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SOME ¢-BETA AND MELLIN-BARNES INTEGRALS
ON COMPACT LIE GROUPS AND LIE ALGEBRAS

ROBERT A. GUSTAFSON

ABSTRACT. Multidimensional generalizations of beta type integrals of Barnes,
Ramanujan, Askey-Wilson, and others are evaluated. These integrals are ana-
logues of the summation theorems for multilateral hypergeometric series asso-
ciated to the simple Lie algebras of classical type and type G, . Many of these
integrals can also be written as group integrals over a compact Lie group or
conjugation invariant integrals over the corresponding Lie algebra.

1. INTRODUCTION

Ramanujan [42] evaluated the following integral:

0 dt
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where a, b, c,d € C and Re(a+b+c+d) > 3. There is another integral due
to Barnes [16] which seems related to (1.1),
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where Re(a, b, ¢, d) > 0. The integral (1.2) is called “Barnes’ first lemma” and
is an integral analogue of the Gauss summation theorem. It is also an extension
of the classical beta integral (see [11]). The integrand in (1.2) is the weight
function for a family of orthogonal polynomials called the continuous Hahn
polynomials, which were found by Atakishiyev and Suslov [14] and generalized
by Askey [8] (see also [13]).

Let g be a real number, 0 < g < 1. For any complex number ¢, define
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and also [c], = [c]e/[cq"]w , fOr any integer n. For any complex number x,
we will also define g* = e*X'°84 . Similarly for n € Z and ¢ € C, the ordinary
rising factorial is defined by (¢), =I'(c+ n)/I'(c).

There is another pair of integrals with a similar relationship to one another
as (1.1) has to (1.2),

4
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where |g73a1a2a3a4] < 1, and
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where |a;| < 1 for 1 < j < 4. The integral (1.4) was first evaluated by Askey
and Wilson [13] and then also by others [7, 28, 29, 32, and 40] using differ-
ent methods. The main reason the Askey-Wilson integral (1.4) has attracted so
much attention is that the integrand is the weight function for a very general
family of orthogonal polynomials in one variable which are called the Askey-
Wilson polynomials [13]. The evaluation of the integral (1.4) together with the
g-Pfaff-Saalschutz summation theorem were the keys to proving the orthogo-
nality of the Askey-Wilson polynomials [13].

Just as the Askey-Wilson polynomials contain the classical Jacobi polynomials
Pk )(x) as limiting cases, similarly the integral (1.4) has the classical beta
integral as a limiting case (see [13]). Thus Askey calls the integral (1.4) a “g-
beta integral”. There are many one variable g-extensions of the beta integral,
some of which are discussed in Askey [4-10], in Andrews and Askey [2], and
in Askey and Roy [11].

From another point of view the integral (1.4) is closely tied to the theory of
classical basic hypergeometric series in one variable. It is an integral analogue of
the very-well-poised ¢@s summation theorem. This integral is also a g-analogue
of a Mellin-Barnes integral (see [47]).

In the present paper multidimensional generalizations of integral (1.2) and
(1.4) related to compact simple Lie groups and the associated Lie algebras will
be given. The integrals (1.1) and (1.3) will also be generalized (see Theorem
1.6 below). We shall see that one way of roughly describing the relationship
between (1.1) and (1.2) is that both are integral analogues of the ,H, summa-
tion theorem for bilateral hypergeometric series. Similarly the integrals (1.3)
and (1.4) are both analogues of Bailey’s ¢y summation theorem for bilateral
basic hypergeometric series.
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We will also mention one other integral which is an analogue of Ramanujan’s
11 summation theorem
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where |a| < |¢*| < |b~!|. The integral (1.5) was evaluated independently by
Askey and Roy [11], and Thiruvenkatacher and Venkatachaliengar [48] (see
also Gasper [19]) and is an extension of and can be derived from an integral of
Ramanujan [44, p. 182, 45, p. 195]. A multidimensional generalization of (1.5)
will be given in Theorem 1.14 below.

The main object of this paper is to find integral analogues of the summation
theorems [21-23] for very-well-poised hypergeometric series on Lie algebras.
Generally speaking, for each summation theorem we give two distinct integral
analogues. The first will be similar to (1.1), (1.3), or (1.5), and the second will
be similar to (1.2) or (1.4). The first type of integral analogue turns out to be
virtually a direct consequence of the corresponding summation theorem and
is in fact equivalent to it. The proof of the second type of integral analogue
is patterned after Barnes’ proof of (1.2) and the Askey-Wilson proof of (1.4).
Roughly speaking, one expands each of the second type of integral as a sum
of series of residues. The series are of the form of a simple factor times an
ordinary or basic very-well-poised hypergeometric series on the corresponding
Lie algebra [22]. These series are summable by the analogue of Bailey’s ¢
summation theorem (or Dougall’s sHs summation theorem) for the appropriate
Lie algebra [22]. The resulting terms are then combined by means of either an
elliptic function or a trigonometric function identity.

We will also show that the second type of integral analogue can be written
as an integral over the corresponding compact simple Lie group or Lie algebra.
In particular, it follows the results in §10 here that the Askey-Wilson integral
(1.4) can be rewritten as an integral over the group SU(2), the de Branges-
Wilson integral [18, 50] as an integral over the Lie algebra su(2) of 2x2 skew-
hermitian matrices with trace 0 and Barnes’ first Lemma (1.2) as an integral over
u(1l), the Lie algebra of 1 x 1 skew-hermitian matrices (i.e. the purely imagi-
nary complex numbers). We will generalize the integral (1.4) to integrals over
the compact classical groups SU(n), SO(2rn+1, R), SO(2n, R), Sp(n), U(n)
and the compact real Lie group of type G,. Similarly we will generalize the
de Branges-Wilson integral to integrals over the corresponding simple Lie alge-
bras. Finally we will generalize Barnes’ first Lemma (1.2) to integrals over the
Liz algebra u(n) of n x n skew-hermitian matrices.

By means of the Weyl integration formula (identity (10.1)) and the corre-
sponding formula for Lie algebras (identity (10.13)), these Lie group and Lie
algebra integrals which generalize (1.2), (1.4) and the de Branges-Wilson inte-
gral are shown to be equivalent to integrals over a maximal torus or Cartan
subalgebra respectively. Choosing coordinates for the maximal torus or a ba-
sis for the Cartan subalgebra, these integrals can be written as iterated contour
integrals over the unit circle or imaginary axis respectively. It is in the form
of iterated contour integrals that we actually prove these generalizations of the
integrals (1.2), (1.4) and the de Branges-Wilson integral.

The first main result of this paper is the following generalization of integrals
(1.1) and (1.3),

(1.5)
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Theorem 1.6. Let z,, z5,..., 2z, € C with z; — z; not a real number for all
pairs 1<i<j<n. Then(l)for n>1,
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where |q' 2" [Ii_,(a:b)| < 1;
(c) for n > 2 and S zi=Yi ti=0, then
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where Re(Y"7_ (ai + b)) >2n—1;
(c)for n>1 let z; + zj not be a real number for any pair 1 <i < j<n,
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then
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where |q='=%" ]'[,2"}L2 a| < 1;
(e) for n > 1 and assumptions as in (d), then
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(f) for n=3 and Z,Ll Z; = Z;Ll t; =0 let z; not be a real number for all
i, 1<i<3, then
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(g) With assumptions of (f)
(1.13)
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where 2Re(Yr_ a;) > 7.
We will also prove the following generalization of integral (1.5):

Theorem 1.14. For n> 1, let a;, b;, z; € C for 1 <i < n with z; — z; nota
real number for all pairs 1 <i<j<n.Let xeC and z=Y;_,z;. Then

n x=1 5
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Jor convergence and we take a limit of the right-hand side when x is an integer.

The present paper is divided as follows. Section 2 of this paper is devoted
to the proof of Theorem 1.6. Note that identity (1.1) is the » = 1 case of
identity (1.7), identity (1.3) is equivalent to the n = 2 case of (1.8) and iden-
tity (1.5) is the n = 1 case of (1.15). We prove in §3 Theorem 1.14 and in
84 an extension of Theorem 1.6. In §5 we prove a generalization of Barnes’
first Lemma (1.2) associated to u(n), the Lie algebra of U(n) for n > 1. We
also prove a partial (g = 0) g-analogue of this result. In §6 we prove a gen-
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eralization of the Askey-Wilson integral (1.4) for the group SU(n), n > 2.
In §7 a generalization of the Askey-Wilson integral for the compact symplectic
group Sp(n), n > 1, is proved. By specializing parameters we also prove the
corresponding integrals for the special orthogonal groups SO(2n + 1, R) and
SO(2n,R), n > 1. In §8 an analogue of the Askey-Wilson integral is proved
for the compact Lie group G,. In §9 we discuss the Mellin-Barnes integrals
associated to the corresponding Lie algebras. In §10 we give some Lie group
and Lie algebra integral formulations of the previous results. Finally in §11 we
give a famiiy of related integral evaluations obtained by an application of the
Weyl denominator formula (following Macdonald [35]).

As far as future applications of these results, the most obvious is to look
for multivariate analogues of the Askey-Wilson orthogonal polynomials and the
continuous Hahn polynomials, which should be orthogonal with respect to a
weight function which is an integrand for some integral here. For the Lie algebra
su(n), multivariate Racah polynomials which are orthogonal with respect to a
discrete measure have been found [20]. It is likely there should also be related
polynomials orthogonal with respect to a continuous measure (or mixed discrete
and continuous measure). There are probably g-analogues as well.

These integrals have also been used to evaluate a family of integrals [24]
which are related to Selberg’s beta integral [46]. In particular using the general-
ization of the Askey-Wilson integral for Sp(n) one is able to prove a g-analogue
of Selberg’s integral [24]. By appropriate specializations of this g-Selberg in-
tegral one can prove the g-Macdonald-Morris root system conjectures [35, 39]
for all affine root systems of classical type including BC, (see also Kadell [31]).

Finally, there is an important question left unanswered by this paper. We
have provided many examples to show that classical Mellin-Barnes and beta
type integral evaluations can be extended to multivariate integrals associated
to various Lie groups and Lie algebras. However, we have failed to give a
satisfactory group representation theoretic explanation for these integrals. They
are natural extensions of important one variable integrals. Why are they natural
objects from a group theory point of view? An answer to this question could
yield significant applications of these integrals.

2. PROOF OF THEOREM 1.6

Let f(z;+t,2z2+1t,..., z, +1,) denote the integrand and F denote the
corresponding right-hand side for each of the integral identities (1.7)-(1.13).
After some elementary computation we can rewrite several of the summation
theorems for multilateral hypergeometric series associated to various Lie alge-
bras

(21) Z f(Zl+J’1,22+y2,---,zn+yn)=F-

Vi s Yn=—00

The summation theorems [21, Theorem 1.11, 22, Theorem 5.1 and 22, Theorem
8.2] can be rewritten as (2.1) where f and F are given in identities (1.7), (1.10)
and (1.11) respectively. As an illustration of how the summation theorems can
be rewritten as (2.1), consider [22, Theorem 5.1]. With a simple change of
notation we have
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Observe that for (u;, ..., u,) € C" we have

i2u§+% > {(ui—uj)2+(ui+uj)2}=(n+l)zn:u%.
' i=1

Setting u; = z; or z;+y;, 1 <i < n, it follows that the g% and g+’
factors will cancel in the product of the expression on the right-hand side of
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(2.3) with the right-hand side of (2.3) with the right-hand side of (2.4). Hence
the left-hand of equation (2.2) equals

n
oo (927 Ty, [0 %% ] 22y,
i=1
Z 2n+2 n
Y1y Yn=—00 H H [aiqz"]yk [aiq‘z"]—yk
=1

i=l k
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1<i<j<n

: [q1+2i+zj](YI+.Vj)[qI—Zi_zj]_(yi_Yj)

Substitute (2.3) into (2.2) and multiply both sides of equation (2.3) by
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The result is
2n+2 n
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i=1 k=1
n
Vi ey Yn=—00 ([q1+22,-+2y,-]°o[q1—2z,~—2y,»]°o)
i=1
H ([ql+z;+yi—zj—y,-];ol[q1+zj+yj—z;—yi];l
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o]
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Identity (2.6) is the same as identity (2.1) where f and F are given in (1.10).
In general the summation formulas for multilateral basic hypergeometric se-
ries can be rewritten in a similar way where the power of ¢ factors can be
shown to cancel by using identities (3.8), (3.9) and condition (3.5) from [22].
The summation formulas for the multilateral ordinary hypergeometric series can
also be rewritten similarly and there is no problem with power of ¢ factors.
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We will also consider the sum

oY)

(2.7) Y flzi+y, 242, ..., Zetya) = F.
Vises Yn=—00
Vi+e+ya=0

Then the summation theorems [21, Theorem 1.15, 21, Theorem 1.13, 23, The-
orem 1.1 and equation (2.28) and 23, Theorem 1.7 and equation (2.28)] can be
rewritten as (2) where f and F are given in identities (1.8), (1.9), (1.12), and
(1.13) respectively. The convergence conditions for each of these sums repre-
sented by equations (2.1) and (2.7) are identical to the conditions stated for the
integral identities (1.7)-(1.13).

Now substitute z; +¢; in place of z; for 1 <i < n in equation (2.1). Then
integrate both sides of (2.1) with respect to the variables ¢;, 1 <i<n:

/ / Z flzi+t+y1, .o Zntta+yn)dty---dty,
(2.8) “Yn==00

=/ / Fdty---dt, = F.
0 0

The left-hand side of (2.8) equals

4yn  pl+ya— 14y,
Z / / / flzi+t, ..., zn+ tn)dty---dy
—1 i

oy Yn=—00 " Vn

/ / f21+tl,...,Zn+ln)dll"'dtn.
We then obtain the result
o0 oo
(2.9) / / flzi+t1, ..., zZn+ty)dty---dty,=F

where the convergence of the integral in (2.9) follows from the absolute conver-
gence of the series on the left-hand side of (2.1). By a similar argument for f
and F satisfying (2.7), we can integrate (2.7) to show that

(2.10) / J/ f(Zl+Il,...,Z,,+t,,)dl|“'dln_1=F

where 37, z; = Y, t; = 0. This completes the proof of the identities (1.7)-
(1.13) and Theorem 1.6.

3. PrROOF oF THEOREM 1.14

For n = 1 there are several proofs of identity (1.15) (see [11, 48 and 19]).
We will assume that n > 1. With notation and assumptions as in Theorem
1.14 and u € C, define

flzy, ..., zn; u)
[T {10:0% Joolabia™* o)
(31) — i,j=1
[qzu l‘[ bl—l] [ql zy-1 H b:] H [q1+z,-—zj]°0
i=1 ) i=1 oo 1<i, j<n

t#/
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We can rewrite the U(n) generalization of Ramanujan’s ;y; summation the-
orem [21, Theorem 1.17] (see also [37]),

Z f(zl+}’1>22+J/2a~-»>zn+yn',u)
Vises Yn=—00
n
(3.2) (915 I [aibjle

_ i _F
[U]oo [ql""u‘l ﬁ(aibi)
i=1

(e o]

where |¢!=" [\, (a:b;)| < |u| < 1 for convergence. If we replace u by uv with
v € C, we may also write the U(n) y; sum as

Yo B s Znt Yns w0
Y1y s Yp=—00
(3.3) fal 11 lable [q w17 ] [q'-«uv)-lﬁb,]
i,j=1 00 i=1 00

- n n n
[Uv]oo [q‘ n(uv)~! [[(a ] [qzu I1 b,."] [ql‘zu‘1 I1 bi]
i=1 00 i=1 00 i=1 oo
where z =37, z;,y=31 ¥ and |¢' " []}_,(a:b)| < |uv| < 1.
Now in (3.3) replace z; by z;+s; for 1 <i<n and v by ¢* for some
x € C. Setting s = Y7 5;, multiply both sides by ¢* and integrate with
respect to s;, 1 <i<n. We obtain

( oo
/ / Z fZi+s14V1, s Zn+ Xn+ Yn; W@+ dsy - - ds,
0

Y1y, Yn=—00

CI! [a:bj]o

i,j=1

(107 017 ﬁ(a,bi)]oo

i_l] [ql—z—s—xu—l ﬁ b’]

i=1

[ z+s—x

//[

Note that the integral on the right-hand side of (3.4) equals

..
3 llzx ﬂ.

2 dsy---dsy.

qz+su H b ] [ql—z—su—l ﬁ bz]

i=1

qz+s+xu l'nI bz_l] [ql—z—s—xu—l l'nI bt]

2 ds.

/0' [ !

[qZ"-S H bI-I:I [ql—Z—Su—l l_”I bl}
i=1 oo

0o i=1
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The left-hand side of (3.4) equals

14yn 1+y;
Z / f(zy+S81,.ee, Zn+ Sy u)q*¥dsy - dsy,
(3.5)  Yioed=mo

=/ / f(zy 481, ..., Zn+Sn; u)q* dsy -+ ds,.
—00 — 00

Set u=—g~*[[_, b; and t; = ¢% for 1 < i< n. Then substituting (3.1) into
the right-hand side of (3.5) we obtain

n x=1 p
I1 11> II 1{[a,t,qu]oo[qb it7'q 5o dty - dty
i,j=

(f
bl r

(3.6) (log(g~"))"[ql% 11 [@:b;)co

i,j=1
[_q—x—z l_nI b':I [_ql—n+z—x ln-I al]
i=1 00 i=1 00
[ qs+x] [ ql s— x]
d
S 7R N i M

From the identity corresponding to (3.6) for n = 1 with g% = —1 and applying
(1.5), we find that

(3.7) gl ™ Gt i "N U
[~¢°loo[~q"]o0 sin(nx)[g]3 log(g~")
Substituting (3.7) into (3.6) we obtain identity (1.15). The convergence con-

dition |g'~" [T, ai| < |¢*~?| < |TI%; b7!| now follows from the convergence
condition for the sum (3.3). This completes the proof of Theorem 1.14.

n n

Ht,] th,*‘] ) (TR ) ™

i=1 i=1 oo 1<i, j<n
i#]

4. EXTENSION OF THEOREM 1.16

The identities (1.7)—(1.13) and also the x = o case of identity (1.15) can
be extended in a simple way (see [42]). In identities (1.7)-(1.13) let, as above,
f(zy+ ¢, ..., zn + t,) denote the integrand on the left-hand side and F the
corresponding right-hand side of these identities. Similarly let f(z;, ..., z,; u)
and F be defined as in §3. Let &, ..., k, be integers with at least one k; not
equal to zero. With notation and assumptions as in identities (1.7), (1.10) and
(1.11) then we have

o0 oC . n
(4.1) / / ezm(zf=‘kjtj)f(21+ll,---,Zn+tn)dt1"'dtn=0-
-0 —00

To prove (4.1) we rewrite the integral in (4.1) as

1 1 1 n 1. 0
// PO Yo S+t Y Zat ) dly - dty
0 0

Y15, Yn=—00

1 1 Lxn
=F/ / ez’"(zjﬂk"t’)dtlmdt,,=0
0 0
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since some k; is nonzero. With notations and assumptions as in §3 we can
similarly show that

(4.2) / / XD f(z 451 Zn 4 )y - ds
-0 —00

where at least one k; is nonzero. With notations and assumptions as in (1.8),
(1.9), (1.12), and (1.13) we can also show that

o0 o 1 n—1 -t

(4.3) / / L £ bty et t)dly - dlyy =0
—o0 —~00

where at least one k; is not zero for 1< j<n-1.

5. A u(n) GENERALIZATION OF BARNES’ FIRST LEMMA

In this section, we shall prove a generalization of Barnes’ first lemma, which
is an integral analogue of the Gauss summation theorem. The proof here is
a generalization of Barnes’ proof in one dimension given in Bailey [15]. The
proof goes as follows: We expand the integral as a sum of several multiple
series of residues of the poles. Each of these multiple series can be summed by
means of Milne’s U(n) generalization of the Gauss summation theorem [38].
We are then left with a sum of several ratios of gamma functions. Finally, a
trigonometric identity is used to combine this sum into a single ratio of gamma
functions.

At the end of this section we prove a partial g-analogue (after setting g = 0)
of Theorem 5.1. It generalizes a result of Li and Soto-Andrade [33] (see also
[10]).

The main result in this section is the following:

Theorem 5.1. For n> 1, let ay, ..., ant1, Bi, ..., Bus1 € C and assume that
a;+ B; is not a negative integer or zero forall 1 <i, j<n+1. Then we have

3

n+1

Do — z)T(Bi + zj)dz,---dzy
1

1 ‘/ioo‘”/iooiljﬁ
(27”')'1 —ioo —ioo H F(Z,' - Zj)
1<i, j<n
(5.2) I
n+1
n! I1 T'(ei+ Bj)
k,j=1

i=1

i r (nil(ai + ﬂi))

where the contours of integration are deformed so as to separate the sequences
of poles going to the right {a;+k|1<i<n+1, k=0,1,2,...} from the
sequences of poles going to the left {—f;—k|1<i<n+1, k=0,1,2,...}.

Proof. Let us begin by assuming that Re(a;) > 0 and Re(f;) >0 forall 1 <
i <n+l,that Re(z,'.‘:,‘(ai+ﬂ,-)) <1 and that a; # aj+k for 1 <i, j<n+l,
i # j, and any integer k. We will remove these assumptions at the end of the

proof.




82 R. A. GUSTAFSON

Recall Stirling’s formula
[(c+2)=V2rz**"1e7%(1 + O(1/z))

as z — oo in the region |arg(z)| < 6, 0 < 6 < m, where ¢, z € C. We also
have the identity

I'(z)I'(1 — z) = n/sin(nz)

and

|sin(nz)| = O(e™ ™ 2).

The integrand F on the left-hand side of equation (5.2) can be rewritten as

l<1<_1<n
sin(n(z; — z;
(5.3) .n+lﬂ (B + zj) 1<11;I;<n (n(z; )
I'(l —a; +
i=1 j=1 (I-a +z’)1“(1 —a,+z,)n ]n'[sm(n(a,—zj))

Using Vandermonde determinant,

H (zi—zj) = Z Sgn(”)zn(l ;(2§"'zﬁ(n)

1<i<j<n n€ES,

where sgn(m) is the sign of the permutation n € S, , and if we suppose that
|aj — z; — k| > ¢ for all integers Kk and 1 <i<n+1,1<j<n,and ¢>0,
then we have that

n
(5.4) |F| < A4 (I‘[ |zj|2,~=.<af+ﬂ,->—ze-2x|Imz,-|) ,

j=1

for some constant 4 > 0 as z; — oo in the region |arg(z;)| <0, 0< @<,
for j =1,...,n. A consequence of inequality (5.4) is the integral on the
left-hand side of equation (5.2) converges absolutely.

For any real number r, let C, be the line parallel to the imaginary axis going
from r — joo to r+ ico. Assume that no poles of the integrand F lie on the
contour C, (for any variable z;, 1 < j < n). The integral on the left-hand
side of equation (5.2) can be rewritten as

1
-(Tl)"/ FdZ]"'dZ,,
(5.5)

_Z(znl /Co C’)I/, FdZI dzn,
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where we have used Fubini’s theorem and the symmetry of the integrand F
with respect to permutation of the variables z;, 1 <j<n.
Now let N be a positive integer and S,,; be the set of permutations of the

set 1,2,...,n+1. Using Cauchy’s theorem and identity (5.5), we rewrite the
integral on the left-hand side of (5.2) as
(5.6)

+ n
H H (Bi + Qg(j )r(a, = ag(j))
2 H F(aa(,) = ag())(ae() — ag(i))
<

GESns1

+yl (aa( +y) AL (ﬂi"‘aa(‘))j
Z H S HH(1—0i+aJa(jy))y

Vs ¥n=01<i<j<n (a,,(,) — ag(j))

n—1
+2
1=0

Fdz,---dz,

(Go—Cn) J(Ch)n!

where []' means that whenever the factor I'(0) occurs in the product it is
replaced by 1. An application of inequality (5.4) shows that the limit as N — oo
of the expression (5.6) equals the expression

(5.7)
H I}l (B + )Tl - ao(y)
a;ﬂ { l:[ Hag() = ao())T(as() — aom)
(eg(i) + ¥i) — (ea(j) +¥)) AL (Bi + as(j)y,
Z H (ad(l) - aa(j)) H H (1 —oj+og 1))y }

,¥n=01<i<j<n i=1 j=1

where the infinite series in (5.7) converge absolutely since 1 > Re(Z"’L1 (ai+ 1))
(see [38] or [21]). It follows that the integral on the left-hand side of equation
(5.2) equals expression (5.7).

The series in expression (5.7) can be evaluated by means of Milne’s U(n)
generalization of the Gauss summation theorem [38]. We have

i H (ag(iy + i) — aa(; +¥j) ﬁ ﬁ (Bt as(j)y,
vy n=0 | 1<i<j<n (@g(i) = @o(j i=1 j=1 (1 =i+ a5y,
n+1 n
r (1 — ;(ai + ﬂ,)) n1 F(l + Qo) — aa(,,H))
1= 1=

n+1

H (1-B8i— Ag(n+1) )

(5.8)
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Substituting (5.8) into (5.7) and simplifying, we find that expression (5.7) equals

n+l n+1
r (1 =Y (ai+ ﬂi)) I Tei+ 8)

i=1 i,j=1

H i+ Qg(i)y — aa(n+l))r(aa(n+l) - aa(i))

’ Z n+1

TESns1 I'[ I'(1 = Bi = ag(ns1))T(Bi + ag(ns1))

n+l1 n+l1
=T (1 - (ai+ .3:‘)) IT T(ei + 8))
i=1 i,j=1
n+l ’
H Sln (Bi+ag n+l)))

! Z 'II_
0€Sn1 [ SIN(T(Qg(ns1) = Qo(i)))
i1

To complete the proof of Theorem 5.1, we will need the following:

Lemma 5.10. With notation as above we have

n+l

[1 sin(z(Bi + ag(n+1))) n+l
(5.11) > A = n!sin (n D (o + ﬂi)>
a€Su [] sin(m(as(n+1) — ao()) i=1

i=1
Proof. Let H denote the sum on the left-hand side of equation (5.11). The
value of the summand in H is identical for all o € S,,; belonging to the coset

of S, in S, such that o(n+1)=j, for j=1,...,n+ 1. The order of
each of these cosets in n. Hence we find that

e Tl sin(a(6, + a)

(5.12) H=n) =%
Jj=1 ]'[ sin(n(aj — o))

i2)

Setting u; = €™ and v; =% for j=1,...,n+1 and where i = v-1,
then we have

n+1

o 2] jﬂl Vjlp — U} u")
(5.13) H=13Y &

— -1 -1
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The sum on the right-hand side of equation (5.13) can be evaluated by means
of the following

Lemma 5.14 (Milne [36, Lemma 1.33]). Let x|,...,Xx, and y,,...,yn be
indeterminates with the y; distinct. We then have

n

(5.15) I_XIXZ"'-xn=Z l_xp)H( Xzyt
p=1 i=1
i#p
By setting xj = u-Zv—Z and y; = uf for j=1,...,n+1 in (5.15), we find

that the right-hand s:de of equation (5.13) equals

n+1 n+l1
2' H (ujv;) - ( H(ujvj)_z)

j=1

n+1 n+1
(5.16) = % (H(u,vj) - H(u,-vj)-l)

Jj=1 Jj=1
n+1
=nlsinz [ Y (a;+8) ]
Jj=1

This completes the proof of Lemma 5.10.
Now substitute identity (5.11) into the right-hand side of equation (5.9). It
follows that the left-hand side of equation (5.2) equals

n+l1 n+1 n+1
nl (1 - (i + Bi)> II T(ai+ B)n~"'sinz (Z(ai + Bi))
i=1

i,j=1 i=1

n+l1 n+l1
r (1 - Z(ai+ﬂ,~)) [ o+ 5)

= n!

I‘(l—'g:la,+ﬂ,>l"<z+:l a,+ﬂx)

i=1

n+1
n! Hll"(a,' + B;)
94’

r(E+s) )

This completes the proof of identity (5.2) under the assumptions stated at the
beginning of the proof of Theorem 5.1 we can drop these assumptions by ana-
lytic continuation, thereby finishing the proof of Theorem 5.1.

We now state and prove a partial g-analogue of Theorem 5.1, generalizing a
result of Li and Soto-Andrade [33] in the n =1 case (see also [11]).
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Theorem 5.17. For n > 1, let max(|a;|, [bi]) <1 for 1 <i<n+1 and C" be
the n-fold product of the unit circle traversed in the positive direction. Then

[T (1-ziz;H(1 =2z

1 / 1<i<j<n dzydz, --dz,
2yt [~n  n+l ceeZp
B e W0 - az( - bz D
i=1 j=1
(5.18) el
(1 - H a,'b,‘)
=nl.~_ = 7
n+l
[T (1-abj)

i,j=1
Proof. Assume that the a; are nonzero and mutually distinct for 1 <i<n+1.

By expanding the integral in (5.18) in terms of residues, we find that the left-
hand side of (5.18) equals

n+1n+1 + -!
n'ZH{l—ap Hl—ba,}

=l
5.19 ntl
( ) n+1 n+l 1:11(1 - bjay)
=n [[(1-abp)™y .
ihJ=1 =t [T (1 = apq; 1)

i=1

i#p

Setting x; = a;b; and y; =a;7', 1 <i<n+1,in Lemma 5.14, we find that
the r.h.s. of (5.19) equals

By continuity we now drop the assumption that the a@; are nonzero and mutually
disjoint. This completes the proof of Theorem 5.17.

6. A MULTIDIMENSIONAL ¢-BETA INTEGRAL

In this section we will prove a multidimensional SU(n) generalization of the
Askey-Wilson of beta type integral [13, Theorem 2.1]. The proof here is largely
modelled on that of Askey and Wilson in the one variable case. The Askey-
Wilson proof has to be modified however due to the more complicated structure
of the series of residues of the integral in several variables. For example, certain
sets of terms in the series of residues are shown to cancel each other. Also a
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more powerful bilateral SU(n) basic hypergeometric series summation theorem
is needed to sum parts of the series of residues.

Theorem 6.1. For n > 2, let a;, b € C and |a;|, |bi| <1 for 1 <i<n. Then

<.l_I.< [Zizj_l]oo
- S dzdz | dzu
@y e ] faz elbizle 7 72 e
(6.2) hI=l
h
n![ (a,-b,->]
_ i=1 o
n—1 n . nb' n b
@t (el [T1e] 1 @b
=1 oo li=1 Jogi,j=1

where [[;_, zi =1 and C"~! isthe (n—1) fold direct product of the unit circle
C traversed in the positive direction.

Proof. For the time being we will assume that |q| < []}_|a;b;| and a; #

aj,bi#b;jfor 1<i#j<n. Let A={ay,...,a,} and B~' = {b', ..., b7}

We will also assume that if u = [J\_,v; where 1 </<n and v; € AU B~!

(with possible repetitions) then |u| # |g]/ forany j€Z. For 0 <k <n-1

let A(k) be the set of all d(k) =(d;, ..., d,) such that &; = (y;, 6;) where
yp=AUB™! forl1<i<k,

Yi = Z; fork<i$n—1,

n—1
wm=I]7"
i=1

vi#En forl<j#<k,

__{1 ifyjeBlory,...,7-1CA,
"7 | either —1 or 1 otherwise for 1 < i < k,

;=1 fork<i<n.

We will denote A(n—1) by A and d(n—1) by ¢.

Let C. be the circle of radius & centered at zero and traversed in the positive
direction. We can choose the radius ¢ so that the denominator of the integrand
in (6.2) does not vanish for |z,| =¢, |z;|=1, 2<i<n-1. Similarly, we will
later choose ¢ so that the circle C, does not pass through the poles of other
integrands we will consider.

For 0<k<n-1, d(k) € A(k) and ¢ > 0, let 45 (k) be the set of all
P1y...,¥Yn) € Z" such that
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yi>0 ifl1<i<k, ypeA and og,=1;

i
oiy; <0 and H “1g7%| <1 if 1 <i<k and either
y,-eB' or g;=-1,
(6.4) >0 and e<|ng’| ify,€eAd and o, =1;
k

< 1if either y, € B! or g, =-1;

[Tl

j=1

oy and €<

n—1
yi=0 ifk<i<n-1 and y,=-) yi.
i=1

Note thatif 1 <i<k and y;, ..., y; C B~!, then the condition |1'[j~=l yj‘lq‘yfl
< 1 is always satisfied when y; < 0.
For 0<k<n-1, d(k) € A(k) and ¢ > 0, we also define

(nl:Ilai> [1 [7¢/74" ]

i=1 1<i#j<n

(6.5) Ss.e(k)=" ) ,,
(V155 Vn)€EA5 e (k) . H | I[ai/yquj]oo[bi))jq'vj]oo
l,]=
where []’ means the usual product except that if ¢ = g~/ for some nonnega-
tive integer /, then the factor [c]. in the product is replaced by [¢7/]i[q])eo -
The notation 1 < i # j < n is an abbreviation for 1 < i, j<n, i #j.
Simplifying, we obtain

n—1
(H Ui) I /7l
i=1 1<i#j<n
IT' [ai/7loo[bi?j1o0
i, k=1
29” = 78"\ 11 _[Bevily,
2 1 ( Yi—7j )H lavj/aily,

(V152 Yn)EAs (k) 1<i<j<n i,Jj=1

Sd,e(k) =

(6.6)

where (7:9” — y;jq”)/(7i —7;) issetequal to 1 if y;=p; and y; =y; =0 for
1 <i+#j<n.Wewill denote limS; .(k) by Ss(k). Since |q| < [T}, |aibi|,
the series Ss(k) converges absolutely by Lemma 4.22 of [40].

We will now show by induction on k, for 0 < k < n -1, that

-1
ZiZ7 oo
1 / l<i1:éIj<n[ 2] &mdz,,_l
(27:1')"—1 Ccn-1 Zp—1
aiz; oo biZi]oo
(6.7) ,I,I_[ Noolbiz)]
1 / dzk+l dzn—l
= Ss(k )
T S DR L il
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The identity (6.7) is trivially true for kK = 0. Suppose identity (6.7) is true for
0<k=1[0<n-1. We will then show it is true for k =/+1.

Consider the poles of the terms of the series S;(/) with respect to the variable
z;41 - The term

n—1 n
(H Ui) 11 [)’iqyi/yiqyj]oo/ 11 [@:/7i4")oolbi76” 10
i=1 1<i#j<n i,j=1
will have poles at
(1) z;,y =aqP where a€ A, a+#y; for 1 <i</,and p isanonnegative
integer;
(2) zp41 =bg” H—1+2 i Hz (77'a7 where |z, <1, be B, b™' #
for 1 <i<l/,and p isa nonnegatlve integer;
3) zi=a'q? I/}, 2 1l'l (77 g™y where |zj| <1, a€4, a#
y; for 1 <i </, and p is a nonnegative integer.
Poles of type 1 correspond to a,,; = 1 and poles of type 3 to g;,; = —1.
Note that a pole of type 3 cannot occur if {y;, ..., y} C 4.
Applying Cauchy’s theorem, it follows that

1 dziy dzp_
W/ e

i z Zn_
1 IJ(I)GA() I+1 n—1
dZI+l dzp—
(27:1"1 ne2-1 ZS Ziel Zn
¢ Ce s(hyeaq) + n=

dzi, dzp_

1 /
+ 5T E Ss,e(l+1)—"=0 ——.
)
(2mi)" Cr2l s+ 1)en(l+1) 2142 Zn-1

Now

(6.8) / dzz‘“ -0
Ce s GA(I I+1

as ¢ — 0. This is because for &(/) € A(l) , |z;41l =€, |zi|=1,l+1<i<n,
the series Ss(/) is bounded in absolute value by a series of the form

(6.9) p ¥ ¥ H(un gy H [[b jUnly,

Yi4-+yn=0 n€S, |i=1 j, h=1 quh/a]ly"

ur1g”1+1|=¢
where D >0 isaconstant, u; =y, for 1 <i </, |q| <|ujp | <1, wpp1¢”+ =
Zipy, i =z for I+41<i<n, [[}_,u;=1,and S, is the symmetric group on
n letters. By Lemma 4.22 of [21] this series converges absolutely and uniformly
in z; for /+1<i<n. Letting ¢ = g|q|”+* for some |g| < & < 1, it follows
that |S;(/)] — 0 as y;.; — oo. Hence

1 dzl+1 dzn 1
(2ﬂi)"'1'1/c 2 S 7

" swyeaq) Zin 1
1 d21+2 dz,,__l
=(2,,k)——2—1/ Y SUenTE e
C 2l 504 1)eA+1) + e

Identity (6.7) now follows by induction.
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Denoting Ss(n — 1) by Ss, the case kK = n — 1 of identity (6.7) is simply

H [Ziz'_l]oo
1 i<izj<n 7 dzy dz,_4
610 g [ B 3R
¢ .H[aizj_lloo[bizj]oo " sea

i,j=1

We shall show that some of the S; on the right-hand side of equation (6.10)
cancel.
Let 1<j+1<l/+1<n and 6 =(dy,...,d,) €A satisfy

{y,,...,yj}CB"
{?j+15 ..., m}CA withg;=1for j+1<i<I, andy,, € B~

(6.11)

Let 5':(6{,...,6,’,)€A with 5{:()):,0'1’) for lslsn Satisfy
Yi=vi,0i=0 forl<i<n, i#j+1,[+1;
)’;‘+1 = Y41 a}+l =1 and yll+l =Y+l 0'1’+1 =—1.

Note that 0’ € A is of the form

{1, .., Vi c B,

6.12
(6.12) {Vis2s---> 7} CA witho/=1forj+2<i</,

and
}’,{_,,1 € A with 01/+l =-1.

There is clearly a one-to-one correspondence between such d and ¢’ satisfying
conditions (6.11) and (6.12) respectively.
Examining the conditions (6.4), we see that the set

As o(n=1)={1, Y2, - Yn) | 21> V(1) > -+ » Va(m)) € Agr o(n — 1)}

where 7 is the transposition (j + 1, /+ 1) and ¢’, ¢’ are as above. Since
1! o: = =15 o/, it follows from equation (6.6) that

(6.13) S5 = —Sy..

Therefore in the sum ) ;.4 S5, the only terms S5 not cancelling are for 6 € A
which for some j, 0 < j<n-1, satisfy

(6.14) {7,y CB s a1} C A,

and ;=1 forall i, 1<i<mn.

To evaluate S; for J € A satisfying conditions (6.14), we will need a SU(n)
generalization of the ¢y summation theorem which is proved in [21, Theorem
1.15]
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Theorem 6.15. With |q| <1 and |q'~" ]'I;':,(di/ci)l <1, we have

. yn=—00 1<i<j<n i [diuk/ui]yk
Y1+ “+y,=0

[y 1 () /(cdloo  T1 [qui/t5100
(6.16) _ i, k=1 1<i#j<n

o= fltaeo| 1 taw/ e ot

Jo/fe] o]

where u; #u; for 1 <i<j<n,and ciuj/u; # q' and g 'dujju; # q7" for
a positive integer | and 1<i, j<n.

Setting ¢; = b;y;, d; = qyi/a; and u; = y; for 1 <i<n and using formula
(6.6), we obtain

a1 I [vi/7ileolayi/vile

S5 = 1<i#j<n
11 1 "[ai/71]o0lbi7j]o0
i,j=
(6.17) n n
o/ fib| |afia) 11y,
i=1 00 i= oo bsj=1

: n
o fl@d)t| 1 0/t lelar /el
i=1 oo b, j=1

where & € A satisfies the conditions (6.14) and []’ is defined as in (6.5). For
¢ € C we define g(c) = [clo[q/C]loo. With § € A satisfying (6.14), we then
have

he)
(6.18) S, = S 7
where > o
(6.18b) T; = ke (lljl a,) (lljl b') ; Ij[:l o(aib; 1<i1;_teg,,a(yj/yj)

o (Ml@b) 11 otai/noin)
i=1

i,j=1

and the product []' means that if ¢ = 1, then the factor o(c) is replaced by

[91% -
‘Zos a consequence of (6.10), (6.13), (6.14) and (6.18a, b), the proof of identity
(6.2) is reduced to providing the following identity:

(6.19) T; = nllglys"
when the sum is over all J € A satisfying (6.14).




92 R. A. GUSTAFSON

Set U(ay, ..., an, by, ..., by) =3 Ts with the sum over J € A satisfying
(6.14). Choose some k, 1 < k < n, and fix the variables a;, i # k, and all
bi, 1 <i<n. Setting a; = e*, then U(e*) = U(ay, ..., an, by, ..., by)

is an elliptic function of the variable a; € C with periods logg and 2ni.
This can be verified for each term T; and hence for the sum. We claim that
U(e*) has at most one a simple pole in each period parallelogram and hence
is independent of the variable a; = e .

To show this, consider the possible poles of U(e*). They are simple and
there are translates of the following types in each period parallelogram:

(1) HL](aibi) =1,

(i1) a,ak‘ =1 for i#k,

(i) a Hz 1 b_(li) H;':ll_l ap(j) =1
where [ > 1, 1<m(l)<m2)<---<m(l)y<n, 1<p(l)<p2)<---<
p(n—1—-1)<n and p(j) # k forall j, 1 <j<n-1[1-1. For the poles
of types (ii) and (iii) we will define an involution § — ¢’ on the set of J € A
satisfying (6.14) such that the residues with respect to the variable 75 and Ty
will cancel. 6 = (d;,...,6,) and &' = (], ..., d,) with §; = (y;, g;) and
0/ =(yj,0]) for i=1,2,...,n, then we will have 0] =0, =--- =0, = 1
and {y), 75, ..., ¥a} = {71, 72, ..., 7a} atthepole g =c. If (1 —ag'c)™!
will be a factor of Ty , then (1 —c~'a,)~! will be a factor of Ty and vice
versa. It will then follow that the residues of T; and Ty at a; = ¢ will cancel.

Suppose a;a;‘ =1 with i # k. Then we define the involution 6 — J’ as
follows: If both a;, a, € {y1,...,n—1} orboth a;,a ¢ {y1,..., =1},
then set 0’ = J. In these cases the residue of T; at a;, = a; (with respect to
the variable ay) is zero. If only one of the pair a;, a;y € {y1, ..., Yn—1}, then
simply interchange a; and gy, leaving g{ = 0; = --- = g, = 1. For example, if
vw=ar and a; ¢ y1,...,Vs-1,thendefine y; =y; for j#/, 1<j<n-1,
and set ) = a;. We also have y, = [['7'(¥))~!. Clearly there is a one-to-
one correspondence between such J and d’. The residues of 75 and T at
a, = a; with respect to the variable a; cancel. It follows that U(e*) = > T
has no poles when a =aj.

Suppose a; [T\ ,b‘ o s - "a,;) = 1 with notation as above We define

the involution § — ¢’ as follows: If {y;,..., va—1} & {ak, b 1) e b,;(,

(1), .e+» Ap(n—i-1)} , then set ¢’ = 6. In this case the reS1due of Ts at
]'[,_ bmi 1'[" - p(}) with respect to a; is zero. Now suppose that

{‘J’l 3oy )’n_l} C {ak, bml RN b;’(ll), Ap(1)s > a,,(,,_l_l)} . If {aj}
{ax, b;,(ll), e b,;(ll), (1) s -+ » Apnai-1)}—{?1» -+, Pn=1}, then suppose y; =
b;!. Define &' by setting y; = y; for i #/, 1 <i<n-1,and y =
aj with o] = --- = g, = 1. Wealso set , = [I';'()~". If {b7'} =
{ag, m(‘l o b,;(',), Ap(1)s « -+ > Apn—i-1)}={P1» - -, Pn1} , then suppose y; =
a;j. Define &' by setting y/ =y; for i#1, 1 <j<n-1,and y; =b;! with
g, = =0, =1. Again we set y, = H;’;ll(y})“. As before, one verifies

that there is a one-to-one correspondence between such 0 and ¢’ and that

the residues of 75 and T at g = H' by T2 1 L

cancel. It follows that U(e*) has no poles of type (ui).

20) with respect to ay
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We have just shown that the only possible poles of U(e*) in a period
parallelogram 1is the single simple pole of type (i). Since U(e*) is an ellip-
tic function, then it must be a constant. Hence, U(a,, ..., au, by, ..., by)
is independent of all the variables a;, 1 < i < n. In a similar way one
shows that U(a;, ..., an, by, ..., b,) is also independent of all the variables
b;, 1 <i<n, and is therefore a constant.

To evaluate the constant U(a,, ..., b,) set a;b;=1 for i=1,...,n—1.
One then verifies the only 75 which do not vanish are those for which one and
only one member of each pair {a;, b; 1, 1 <i<n-1, belongs to the set
{715..., ¥n—1}. For those ¢ satisfying this condition and also the conditions
(6.14), T; equals the constant [¢]!;”. The number of such J is

> (" = 1-sr=n.

k=0

This finishes the proofs of identities (6.19) and (6.2).

By analytic continuation, we can remove the assumptions made at the be-
ginning of the proof of Theorem 6.1. This completes the proof of Theorem
6.1.

7. A GENERALIZATION OF THE ASKEY-WILSON INTEGRAL
FOR THE SYMPLECTIC GROUPS

In this section we will prove a generalization of the Askey-Wilson integral
for the symplectic group Sp(n). The method of proof is similar to that of
Theorem 6.1 and is modelled on the Askey and Wilson proof in one variable.
We first expand the integral as a sum of several multiple series of residues. These
multiple series are, up to a factor, basic hypergeometric series very-well-posed
on the Lie algebra Sp(n). They are evaluated by means of a generalization
of the ¢ys summation theorem [22]. Using an elliptic function identity, the
resulting sum is then combined into a single quotient of infinite products.

The main result in this section is the following.

Theorem 7.1. For n > 1,let a; € C for 1 <i < 2n+2. Assume that the pairwise
products of {ay, ay, ..., a2} as a multiset (i.e. both a? and a;a; are con-
sidered among the products) do not belong to the set {¢/, j=0,—-1,-2,...}.
Then

[T [zizjlolz; ' 27 Nool2i 2] ool 2 2100

1 / 1<i<j<n
2ril [ n 2n+2 n
() [T [1laizjleolaiz} o

i=1 j=1
- dzydz dz
. 2 -2y 44142 G<n
(7.2) ]I=Illz,loo[z, o
2n+2
n!2" [ II a,]
=1l

Tl I [wele’

1<i<j<2n+2
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where the contour C is the unit circle traversed in the positive direction, but
with suitable deformations to separate the sequences of poles converging to zero
from the sequences of poles diverging to infinity such a contour exists by the
assumptions above.

Proof. Let us begin by assuming that laj| < 1 forall 1 <i < 2n+ 2, that
lg| < |TI*/*a;| < 1 and that aia;' # g¥ for 1 <i# j<2n+2 and any
integer k. We will remove these assumptlons at the end of the proof.

For any nonnegative integer N let Cy be the circle of radius |g|¥ centered
at zero and traversed in direction. Let

I [2izj)elz; ' 25 ool 2iz -‘1w[z—‘z,1wn[z21w[z‘21w
1<i<j<n Jj=1

2n+2 n

H H [alZ]]OO[al ]oo

i=1 j=

F =

Then the integral on the left-hand side of (7.2) can be rewritten as

;/ F@ dzy
(Zﬂi)" (Co)" Z) Zn

=zn: (7) / Fdﬁ...dz"
=0 (27”)” (Co—Cn)! J(C)n~1 Zy Zp

where we have used Fubini’s theorem and the symmetry of the integrand F
with respect to permutation of the variables z;, 1 < j<n.
Now let S be the set of all injective mappings =: {1,2,...,

(7.3)

n}—{1,2,...,2n+2}. Foreach n € § chooseasubset J(n) C {1,...,2n+
2} where the order of J(m) equals n+ 1 and J(m) contains the image of «.
Let J'(n) = {1l,...,2n+ 2} = J(n). Using Cauchy’s theorem and identity

(7.3), we rewrite the Lh.s. of (7.2) as

I1 [an(i)an(j)]oo[a;(:')a;(}')]oo[an(i)a;(;)]oo[a;(i‘)an(j)]oo

Z 1<i<j<n

2n+2 ", —1
nes il:Il jl:[l[aian(j)]oo[aian(j)]oo
n N-1
2 -2
. H[an(j)]oo[an(j)]oo Z
Jj=1 y,,...,y,,=0
(7.4)

g~ - ] (1 = an(i ()@ ™) (1 = ani g @)
1<i<j<n (1 = @n(iyan()(1 — @)@ n(j))

(1- a2 g% H [aiau(j)]y,[aia,,( oy,

H (1 —naj

2
Jj=1

) )ﬁ €
20 H [qa ‘an(ly laa; agy)y,

v Dl dsf__
(20" Jico—cny Jicnyr Z1 Zn

=0
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where [[' means that whenever the factor [1], occurs in the product it is
replaced by [¢]eo -

Now suppose z; € C;, where the k; are nonnegative integers for 1 <i<n,
then we have z; = u;qk for u; € Cy, 1 <i<n. We find that

—1,,-1 - -1
1<.I;I.< [uiuj]oo[ui U; ]oo[uiujlloo[ui uj]oo
sSi<jsn

F(Z],...,Zn)=

2n+2 n
H H[aluJ]OO[al oo

i=1 j=1

* H[u_%]oo[uj_z]oo * B(kl y oo kn) )

J=1

where

(1= ulgki
Blky, ..., k) = g~ 2imnt1=0k [H( l—uqu )]

Jj=1

I1 (1 — wu;g™)(1 — ;' gkh)
1<i<j<n (= wiuj)(1 = wju; 0

n+1

n H laiujly, [alu ]y,
H 2n+2

=v) T lga; ' ujly laa; ui 'y,

i=n+2

From [22, §2] it follows that the series

(e o)

> Blki, ..., kn)

k| 5 e ,k,,=—00

is absolutely and uniformly convergent for u; € Cy, 1 < i < n. Consequently
we have for 0</<n-1, that

lim sup |F(z1,...,20)] =0
N—oo 2,eCouCy, 1<i<]
z;€CN,I+1<j<n

and hence

n—1 n
(7-3) lim 3 () / / pdz 4z _ g
N—oo =0 (Zﬂl)” (Co—Cw)! J(Cr)n—1 Z] Zp

Taking the limit of expression (7.4) as N — oo and applying identity (7.5), we
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find that the Lh.s. of equation (7.2) equals
(7.6)

H [an(i)an(j)]oo[an_(i')a;(;’)]oo [an(i) a;(})]oo[a;(})aﬂ(j)]oo

Z 1<i<j<n
2n+2

n
nes l'[ '[@i8n(j))ool@ia7 ) Joo
i=1 j=1
n oo
2 -2
| [CASC=ANEDY
Jj=1 Y1y Yn=
A g XL ] (1 = @r(i@n(q” )1 = @n(i @y @ ™)
1<i<j<n (1 - aﬂ(l)aﬂ j))(l aﬂ I)a”(j))

) fI ie.ll-’[( )[aian(j)]yj[aia;(j)]—yj
) J1 laar 'az)ly,laa;  ag) 1y,
with notation as in (7.4) and where the infinite series converge absolutely since

2n+2

i a
i=1

The infinite series in expression (7.6) can be summed by a generalization of Bai-

ley’s ¢ws summation theorem for basic hypergeometric series very-well-posed
on Sp(n):

Theorem 7.7 [22, Theorem 5.1]. Let ¢;, b € C for i =1,...,n+1 and
(215 ..., 2n) € C". Suppose |g=" - ['*!(bi/ci)| < 1. Then

f: { T (al=i)y; H (1- 2(22’+y’))
Vi, s Yn=—00 (1 - zj)
H (l — z,+y, z,—y,)(l — Z,‘+yj+2j+yj)
1<i<j<n (1 —grmE)(1 - g5

lg| < (see [22]).

n+l n . —;
o R T o
Hg [biqzj])’j[biq_zj]—yj }
n+l
[91% II [bi/cile T [a/(cicj)oola™"hibjloo
(7°8) _ i,j=1 1<i<j<n+1

[q-" jl:l:(bi/ci)] .

H [ql+2j+2j]m[q1—Zj—zl']w[q1+z,‘—2j]w[ql+2j—z“]°°
1<i<j<n

n+l n : N
Hl _l'Il[biqu]oo[biq‘zfloo[qc,.‘ 07)0o[dC 4700
=1 )=

n

1" 1eold' 727 o
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With notation as above, set

{C] s eee s C,,+1} = {a,~ | ie Jl(ﬂ)}, {bl, ceey bn+1} = {qai"l | ie J(n)}
and g% = ay;) for j=1,..., n. With these substitutions, the (y;,..., ¥n)

term in the series on the Lh.s. of (3.8) vanishes whenever y; < 0 for some
J, 1<j<n.For ceC, c#0, define

(7.9) (¢) = [cloo[q/C)oo-

Not substituting identity (7.8) into expression (7.6), we find that the Lh.s. of
equation (7.2) equals

2n+1
s
(7.10) S N T
a;a;]oo
1§i<jI-£2n+2[ i} nes
where
[Q]Zol(, 112 Za(aiaj) n
_ <i<j<2n+ 2
I = 2n+2 H a(ai(j))a(an(j))
ag ( H a[) Jj=1
(7.11) =t

[T 0(an()@n())0 (a5} 85,0 (@n(iy ) 0 (@ 1y Ba()
. 1<i<j<n

(e i

2n+2 n/ —1
! ,1;[1 0(aian(j))0(aiay ;)

and the product [’ means that if ¢ = 1, then the factor g(c) is replaced by
lq1% .

As a consequence (7.10) and (7.11), the proof of identity (3.2) is reduced to
proving the following identity:

(7.12) > T = nl2"[q]3.
neS

The proof of identity (7.12) now proceeds similarly to that of identity (6.19) in
§6. Set

U(al s A2y ey 02n+2) = Z Tﬂ-
nes

Choose some k, 1 < k < 2n+ 2, and fix the variables a;, i # k. Setting
a, = e* ,then U(e**) = U(ay, ..., ay2) 1s an elliptic function of the variable
ay € C with periods logg and 2zi. This can be verified for each term 7, and
hence for the sum. We claim that U(e®) has at most one pole, a simple pole
in each period parallelogram and hence is constant in the variable a; and in
ay = e%
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The possible poles of U(e*) with respect to the variable «; are the following
two types:

(1) e =qa; =q™ ]'[21.’:;2#,( a;! for some integer m;
(2) e* =a; =q™a, for some integer m and 1</<2n+2, k#1.

Consider the poles of type (2). Since the function U(e*) is elliptic, it is
sufficient to consider only the poles a;, = a;, k # [. For each such pole
ay = a; , we will define an involution 7 — 7’ on the set S. Let = € S. If both
k,l € image of 7, then define n’ = 7. Similarly if both k,/ ¢ image of «,
then define n’ = n. If kK = n(j) forsome j, 1 <j<n,and / ¢ image of
7, then define the map n’ € S by

i .)_{n(i) for1<i<n, i#];
(1) = / for i # j.

Finally, if k ¢ image of n and / = n(j) for some j, 1 < j < n, then define
the map 7’ € S by

n’(i):{n(i) for1<i<n, i#];
k for i =j.

The map n — 7’ is clearly an involution of S. If 7, has a pole at a;, = q;,
then T, also has a pole at a; = a; and the residues of 7, and T, with
respect to the variable a; cancel at a; = a;. It follows that U(e*) has no
poles of type (2).

We have shown that the elliptic function U(e®) has at most one simple
pole in each period parallelogram. Hence U(ay, ..., az,+2) must be constant
in the variable g, . Since k is arbitrary, 1 < k < 2n + 2, we have that
U(ay, ..., ax,2) isaconstantin ay, ..., @2 .

To evaluate the constant U(a,, ..., @xn42),s€t giapy;=1fori=1,...,n.
Let S’ be the subset of all # € S such that one and only one member of each
pair {i,n+1i}, 1 <i < n, belongs to the image of n. The order of S’ is
2"n!. One verifies that 7, =0 if # ¢ S’ and T, =[q];" if n € S. Therefore
we find that U(ay, ..., a+2) = 2"nl[q]™".

By analytic continuation we may drop the assumptions made at the beginning
of the proof of Theorem 7.1. This completes the proof of Theorem 7.1.

Remark 7.13. By specialization of the parameters in identity (7.2), one can
evaluate the corresponding integrals associated to the compact groups
SO(2n + 1, R) and SO(2n, R). Recall that for ¢ € C, we have the identity

[coo[—Cloolcd? ool —¢d oo = [P ]oo-

Hence, if we set dy, = —1, daue1 = g% and a4 = —q? in identity (7.2) we
obtain the following

Theorem 7.14 (SO(2n+1)). For n>1,let a; € C for 1 <i<2n-1. Assume
that the pairwise products of {ai, az, ..., Gxn—1} as a multiset do not belong to
theset {¢’, j=0,-1,-2,...}. Then
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T [zizleolz; ' 25 ool 2iz} ool 2! 2110
1 1<i<j<n
27”'n n 2n—1 n
@ni)" Je T flloz el L

i=1 j=

TTizslolz; e 220 822 2

z
j=1 FAR) n

(7.15) n!Z”[ 'i'[ ]
G, I [aae l'[l[ ailoold a1l =g ai1oo

1<i<j<2n—1 i=1

n2 g T a] Tl ol

i=1 oo I=

- b

G 10 [a,-ajloozn (@1

1<i<j<2n—-1 i=1

where the contour C is the unit circle traversed in the positive direction, but with
suitable deformations to separate the sequence of poles converging to zero from
the sequences of poles diverging to infinity. Note that we have used the identity

[~} loo[g ool g0 = [45 4*]oc[=; 4l = 1.
If we set a,,_, =1 in identity (7.15), we obtain the following

Theorem 7.16 (SO(2n)). With notation and assumptions similar to the above
and n > 1, then we have

(7.17)
Z1lool27 27 Noo[2i27 Mool 27 2 )0
1 / ISigSn[ZIZj] [Z, i : [,j ] [Z’ Zj] _‘f'_z_li{_z.fi_zl
\n n 2n—-2 n
(2m3) ’i_[ H[azzj]oo[at —l]oo aon o
i=1 j=

n12n-1 [q ]'[ a,]

i=1

2n—2 :
qlz, 11 [aigle l:[l[a%]oo

1<i<j<2n-2

Remark 7.18. With notation and assumptions as in Theorem 7.1, if weset ¢ =0
in identity (7.2), then we obtain the identity

I (1-zizj)(1 -z} z; l)(l—z, N1 -2z71z))

1 / 1<i<j<n
2" [ n 2n42 n
() I1 H (1-aizj)(1 - aiz;")

(7.19) , ==
2 (1-4a)
H(l—z Cndndn dn T\ 0"
z21 zy 2z [I (1-aia))

1<i<j<2n+2
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Setting a5,., = —1 in identity (7.19), we obtain the corresponding identity for
SOQ2n+1):

I1 (l—z,-zj)(l—zi”lzj )(1=2ziz} N1 -z71z))

1 / 1<i<j<n
2ri)" Jeon 2n+2 n
¢ I1 Hl—a,z,)l—a, h

i=1 j=

21 Zn

2n+1
n!2n (1 + H a,~>

1—1

L dzidz,  d
(7.20) Jla-zpa-z7H2t 2. 2
Jj=1

+
(1 - ajaj) H +a;)
1§i<j§2n+l i=1

The setting ay,4; = 1 in identity (7.20), we obtain the corresponding identity
for SO(2n);
(7.21)

— — 1 -— —
[T (-ziz;))(1 -z z; Ha ziz; “Ha z; z,)ledz2 dx,

1 /15i<j5n LL2 | Zon
2ni)" Jeon
e (1 - ai2,)(1 - aiz}) nomoE

[
B

Tz:

1j

n!2n-1 (1 + H ai)

i=1

T (-aa)f(-ad)

1<i<j<2n i=1

One should compare these identities (7.19)-(7.21) with those found in Lit-
tlewood [34].

Remark 7.22. We finally remark that an integral analog of the summation the-
orem for the multilateral hypergeometric series very-well-poised on the affine
root system B, [22, Theorem 6.1] can be obtained by setting a@,.+; = ¢} and
Aans2 = —q} in identity (7.2). Also by specializing identities (1.10) and (1.11)
one can obtain identities corresponding to the Lie algebras of types B, and D,
and the affine root system of type BY. For example, to obtain from (1.10) an
identity corresponding to B, set dan.2 = ¢!, dans1 = —q} and ay, = —¢q in
(1.10).

8. AN ANALOGUE OF THE ASKEY-WILSON INTEGRAL FOR G,

In this section we will prove an analogue of the Askey-Wilson integral for
the compact Lie group of type G,. The method of proof is similar to that of
Theorem 6.1. The only real change is that there is a slightly different proof of
the elliptic function identity used at the end.

The main result in this section is the following
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Theorem 8.1. Let a;,a;,a3,a,€C and |a;)| <1 for 1 <i<4. Then

3
T [ziz; oo [112]o0l2] 1o
1<i,j<3 =1

g " dzi dz,

4 3 z z
c? - 1 2

IT I1[aiz)lc0l@i 2} oo

=1j=1

12 [ﬁ aZ] I'[[a,]oo

i=1 o0 i=

-

(4.2)

lq1% [ﬁ ai] [[ [aigjle 1 laigja)e

i=1 oo 1<i<j<4 1<i<j<k<4

where HLI z; = 1 and C? is two-fold direct product of the unit circle C tra-
versed in the positive direction.

Proof. We will assume temporarily that |g| < ['[;L] la?|, a; # a; for 1 <i#
J<4,and a; #aja, for 1 <i, j, k <4 with i, j, k not necessarily distinct.
Let

A={ay,ay,a3,a;} and A7 '={a]"', ..., a;"}.

For 0 < k < 2, let A(k) be the set of all d(k) = (d;, J2, d3) such that
i = (i, 0;) , where

y,€ AUA! forl1<i<k,
yi=2z; fork<i<2,

_a—1,—1
(83) y3—y| yz > B

n#y and y#y;,
lify,edlory ed,

01,03=1 and o, = ) .
o3 2 { either 1 or —1 otherwise.

We will denote A(2) by A and §(2) by J. With this notation, the proof of
Theorem 8.1 begins completely analogously to that of Theorem 6.1. For ¢ > 0,
we define 4; (k) exactly as in (6.4). Similarly to (6.5), for § € A we define

S5 =S85,0(2)

2
= > (H Ui) I /791
V1,92,y3)€45,0(2) i=1 1<i#j<3

(8.4)

w

H 170" 1ol 7} ' 4™ )0
j=1

za

IT'[2:7/97 10097} ' 077 ]oo

i=1j=1

where [’ means that whenever the factor [¢~/]o occurs in the product for
some nonnegative integer /, then [¢~/] is replaced by [¢7];[¢]e . Similarly to
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(6.6), after simplication we obtain
(8.5)

2 3
(_I_]lai) [I [yi/yj]ool'll“/j]oo[yj‘]oo

l<i;éj<3

S5 =
H H '[at}'j]oo[atyj ]oo]

i=1j=

M z {q,Vl+3y2 (l - y3yl_quJ—Y1 ) (1 —_ ylyz_lq)’l—yz)
] -}
(01,72, ¥3)€45.0(2) 1 =737 1= 9173
-7y g™ (1 - g” > (1 - my,)
1_y3y2_1 l_yl 1—}'3

1—yylg™» )\ 1 [a,yl,
( . )HH iy }

2 i=1 j= 1[qa YI],VJ

Since |q| < H?=1 |a;|?, the series S5 converges absolutely (see [23, Theorem 1.1
and expression (2.28)]).

Completely analogously to the proof in §6, we obtain the following identity
similar to equation (6.10):

3
H [ZIZ ]oo H[Zj]oo[Zj_I]oo
1 1<i#j< j=1 dzydz; _
(8.6) VETE /C2 = E Ss.

3 z1Z
H [aiz)[aiz} oo 172 sea
As in §6, we shall show that some of the Ss cancel in the sum 3 5., S5.
Let = (d,, d2, J3) € A satisfy
(8.7) NnEA, 1€A™ and o =0=1

Let &' = (6;,(55,55) € A with 5{ = ()Il, ) for 1 <i< 3 satlsfy yl =7,
vy =71, 01 =1 and o, = —1. Note that 6’ € A satisfies

M:»w

(8.8) yped™l, yyed,o1=1 and o,=-1.

There is clearly a one-to-one correspondence between such ¢ and ¢’ satisfying
conditions (8.7) and (8.8) respectively.
As in §6, we see that

As5,0(2) = {1, y2, ¥3) | V2, Y1, ¥3) € 4s1,0(2)}
with J, ¢’ as above. Since gy0, = —0|0;, it follows from equation (8.5) that
(8.9) S5 = —S;.

Therefore in the sum ) 5., S5, the only terms S5 not cancelling are for 6 € A
which satisfy

(8.10) ogi=1forl <i<3andif y, € A,then € 4.

To evaluate S; for & € A satisfying conditions (8.10), we will need a G,
analogue of the ¢yws summation theorem which is proved in [23, Theorem 1.1
and expression (2.28)]
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Theorem 8.11. With |q| < 1 and |q| < [I;_, |ci|*, we have

e 1 — g¥3ty3—ui—y >

> {qy,+syz (4—_
— gus—u
Yi,¥2,y3=—00 I—gom
1 — g¥t—th=n 1 — g¥ty—t=—n 1 —g“*thn
( [—ghi—w )( =gt )( g )

N1+y2+y3=0
1 — g#str3 q N 4 3 [cig%]
() (e sy,
I—gw it ji e gy,

(8.12) .
[91% [ql'[ci“] [T [g(cic) ™M TI  la(cicicr)™ oo
_ i=1 00 1<i<j<4 1<i<j<k<4
- 4
[q _I'Ilci'z] l'I[qC“]oo l'[l l'I[c—'q”“f]oo[f:“q‘ % oo
i= oo i=1 =1 j=
3
T eeld ™1 [] 4" ),
Tk

where u; + uy +u3 =0.

For ¢ € A satisfying condition (8.10), let ¢c; =a; and g% =7y; for 1<i<3
in formula (8.12). We then obtain

.
(8.13) S5 = ['13‘ - ]°° ’ma']w Ty,

[;ﬁ ai] M1 [aigjle I laigjakle

oo 1<i<j<4 1<i<j<k<4

where

4
[q]goa(ﬂai) [1 o(aa;) 1 o(aiaja)

1<i<j<4 1<i<j<k<4

Ty =
o (ﬁ a}) f[ o(a
(8.14) S
[T oWi/7)) 1'[ a(yp)e(r;")
1<i, j<3 Jj=1
i#]
4 3
[I I_I (aivj)a(aiy;")

and where a(c) and []' are defined as in (6.18), (7.9), and (7.11).
As a consequence of equations (8.6), (8.9), (8.13), and (8.14), the proof of
identity (8.2) is reduced proving the following identity:

(8.15) Y Ty =12[4132,

where the sum is over all J € A satisfying (8.10).
As in §§6 and 7, we set U(a,, a3, a3, a3) = >, Ty with the sum over J € A
satisfying (8.10). As before, choose some k, 1 < k < 4, and fix the variables
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a; for i # k. Setting a, = e*, then U(e*) = U(a,, ..., as) is an elliptic
function of the variable o, € C with periods logg and 2ni. Again this can be
verified for each Tj in the sum ) 7. We will show that U(e®) has at most
three possible poles, which are simple, in each period parallelogram. A closer
examination of the residue at each of these three possible poles shows that,
up to a factor the residues are elliptic functions involving the other variables
a;, i # k. We will show that these elliptic functions have no poles in a period
parallelogram. Hence these elliptic functions are constant. A simple evaluation
will then show that they are identically zero. Consequently, since the residues
of the possible poles of the original function U(e®) vanish, then U(e®) must
also be constant. It follows that U(a,, ..., a4) is constant in all variables
ai, ..., as. This constant will then be found by a special evaluation.

Let us begin by considering the possible poles of U(e®). They are simple
and there are translates of the following types in each period parallelogram:

1) ]'[}Llai = +qt or -1,

2) aia;' =1 for i#k,

3) ajaja;' =1 for i, j and k mutually distinct,

4) aa;'a =1 for i, j and k mutually distinct.

The poles of type (1) will be examined later. For the poles of types (2), (3)
and (4), we will define an involution 6 — J’ on the set of § £ A satisfying
(8.10) such that the residues with respect to the variable e = g; of T; and
Ty will cancel. If 6 = (d;, 62, d3) and &' = (d], 5, d;) with &; = (y:, 0))
and J; = (y;j,0/) for i = 1,2,3, then will have o/ = 0; = 0 = 1 and
{1, vy, ¥5} = {»1, 72, 73} at the pole a, = c. If (1 —(c/ax))~! is a factor
of Ty, then (1 — (ay/c))~! will be a factor of T and vice versa. It will then
follow that the residues of 75 and Ty at a; = ¢ will cancel.

Suppose a;a; ''= 1 with i # k. Then we define the involution § — J’ as fol-
lows: If both a;, ax € {11, 72, 7', 7;'} orboth a;, a ¢ {r, 72, 77", 7'},
then set 0’ = J . In these cases the residue of T at a, = a; (with respect to the
variable e = a;) is zero. If only one of the pair a;, a; € {71, 72, 7', 7'},
then simply interchange a; and g, leaving o = 0; = 1. For example, if
71 =ac and y; = aj‘l with j # i, then define y} = a; and y} = aj‘1 for
6" = (41, 95, 03) with ¢’ = (y;,0/), 1</ < 3. Clearly there is a one-to-one
correspondence between such 6 and ¢’ . The residue of 75 and Ty at a; = a;
with respect to the variable a; cancel. It follows that U(e*) = 5" Ts has no
poles when a; = a; .

Suppose aiaja,:l =1 for i, j, and k mutually distinct. Then we define an
involution 6 — &' as follows: Let D = {a;a;, (a;a;)~", aia;", aja;’, a7 'a,
aj"ak}. Suppose y3 ¢ D, then define § = ¢’. In this case the residue of Tj
at a, = a;a; (with respect to the variable e* = qy) is zero. If y3 € D, then
we will define ' = (4], J;, 93) with §; = (y;, 9;), 1 <[ < 3, in a case-by-case
fashion. In each case set g] = 0} = 05 = 1 and y; = (y;y))~'. If y3 = aia;,
then define y; =y, and y, = a;. If y3 = (a;a;)~!, then define | = a;' and
V=2 If p3 = a,-a,:1 then define y| = y; = ai‘1 and y; = aj‘1 . Similarly

(
(
(
(

if y3 =a;a;', then define y{ =y = a;' and y; =a;'. If y3 = a; ', then
define y; =a; and y; =y, = a;. Similarly if y; = aj‘lak , then define y] = a;
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and y; = 7, = a;. One now verifies that there is one-to-one correspondence
between such d and J’ and that the residues of T5 and Ty at a; = a;a; with
respect to the variable a; cancel. It follows that U(e*) = }_ T has no poles
when a; = a;a; .

Now suppose a,-aj"ak =1 for i, j and k mutually distinct. We define
the involution 6 — J’ as follows: Let E = {a,~aj“1 cata;, aiag, (@)™,
a;'ay, aja;'}. Suppose y3 ¢ E, then define ¢’ =4 . In this case the residue
of T; and a; =a; la ; with respect to the variable a; is zero. If y3 € E, then
we will define ¢’ in a case-by-case fashion. In each case set g; = 05 = 05 = 1
and ¥, = (y{y})~". If y3=aa;", then define | =a;' and p, =y =a;'. If
y3 = ai‘la,-, then define y] = ax and y; =y, = a;. If y3 = a;a;, then define
y; =7 and y, =a;. If y3=a;7'a;", then define y| = aj“ and 5 =y,. If
y3=a; '@, thendefine ¥ = y; =a;'. If 3 = a;a;', then define y| = a; and
75 = ¥2 = ax . As above, one verifies that there is a one-to-one correspondence
between such § and ¢’ and that the residues of 75 and Ty at a; = a,."aj
with respect to the variable a; cancel. It follows that U(e*) = }_ T; has no
poles when a; = a; la;. Therefore the elliptic function U(e*) has no poles
of types (2), (3) and (4).

Finally, we consider the possible of type (1) where H?=1 a; = +q% or 1.
For example, let us suppose that a; = ¢} H4i:l; ik a7'. Foreach § € A
satisfying condition (5.10), let Res(7s) be the residue of T; with respect to
the variable g; at the pole a; = gt ]'14,=l gk A7 !'. Now choose any variable
a;, | # k, and fix the other variables a; for i # [/, k. Set @ = e* with
a; € C. Then the function Rs(e*) = Rs(q;) = (H?=l;i;ék a;) - Res(Ts) is an
elliptic function in g, with periods logg and 2ni.

Consider the function V(e*) = Y Rs(e*), where the sum is over all J € A
satisfying condition (8.10). The possible poles of V' (e*) = V(a;) in the variable
a; are essentially the same as those of types (2), (3), and (4) of the function

U(a;) = U(e*). In other words, in each period parallelogram, the possible
poles of V' (e*) are translates of the following types:

(i) aiay'=1 for i #1,
(i) aiaja;' =1 for i, j, and / mutually distinct,
(i) aa;'a =1 for i, j, and / mutually distinct,

where we also permit Xk = i or j. Note that after the substitution g, =
T, 4 a; ' the possible poles of types (i), (ii), and (iii) are all distinct and
simple. The proof that the sum of the residues of ) 75 = U(ay) vanish at
the poles of types (2), (3), and (4) goes over with essentially no change (except
with the variable aq; in place of a;) to show that the sum of the residues of
5" Rs = V(a;) vanish at the poles of types (i), (ii), and (iii).

To evaluate the constant V' (as a function of all the variables a;, i # k), set
., .izki @ = 1 where we assume that the set {a;, a;, ¢} is algebraically inde-
pendent over the rational numbers for some pair i, j with i, j #k and i # j.
One now checks that in each R; only the factors o(a?) and a(]'[‘,.'=l ik Qi)
vanish. Hence each Rs; has two zeroes in the numerator and at most open zero
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in the denominator. It follows that " Rs; = V' is zero. Therefore the function
U(ay) hasno pole at a; =g [T, a™".

An entirely similar argument also shows that U(a,) has no poles at a; =
~q Tl ;a7 and @ = —[I},,; 4 a7". It follows that U(e*) has no
poles of type (1) and therefore no poles at all. Since U(e®) is an elliptic func-
tion, it must be constant in the variable o (or a;). Hence U(ay, a;, a3, as)

is constant in all the variables a;, ..., a4.

To evaluate the constant U(a;, ..., a4), we set @y = —1 and a; = q?
with a3 and a4 independent). One then checks that in the sum ) 7; =
U(ay, ..., as) all terms Tz vanish except where
(8.16) pefa, @, (@a)™, o'y, may'},

with notation as above. For the J € A satisfying conditions (8.10) and (18.6),
one checks that the values of T; are then identical. There are six such d € A
satisfying (8.10) and (8.16). After an elementary computation making use of

the identity [c?; gloo = [€; qlool—C; qloolcd? ; glool—Cq%)s for c € C, we find
that
_ 2[g; ¢*1%[-9; 915

lq; q1%
for all § € A satisfying (8.10) and (8.16). Since [¢; ¢%]o[—4; 9loc = 1, then
identity (8.17) reduces to

(8.17)

2

lq; )%
Hence U(ay, ..., as) = Y. Ts = 12[q)%, . This completes the proof of identity
(8.15). By analytic continuation we may drop the assumptions made at the

beginning of the proof of Theorem 8.1. This completes the proof of Theorem
8.1.

(8.18) T;

9. SOME MULTIDIMENSIONAL MELLIN-BARNES INTEGRALS

We will compute the limiting cases as ¢ — 1 in Theorems 6.1, 7.1, and 8.1.

Theorem 9.1. For n > 2, let a;, b; € C with Re(a;), Re(b;)) >0 for 1 <i<n.
Then

) ioo ioo A]""[IF(ai—zj)F(bi+z,~)dzla’zz---dz,,_1
i,j=
(2ri)n-1 /_ioo /—ioo [T I(zi-z)
I1<i, j<n
(9.2) #

nr (E;l a,.) r (g} b,~> 11 T(ai+8)

i,j=1

r (i:](ai + bi))

where Y.!_, z; = 0 and the contours of integration are the imaginary axis.

Theorem 9.3. For n > 1, let a; € C for 1 < i < 2n+ 2. Assume that the
pairwise sums of {ai, az, ..., axn42} as a multiset (i.e. both 2a; and a; + a;
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are considered among the sums) do not belong to the set {0, -1, =2, ...}. Then

2n+2

T 11T+ z)Tai - z;)
1 / / i=1 j=1
Qai)" Joiw T Joiee I T(zi+ z))T(=zi — 2))I(z; = zj)T(z; — 2))

1<i<j<n
1
. dzydz, --dz,
9.4 n
04 11 r2z)r(-22)
n!2" I[I T(ai+aj)
_ 1<i<j<2n+2
- 2n+2 ’
r(£a)
i=1

where the contours of integration are deformed so as to separate the sequence of
poles going to the right {a;+k |1<i<2n+2}, k=0,1,2,...} from the
sequences of poles going to the left {—a;—k |1<i<2n+2, k=0,1,2,...}.

Theorem 9.5. Let a; € C and Re(a;) >0 for 1 <i<4. Then

4 3
I1 I1 T(ai + zj)I(a; — zj)

i=1 j=
27!1)2 / /—100 i— Zj) ﬁ F(Zj)r(-zj)
sm‘s =1

(9.6) i
121"(24:) I[I T(ai+a) I T(ai+aj+a)
i=1 1<i<j

<4 1<i<j<k<4

—

dzydz,

*w
<

r (2 ié ai) i]i[l I'(a;)

where z; + z, + z3 = 0 and the contours of integration are the imaginary axis.

Proofs of Theorems 9.1, 9.3, and 9.5. The proof of these limiting cases is similar
to the proof of Theorem 5.1 in §5. One begins by making assumptions on the
parameters analogous to those made in the proof of Theorem 6.1, 7.1, and
8.1. Then one obtains ordinary hypergeometric series (very-well-posed on the
various Lie algebras [22]) expansions of the Mellin-Barnes integrals in place of
the corresponding basic hypergeometric series expansion used in the proofs of
Theorem 6.1, 7.1, and 8.1. One makes estimates for the integrands similar to
(5.4), which can be used to prove the convergence of the integrals and to show
the integrals equal the corresponding series expansion. For Theorems 9.1 and
9.5, to show the integrals equal the corresponding sum of hypergeometric series,
one needs to prove an analogue of the limit (6.8) and the estimate (6.9). This
can be done by applying Stirling’s formula (as in (5.3) and (5.4)) and using
the convergence estimates for the ordinary SU(n) or G, hypergeometric series
(see [21 and 23]). For Theorems 9.1 and 9.5, the cancellation between the
ordinary series corresponding to the Ss (see (6.5) and (6.6)) occurs in exactly
the same way as in the proofs of Theorem 6.1 and 8.1. The remaining series in
all the Theorems 9.1, 9.3, and 9.5 are summable by the corresponding ordinary
(Lie algebra) hypergeometric series summation formulas (see [22]). Finally, the
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limiting cases (¢ — 1) of the elliptic function identities (6.19), (7.12), and
(8.15) give trigonometric identities, which are used to combine the terms into
a single quotient of products of gamma functions.

To take the limits of the elliptic functions (or theta functions) one can use
the g-analogue of the gamma function defined by F. H. Jackson

[4; glo(1 — )~
[¢ : gl

for 0 < g < 1. We have the following limit (see Askey [4] and Gosper [1,
Appendix A]):

Lh(x) =

lim T,y(x) = I'(x).

q—1-

This completes the proofs of identities (9.2), (9.4), and (9.6) under the as-
sumptions made at the beginning. These assumptions are then dropped by
analytic continuation, completing the proofs of Theorems 9.1, 9.3, and 9.5.

Remark 9.7. Recall the Legendre duplication formula
I'(2x) = 2732270 (x)T(x + 1).

Using this formula and setting a2 = % and then ay,,; = 0 in identity
(9.4), we obtain the following identities associated to SO(2n+ 1) and SO(2n)
respectively:

27:1)" /_m /.,oo [1 T(z

1<i<j<n

dzy---dz,

I Mm@+ 2)ra - 2)
i+ zj)[(—z; — zj)I(z; — z;)[(zj — z;)

(9.8) Oﬁ I(z/)[(~z;)

2n+1
n (al+a1) H F( +a;)
n'2" 1<i<j<2n+l

(4m)n r <% + 2§l(ai))
i=1
and
/ / l]'[Ul'[Fa,+z,)I“(a,—zj)dzl-~-dz,,
(27”) —ioco —ioco l<1<1<n F(Zl + Zj)r( [ Zf)r(zi - Zj)r(Zj - Z,‘)
(9.9) n
n12n-110 (%} ai) [T TI(ai+aj) 1'[ I'(2a;)
i=1 1<i<j<2n

r(25a) |

where notation and assumptions in (9.8) and (9.9) are similar to those in identity
(9.4).
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10. THE CORRESPONDING GROUP INTEGRALS

The integrals in Theorems 5.17, 6.1, 7.1, 7.14, 7.16, 8.1, and identities (7.20)
and (7.21) can all be written as integrals over the corresponding compact Lie
groups with respect to the normalized Haar measure. Similarly, the integrals
in §9 and Theorem 5.1 can all be written as integrals over the corresponding
Lie algebra with respect to conjugation invariant measures. We will follow the
exposition given in Macdonald [35].

Let G be a compact connected Lie group, 7 a maximal torus of G, such
that R is the root system of (G, T). Let B ={a;, ..., oy} be a basis of R,
which defines a system of positive roots. Let W be the Weyl group of R and
|W| the order of W . For a € R, let e* be the corresponding character of T .

For t € T, define |A(¢)|*> = [1.cr(1-€%(?)) . Then Weyl’s integration formula
[47] states

(10.1) /G fx)dx = rleT /T AWRS (1) dt

for any continuous class function f and G, where dx and d¢ are normalized
Haar measures ([; dx = [, dt=1).

Let m; be any representation of G acting on the space V(1) over C with
highest weight 4. Let n(4) denote the set of weights occurring in V(1) (corre-
sponding to characters e# of T, u € n(4)). Let M;(u) denote the multiplicity
of the weight u in V(4). Let n* be the representation contragredient to =
and Ad be the adjoint representation of G.

Let r, S be nonnegative integers and a;, b; € C for 1 <i<rand 1<j<
s. Assume that |a;|, |bj| <1 forall i and j. Consider the following integral:

8

det(1 — gk Ad x)
1

dt,

(10.2) /G — - k -
kl:lodet (1‘[}(1 - gka;my(x)) I_Tl(l - qkbjﬂI(X)))

i= Jj

where 1 represents the identity map and dx is the normalized Haar measure on
G . Using Weyl’s integration formula (10.1), we can rewrite the integral (10.2)
as

[1 [e*(D)]oo
[Q]{x, a€R
(103) Wl /s - - i 41
H {H[aie”(t)]oo Hl[bje”(t_l)]oo}
j:

pen(d) | i=1

where dt is the normalized Haar measure on T .
We now list the group integrals corresponding to the previous integral theo-
rems.
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Theorem 10.4. Let notation be as above.

(a) For n > 2, let ¢ = m; be the natural n-dimensional representation of
SU(n), where A = A, is the first fundamental weight [17, Appendix). Then we
have (cf. Theorem 6.1)

det(1 — g¥ Ad x)
k=1 dx
[det[(1 - gka;a(x))(1 — g*bio*(x))]

—8

| =
SU(n) H

k=0i=1

=

(10.5) LI:‘[l(aibi)]

—_ [©.°]

T Tn n 1 n
[H az] [H bi] I1 [aibj]w
=1 Jgo Li=1 1ogi,j=1
where a* is the contragredient of o .
(b) For n > 1, let ¢ = m; be the natural 2n-dimensional representation of
Sp(n), where A = Ay is the first fundamental weight [17, Appendix]. Then we
have (c¢f. Theorem 7.1)

2n+2
[T det(1 - g% Adx) [ II ai]
L D= Taals
o kH H] det(1 - gka;o(x)) lsi<flz2n+2[ ol
=0 i=

(c) For n>1, let 6 = n, be the natural (2n+ 1)-dimensional representation
of SO(2n + 1), where A = A, is the first fundamental weight [17, Appendix].
Then we have (cf. Theorem 7.14)

00 2n—1
] det(1 — g~ Ad x) [q i a,]
(10.7) / ket dx = e
S0en+ D T 'T1 det(1 — gkai0(x)) M [aale 1] [a?
k=0 i=1 1<i<j<2n-1 i=1

With assumptions and notation as in (10.7), we also have (cf. identity (7.20)).

I 2n+1
(o8 | L (-8 -
000 et ~ao(x) T (1-ai) T (1~}
; i=1

i=1 1<i<j<2n+1

(d) For n > 1, let ¢ = n; be the natural 2n-dimensional representation
of SO(2n), where A = Ay is the first fundamental weight. Then we have (cf.
Theorem 7.16)

I1 det(1 — g* Adx) [‘1 2ﬁ2“i]
(10.9) A dx = e
S0 1 IT det(1 — gka;(x)) 1 laajle 1T el
i=1

k=0 i=1 1<i<j<2n-2
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With assumptions and notation as in (10.9), we also have (cf. identity (7.21)):

i 2n
/ dx ( * 11;11 ai)
so(2n)

(10.10)

2n 2n :
[1 det(1 — a;o(x)) [ (1-aa))l(1-a})
i=1 1<i<j<2n i=1

(e) Let G, be a compact connected real form of G, and let ¢ = n; be
the irreducible 7-dimensional representation of G,, where A = A is the first
Sfundamental weight. Then we have (cf. Theorem 8.1)

o0

det(1 — gk Ad x)

/ oo":: dx
G 1] [] det(1 - gka;0(x))

k=0i=1
r
G
=1 oo

= 2 .
[Eai] [ [@gle I laigjai)e

oo 1<i<j<4 1<i<j<k<4

(10.11)

(f) For n > 1, let ¢ = m; be the natural n-dimensional representation of
U(n). Then we have (cf. Theorem 5.17)

1 n+l b
(1012) / dx _ ( _113101 1).
n+1 n+l
U T det[(1 - aio(x))(1 = bio(x)]  TI (1 - aib;)
i=1 i,j=1

The integrals in §9 and Theorem 5.12 may also be written as integrals over
the corresponding Lie algebras. We first need to define a matrix argument gen-
eralization of the classical gamma function. This definition is probably not new
(e.g. see [26]). Let X be any n x n complex matrix and let I represent the
n x n identity matrix. Then define

(10.13) r(1+x)=ﬁ [(%)“"“da (1+71(-X>—1]

k=1
where tr(X) is the trace of X . If X is a complex number (i.e. a 1 x 1 ma-
trix), then definition (10.13) reduces to the classical definition. Also if X is
conjugate (i.e. X = AYA~!) to a diagonal matrix Y with diagonal entries
(}’l>y2, o ayn)’ then F(I+X) = H?:lr(l +yl)

We have a Lie algebra analogue of Weyl’s integration formula (see [35 and
22]). Let g be the Lie algebra associated to the compact Lie group G. Let
t be a Cartan subalgebra of g and f a G-invariant function on g. Let d¢
and dt be suitably normalized Lebesgue measures. If |p(7)? = [],cgla(7)]
for 7 €t, then we have

(10.14) /g £&)de = I%l / FOIp(0)P dr.

We use the same notation as above, except that =z; is a finite dimensional
representation of the Lie algebra g and n; is the contragredient representation.
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The representation ad is the adjoint representation of g . Similarly to the above,
let r and s be nonnegative integers and a;,b; € C for 1 <i<r and 1<
J £ 5. Assume that Re(a;) and Re(b;) > 0 for all i and j, and consider the
following integral:

1 D@l + () I T(bT + 75(8)) dg
i= Jj=
. T +ad?&)

(10.15)

where I is the identity map and d¢ is a suitably normalized Lebesgue measure
on g. Using the integration formula (8.14), we can rewrite the integral (8.15)
as

my(u)
I {n T(a; + u(z)) I1 T(b; - u(r))}
L /uen(l) i=1 j=1 d
w1 Ji [1 I'(e(7))

a€R

T

where dt is a suitable normalized measure on the Cartan subalgebra .
We now list the Lie algebra integrals corresponding to some of the previous
theorems.

Theorem 8.16. Let notation be as above.
(a) For n > 1, let o be the natural n-dimensional representation of u(n),
the Lie algebra of skew-hermitian matrices. Then we have (cf. Theorem 5.1)

/ ’,llt[]{l“(a.-l +a(E)(bi +0*(8))} _nf[ll I(a; + b))
(10.17) i=1 . de = = '
u(n) (I + adé) n+1 . .

r <i=21(a, + b,))

(b) If n> 2, let a be the natural n-dimensional representation of su(n), the
Lie algebra of skew-hermitian matrices with trace 0. Then we have (cf. Theorem
9.1)

q (D@l + o (E)T (bl +0*(&))}

/S ) I'(I +ad¢) “
(10.18) r (z”:l a,.) r (il b,.) 11 Tai+b)
= = L, j= .

r($a+s)

i=1

(c) For n > 1, let o be the natural 2n-dimensional representation of sp(n),
the Lie algebra of the compact group Sp(n). Then (cf. Theorem 9.3)

J Hrareoey M, Mo
(10.19) il d¢ = =T
oy T +ad¢) r (2;12 ai)




COMPACT LIE GROUPS AND LIE ALGEBRA 113

(d) For n>2, let a be the natural n-dimensional representation of the Lie
algebra of skew-symmetric real matrices, where n can be even or odd. Then (cf.
identities (9.8) and (9.9))

ﬂrwd+a@»
/so(n) (I +ad¢) a
(10.20) I(ﬁm)ylrm+mnrmm
i=1 1<i<j<n !

r(25a)

(e) Let o be the 7-dimensional irreducible representation of the Lie algebra
& associated to the compact Lie group G,. Then (cf. Theorem 9.5)

[ T@r + ()
/ i=1 d&
e T +ad(())
(10.21) I“(iai) II T@@+a) I T(ai+a;+a)
__\i=l 1<i<j<n 1<i<j<k<4

r(25e)

Remark 10.22. We can tie together Theorems 10.4 and 10.16 in the following
way: First we define a generalization of the g-gamma function (see [5]). For ¢

real, 0< g<1, X an n x n complex matrix, let g¥ = e(084") = gXloga gpnd
define 5
n (1 —g)r—tr
rx) < (- 9)
[T det(I - gkq*)
k=0
W. Gosper’s proof [1] in one dimensional can be generalized to show that

lim Ty(1 +X) = T(I + X).
q—1-

Also the map X — g% gives a (noninjective) map between the Lie algebra g
and the Lie group G (as a group of matrices). We can rewrite the identities
(10.5), (10.6), and (10.11) of Theorem 10.4 in terms of g-gamma functions.
For example if we replace a;, b; by ¢% and g%, then identity (10.5) can be
rewritten as

[1 To(ail + (X)) (bil + a*(X)) du
i=1

(1- ‘11)"2'I /SU(n) T (I+adX)

(é +b)
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with notation as in Theorem 6.16 where u = g* with X € su(n) and where
du is the normalized Haar measure on Su(n). At least formally, the limit as
g — 1~ of identity (10.23) is identity (10.18).

For the Lie groups G = Sp(n) and G, there are, identities similar to (10.23)
which correspond to the identities (10.6) and (10.11). The factor in front of the
integral is (1 —¢)~9m& where dim g is the (real) dimension of the Lie algebra
g (or the Lie group G). Again, the formal limit of these identities as ¢ — 1~
will be the identities (10.19) and (10.21) respectively.

11. SOME RELATED INTEGRALS

We will use the Weyl denominator formula [27, p. 138] to prove some inte-
gral identities which are equivalent to the identities (5.18), (6.2), (7.2), (7.15),
(7.17), (7.20), (7.21), and (8.2). The main argument here follows Macdonald
[35].

With notation as in §10, consider the following form of the Weyl denominator
formula:

(11.1) ZH(I_e ey =

v we  —we.
wEW a>0 wew 11(e7 —e™)
a>0

evr

where p = 5 Za o« . Using identity (11.1), we multiply the integrands on the
left-hand s1de of identities (5.18), (6.2), (7.2), (7.15), (7.17), (7.20), (7.21), and

(8.2) by the sum
> [l -er

weW a>0

for the appropriate root system R and the corresponding Weyl group W , and
when ¢ € T is written in terms of the variables z,, ..., z,.
For example, consider the identity (2.2). We find

[zw(t w(j ]oo[qzw(j ]

Z / l<l<j<n dZ] de dZ,,_l
(27” (2mi)n-T I1 laiz} Nool[bi Zjloo VAR S) Zp-1

i,j=1

n! [Iljl(aibi)] i}

[q]"-! [ﬁ a’]oo [ﬁ bi] ﬁ [aibj]eo

i=l oo i, j=1

where z;---z, = 1 and S, is the symmetric group on »n letters. Observe
that the Haar measure (27i)!~"(zyz3-+-2zp,_1)"'dz,---dz,_, on T is invari-
ant under permutations of the variables z,,..., z,. Similarly the product
]'[;" j=1[a,~zj“]°°[b,-z jleo 18 invariant under permutations of the variables z;.
Hence for w € S, , we find that
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[Zw(iy 2y jJooldZw() 2]
/ lsil<-[j$n w(i) “qp(j)doold “w(j) “a (i) °°d21 dz,_,
Cn—l

i [4:2] ' ToolbiZ oo

2] Zn—1
i,j=1

T [Zu() 2y ooldZu() Zuiiloo 4

_ / 1<i<j<n
Cn—l

n

; l;[l[aizl;(lj)]oo[bizw(j)]oo
[zi2] 1eolgzz;']

_/ l5"I<]f5n O %z dzge

- Ccn—1 )

- - _z .
H [a,-zj l]oo[bizj".|o<> ! -l
i,j=1

Zw(1) mdzw(n—l)

Zw(1) Zw(n-1)

We therefore obtain the following

Theorem 11.2. With notations and assumptions as in Theorem 6.1, we have

1 [zizj 'leol92i 27 oo

1 / 1<i<j<n dzy dzp,
@ri)n=t Jens .ﬁ‘[qizj‘_l]oo[bizj]oo zy Zn-1
i,j=
(11.3) "
[H(aibi)]
_ i=1 00
n n
(a1 [Ha.] [H b,] T aibylee
i=1 oo Liz1 Joij=1

where zy---z, = 1.
By a similar argument we also obtain

Theorem 11.4. With assumptions and notation as in the corresponding previous
identities, we have
(a) (cf. identity (7.2))

T [2i2j]00[02]" 27 ool Zi 2] ' 1eol@2 ! 21000

1 / 1<i<j<n
2" [ n 2n+2 n
2z T (012 Tl Lo

i=1 j=1

" dz dZ
. I l 2 -2y %<1 %<n
(11.5) j=l[zj100[qz] ]oo Z Zn

2n+2
Il a
i=1 00

Tl I [4a)]le’
1<i<j<2n+2
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(b) (cf. identity (1.15))

T [2izjloold2] " 27 ool 2i 2] Tool9 2] 2o

1 f 1<i<j<n
2rit | 2n—~1 n
(2=1) T8 flia 1l

i=1 j=

1y 4 dzy
(11.6) H[Zj]oo[qz l]oo L Zzn

Jj=1

4] .

oo I=

ar T [agle 11 [0
1<i<j<2n-1 i=1
(c) (cf. identity (7.17))

H [ZIZJ]oo[qz—lZ—l]oo[ZtZ ]oo[qz Zj]oo

1 1<i<j<n ﬂ dz,
2mi)n 2n=2 n z z
() I1 H[alz}]oo[al _l]oo ! "
i=1 j=1
(11.7) -2
5
i=1 oo

2n-2 ’
g1z, I laigjle l:Il (4]

1<i<j<2n-2

(d) (cf. identity (7.20))

M (-zz)(1 -2z 101 -z)

1 / 1<i<j<n j=1 dzy dz,
27202 | 2+l n z z
ol I fla-azpa-azy 7
i=1 j=
(118) 2n+1
(1 + H a,‘)
_ i=1
- 2n+1 ’
[I (-aaj) [l (1+a)
1<i<j<2n+1 i=1

(e) (cf. identity (7.21))
I (1-zizj)(1 - ziz;")

1 / 1<i<j<n dzy dz,
2ri" fen  2n _ z z
e fa-azya-azy P
=
(11.9) 2n
(1 + H a,-)
_ i=1
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(f) (c¢f identity (8.2))
1 [2321 ]oo[qzlz31]oo[2122 loold2227 oo

27i)?
(2m1) H H[alzj]oo[al _l]oo

i=1 j=1

. [2322_1]oo[q2223 ]oo[zlloo[qzl_ ]oo[z3]oo[ng—l]oo

dZ] d22
(11.10) (7 el 22l 2
4
a| [lta-

2
[91% [l:[lai] M l[aale I [aigjacls

oo 1<i<j<4 1<i<j<k<4

where z1z,z3=1.
(g) (cf identity (5.18))

1-zz7!
). e dn..dn
2ri" Jon ntl n
e fa-ana-nz T
i=1 j=
(11.11) ntl
(l— H a;b,-)
i=1
T o+l ’
H (l—a,'bj)

i,j=1

Remark 11.12. The right-hand sides of the limiting cases (¢ — 1) of identities
(11.3), (11.5)—(11.7), and (11.10) all vanish by a simple symmetry argument.
Also, by the method above we can find identities related to (1.8), (1.10), (1.12),
(1.15), and the specialization of (1.10) corresponding to the Lie algebras of
types B, and D, .
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