the basis elements y; with the group Cg(Q). For the third claim, assume
without loss of generality that x = 1® Q(g) and y = 1 ® Q(h) for some
g,heG. If pry(xy) # 0, then we may also assume without loss of generality
that gh € Cg(Q). Part (iii) now follows from the fact that p divides the orders
of the Q-orbits of g and % and the observation that “(gh) = “g“h for any
weQ. O

Lemma 4.3a. Suppose y(f) = (s— 1P Ix+a" Y0 s- 1)'x;+As; where n >0,
X, Xx; € Ao, and, by Lemma 2.2, Ay € nAy. Suppose also that pry(ds) =0
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(mod n#Ay) for some u < p—1. Then u may be conjugated by some unit in
A2 so that the new y(t) will look like (s — 1)P~'x + "'y + A, where x € Ao,
yeAo+A;, Ar€ Ay, and pry(As) =0 (modn*AR) for the same .

Proof. Let m be maximal such that x; € rad”™ A2 for 0 < i < p — 2. Define
k = min{i: x; ¢ rad”"' A®}. Now set v = (s — 1)k*'x, and consider

20y — y 4 (2™ v, y(O)] + (1 + my(0)n"[v, )1 + n"v) "l 1e

By Lemmas 4.1 and 4.2 pr, pr(!**"")u) =0 (mod 7*A®) and the claim about
Ay is established. Henceforth all statements in the proof will be modulo Ay .
First,

1
k+1

[v, y(t)] = Gs — D x5 = 1Pl = (s = 1) Ix(s — 1), x,

-2
+ 7f"pz{(s — D (s = 1)'x) = (s = 1) (xi(s — l)k+1xk)})
=0

p—1
= Z(s - 1)ly;  (modrA®)
i=0

where y; € rad™"' A2 for 0< i<k and y; erad™A® for k+1<i<p-1
by Lemma 4.2 and the fact that (s — 1)?*¢ = (s — 1)(s? — 1) (modn?~'A%).
Note that s? is in pr,(A®).

Also

1

—1 _ ol

[v, ]t =v v—k+1
1

(1= 8 = DA = (ke + Dagk(s = 1))x - (mod n*A®)
= —n(s— Dfxe + (s — D)**'z  (mod n2A%D)

for z = (1-¢k+1)/(k+1)x, which is obviously in 7 rad™ A®NAy . In particular,
2y(O[v, 1] =0 (mod n2A%).

Finally, #(1 + n"v)~'t~! = (1 + n*v)~!, and by the preceding paragraph
My = a(s — Dk*lx, (mod n"+'AR). Let 6 = (s — 1)k*!x, and consider the
infinite sum 1 — 7”0 + 72702 — ... . Since 6 € rad A? this sum will converge
to (1+ n"*v)~!, and so we see by Lemma 4.2 that

(s = DF*' = (Ls = 1) + 1)+ )x

p—1
(I+z")'=1472"Y (s-1)'z;  (modzn"*'A%)
i=0

with z; € rad™ ' A® for 0< i<k and z; erad”A® for k+1<i<p-1.
Appealing for one last time to Lemma 4.2 we now have
p—1
[v, Q1+ n") T = —n(s - Drxe + 1) (s — D'w; (mod 7?A%)
i=0

where w; € rad™!' A® for 0< i<k and w; erad™A® for k+1<i<p-1.
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Thus
p—1
")y =y — g (s — Drxe + 7™ (s — 1)'x]  (mod 2"+2A%)
i=0
where x! € rad”*' A? for 0 < i<k and x/ €rad” A® for k+1<i<p-1.
The net effect is to increase k by at least one or to increase m by at least one.
Furthermore if k = p—2, then m automatically increases by at least one. The
lemma now follows from the nilpotence of rad A% modulo 7A®. O

Comments. (1) Note that the proof of Lemma 4.3a does not require that
(1 + my(¢))t represents a unit of finite order.

(2) The cases where n > 1 are somewhat simpler than the case n = 0. In
the former cases the z; may be taken to be 0.

(3) Once n =1 one may apply Lemma 2.2—which does require a unit of
finite order—to make y(¢) look like (s —1)""!'x+= Z’,-’z‘oz(s —1)'x; + A, with
X, x; € Ag and A; € Ay. The proof of Lemma 4.3a will not alter the free part
of y(¢t) modulo nA® so longas n > 1. Thus we have:

Lemma 4.3. Given y(t) as in Lemma 4.3a, but with n > 1, u may be conju-
gated by some unit in A? so that the new y(t) will look like (s—1)?'x+a"+ly+
mAy where x € Ao, y € Ao+ A¢, Ay € Ay, and pry(ds) =0 (mod m#AS) for
the same L.

By Lemma 4.3 we may assume that y(¢) = (s — 1)?~'x + 7"ty + md, with
n as large as we please. It was shown in the discussion preceding Lemma 4.2
that it would be nice if y(f) = (s — 1)?~!x. The remainder of §4 is devoted to
showing that y(f) = (s — 1)?~!x + n"y + mA; with n > p — 1 is, modulo some
adjustments, just as nice.

Recall from §2 the identity y(gh) = y(g)+8y(h)+ny(g)%y(h). The equation
0= y(¢?) = py(t) + T(ys(t)) + mA appearing in the proof of Lemma 2.2 was de-
rived from this identity. Obviously there are some higher powers of 7 running
around in that equation, and so a more explicit formula could be useful. For
1<r<i and g € H define

Ti(v(g)) ="' Y [] &%»(e)
r,i k=1
where Z,’i is the summation over the ordered r-tuples (j;, ..., jr) such that
0<ji<jp<---<j,<i-1, and the product is ordered with lowest index on
the left. It is easy to see that y(g) = T} (y(g)) and y(g2) = T(»(8))+T3(y(8)) .
In fact,

Lemma 4.4. Given g€ H and i > 1, y(g") = Y'_, T!(»(8)) -

Proof. The identity follows from a straightforward induction argument.
Proposition 4.5. Suppose y(t) = (s — 1)P"!'x + 1"y + mA; with x € Ay, y €
Ao+A;, AreAy,and n>p—1. Then u can be conjugated by a unit in A2

so that the new y(t) = (s — 1)*"'x + n"y + mA; with y, Ay, and n as above,
and with x € rad A2.

The proof of Proposition 4.5 has three components. First, the case p =2 is
disposed of. Then Lemma 4.6 will perform some fine tuning on A,. This fine
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tuning will allow us to discard the contributions of y and A; to the problem,
bringing into focus the expression (s—1)?~!x . This expression is then carefully
analyzed in §5.

Proof of Proposition 4.5 when p = 2. For p = 2, it suffices to assume y(t) =
(s—1Dx +my with x € Ag and y € A®. We now have
0=y(t)=(G-Dx+s—1)x+nT(y) (modznradA®)
=(1+0(-Dx+ax+nT(y) (modnradA®).

Since 1+ ¢ =0 and T(A®) C radA, we get 0 = nx (mod nrad A®), which
implies x e radA®. O

Suppose now that p > 2. Recall that y(f) = (s — 1)*"!'x + 2"y + nd,. By
Lemma 4.4,

p i
(4.1) 0=y")=>_ (=Y [ @ |-

i=1 i,p k=1
The i =1 term is just T(y(¢)), which is congruent to px + T(nA;) modulo
nP~'rad A® . Working modulo n?~!rad A®, any contribution from n"y to the
rest of equation (4.1) will be 0 since n > p — 1. Lemma 4.6 will next allow us
to discard any contributions of A, to equation (4.1.)

Lemma 4.6. Let pry(nis) € i A®\n™*'A® where m < p—2. Then it is possi-
ble to conjugate u by a unit in A so that the new y(t) satisfies pr;pr (y(t)) €
nm+1AQ .
Proof. By Lemmas 4.1 and 4.2, and by equation (4.1),
0= pr, pry(7(#") = pry(T(nds)  (modz™'A).
Since A, is a free module for the cyclic group (€2, ¢)/Q, there is some y €
n™As such that pry(nd;) ='y —y (modza™+'A?). Thus
Wy =u+ (aly, et + 22y, y(0)de (1 + zy) ™!
zu+ny-'y)t (modn™2A%).

Thus the short part of the new y((f) is in nm 1A | Applying Lemma 4.3 now
finishes the proof of Lemma 4.6. O

Using Lemma 4.6, we may now assume that pry(nis) =0 (modn?~'A®).
By Lemmas 4.1 and 4.2 and the fact that T(A®) C rad A%, the contribution
of mi, to the short part of equation (4.1) is 0 modulo n?~!rad A2 . Thus we
may assume y(f) = (s — 1)?~!x. In fact, Lemma 4.2 even allows us to assume
X =X;.

5. THE CASE WHERE ¥;(f) ¢ rad A : DIVIDE AND CONQUER

In §4 we derived the equation
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Working modulo 77~!rad A®, the comments at the end of §4 now allow us to
assume without loss of generality that y(¢) = (s — 1)?~!x for some x € pryAg.
Then T(y(¢)) = px, and so we are led to examine the congruence

(5.1) 0= px+2n’ 'ZH"’( 1P~'x  (modn?~!rad A®).

i,p k=1

Clearly the i = p term in the above sum is 0 modulo n?~!rad A®. Also, it is
easy to see using Pascal’s triangle that (s —1)?~! = s?=1 +§7=24... 41 modulo
nP~1. Hence our attention now turns to the expression

p—1
(5.2) Z =ty H Pk(p=l 4 ...+ Dx  (modmP~'rad A®).
i,p k=1

Let M = Y!-) ni! i [Tz, "%(s»~' +--- + 1)x . Recall that we are now
assuming that x isin pr; Ag. Thus pr,(M) prf(M) =0.For 1<k<p-1
choose y; € Ag such that M = Y %_ s — 1)*y, . Clearly pr,_ (M) = yp_1.
Thus y,—; =0 (modz?~'A%). From this we obtain pr,_o(M) =y, =0
(mod 7?~'A?) . Continuing thus, we see that y, = 0 (modn?~'A®) for 1 <
k < p — 1. Therefore, in order to complete the proof of Proposition 5.5 it
suffices to show that pro(M) = 0 (modn?~'rad A®). In fact, a little bit of
elbow grease indicates that much more is actually true.

Define x, = s~"xs”. Note that s € Ag, s" =1 (modrad A?) for any r,
and x, = x (modrad A?) for any r. With a little care, one can now show with
some direct calculations that if p = 3 and i = 2 then n? divides the coefficient
of each x;. Similarly, n* divides the coefficient of each x; when p = 5 and
i = 2. In both cases, the i = 2 summand of pry(M) is then easily shown
to be 0 modulo 77~ !'rad A®?. These two examples now suggest the following
preliminary result:

Lemma 5.1. Suppose i =2 and p > 3. Let {f;({) be the coefficient of s” x4 x
where 1 <o, <p-1. Then

() 1) =1+20+ -+ (p~1)0P72;
(ii) 1 is a root of multiplicity p — 2, modulo p, of fp—i1(x);
(iii) ¢fo—1(¢) = P2 (mod n?~2rad A®);
(iv) f5,({) = —a7' f—1({) (modp) where 1 < o' < p—1 is the multi-
plicative inverse of @, in F,. Also, the coefficient fo(x) of x* is (5).
Proof. (i) The coefficient of s”x,_;x in the two-fold product

FsP=l e DX (P e+ )X

is ¢k¢pi—J = ¢k=J . Since ‘A = A for all 1 € Ag, it is possible to calculate
fp—1({) simply by letting k = 0 and multiplying {~/ = {?=/ by p — j. Thus
the coefficient of s”x,_;x isequalto {+2(%+-- -+ (p — 1){P~!

(i1) Let gp—i(x) = (x? —1)/(x — 1). Note that

g-1(x)=(x = 1)P/(x =)= (x-1~"  (modp).

Clearly g,—i(x) = xP~' +xP72+ ... +x+1 and g,_i(x) = fr—1(x).
Thus f,_1(x)=(p— 1)(x = 1)P"2=—(x - 1)P=2 (modp).
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(iii) Part (iii) follows from part (ii) since { =1 (modrad A?).
(iv) As in part (i), the coefficient of s”x, x in the two-fold product

(Pl DX (P 4 4 DX

is {%/ . Thus working modp,

p—1
(=D 0= =) —o7 ke = =07 Cfom1(0).
j=1 k€eF;

Finally, the coefficient of x? is simply the number of two-fold products. It is
easy to see that this number is the number of ordered two-tuples (k, j) such
that 0<k < j<p-1 whichis (§). D

By parts (iii) and (iv) of Lemma 5.1,

p—1 p—1
Yo L)/ = Y oy Q)7
o=1 o =1
-1
(5.3) =T o7 (modn?~radA%)

G'|=1

= (g) =0 (modn?~2rad A®).
This now suggests a strategy for dealing with pry(M). Arrange and collect
summands in pry(M) arising from the various i-fold products according to
products of the x,, , and show that the coefficients of these products are divisible
by an appropriate power of 7. Then accumulate the remainders after factoring
out all the n’s and hope for the best.

Consider a particular i-fold product

(P DX P e D2 e Dxe P (P D
where jo =0 and 1 < j, < --- < ji-; < p-1. For 2 <i<p-2,

O<m,my,....m_; <p-1,0<k<p-1,and 1 </ <i-1 de-
fine oy = my+my+---+m; and ¢ = 0, + k. For a fixed value of i,
let m represent the i — l-tuple (m,, ..., m;_;). The coefficient then of the
term f(k, ) = sks%-1x,_, -+ X5, x in the above i-fold product is immediately

seen to be {™ii+tmazt+mi-iji-1  The total coefficient of f(k, 1) in expression
(5.2) can be found by letting #¢ act on the above i-fold product for permissible
values of e, namely for 0 <e < p—1-—j;_;, and accumulating the individual
coefficients of f(k, m) at each value of e. The total coefficient of f(k, 1)
in expression (5.2) is thus

p—1 Ji-1—1 Ja—1
(5.4) Z (I+---+ Ca(p_l_ji—l))cmi—lji—l Z Cmi—zji—Z e Z Lmn,
Jic1=i—1 Ji—2=i=2 Ji=1

If we denote this sum by S(k, 71), then

p—1
pro(M) =) m'=' Y S(po(), i) f(po(t), 7it)  (modn”~' rad A%)
i=2 &
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where & = {(my,...,mi—1):0 < my,...,mi_y < p—1} and po(m) is
defined to be the unique value of k € [0, p — 1] such that ¢ = 0;_; +k =0
(modp).

Proposition 5.2. Let p > 3 and 2 < i < p— 1. Then forany m € &,
S(po(m), m) =0 (modn?~'A?).

Comments. Since ¢ =0 (modp), expression (5.4) assumes the form

p—1 Ji-1—1 Ja—1
Z p .]l l le 1Ji- Z le 2Ji- . Z lejl.
Ji-1=i— Ji-2=i-2 Ji=l1

Since we are going to be working modulo n?~% for 2 < i < p—1, we will
demonstrate the same congruence for a slightly different version of the above
expression, namely

p—1 Ji-1—1 Jja—1
(5.5) Z ji_lcmi—lji—l Z C’mi—zji-z . Z lejl.
Ji—1=i—1 Ji—2=i=2 n=1

The proof is by induction on i. If i = 2 then the proposition is true by
parts (iii) and (iv) of Lemma 5.1. In turn, part (iii) of Lemma 5.1 was a
trivial consequence of part (ii). Recall that the proof of part (ii) relied on
differentiating the polynomial g,_;(x) = (x» — 1)/(x — 1)modp. A careful
scrutiny of expression (5.5) indicates that it represents a sum of derivatives of
polynomials similar to g,_;(x). In accordance with the previous notation, let
gn(x)=1+x+---4+x"1=(x"-1)/(x-1). A key element in the proof
of Proposition 5.2 is determining just how one should go about differentiating
these polynomials.

Lemma 5.3 (A calculus teacher’s nightmare). For 1 < g < n— 1, the qth
derivative g (x) of gn(x) is
gq-1

Z(—l)’n(n -1 (n—g+r+ 1 (z)x”"’*’(x —1)~!
r=0
+ (=1)7g!(x" - 1)(x — 1)797!
Proof. This lemma is easily proved using an elementary but grotesquely messy
inductive argument.

Proof of Proposition 5.2. By the comments following the statement of Proposi-
tion 5.2, it suffices to show that

p—1 Ji-1—1 Ja—1
Z jl.__lé'mi—lji-n z Cmi—2ji—2 . Z lejl
Jici=i—1 Ji—2=i=2 Ji=l1

is congruent to 0 modulo 7#”~*. The fourth part of Proposition 5.1 shows that
this congruence holds for i = 2. Proceeding by induction, we must now show
that

p—1 o uind . Ja—1 ) .
Zjicmm Z gmimi Z {miv =0 (mod 7?1 A®).

Ji=i Ji—1=i—1 =1
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Denote this sum by S(m). If m = 0 (mod p) then we are just looking at the
coefficient of xi*!, and that is simply the number of ordered i-tuples 0 < j; <

-+ < ji<p-1. This number is (?), which is 0 modulo 7#?~!. Assume then
that some m; # Q (mod p).

Claim 1. Let m = (m,, ..., m;), and set
Ji—1 J2—1
Z Ji Cm:j: Z Cm: Vi-1 ... Z lejl.
=i—1 Ji—1=i=2 J1=0

Then S(#) = S'(1#) — S(r:ﬁ) .

Proof. The sums S(/) and S’(m) are the same except for some extra sum-
mands in §’. These extra summands occur whenever one of the indices jj
assumes the value k — 1. However, jy =k —-1= j,=[/-1 forany / < j.
In particular, j; = 0. Thus the extra summands in §’ occur precisely when
j1=0. Since j, =0 = {™J1 =1, the extra summands are just S(n). O

By the induction hypothesis, S(#1) = 0 (mod 7P~ ). It is now necessary
to show that §'(m) = 0 (modn?~i~!). By the discussion preceding claim
1, we may assume that m # 0 (modp). If my =0 (modp) then choose
maximal k such that m; = m; = =m =0 (modp), and set k=0 if
m; # 0 (modp). Observe that Z”‘“ Z”‘ 1_k_2... j|—01 is the number

of k-tuples 0 < j; < -+ < jx < Jjrge1 — 1 Wthh is just

(”2*)::l/kukucu+1—10-~cu+1—(k—1>»

Such an expression is suggestive of a coefficient occurring in the kth derivative
of a polynomial of degree ji,,. There are now three possible cases, depending
on the value of k, involved in completing the proof of Proposition 5.2.

Case 1. k =0. In this case

p—1 Ji—1 Jj2—1

S'(m) = Z jiCM,j, Z (:mi—lfi—l e z lejl
Ji=i—1 L-|=i—2 J1=0
Ji—1 J3—1
=™ = 1)" Z Jigmidi Z gmi-idi-i Z gmb(gmi — )
Ji=i—1 Ji—1=i=2 Jj2=1
=™ =1)"YS(my+my, my, ..., mp)=S(ma, ..., m))
which is 0 modulo n?~9-! by the induction hypothesis.
Case2. 1 <k <i-2. Nowassume that m; =---=m; =0 (modp). By

the observation above,

Ji—1

p—1
) = g Y T 3D g

Ji=i—1 Ji—1=i=2

Jks2—1
C Y g Gierr = 1) Gkr = (k= 1),

jk+l=k
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The same argument that gave us the equation S(7) = S'(7) — S(m) can now
be applied to the above equation for S’(/#71). However, when we let the index
Jk+1 take on the value k — 1 we get 0. Thus

Ji—1

p—1
SO =g 3 Y e

Ji=i=2 Ji-1=i=3
Jke2 =1 _
Z gMestheet jue oy Ut = 1) -+ U — (kK = 1)).
Jksr=k—1

The above reasoning may be applied £ — 1 more times to obtain

o1 = i o
S'(m) = 7(—' Z ]icm'j' Z le—ljl—l
' ji=i_k—l ji_1=i—k—2
(56) Jes2—1 '
: Z Mesdint jo 1 Ukerr = 1) -+ Uk — (K= 1)),
jk+|=0

The summation corresponding to the index jj, is strongly suggestive of a kth
derivative. A few minor modifications will now allow us to use Lemma 5.3. In
particular,

Jk2—1
Y e i Gieer = 1) Gk — (k= 1))
jk+l=0
Jir2—1 '
= Mk N g Ui =KDy Gy = 1)+ Gikar — (k= 1))
Jiex1=0
= Cmmkgj(,i)z(gmm).

Now substitute the above equation into equation (5.6) and apply Lemma 5.3 to
obtain

- - ens—1
S'(m) = {Menk [ pz:l Jigmidi j'z:l gmi-idiza ,,.jki M2
Jimi—k-1 Jimi=i—k=2 Jkr2=1
k-1
: {Z(_l)rjk+2”'(jk+2 —k+r+1)r!
(5.7) r=0

. (k)(gmk+l)jk+2_k+’(cmk+l _ 1)—r—l

r

(=LK e — 1) — 1>-k-'}.

Fix a value of r in the interval [0, k — 1] and throw away the harmless (invert-
ible) constants ™k /k!, (=1)", r!, (%), and ({™+)7¥*" found in the sum-
mands corresponding to this value of r. The altered summands corresponding
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to this value of r now look like

- ji—1
(ka+l _ 1)—’—1 le jigmifi J'Z: Cmi—lji—l
Ji=i—k—1 Jimi=i—k=2
Jir3—1
. z Jiaz - Uksa — k 41+ 1)Mex2fier M Jier2
Jie2=1
which, of course, equals
p-1 Ji—1
(kau _ 1)—’—1 Z jicmiji Z Cmi—lji—l
Ji=i—r=2 Ji—1=i=r-=3
Jk3—1
- Z Jesz o Ukgz —k+r+ I)C(mk+2+mk+l)jk+2.
Jis2=k—r

Claim 2. Define S; , so that the above expression will be equal to
(§mer —1)7=1S, ., and set m’' = my, + my,; . Then
Sk.,r=(k-rS0,...,0,m, mps,...,m;)  (modm?~(-r=D),
k—r 0’s
Proof. Note first of all that
S0,...,0,m, my,3,...,m)
=80,...,0,m ,mg3,..., m)=S0O,...,0,m, my,3,..., m).

k—r—10s!

The second term on the right-hand side of the above equation is congruent to
0 modulo #?~(="=1) by the induction hypothesis. On the other hand,

S0,...,0,m,ms, ..., m)

p-l Ji—r—1—1
= Z ji-r—lCm’j""' E {mi—nji-r_z
Ji—r—1=i=r=2 Jicrp=i—r—3
Jk—r+2—1 Jk—r41—1 Je—r—1 ja=1
S o S Y Y
jk_”'l:k_r jk—r=k”_l jk—r—l=k—r—2 j]:O
p-l Jk—r+2—1 j
= . Mmiji—r—1 ... Z k—r+1 S
) Z ]z—r—lc ' ( k—7r C
.’i—r—|=l—r—2 1k—r+]=k—r
p-1 Jk=r+3—1
= l/(k -r) z ji_r_lCmiji—r—l .. Z ka+sjk—’+2
Jimrm1=i-r=2 Jk=rea=k—r+1
jk—r+2—l
‘s
. . i
Z Je—rs1 - Ukrsr — (k —r—1){™mk-rm1.0
jk—r+1=k—f

Referring now to Claim 2 and equation (5.7), we see that
Sk,r= S'0,...,0,m', mpy3, ..., m) (modnp‘(i"‘l))
=0 (mod gp—(i=r=1) + np—(i—r)).
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Thus
(e —1)7TIS L =0 (mod 7P~(=N-r+1)) = 0 (mod z?~(i+1),

Finally, ignoring harmless unit multiplies, the sum

p-1 il Jira=1
ik [t E jigmidi Z gmimii-n . Z {Mies2lien2
Ji=i—k—1 Jimi=i—k=2 Jk2=1

(= DKL)z — 1) (M — )R]
is equal to
n K S My + Mysz s Myys s .., my) —S(mk+2, Mii3s .oy M)

This expression is congruent to 0 modulo 77~(~k) by our irduction hypothesis.
Since kK > 1 we now have S(m) =0 (mod nP~(+1)) and Proposition 5.2 is
proven for the case 1 <k <i-2.

Case 3. k =i-1. In this case,

Ji—1 —1=i Ja—1
5(0,0, .. chf"": > Z S
Ji=i Ji-1=i=1ji_2=i-3  ji=l
pol i1
= Zjic.limi (Jil— | )
Ji=l
(5.8)
J(i-1) 'ZJ, (i = 1))gim
o~
=™ = 1)! ZJ: — (i = )™y

p
= ¢/ = 1) (E™).
Note now that
&(xX)= (¥ = D/(x - =(x-1P/(x=1)=(x-1P""  (modn”").
Thus
g (™) = (=1)/(MC™ - 1P =0 (modz?~(+D),

This completes the proof of Case 3, which in turn completes the proof of Propo-
sition 5.2. 0O

A little review is now in order. We are dissecting the zero projection of
expression (5.2)

p—
Zn’ IZH’”‘ (s '4+---+1Dx  (modzn?'rad A®).

i,p k=1

For each i such that 2 < i < p—1, the summands in the zero projection of the
i-fold products in the above expression can be collected according to the terms
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f(k, m) = sks%-1x,  ---x5x. By Proposition 5.2, it is now known that the
coefficients of these f(k, 71) are all 0 modulo n?~‘. Recall congruence 5.1,

0= px-i-Zn’ ‘ZH’”‘ 1)»~'x  (modn”~!rad A®).
i,p k=1

Proposition 5.2 tells us that for any i between 2 and p — 1, the coefficient of
any f(k,m) in this congruence is 0 modulo n”~!. Not only that, but it is
easy to see that all the f(k, 7) are congruent to 1 modulo rad A®.

Our ultimate goal is to prove Proposition 4.5 by showing that the expression

'Y, Tkey “¥(s = 1)P~'x occurring in congruence 5.1 is 0 modulo
nP~'rad A®. This, of course, implies that x € rad A®. As we mentioned be-
fore, the i = p summand poses no problem. The upshot of the above discussion
is that we may assume x = 1 while trying to establish the congruence

(Zn‘ ‘ZH"" 1)1 )EO (mod 77~ ! rad A?).

i,p k=1

The spirit of the remainder of the proof is as follows: The various #/« “almost”
commute with the (s —1)?~!’s. Suppose we took ¢ = 1. Then

Z ﬁ(s — 1y = (€>(s —1»"'=0  (modn” 'rad A®).

i,p k=1

Such thinking is wishful, but in light of congruence 5.3 (referring to the case
i = 2) it is not totally unrealistic.
It now suffices to show that

z S(my, my,...,mi_1)=0  (modn? ! rad A®).

m,~_.,=0
However, an even better result is possible:
Proposition 54. For p>3, 2<i<p-1,

p—1
E S(ml,mz, ey m,-_|)=0.

m,-_1=0
Proof. Suppose i = 2. First note that for any integer ¢ # 0 modulo p,
YP75(Ce)* = 0. Thus

-1 p—-1

Z D agm = 211 Z {mi=0.

m;=0 j;=1 Ji=t m=0

Proceed now by induction on i. We must show that

p—1
> S(my, my, ..., m)=0.

m,~=0
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Case 1. m, # 0. Note that we may assume by the induction hypothesis that
Zm[ ,—OS =0 for any i — 1-dimensional vector /. Thus we have

Zs(ml, my, ..., m;)

m,-—O
-Z(S(mlsm27--' m;)—=S(my, ms, ..., m))
m;=0
.13 1 12_1
Z (Z ]C"m"‘ ZCszz (—Z"’l——l_))
m,-O 12 1
1 =
le_IZ(Sm1+m2,m3,... m;) — S(mz,m3,...,m,~))
m;=0
=0.
Case2. mi=my=---=m =0, 1 <k <i-2. In this case, we now have
p—
> S0,...,0, My, ..., m)
m,‘=0
p—1
=S (80, 0, Mgy oo, M) = SO0, ., O, Mgy e, M)
N e’
mi=0 k—1 0
-1 Jks2—1 jk
1 iJi .. +1Jk+1 1
_Z EJ‘C”U‘ Z{mkm‘(l:) .
Ji=i—1 jk+l=k

The same argument involving the Sy ,’s used in the proof of Case 2 of Propo-
sition 5.2 may now be applied to reduce the above expression to a sum of
expressions, each of which satisfies the induction hypothesis. This completes
the proof of Case 2.

Case 3. m;y = m,; = --- = m;_, = 0. Referring to equation (5.8), we now
have
p—1 p—1 )
3 80,0,...,0, m)=1/(i— 1)t Y ¢mg (™).
m;=0 m;=0

Since g,(x) =1 +x+---+xP~!, the ith derivative will be Y5y " Lhlxk.
Thus

p—1 p—i—1

=10 S emgemy = 10 S g > (B i
m;=0 m;=0
p—1-i N P—
Mk +i ; ,
= i ! C(z+k)m,.
> ()%

Note now that Y7~ ', ¢@mi = 0 unless i +k =0 (modp). However, 2 <
i+k<p-1. The proof of Case 3 is now complete, which in turn completes
the proof of Proposition 5.4. O
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A brief digression. Much energy was spent in this chapter dissecting the

expression
p—
M= Zn' ST e D
i,p k=1
Letting m = (my, ..., mi_l) and defining 6, = my + my + --- + my, it was

shown that the coefficient of f(k, 1) = s¥s%-1x,,_ X5,_, X, x in the above
expression is

p—1 Ji-i—1 J2—=1
Z (1 + C" 44 CU(P—I"I'i—I))(mi-lji—l Z Cmi—lji-l . Z lejl
Jioi=i—1 Ji-2=i=2 Ji=1

which we denote by S(k, /). It is easy to see that

p—1

pr;(M n'= 'Zs pi(m), i) f(py(7i), ) (modn”~' rad Ag)
i=2

where & = {(m,, my, ..., mi_1):0<my, ..., mi_; <p—1} as before, and
where p;(m) is defined to be the unique value of k € [0, p — 1] such that
0 =0;_1+k =1 (modp). Arguments similar to those used in the nroofs of
Propositions 5.2 and 5.4 can also be used to obtain the following results:

Proposition 5.5. Assume p > 2. Then for any fixed i with 2<i<p-—1, the
coefficients S (k , m) are all congruent to 0 modulo n°~'Ay.

Proposition 5.6. Assume p > 2. Then forany [ >0

Z S(pr;(m), m) = p.
m;__ |—0

Completion of the proof of Proposition 4.5. The results in this chapter have been
directed toward analyzing congruence (5.2),

0= px+Z7t’ 'an’k(s 1»"'x  (modn?~'rad A®).
i,p k=1

Proposition 5.4 allows us to deduce that the 0 projection of the expression

Znt lznﬂk p—l

i,p k=1

is in fact congruent to 0 modulo 7?~!rad A®. We may immediately conclude
that x € rad A?, thus completing the proof of Proposition 4.5. O

Completion of the proof of Theorem 1.2. Once we have x € rad A®, the argu-
ment used in §3 may be applied to complete the proof of the theorem. 0O

6. FUTURE DIRECTIONS

L. Proposition 5.2 shows that if y(f) = (s—1)*~!x+n"y+ni, where x € Ao,
y€E€A®A;, n>p—1,and pry(is) € aP~2A,, then x must be in rad A®.
Using this knowledge, it seems likely that one could show that x is actually in
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some higher power of rad A?. Just how far one can go in this direction will
require additional analysis of the congruence

p [
0=proy [px+ > oY J[*((s—1P"'x +74y)| (modn”~' rad® A®)
=2 i,p k=1

where e would be 2 for starters. Once again one could replace (s —1)?~! with
1+s+---+s”"! and organize terms according to coefficients of s’ where o
would be reduced modp. The most delicate part of this analysis would be
controlling the long pry part of the product of two other long parts.

II. It is not to hard to show that A/mA is a local Artinian ring. It fol-
lows that every normalized unit in A is torsion modulo #A. If one lets u =
(1+7my(u, g))g where g € G then one can show, as in §2, that

y(uv, gh) = y(u, g)+8y(v, h) + ny(u, g)¢y(v, h).

It is possible now to apply some of the techniques and results of §§2 through
5 even to a nontorsion unit u, especially in the case of group rings SG over
groups of order p3. In this particular case, it is possible much of the time to
conjugate u into a commutative subring of SG.

III. What other, more general, results can be developed with the proof of
Theorem 1.2? What hypotheses can be relaxed? In light of Proposition 1.2.4
and the Appendix of [RS2] it seems likely that it suffices to assume S is a local or
semilocal Dedz=kind domain of characteristic zero with a unique maximal ideal
containing p, as in the hypothesis of Theorem 1.1. Also, it is possible to define
a different augmentation map ¢: & — S via 3}, ;5i (Vi ® &) & 2 ;Si,)-
This new choice for ¢ gives more elements of augmentation 1. It is necessary
now to insure that there exists some H < G and some unit z € & such that
2U = H modulo (¢c-1)% .

The above considerations now suggest the following environment in which it
seems the methods of §§2 through 5 may be applied:

(1) S is a commutative local ring of characteristic zero with unique maxi-
mal ideal p containing p.
(2) & is alocal, S-algebra that is finitely generated as an S-module with
basis %) .
(3) There are groups H and Q such that H C %, H is a p-group,
[H, Q] = p, and there exists some ¢ € HNZ (%) such that ¢ =1.
(4) H acts on %, by multiplication on both the left and the right.
Wishful thought 6.3. Let &/ , S, H, ... be given as above. Suppose that there
is a group U C & such that
(i) Q<U;
(ii) There exists a function y: H — A such that g — (14 ny(g))g defines
an isomorphism between H and U;
(iii) | =0.
Then U is conjugate to H in & .

Conjecture 6.4. Let S be a complete, discrete valuation ring of characteristic
0 having maximal ideal p containing p. Let &/ be a local S-algebra that is
also finitely generated as an S-module. Let %, H, Q, ¢, be given as in the
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list above. Finally, let U be a subgroup of &/* such that |U| = |H|, Q< U,
and U = H modulo (¢ — 1) . Then U is conjugate to H in & .

A brief comment on Conjecture 6.4. Some progress has been made on Con-
jecture 6.4. The arguments in §§1, 2, and 3 all seem to hold. However, there is
now some difficulty taking proper advantage of the multiplicative relationships
hidden in the module decomposition A® = Ay A @Ay . Ttis likely that some
more hypotheses will be needed to generate the identity A; = s‘'A¢ and to re-
tain the conclusions of Lemmas 4.1 and 4.2. Theorem 1.2, of course, provides
a setting where these difficulties can be overcome.
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