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THE STRUCTURE OF HYPERFINITE BOREL
EQUIVALENCE RELATIONS

R. DOUGHERTY, S. JACKSON, AND A. S. KECHRIS

ABSTRACT. We study the structure of the equivalence relations induced by the
orbits of a single Borel automorphism on a standard Borel space. We show that
any two such equivalence relations which are not smooth, i.e., do not admit
Borel selectors, are Borel embeddable into each other. (This utilizes among
other things work of Effros and Weiss.) Using this and also results of Dye,
Varadarajan, and recent work of Nadkarni, we show that the cardinality of
the set of ergodic invariant measures is a complete invariant for Borel isomor-
phism of aperiodic nonsmooth such equivalence relations. In particular, since
the only possible such cardinalities are the finite ones, countable infinity, and
the cardinality of the continuum, there are exactly countably infinitely many
isomorphism types. Canonical examples of each type are also discussed.

This paper is a contribution to the study of Borel equivalence relations on
standard Borel spaces. We concentrate here on the study of the hyperfinite ones.
These are by definition the increasing unions of sequences of Borel equivalence
relations with finite equivalence classes but equivalently they can be also de-
scribed as the ones induced by the orbits of a single Borel automorphism. They
include therefore a great variety of examples, some of them discussed in §6. For
instance, the equivalence relations: Ey on 2N (where xEyy iff x, y are even-
tually equal, i.e., 3nVm > n(x,m = ym)), E, on 2N (where xE,y iff x, y have
equal tails, i.e., 3nIMVk(Xpik = Ymsk)), E(Z,2) on 2% (where xE(Z,2)y
iff x is a shift of y), E, on the unit circle T (where « € T and xE,y iff
X 1is the rotation of y by na, n € Z), E(R/Q) on R (the Vitali equivalence
relation, i.e., xE(R/Q)y iff x — y € Q), are all hyperfinite.

Our main results in this paper provide a classification of hyperfinite Borel
equivalence relations under two different notions of equivalence. The weaker
one, which we call bi-embeddability, is the following: Given hyperfinite Borel
equivalence relations £, F (on X, Y resp.) we say that E embeds into F,
in symbols E C F, if there is a Borel injection f: X — Y such that xEy &
S(x)Ff(y). Then E, F are bi-embeddable, in symbols E ~ F ,if EC F and
F C E. As it turns out, except for the trivial class of smooth relations, i.e.,
those having Borel selectors, any two hyperfinite Borel equivalence relations are
bi-embeddable; i.e., we have
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Theorem 1. Let E, F be nonsmooth hyperfinite Borel equivalence relations.
Then E ~ F .

The strong notion of equivalence that we consider next is that of Borel iso-
morphism, where E, F (on X, Y resp.] are Borel isomorphic, in symbols
E = F | if there is a Borel bijection f: X — Y with xEy & f(x)Ff(y). By
using Theorem 1 and recent work of Nadkarni [N2], as well as some classical
results in ergodic theory, such as Dye’s Theorem and the Ergodic Decomposi-
tion Theorem, we are able to classify completely hyperfinite Borel equivalence
relations up to Borel isomorphism. For the nontrivial case of the aperiodic ones,
i.e. those containing no finite equivalence classes, this works as follows:

Theorem 2. Let E be an aperiodic, nonsmooth hyperfinite Borel equivalence
relation. Then E is Borel isomorphic to exactly one of the following. E,, Ej x
A(n) (the product of Eq with the equality relation on n elements) for 1 < n <
Ro, E*(Z, 2) (the restriction of E(Z,2) to the aperiodic points of 2%).

This theorem is equivalent to the following result providing a complete in-
variant for Borel isomorphism. Given a hyperfinite Borel equivalence relation
E on X, induced by a Borel automorphism 7", we say that a probability mea-
sure u on X is E-invariant if itis T-invariant and E-ergodic if it is T-ergodic
(i.e. every T-invariant set has measure O or 1). It is easy to check that this def-
inition does not depend on 7' . Denote by &,(E) the space of nonatomic (this
is unnecessary if E is aperiodic), E-invariant, ergodic measures. Then we have

Theorem 2'. The cardinal number card(&y(E)) is a complete invariant for Borel
isomorphism of aperiodic, nonsmooth hyperfinite Borel equivalence relations, i.e.
for any two such E, F,

E=F & card(&(E)) = card(&(F)).

This was conjectured by M. G. Nadkarni (see [CN2]), who proved first in
[N3] the case when card(&)(E)) = card(£3(F)) is countable, by using his result
in [N2] and Theorem 1.

This paper is organized as follows. In §1 we discuss in general countable
(i.e., having countable equivalence classes) Borel equivalence relations, review
a representation result of Feldman-Moore [FM], and discuss some of its con-
sequences. In §2, we study the well-known notion of compressibility that plays
an important role in the sequel. In §§3 and 4 we present some basic facts about
invariant and quasi-invariant measures. The notion of hyperfinite Borel equiv-
alence relation is discussed in §5, and in §6 various examples are presented. In
§7, we prove Theorem 1 and some of its consequences. The hyperfiniteness of
tail equivalence relations is established in §8. The classification Theorems 2
and 2’ are proved in §9, and §10 deals with an illustrative class of examples—
the Lipschitz automorphisms of 2V. Finally, §11 collects miscellaneous facts
related to the results in this paper and other work in the literature.

There are several interesting open problems concerning hyperfiniteness. For
example:

(1) Is the increasing union of a sequence of hyperfinite Borel equivalence
relations hyperfinite?

(2) (Weiss) Is an equivalence relation induced by a Borel action of a countable
amenable (or even abelian) group hyperfinite? (This is known to be true for the
groups Z"—Weiss.)
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(3) Is the notion of hyperfiniteness effective, i.e., if E is a Al hyperfinite
equivalence relation on 2V, is E induced by a Al automorphism of 2N?

There is an extensive literature on the subject of countable Borel equivalence
relations in a measure theoretic framework, as it relates to both ergodic the-
ory and the theory of operator algebras. The reader can consult the surveys
C. C. Moore [Mo] and K. Schmidt [S2] about this. There is also some recent
work in the Baire category framework; see Sullivan-Weiss-Wright [SWW]. In the
descriptive set theoretic Borel context that we are interested in, relevant to us
here is the work of Weiss [W2, W3], Chaube-Nadkarni [CN1, CN2], Nadkarni
[N1, N2, N3], Wagh [Wa] as well as [K1, K2, K3], while further references
can be found in the bibliography of these papers. Finally, for standard results
in classical descriptive set theory that we use in this paper, see [Ku] or [Mos].
(Two particular such results that are used often below are: The image of a Borel
set under a countable-to-1 Borel function is Borel [Mos, 4F.6]; a Gs subset of
a Polish space is Polish [Ku, §33, VI].)

In conclusion, we would like to thank both B. Weiss and M. G. Nadkarni,
for helpful discussions and correspondence on the subject matter of this paper.

1. COUNTABLE BOREL EQUIVALENCE RELATIONS

Let X be a standard Borel space, i.e. a set equipped with a ¢-algebra (its
Borel sets) which is Borel isomorphic to the o-algebra of the Borel sets in a
Polish space. A Borel equivalence relation E on X is an equivalence relation
which is Borel as a subset of X? (with the product Borel structure). For each
Borel subset Y C X we denote by E | Y := ENY? the restrictionof E to Y .

We want to consider some basic comparability relations among Borel equiv-
alence relations.

Let (X, E), (X', E') be two Borel equivalence relations.

(i) We say that E is (Borel) reducible to E’, in symbols E < E’, iff there is
Borel f: X — X' such that E = f“[bi’], ie., xEy & f(x)E'f(y). Any such
reducing map f induces an injection f: X/E — X'/E’ of the quotient spaces
given by f([x]g) = [f(x)]er where [x]g denotes the E-equivalence class of
Xx. Wealsouse E~*E' © E < E'AE'<E for the bi-reducibility relation.

(i) We say that E is (Borel) embeddable in E', in symbols EC E’, if E
is reducible to E’ by an injective Borel map. We also use £ ~ E' &= E C
E' A E' C E for the bi-embeddability relation.

If we denote by E = E’ the relation of (Borel) isomorphism between E
and E’, i.e. the existence of a Borel bijection f: X — X’ such that xEy &
f(x)E'f(y), then it is clear (since a Borel injective image of a Borel set is Borel)
that

ECE &3 Borel YCX(EXE'Y).

(iii) Finally, we say that E is (Borel) invariantly embeddable to E’, in sym-
bols EC'E',if EXE'|Y, where Y isa Borel subset of X’ invariant under
E' (ie, yeY, zE'y = z € Y). By the usual Schroeder-Bernstein argument,

E~E «EC'E'NE'C'E.

Our primary goal here is to study countable Borel equivalence relations, i.e.,
Borel equivalence relations E for which every equivalence class [x]g is count-
able.
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Let G be a countable group and X a standard Borel space. A Borel action
is an action (g,x) — g-x of G on X (i.e. a map from G x X into X
satisfying 1-x =x, gh-x = g-(h-x)) such that foreach g, g(x):=g-x is
Borel (thus a Borel automorphism of X). This is the same thing as saying that
(g, x)— g-x is Borel from G x X into X, with G given the discrete Borel
structure (and the product has as usual the product Borel structure). Given a
Borel action of G on X, we denote by E; the induced equivalence relation

xEgy < 3geGly=g-x).

This is clearly a countable Borel equivalence relation on X . Conversely we
have

Theorem 1.1 (Feldman-Moore [FM]). Let E be a countable Borel equivalence
relation on a standard Borel space X . Then there are a countable group G and
a Borel action of G on X such that E = Eg.

We would like to mention first some consequences of this result.

Given any standard Borel space X and a countable group G, denote by X¢
the set of maps from G into X with the usual product Borel structure. (If
card(G) = n, with n < Xg, then X€ is Borel isomorphic to X”.) There is a
canonical Borel action of G on X given by g-p(h) = p(g~'h) for p € X,
g € G. We denote by E(G, X) the corresponding equivalence relation. This
equivalence relation, for X = 2N | is invariantly universal among all Eg in the
following sense.

Proposition 1.2. Let G be a countable group and Eg the equivalence relation
induced by a Borel G-actionon X. Then EgC' E(G, 2V).

Proof. Let {U;}ien be a sequence of Borel sets in X separating points. Define
f1X = (2N° by
fx)g)i)=1e¢g'-xel.

Then f is injective. Moreover g-f(x) = f(g-x) so f maps X onto an invari-
ant Borel subset Y of (2N)¢ and shows, in particular, that Eg & E(G, 2V) |
Y. O

By taking G = F,,, the free group with countably infinitely many generators,
we obtain

Proposition 1.3. Let E be a countable Borel equivalence relation. Then E C'
E(F,,2Y).
Concerning the embeddability relation C

=

sults. Let us note the following propositions.

one can obtain some tighter re-

Proposition 1.4. Suppose G is a homomorphic image of H. Then E(G, X) C'
EH, X).

Proof. If n: H — G is an onto homomorphism, define p € X% — p* € X by
p*(h) = p(nh). Then h-p* = (nh-p)*, so this map shows that E(G, X) C'
EH,X). O

Proposition 1.5. If G C H (i.e, G is a subgroup of H), then E(G, X) C
EH, X).




HYPERFINITE BOREL EQUIVALENCE RELATIONS 197
Proof. Define p € X9 — p* € XH by
. ph), ifheG,
= {70
X0, ifh¢aG,
where x( is some fixed element of X. O

Proposition 1.6. E(G,2Z2-{C E(Gx1Z,3).
Proof. Define p € (22-10hG ., p* ¢ 3G%Z by
. _[p(g)(n), ifn#0,

p(g’”)‘{z, if n=0.
Then g = g-p = ¢* = (g,0)-p*. Conversely if ¢* = (g, n)-p* and
n=0then g=g-p. If n#0, then ¢*(g, no) = p*(g~'8, no — n), so
q(go)(n) = q*(go, n) = p*(g~'go, 0) = 2, a contradiction. O
Proposition 1.7. E(G,3)C E(G x Z,, 2).

Proof. View 0 as encoded by 00, 1 by 01, and 2 by 11. Define p € 3¢ — p* ¢
2G>(Z2 by

, if

p’(g,i)=0
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If g =g-p,then g* = (g, 0)-p*. Conversely, if ¢* = (g, i)-p* and i =0, then
g=g-p.If i=1 and g(g) = 1 forsome gy, then g*(gy, 0) =0, q*(g, 1) =
1 but g*(g, i) = p*(g~'g, 1 + 1), thus p*(g7'g,0) = ¢*(g, 1) =1, so
p(g~'g) = 2, while p*(g~'go, 1) = q*(g, 0) = 0, a contradiction. So we
must have that g € {0, 2}¢ in which case it is easy to see that g =g-p. O

Letting F, := the free group with n generators, we have now from the
preceding results that E(F,, 2) is universal among all countable Borel E in
the following sense.

Proposition 1.8. Let E be a countable Borel equivalence relation. Then E C
EF,?2).
Proof. We have

EC E(F,,2Y), by Proposition 1.3

~ E(F,, 2210}

C E(F,, 22-1%) by Proposition 1.5

(as F, is embeddable in F,)

(F,xZ,3), byProposition 1.6
(F, xZ xZ,,2), byProposition 1.7
(Fw, 2), by Proposition 1.4
(F2 ,2), by Proposition 1.5. O

I
mmmm
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We do not know whether every countable Borel E is of the form Ep,, or,
even more, whether £ C' E(F,, 2) (see however Proposition 2.4 for an affir-
mative answer in a special case).

2. COMPRESSIBILITY

Given a countable Borel equivalence relation £ on X, we denote by [[E]]
the set of Borel bijections f: 4 — B with 4, B Borel subsets of X, which
have the property that Vx € 4 (f(x)Ex). Note that f: 4 — B belongs to
[[ET] iff, for any countable group G with E = Eg, there are Borel partitions
A= UiEN A;, B= UiEN B; and g; € G with g;[4;]=B; and g; = f on 4;.

For Borel sets 4, BC X weletnow A~ B = 3f €[[E]](f: A — B). This
means that for any E-equivalence class C, if A = ANC, B¢ = BNC, there
is a 1-1 correspondence of A€ with B¢ depending in a “uniform Borel” way
on C. Let also

A=< B =3 Borel B'C B(4~ B).

Note that by the usual Schroeder-Bernstein argument
A~B& A<BAB=<A.

We discuss now the notion of compressibility of an equivalence relation aris-
ing in the measure theoretic aspects of this subject in the Hopf Theorem (see
e.g. Weiss [W1] or Friedman [Fr]) and studied extensively in the Borel context
in Nadkarni [N1, N2], Chaube-Nadkarni [CN1, CN2].

Let E be a countable Borel equivalence relation on X. We call £ com-
pressible if there is Borel 4 C X with X ~ A4 such that X\A4 is full (or a
complete section), i.e., meets every E-equivalence class. This just means that
each E-equivalence class can be mapped into a proper subset of itself in a uni-
form Borel way, i.e., every equivalence class is Dedekind infinite in a uniform
Borel way. We have the following useful reformulations of compressibility.

Proposition 2.1. Let E be a countable Borel equivalence relation on X . Then
the following are equivalent:

(1) E is compressible.

(2) There is a pairwise disjoint sequence {An} of full Borel sets with A, ~ Ap,
forall n, m.

(3) X is E-paradoxical, where a Borel subset A C X is E-paradoxical if
there are disjoint Borel B, C C A with A~ B and A~ C.

Proof. (1) = (2). Let f: X — B, f € [[E]] with X\B = A4 full. Put 4, =

f"A].
(2) = (3). Let fy: Ag — Ay, fu € [[E]] and let E = Eg, where G = {gn}
is a countable group. Define N: X — N by

N(x) =least n such that g, -x € Ag
(this exists since Aq is full). Clearly N is Borel. Define now 4y, #; on X by
ho(X) = fan) (8N = X) s (X)) = fan(x)+1(8Nx) * X)-

If ho[X] = B, h[X] = C then clearly hy: X - B, h;: X — C are in [[E]]
andso X ~B, X~ C. Butalso BNC =@ and we are done.

(3) = (1). If f: X - B isin [[E]] and g: X — C isin [[E]] with
BN C =2, then clearly C and thus X\B is full, so E is compressible. 0O
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We call now a Borel subset 4 C X compressible if E | A is compressible. A
well-known basic fact (see [N1, 5.7]) about compressible sets is the following.

Proposition 2.2. Let E be a countable Borel equivalence relation on X and
A C X a Borel set. If A is compressible, then A ~ [A)g where

[Alg={x € X:Jy[ly € ANXEY]}

is the E-saturation of A. In particular, [A]g is also compressible.

Proof. By Schroeder-Bernstein it is enough to show [A]g < 4. By 2.1, let {4,}
be pairwise disjoint Borel subsets of A4 full for E | 4 and thus for FE | [4]g,
with 4, ~ A,,. Then exactly as in the proof of (2) = (3) of 2.1 (applied with
X =[A]g), we have that [4]g <U,4. CA. O

This has the following immediate corollary.

Proposition 2.3. Let E, F be countable Borel equivalence relations. Then, if E
is compressible and E C F, we have E C' F . In particular, for compressible
F, F:ExF&E>F.

Proof. Let EC F,sothat E~ F | A, A aBorel set. Then A is compressible
(for F).So A~[Alr,thus EXF | A~ F | [A]r,ie., EC'F. O

Another corollary is the following.

Proposition 2.4. Let E be a countable Borel equivalence relation. If E is com-
pressible, then E C' E(F,, 2) and so in particular E is induced by an action of
F,.

We will provide now some further equivalents of compressibility. For each
set Q, let I(Q) := Q x Q be the largest equivalence relation on Q. Put
I, ;= I(N). For equivalence relations £ on X and F on Y, E x F denotes
the product (on X x Y) where

(x,ExF(x',y") = xEx'ANyFy'.

Call an equivalence relation E aperiodic if every E-equivalence class is infinite.
Finally, call a Borel equivalence relation E on X smooth if there is a Borel
function f: X - Y (Y some standard Borel space) with xEy < f(x) = f(»),
i.e. E<A(Y), where A(Q) := the equality on Q. For countable Borel E , this
is equivalent to the existence of a Borel selector, i.e., a Borel function S: X — X
with xEy = S(x)=S(), S(x)Ex.

As usual, £ C F means that E is a subequivalence relation of F (i.e.
xEy = xFy).

Proposition 2.5. Let E be a countable Borel equivalence relation. Then the
Jollowing are equivalent:

(1) E is compressible,

(2) EXExI,,

(3) there is a smooth aperiodic Borel equivalence relation F C E .
Proof. (1) = (2). Clearly E = (E x I) | (X x{0}) and so E = (E x I) |
[X x {0}ex1, = E %X I, by 2.3.

(2) = (3). Itis enough to show that (3) holds for Ex /., . Define F C Ex I
by (x,n)F(y,m)ex=y.
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(3) = (1). Note that, since F admits a Borel selector and each F-equiv-
alence class is infinite, F is compressible. But it is also straightforward to check
that if F is compressible and F C E, then E is compressible. O

Note that in (3) = (1), one only uses the following: F C E, F is smooth
Borel and every E-equivalence class contains an infinite F-equivalence class.
For each set Q, Ey(Q) is the equivalence relation on QN given by

XEy(Q)y = Invm > n(xm = Ym)-

We let Ej := Ey(2). We also denote by E,(Q) the equivalence relation on QN
given by

XEI(Q).V = ElnEIka(-xn+k = ym+k)
and let again E, := E/(2).

Consider then the following examples of compressible E :

(a) Let X = NN and E = Ey(N). To see that E is compressible, note
that F C E, where xFy © x' = y', with X' = (x|, x2,...) if x =
(an X1, X2, )

(b) Let X =2N and E = E,. Again E is compressible since F C E, where
xFy & [x, y are eventually equal to 1]V [x = 1""0~x' Ay = 1"™~0"y’ with
x'=y'].

We can also use the present ideas to provide some alternative characteriza-
tions of the notion of bi-reducibility E =* F introduced in §1.

We call two Borel equivalence relations E, F stably isomorphic, in symbols
E =, F if there are Borel sets 4, B full for E, F resp., such that £ | 4 &
F|B.

We then have

Proposition 2.6. Let E, F be countable Borel equivalence relations on X,Y
resp. Then the following are equivalent.

(1) Ex*F,

(2) EX F,

(B) ExIo=F xIy.

Proof. (3) = (2). Let f: X x N — Y x N be a Borel isomorphism of E x
Io, FxIy,. Put A ={x € X:3ndy(f(x,n) = (y,0)}. For x € 4, let
N(x) = least n with Jy[f(x, n) = (¥, 0)]. Put g(x) = the unique y with
f(x, N(x)) = (y,0). Clearly g is Borel injective. Let g[4] = B. Clearly
A, B are fulland g showsthat E| A= F | B.

(2)= (1). Let A, B be Borel full with E| A= F | B via f. Let E=Eg
with G = {g,} a countable group. Define for each x € X, N(x) = least n
with g,-x€ 4 and g: X — Y by g(x) = f(gn() +x). Then g is Borel and
reduces F to F,thus E < F. Similarly F < FE,so Ex*F.

(1) = (3). Suppose f: X — Y reduces £ to F and g:Y — X reduces F
to E. Let f: X/E — Y/F be the induced injection given by f([x]g) = [f(x)]F
and similarly for g: Y/F — X/E. By Schroeder-Bernstein applied to 1, z,
we can partition X into E-invariant Borel sets 4, B and Y into F-invariant
Borel sets C, D such that f maps A/F onto C/F and & maps D/F onto
B/E . Therefore f[A] is full in C and g[D] is full in B. Note that since
f, g are countable-to-1, f[A4], g[D] are Borel sets.

We will show that (E x I,) | (B x N) 2 (F x I) | D', where D’ is Borel
fulin Dx N, and (F xI,) | (C xN) 2 (E x I,) | A, where A’ is Borel
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fullin 4 x N. Since E x I, F x I, are compressible, this will imply that
(ExIg) I (BxN)= (FxIg)! (DxN)and (F x I,) | (CxN)=(ExIy)]|
(AxN),s0 ExI 2FxI,.

Let us work with (F x I.) | (C x N), the other case being similar. Let
(F xIs) = Eg, with H = {h,} acountable group. Given z € C xN, let N(z)
be the least n with h, -z = (y,0) and y € f[4]. Put hy -z = (p(z),0),
p Borel. Let f*: f[4] — A be Borel with f(f*(y)) = y, which exists since
S 1s countable-to-1. Finally put ¢g(z) = (f*(p(z)), N(z)). Then q is a Borel
injection, A’ = q[CxN] is fullin AxN, and g shows that (F xI,) | (CxN) &
(ExIy)A. O

We close this section with the following question:

Let E, F be aperiodic countable Borel equivalence relations. If E ~* F, is
it true that E ~ F ?

Note that this is equivalent to asking whether E x I, C E for all aperiodic
E . A counterexample could be provided, for example, by finding a property
P(E) of aperiodic countable Borel equivalence relations, which is preserved
under restriction (i.e. P#(E)= P (E | A)) but not extension from a full subset
(i.e., P(E | A) does not necessarily imply #(E), whenever A is full for E).

3. INVARIANT AND QUASI-INVARIANT MEASURES

Let X be a standard Borel space. By a measure on X we will always mean a
o-finite Borel measure on X . If u is a measure on X and u(X) < oo we call
u finite, if u(X) =1, u is a probability measure. For any Borel f: X —» Y,
we define fu to be the measure fu(A) = u(f~'[4]).

For any measures u, v on X, u << v means that u is absolutely continu-
ousto v (ie., v(4)=0= u(A4)=0), and we let

U~V & U< VAV L U

This is an equivalence relation on measures, whose equivalence classes [u].. (or
just [u]) are called measure classes. Note that for any u there is a probability
measure v with v € [u]. A measure u is orthogonalto v, in symbols u L v,
if there is a Borel partition X = 4 U B with u(4) =v(B)=0.

Now let G be a countable group acting in a Borel way on X . A measure u
is called G-invariant if g-pu = pu (here g-u isthe measure gu for g(x)=g-x
so that g-u(A) = u(g='-A)) and G-quasi-invariant if g-p~ u.

Suppose now E is a countable Borel equivalence relation on X and u a
measure on X . We call 4 E-invariant if p is G-invariant for any G acting
in a Borel way on X with E = E;. It is easy to see that this property is
independent of G and is equivalent to either of the properties below:

(1) If fe[lEN, f: A— B, then u(A4) = u(B).

2)If fe[lEN, f: X—X,then fu=yu.

With the preceding notation, we call 4 E-quasi-invariant, if for any G with
E = Eg, u is G-quasi-invariant. Again it is easy to see that this is independent
of G and equivalent to the following properties:

(1) For any Borel 4 C X, if u(4) =0 then u([4]g) =0.

(2)If fe[[EN, f: A— B and u(A) =0, then u(B)=0.

A measure 1 on X is caled E-ergodic if, for any Borel invariant 4, u(A4) =
0 or u(X\A) = 0. It is called E-nonatomic if u([x)g) = 0 for each E-
equivalence class [x]g, i.e., u({x}) =0 for each point x.
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Let us notice first a few simple facts:

Proposition 3.1. Let E be a countable Borel equivalence relation and 1 a mea-
sure. Then there is an E-quasi-invariant measure u* such that:

(1) If A is Borel E-invariant, then u(A) = u*(A).

(2) If u is E-ergodic, so is u*.

(3) u* is a least, in the sense of <<, measure such that u* is E-quasi-
invariant and u << p*.

Proof. Let E = E; with G={g, &, ...} . First, we claim that we can write
X (the space on which E lives) as X =J, A, with 4, Borel, such that for all
i, u(gi+Ay) < oco. To prove this, call a Borel set 4 C X nice if u([A]g) >0
and u(g;-A) < oo, for all i. We claim that nice sets exist: Indeed, fix a
Borel set B with oo > u(B) > 0. Then write g; - B =J, Bi ., where the sets
B; , are Borel, increasing with n and u(B; ») < co. For each i, fix n = n(i)
such that u(g™' - B; ) > u(B) — u(B)/2*?. Put A =();& "+ Bi ns . Then
u(4) >0,s0 u([A]g) >0, and g;i-AC B; nu), 50 u(gi-A) <oco. By asimple
exhaustion argument now, we can find a sequence C; of nice Borel sets with
UGl = X . Let {4,} ={g;- G}

Fix now such a sequence {A4,} and choose a sequence {«;} of positive reals
such that a = Y a; < o0 and Y a;u(gi+ An) < o, for all n. Define then u*
by

prA) =o'y aip(gi- A).

Clearly u << u* and (1), (2) hold. For (3), assume u << v and v is E-
quasi-invariant. We will show that u* << v: For any Borel 4 C X, v(4) =
0=>vVgeG(g-A4)=0)=>VgeGu(g-4)=0=>u*(4)=0. O

Proposition 3.2. Let E be a countable Borel equivalence relation and AC X a
full Borel set. Let u be a measure on A which is E | A-invariant. Then there
is a unique E-invariant measure v on X with v(B) = u(B) for all Borel sets
B C A. If u is nonatomic or ergodic (for E | A), sois v (for E).

(In general, v will not be finite even if u is.)

Proof. Let E=E;, G= {8, & ,---} acountable group, with gy = 1. Put
Ai=gi-A, Bi=A4\U,.; 4;, so that {B;} is a Borel partition of X. Put

v(B)=Y u(g " - (BNB)).
=0

Clearly v(B) = u(B),for BC A (= Ay = By).
To see that v is E-invariant, note that, if for Borel B C X, g € G we
define

B« ={x€BNB;: g-x € B},

then {B; x} is a Borel partition of B. So to show v(B) = v(g- B), it is
enough to show that v(B; ) = v(g - B; ). Equivalently, assume that B C B;
and g-B C B,. Now v(B) = u(g'-B) and v(g-B) = u(g;'g- B). Define
h:g '-B— g 'g-Bby h=g;'gg 1 g ' B,sothat he[[E [ A]]. Thus by
the E | A-invariance of x4 we have u(g,.‘l ‘B) = u(gk"g - B) and we are done.
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Assume now 4 is nonatomic. Then clearly so is v. If u is ergodic, let
B C X be E-invariant. Then AN B is E | A-invariant. Say u(4NB) =0.
Then v(ANB)=0,s0 v([ANBlg) =v(B) =0. Similarly if u(4\B)=0. O

Proposition 3.3. Let E be a countable Borel equivalence relation and A C X
a full Borel set. Let u be a probability measure on A which is E | A-quasi-
invariant. Then there is a probability measure v on X such that v is E-quasi-
invariant and v(B) = v(A) - u(B) for all Borel sets B C A. If u is nonatomic
or ergodic (for E | A), sois v (for E).

Proof. Let E=E;, G={gi}, 8 = 1. Define 4;, B; as in 3.2 and put

—c,,ZZ" ! -(BNBy))

for B C X Borel, where ¢, is a positive constant such that v(X) = 1. Itis
easy to check that v(B) =v(A) - u(B), for BC A.

We will check next that v is E-quasi-invariant. Let B C X be Borel with
v(B) = 0; we will show that v([B]g) = 0. We can assume that B C B; for
some i. Since [B]g = [gi‘l - B]g, it suffices to show that

C C A Borel A u(C) =0= v([Clg) =

For that it is enough again to show that u(g;” L ([Cle NB;)) =0 foreach j. But
'.([Clen Bj) C[Clgta, and u([C]E[A) 0 by the E | A-quasi-invariance
of u.
If u is nonatomic, clearly sois v. If u is E | A-ergodic, then v is E-
ergodic asin 3.2. O

In particular (from 3.2), if £ C F and F has an invariant (nonatomic,
ergodic) measure, then so does F .

We now have the following result which is a special case of the theorem in
Harrington-Kechris-Louveau [HKL], but was already proved earlier in Effros
[E1, E2] and Weiss [W2].

Theorem 3.4 (Effros [El, E2], Weiss [W2]). Let E be a countable Borel equiv-
alence relation. Then the following are equivalent:

(1) E is not smooth;

(2) EgCE;

(3) E admits a nonatomic, ergodic, (quasi-)invariant measure.

Since it is easy to check that every smooth countable Borel £ on an un-
countable space X admits a nonatomic invariant measure, it follows that every
countable Borel equivalence relation E on an uncountable space X admits a
nonatomic invariant measure.

Not every countable Borel equivalence relation admits a finite invariant mea-
sure. It is clear that if E is compressible it cannot admit such a measure. The
following basic result of Nadkarni shows that this is the only obstruction and
provides a fundamental relation between compressibility and existence of finite
invariant measures.

Theorem 3.5 (Nadkarni [N2]). Let E be a countable Borel equivalence relation.
Then the following are equivalent:
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(1) E is not compressible,
(2) E admits an invariant probability measure.

(In [N2], this is stated and proved only for hyperfinite E (see §5), but the
proof can be easily generalized to arbitrary countable F.)

§4. THE SPACES OF INVARIANT AND QUASI-INVARIANT MEASURES

Let X be a standard Borel space. Denote by .#(X) the space of probability
measures on X equipped with the Borel structure generated by the maps u —
u(A), where A C X is Borel. This is a standard Borel space (see, e.g., [Va]). If
now E is a countable Borel equivalence relation on X, put

S(E) :={u € #(X): uis E-invariant and nonatomic},
&(E) = {u € H(E): u is E-ergodic}.
Then A(E), &(E) are Borel subsets of .#(X) (see again [Va]). Let also

@H(E) :={u € #(X): p is E-quasi-invariant and nonatomic},
@&)E) := {u € @%H(E): u is E-ergodic}.

Again @.%(E) is Borel, a fact which can be seen as follows: Since any two
uncountable Borel spaces are Borel isomorphic, we can assume that X = 2N .
Let {C,} be an enumeration of the clopen subsets of 2N. Then if E = Eg,
with G = {go, &1, ...}, we have that a probability measure g on 2N is in
GAH(E) iff (1) ViVa3mVju(Cj) < 1/(m+1) = u(gi - C;) < 1/(n+1)] and
(2) Vn3ji - jkl{Cj, ..., Cj} is a partition of 2N and u(C;) < 1/(n+1),
1 < p < k]. Although we do not need it, it can be shown that @&,(E) is also
Borel. (This has been proved by A. Ditzen, using the result in [KP] and the
method of [Va, Theorem 4.1].)

We will discuss %, & (for hyperfinite E) in §9. Here we want to say a
few things about @.% , @&, . Clearly both of these are ~-invariant (where ~ is
equivalence of measures). For nonsmooth E, ~ on @& (E) is quite compli-
cated. The fact below strengthens results in Krieger [Kr2] and Katznelson-Weiss
[KW].

Proposition 4.1. Let E be a nonsmooth countable Borel equivalence relation.
Then there is a Borel injection F: 2N — #(X) with range(F) C @&(E) and
xEgy & F(x) ~ F(y).

Proof. Since E is not smooth, we have by 3.4 that there is a Borel injection
f:28 5 X with xEgy & f(X)Ef(y).

For each u € #(2N), let fu € #(X) be its image under f. So fu is a
measure on f[2N] = A. Applying 3.3 to fu (with X = [4]g there), we can
define an injective Borel map g: @.%(Ey) — @.%(E) such that g[@&y(Eg)] C
@&(E) and u~v & g(u) ~ g(v). So it is enough to show that there is a Borel
injection h: 2N — .#(2N) with range(h) C @&y(Ey) and xEpy & h(x) ~ h(p).
This follows easily by a standard argument applying a result of Kakutani (see,
e.g., [HS, 22.38]). For each x € 2V, let u, be the product measure on 2N,
where for x(n) = 0 the nth coordinate is given the (1/2, 1/2) measure, while
for x(n) = 1 it is given the (3/4, 1/4) measure. Then xEpy & ux ~ u,.
It is easy to check that u, is Ep-quasi-invariant and is well known that it is
Ey-ergodic (see, e.g., [GM, 6.4.6]). Put A(x) =u,. O
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Finally we verify that the structure of &% (E), @&,(E) modulo ~ depends
only on the stable isomorphism type of E (recall 2 and 2.6 here).

Proposition 4.2. Let E, F be countable Borel equivalence relations on the spaces
X,Y resp. If E =, F, then there are Borel maps ®: @.%(E) — @ %(F) and
Y: @H(F) - GAH(E) such that p << v & O(u) << ), u Lv o dyu) L
®(v) and similarly for ¥, and ¥(P(u)) ~ u, ®(¥(u)) ~ p. Thus ® induces
a bijection ®: @5(E)| ~— @F(F)] ~ with inverse ¥. Moreover, ® maps
G&y(E)/ ~ onto @& (F)/~.

Proof. Fix full Borel sets A, B for E, F resp. and a Borel isomorphism g
of E | A with F | B. It suffices clearly to show that there is a Borel map
8:GAE) - @AHE | A) such that u << v & g(u) << gv), n Lv &
g(u) L g(v) and similarly a Borel map h: @.A%(E | A) — @ %(E) with the
same properties, such that gh(u) ~ u, hg(u) ~ u, with the further property
that g, » map ergodic measures to ergodic measures.

To define g, let u € @%(E). Then u(A4) > 0, as A4 is full, so define a
probability measure g(u) on A by g(u)(B) = u(B)/u(A) forBorel BC 4. It
is clear that g: @.A(F) - @ %(E | A). To define h,let u € @%(E | A) and
let (1) = v be defined as in the proof of 3.3. Note then that g(a(u)) = u.
We check next that Ag(u) ~ p. If u(B) =0, then u([Blg) = 0, from which
it follows that hg(u)(B) = 0. If hg(u)(B) = 0, then Ag(u)([Blg) = 0, so
g(u)([Ble n 4) = 0, thus u([Blg N A) = 0, and, as [[Blg N A]g = [Blk,
u([Blg) =

If u<<wv,clearly g(u) << g(v). If u << v, we verify that h(u) << h(v).
If h(v)(B) = 0, then (in the notation of the proof of 3.3) y( ,‘1 «(BNB))) = O
so v(AN[BNB;]g) = 0 (since [BNB;]g = [g,."-(BnB,-)]E) , thus v(AN[B]g) =
u(AN[Blg) =0, therefore A(u)(B)=0.

Preservation of orthogonality is easy to check, as is the fact that both g, A
preserve ergodicity. O

5. HYPERFINITE EQUIVALENCE RELATIONS

A countable Borel equivalence E is called hyperfinite if there is an increasing
sequence Ey C E; C E; C --- of finite Borel equivalence relations with £ =
U, En (i.e., xEy © 3In(xE,y)). A finite equivalence relation is one for which
all equivalence classes are finite.

Remark. The condition that the sequence be increasing is crucial. Every count-
able Borel equivalence relation E can be written as a union E = |J, E, , where
each E, is a Borel equivalence relation all of whose equivalence classes have
cardinality at most 2. (This can be seen from the proof of Theorem 1.1 in [FM]:
It is shown there that there is a sequence of Borel automorphisms {f,} which
are of order 2, i.e., f2 = identity, such that xEy & 3n(f,(x) = y). Put now
Epn={(x,y):x= yvfn(x =y}.)

The next result gives a series of equivalent formulations of the notion of hy-
perfiniteness. The equivalence of (1) and (2) is due to Weiss [W2], the direction
(4) = (1) to Weiss [W2], Slaman-Steel [SS] (see also Krieger [Krl1, 4.1.1]), and
(1) = (4) to Slaman-Steel [SS].

Theorem 5.1. Let E be a countable Borel equivalence relation on X . Then the
following are equivalent:
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(1) E is hyperfinite,

(2) E=U,2, En, where E, are finite Borel equivalence relations, E, C E,,1,
and each E,-equivalence class has cardinality at most n;

(3) E = U, En, where E, are smooth Borel equivalence relations, E, C
Epii;

(4) E = Eg, i.e. thereis a Borel automorphism T of X with xEy < 3n€Z
(T"(x) =y);

(5) There is a Borel assignment C —<c giving for each E-equivalence class
C a linear order <¢c of C of order type finite or Z. (That C —<c is Borel
means that the relation

R(x,y,z) ©x <y

is Borel.)

Proof. First note that (4), (5) are easily equivalent. Indeed, if (4) holds and
assuming without loss of generality that X = R and letting < be the usual
ordering of R, we define for each E-equivalence class C,

x<cy©ex,yeCA[(Cis finite Ax<y)
V (C is infinite A3n >0 [T"(x) =y])].

Conversely, given C —<c, we define T by

T(x) = (y is the successor of x in <[y,) V (x is the last
element of <), and y is the first element).

Using Theorem 1.1, it is easy to verify that T is Borel. We prove now the other
equivalences.

(1) = (2). Let E =U,2;Ru, Ry C Rys1, Ry = A(X), R, finite Borel
equivalence relations. Define E, as follows: E; = R;. For any n > 2, let
Xn = {x € X: card([x]R") < n}’ Xno1 = {x ¢ Xn: card([x]Rn—l) < n},
Xn—2 = {x ¢ X, UX,_y: card([x]g,_,) < n},...., X2 ={x ¢ XpUX,1 U
--UXj3: card([x]g,) < n}, X; = X\(X,UX,—1U---UX;) andput E, =R, |
XnUR, 1 1 XnoiU---UR T X UR T X,

(2) = (3). This is clear, since any finite Borel equivalence relation is smooth.

(3) = (1). Let E =, E, with E, smooth Borel equivalence relations,
E, C E 1, Ep = A(X). Let s, be a Borel selector for E,, ie., s,(x)E,x,
xE,y = sp(x) = sp(y). Let G, = {g,(,k)}keN be a countable group with E, =
Eg, . Define the relation F, on X by

xFyy © 3Im < n{xE,y
/\ak(), k], PP ,km
< nlx = gs0g s - glms,n(x)]
Ao, Iy, b <y = 89508 Msy - gl s (1)1}

The proof will be complete from the following claims:
(a) F, nC F, n+l,
(b) F, CE,,
(c) ECU, Fu,
(d) F, is an equivalence relation,
(e) F, is finite.
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Claims (a), (b) are obvious. For (c), note that VxV,3k;(x) x = gj(.k’ (X)Sj(x) .
If xEy, say xE,y, let n = max{m, ko(x), ..., km(x), ko¥), ..., km(»)}.
Then xF,y . For (e), assuming (d), note that if x € [y]F, , there is m < n with
xE,,y and hence s,,(x) =s5,(y). So x is completely determined by numbers
ko,...,km < n and s,(y), so it can only take finitely many distinct values, i.e.,
[v]F, is finite.

Proof of (d). Clearly F, is symmetric and reflexive. We prove now that it is
transitive. Assume xF,y, yF,z. Let p, ¢ < n be such that xE,y, yE,z and
there are ko, ..., k,,lp, ..., . (r=max(p, q)) and my, ..., m, such that

k ! I
x =gV g8Vs,(x), =280 &5 ), z=g{" s g se(2).
Assume p < q. If p = q, we are done. So assume p < q. Let v =

gp'f‘l’“ Spe1- - 8™s,(y) and note that vE,y, since y = g('"") - gi™s,(v).

Since also xE,y, we have s,(v) = s,,( x) and so

X = g(()kO)SO' ’gp p( )
= 8450+ 80”58Vt sy -+ 850 (v)
= gék")so ) gp spgp+‘1’+l Smt1- - ge(lmq)sq(x)

since s5(x) =s4(y). So xFypz.

(1) = (5). Assume E = J, E, with E, increasing finite Borel equivalence
relations. We will find Borel assignments C +—<Z of linear orderings to each
Ey-equivalence class C, which are increasing, i.e., if C = [x]g,, D = [x]g,,,
(so that C C D) then <cC<p (i.e. for x,y € C, x <cy & x <p y) and
<p is an end extension of <c, i.e., for a € D\C, either ¢ <p a, Yc € C or
a <p c, Yc € C. Then we will put, for each E-equivalence class C = [x]g,
<c= U, <¢, where C, = [x]g,. Then <c is a linear order of C and has
order type finiteor o (={0,1,2,...}) or o* (={...,-2,-1,0}) or Z.
In the two middle cases we can easily rearrange the order in a Borel way to
make it also of order type Z, so the proof is complete, modulo the definition
of <%.

Aggin without loss of generality we can take X = R and we let < be the
usual order of R. For n =0 let <=<| C. Assume now <z has been defined.
Let C be an E,, -equivalence class and let C}, ..., C;, be the E,-equivalence
classes contained in it, arranged in order so that (the <-least element of C;) <
(the < -least element of C;) iff i < j. Then let

x<gtly e 3k(x,ye CGeax <t y)VIk<I(x € Ce Ay € C)).

(5) = (1). Assume without loss of generality X = 2V and each E-equiva-
lence class is infinite, and hence ordered by < in order type Z. For each
E-equivalence class C, let xc be the lexicographically least element of the
closure of C. The map y — x,;, is Borel. Put

={xeC:x|n=xc|n}

Define now the equivalence relations E, C E as follows: If (x, y) € E with
[x]e = [y]lg = C are such that (a) xc € C, then let

xE,y © [x =y V the distance of x¢ from x, y in < is at most n].
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If (a) fails, but (b) Im[SS, is bounded below in <], let mq be the least such
m and zc the <c-least element of SS . Then put

xE,y = [x =y V the distance of z¢c from x,y in <c is at most n].

If (a), (b) fail but (c) Im[SS, is bounded above in <] proceed as in (b).
Finally, if (a), (b), (c) fail, so that {S¢} form a decreasing sequence of subsets
of C with S¢ unbounded in both directions in <¢ and ,S¢ = @, then let

xE,y © 3a3bla, b are consecutive (in <c) members
of SCanda<¢c x <cband a<cy<cb]

It is now clear that the relations E, are increasing finite Borel equivalence
relations with |J, E, = E, so E is hyperfinite. O

Here are also some basic closure properties of hyperfiniteness.

Proposition 5.2. Let E, F be countable Borel equivalence relations on X, Y
resp.

(1) X =Y AE is hyperfinite N F C E = F is hyperfinite,

(2) E is hyperfinite AN F < E = F is hyperfinite,

(3) E is hyperfinite N A is Borel = E | A is hyperfinite;

(4) AC X is Borel, full for E and E | A is hyperfinite = E is hyperfinite;

(5) E, F are hyperfinite = E x F is hyperfinite.
Proof. (1), (3), and (5) are immediate consequences of the definition. For (4),
let E = E;, with G = {g,} acountable group, and let foreach x € X, N(x) =
least n with g,-x € A. Let E[ A=J,F,, with F, finite Borel equivalence
relations on A4, F, C F,.;. Define E, on X by

XEny & [XEy AN(x), N(y) <nAgnwx)* XFn&Ny) - Y1V X =).

Then E, C E,,y, U, En = E, and the equivalence relations E, are finite.
Finally, for (2), let f: Y — X be a Borel map reducing F to E, so that f
is countable-to-1. Then A4 = f[Y] C X is Borel and E | A is hyperfinite (by
(3)). Let g be a Borel inverse to f (i.e, g: 4 — Y, f(g(x)) = x) and let
B = g[A]. Then B isfull for F and E| A= F | B, so F | B is hyperfinite
andsois F by (4)). O

Before we proceed we would like to mention some open problems:

(1) Is the increasing union of hyperfinite Borel equivalence relations hyperfi-
nite? (It is well known [FM, 4.2] that, if E, are increasing Borel hyperfinite on
X with E =J, E, and u is a measure on X, then there is Borel E-invariant
AC X with u(X\A4) =0 and E | A hyperfinite.)

(2) Is the notion of hyperfiniteness effective? More precisely suppose X = NN
and E € A} is a hyperfinite equivalence relation. Is there a A] automorphism
T of X inducing E?

(3) What is the complexity of the class of hyperfinite Borel equivalence rela-
tions, i.e. what is the complexity of the set

{x: x codes a Borel equivalence relation on NN which is hyperfinite}.
It is clearly X}. If (2) has a positive answer which relativizes, then it is IT} .

6. SOME EXAMPLES

We will discuss here some examples of hyperfinite (and nonhyperfinite) Borel
equivalence relations.
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If T is a Borel automorphism of a standard Borel space X and we denote by
Er the equivalence relation generated by T, then, by 5.1(4), E7 is hyperfinite.
Of particular importance will be the case of T = s, the shift on the space
2L (s(x)(n) = x(n + 1)). In this case E; = E(Z, 2) in our notation of §1.
It will turn out (see §9) that E(Z, 2) is invariantly universal for hyperfinite
Borel E (with no finite equivalence classes), i.e., for every such E we have
EC'EZ,?2).

For any set Q, recall that we defined in §2 the equivalence relations Ey(Q2),
E(Q) on QN by

xEo(Q)y & InVm > n(xXm = Ym),
xEt(Q)y Aad E'”E’ka(erk = ym+k)-

Then, for any countable set Q, Ey(Q2) and E,(Q) are hyperfinite. In fact, these
are special cases of the followmg more general situation:

Let X be a standard Borel space and U a Borel map on X such that U is
countable-to-1. Define the equivalence relations Eo(U), E;(U) on X by

xEo(U)y % 3n>0[U"(x)=U"(y)]
xE, (U)y = 3n>03Im>0[U"(x)=U"©)]

Then Ey(Q), E,(Q) are just Eo(U), E,(U) with U: QN — QN defined by
U(x)(n) = x(n + 1) (i.e., the one-sided shift). Since Eo(U) = U, E, with
xE,y & U"(x) = U"(y), we see by 5.1(3) that Ey(U) is hyperfinite. We will
see in §8 that E,(U) is hyperfinite as well.

All the E; are hyperfinite. How about more general Eg? One has the
following measure theoretic result.

Theorem 6.1 (Connes-Feldman-Weiss [CFW]). Let X be a standard Borel space,
E a countable Borel equivalence relation on X , and u a measure on X . If E
is of the form Eg with G a countable amenable group, or (more generally) if E
is pu-amenable, then there is a Borel E-invariant set Y C X with u(X\Y) =
such that E |'Y is hyperfinite.

It is an open problem (see Weiss [W2]) whether every Ez with G amenable
is hyperfinite. This is already open in the case G is abelian, but has been proved
for G =Z" by Weiss.

There is an even stronger result in the case of category instead of measure.
We need a definition first. Let E be a countable Borel equivalence relation on
a Polish space X . We call E generically ergodic if every E-invariant Borel set
is meager or comeager. We call E generic if for each Borel meager set 4, [A]lg
is also meager.

Theorem 6.2 (Sullivan-Weiss-Wright [SWW]). Let X be a perfect Polish space
and E an arbitrary countable Borel equivalence relation on X . If E is generic
and generically ergodic, then there is an E-invariant dense G5 set Xo C X and
there is an Ey-invariant dense Gs set Yo C 2N such that E | Xo = Ey | Yy by
a continuous isomorphism. In particular, E | Xy is hyperfinite.

The following corollary is due to Woodin.

Corollary 6.3 (Woodin). Let E be a countable Borel equivalence relation on a
perfect Polish space X . Assume E is generically ergodic. Then there are a dense
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Gs Xo C X and an Ey-invariant dense G5 Yo C 2N such that E | Xo = Eq | Yo
by a continuous isomorphism. In particular, E | Xy is hyperfinite, and thus
there is an E-invariant comeager set Zo (namely [Xolg) such that E | Zy is
hyperfinite.

Proof. Let E = Eg, with G = {g,} a countable group. Write gn(x) = gn-x.
Let {V,} be a basis for X . For each pair (n, i) € N> for which it is possible,
choose a comeager-in- ¥, set P, ; such that gj[P, ;] is meager. Put X; =
X\U, ; &lPn,i]. Then X; is comeager, so let X, C X; be a dense Gs.

Claim. E | X, is generically ergodic and generic.

Then, by 6.2 (since E | X, satisfies all its conditions), there are dense G
Xo C X, and a dense Gs Ep-invariant set Yy C 2N suchthat E | Xo 2 Ey | Y,
via a continuous isomorphism. So it remains to prove the claim.

Clearly E | X, is generically ergodic. To show that it is generic, it is clearly
enough to show that, if B C X, is meager in X, (or equivalently in X), then
[BlEix, is meager in X . For that, note that [Blgix, = [Ble N Xz and [B]g =
U; &[B], so it suffices to show that g;[B]N X, is meager in X3, i.e., &[B] is
meager in X . Let j be such that g; = g,.‘1 . We can of course assume that B
is Borel. If g;[B] is not meager, let ¥, be such that g;[B] is comeager in V;.
So there is a comeager-in- V;, set P such that g,.”‘[P] = g;[P] is meager. Then
P, ; and g;[B] are both comeagerin V,, so they intersect. Let x € P, jNgi[B].
Then gj(x) e BN gj[P,, j1=2 (since BC X, C X| = X\Un,igi[P,,‘i]) . O

As an application, we see immediately that, for any countable group G,
E(G, 2) is generically hyperfinite, i.e. for some Borel comeager E-invariant
X €26, E | X is hyperfinite. (On the other hand E(F;, 2), for example, is
not hyperfinite.) For that it is enough to check that E(G, 2), for infinite G,
is generically ergodic. By 1.1 of [SWW] it is enough to see that E(G, 2) has a
dense orbit, and this is easy to verify using the fact that G is infinite.

For another example, consider the equivalence relation =7 of Turing equiv-
alence on 2V (x =7 y & x isrecursive in y and y is recursive in x). Again
=7 is not hyperfinite (see below). However, = is easily generically ergodic,
so =7 is generically hyperfinite.

Also, as was shown by Mycielski (see, e.g., [MU, 1.6]), if E(R/Q) denotes
the Vitali equivalence relation on R (xE(R/Q)y = x —y € Q) then (in our
notation) E(R/Q) =~* Ey, so E(R/Q) is hyperfinite. This can also be seen
by noticing that E(R/Q) is an increasing union of smooth Borel equivalence
relations, namely E(R/(n!)~!Z). (Actually, from the results in §9 it will follow
that E(R/Q) 2 E,.)

Finally, in some sense, all equivalence relations induced by flows, i.e., Borel
actions of R, are “hyperfinite”. More precisely, let X be a standard Borel space
and g-x a Borel action of R on X . Let Eg be the corresponding equivalence
relation. Then by Wagh [Wa] (see also [K3]) Eg is Borel and there is a Borel
set A C X such that A4 is full for Eg and Eg [ A is hyperfinite. (Thus, using
also [Mos, 4F.6], Egx ~* Er [ A.)

We conclude this section with a couple of examples of nonhyperfinite count-
able Borel equivalence relations. The standard example is E(F,, 2) (for a proof
see, e.g., [K1]). Since (identifying 2> with 2N) E(F,, 2) C =r, it follows that
=7 is not hyperfinite as well.
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7. THE BI-EMBEDDABILITY OF NONSMOOTH HYPERFINITE RELATIONS

Our goal is to classify hyperfinite Borel equivalence relations up to the equiv-
alences ~*, ~, =. We will deal with ~*, ~ here and with = in §9.

First notice that it is easy to classify smooth relations up to ~*, ~. Indeed,
given a countable Borel equivalence relation E, let for 1 < n < Rg,

cn(E) = card{[x]g: card([x]g) = n}.

Then we have for any smooth countable Borel E, F on X, Y resp.

(A) E=* F iff card(X/E) = card(Y/F).

(B) E~F iff VA[Y psn Cm(E) = > m>nm(F)].

So it is enough to look at nonsmooth hyperfinite Borel equivalence relations.
For those the answer is given by the next result. '

Theorem 7.1. Let E, F be nonsmooth hyperfinite Borel equivalence relations.
Then E ~ F (and thus E ~* F).

Proof. It is enough, of course, to show that, for every nonsmooth hyperfinite
Borel equivalence relation, we have E ~ E;. That Ey C E follows from 3.4.
We will prove below that E C Ej. Recall from 1.2 that E = Ez C E(Z, 2V).
So it is enough to prove that E(Z, 2N) C E,. Denote below E(Z, 2N) by E.

Call an E-invariant Borel set X C (2N)% smooth if E | X is smooth, i.e.,
there is a Borel selector on X for E. We claim that it is enough to show
tht £ C E; modulo smooth sets, i.e., that there is smooth X such that E |
(2YMYI\X C Ey. Indeed let ¥ = 2M)2\X and f:Y — 2N embed E [ Y
into Ey. Let g: X — 2N be Borel such that xEy & g(x) = g(y). Also let
h: X — N be Borel such that 4 | [x]g is injective for any x € X . Finally
let p: 2N — 2N be Borel such that x # y = —=(p(x)Eop(y)). Then define
F:(2MZ 5 2N by

F(x)=(f(x), 1), ifxeY
=(pg(x), 1"0"0®)  ifxe X

where for a, g € 2N, (a, B) € 2N is given by

(o, B) = («(0), B(0), (1), B(1), ...)

and i®:=(i,i,i,...). Clearly F embeds E into E;.

So in the proof below we will ignore smooth sets. Note that the collection of
smooth sets is closed under countable unions.

Foreach n € N, n>1,let (2")" be the set of all sequences (wp, ..., Wy_1)
with w; € 2", i.e.,, w; = (w;(0)---w;(n — 1)) is a binary sequence of length
n. If we(2")" and m < n let w | m denote the sequence (wy | m, w; |
m,...,Wn_) [ m). Foreach ne N, n > 1, fix an ordering <, of (2")* such
that, given w, v € (2"*+!)"+1

WIn<,v[n=w<,40.

For w € (2")" and x € (2V)Z, we say that w occurs in x at k € Z if, for all
I <n w; =X [ n. We say that w occurs in x, in symbols w C x, if w
occurs in x at some k.
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Note first that the set of x € (2N)Z for which there is w € |J,(2")" occurring
in x but for which {k € Z: w occursin x at k} is bounded above or below is
E-invariant and smooth, so it can be neglected, i.e., we can assume we work on
the set X C (2Y)Z of all x € (2N)? with the property that, whenever w C x,
w occurs in x at k for unboundedly many k € Z in both directions.

Put now, for x € X,

Jfu(x) :=the <,-least element of (2")" occurring in x.

Then note that f,,1(x) | n = fy(x). Note that xEy = f,(x) = fu(y). So we
can define f: X — (2Y)N by f(x) = (ug, uy,...) with (4o, Uy, ..., Up—1) [ 1
= fu(x). Note again that xEy = f(x) = f(»).

Given u € (2N)N, we say that u occurs in x € (2N)% at k € Z if w; = x4,
Vi € N, and that u occurs in x if it occurs in x at some k.

The set of x for which f(x) occursin x and {k € Z: f(x) occursin x at
k} is bounded below is clearly E-invariant and smooth, so it can be neglected.
If f(x) occurs in x and {k € Z: f(x) occurs in x at k} is unbounded
below, then x is periodic, so [x]g is finite. These x’s form an E-invariant
and smooth set as well and can be neglected.

So we can assume that we work on the set ¥ C X of all x € X for which
f(x) does not occur in x. For such x € Y and n € N, define k; € Z as
follows:

kf=0,
k3,., = the least k such that k > k3, and fy,41(x) occurs in x at k,
k3., = the largest k such that k < k3, and fan42(x) occurs in x at k.

Note that if either {k},} or {kj,,,} is bounded, f(x) occurs in x. Also
note that kJ,, is not between k3, _, and k3, since this would contradict the

definition of k3, . Similarly for k3, ,,. So we have

o <kf<ki<ki=0<k{f<ki<--

and k3, — —oo, k3, — +00.

Instead of working with 2N below we will work with P(N) = {4: 4 C N},
identifying 4 C N with its characteristic function. Under this identification,
the equivalence relation E, on 2N corresponds to the equivalence relation (also

denoted by Ej) on P(N) given by
AEgB & AAB is finite.

Fix also a bijection (, ): NxM — N where M := the set of all finite sequences
(ug, ..., Um—1) with each u; a finite binary sequence.

We define now G: Y — P(N) as follows:

For each n,let t} = |ky,, — k;|+1 and let ry = ((r3)o, ---, (r7)m), Where
m = tf — 1, be the sequence given by

(ra)i = Xmingig &z, }+i [ 1
for 0<i<tf. Put G(x)={(n,rf):neN}CN.
Note that G is injective, since knowing G(x) we can easily reconstruct x .
We will show that G embeds E | Y into Ej.
Assume xEy and say, without loss of generality, m > 0 is such that xp,; =
yi, for all i. Let ng be such that k; el > m. Then, since the functions

n
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. . x _ y X —
f» are E-invariant, we have ano a=m+ kz,,0 +1 80, forall n > 2ng, ky =

m + k. It follows that G(x)AG(y) is finite, i.e., G(x)EqG(y). The converse,
ie., G(x)EyG(y) = xEy, is even easier, and we leave it to the reader. O

An immediate consequence of 7.1 and 2.3 (using the fact that E, is com-
pressible and, as shown in 8.2 below, hyperfinite) is the following strengthening
of 3.4.

Corollary 7.2. Let E be a countable Borel equivalence relation on a standard
Borel space X . Then the following are equivalent:

(1) E is not smooth,

(2) E,C'E.

It follows also from 7.1 that, for any two nonsmooth Borel hyperfinite equiv-
alence relations £, F on X, Y resp., there is a “Borel” bijection between the
quotient spaces X/E and Y/F . (Here “Borel” can be interpreted in terms of
the quotient Borel structures on these quotient spaces, but of course more is
true.)

Applying this in particular to Ey, E(Z, 2) provides a solution to a problem
of Mycielski; see [MU, L.6].

Another corollary is that the structure of measure classes of nonatomic, quasi-
invariant, (ergodic) probability measures for any nonsmooth hyperfinite Borel
equivalence relation is the same (using 2.6 and 4.2).

Finally, in view of the fact that all equivalence relations induced by Borel
R-actions have full Borel sets on which their restrictions are hyperfinite (see the
end of §6), it follows that any two nonsmooth such equivalence relations are
bi-reducible. (Actually, it turns out that, if they have uncountable equivalence
classes, they are Borel isomorphic.)

8. TAIL EQUIVALENCE RELATIONS

We are going to use here ideas similar to that of the proof of 7.1 to study the
tail equivalence relations E, (). It will be convenient to introduce a further
notion here.

Let E be a (not necessarily countable) Borel equivalence relation on X . We
call E hypersmooth if E =J, E,, E, C E,y1, E, smooth Borel equivalence
relations. Thus, for countable E , hypersmooth = hyperfinite. Moreover, if E <
F with F hyperfinite, then E is hypersmooth.

Consider E((2V) (as defined in §2). Then easily Eo(2N) is hypersmooth,
but it is well known (see, e.g., [K3]) that Eo(2N) £ F for any countable Borel
F . It is also easy to see that every hypersmooth E is embeddable in Ey(2V).
Indeed, let E = |J, F,, witness that E is hypersmooth with Ey = A(X), and
let f,: X — 2N be such that xF,y < f,(x) = fu(¥). Then, fixing a Borel
isomgrphism (): (YN — 2N the Borel map f(x) = (f»(x)) embeds E to
Ey(2N).

The following result has been proved recently by A. S. Kechris and A. Louveau
(unpublished): If E is Borel hypersmooth, then exactly one of the following
holds: (I) E =~ Ey(2Y) or (II) E < Ey. (For results along this line in a measure
theoretic context, see [Ve2].)

Consider now an arbitrary Borel map U: X — X and define the equivalence
relation Ey(U) as in §6, and similarly for the tail equivalence relation E,(U).
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The relations Ey(2N), E,(2V) are obtained by taking: U: 2V)N — (2M)N to be
the shift U(x), = x,41. Clearly Eo(U) is hypersmooth.

The next theorem extends results of Vershik [Vel], Connes-Feldman-Weiss
[CFW, Corollary 13].

Theorem 8.1. Let U: X — X be Borel. Then E,(U) is hypersmooth.

Corollary 8.2. If U: X — X is Borel and countable-to- 1, then E,(U) is hyper-
finite. In particular, E,(Q) is hyperfinite for any countable Q.

Proof. First note that E,;(U) < E,(2N). To see this, assume that X = 2N and
define f: 2N — (2YN by f(x) = (x, U(x), U*(x),...). Then f reduces
E,(U) to E;2NY). So it is enough to show that E,(2V) can be reduced to
Eo(2N). As in the proof of 7.1, it is easy to see that we can neglect smooth sets
for E,(2V).

Using again the terminology and notation of the proof of 7.1, given any
x = (x,) € (2NN, let

sy =the <,-least s € (2")" which occurs infinitely often in x.
Then xE,(2N)y = s¥ = s}, . Let
ky =least k such that s; occursin x at k.

Clearly ky < ky,,. The set of x’s for which there is yE,(2¥)x with K},
eventually constant is smooth, since, for such x, s, = (ug, 41, ...), where
(ug, ..., un—1) | n=s%,1is a Borel selector.

So we can work in the E,(2N)-invariant set X C (2N)N of x’s such that, for
all yE,(2M)x, k) — oo. Let (): U,(2Y)" — 2N be a Borel bijection (with
U,(2N)" having the obvious “direct sum” Borel structure). For x € X, let
an(x) = (Xi, Xig1, ..., Xj), where i = kY_,, j=kj—1, with kX, =0, and
put

g(x) = (@(x), @r(x), ...) € 2"
Clearly g is a Borel injection and g(x)Eo(2Y)g(y) = xE,(2Y)y. Conversely,
assume that xE,(2V)y. Let p, g be such that x,,, = Yq4n, Vn € N. Let r
be such that k¥ > p, k¥ > q. Then, for t > r, k¥ —p = k/ —q and so
a,(x) =a,(y) for t > r; therefore g(x)Eo(2¥)g(y). O

We have just seen that E;(2N) C Ey(2V). It is easy to see also that Eo(2V) C
E,(2Y). (Just send x € (2¥)N to ({0, xo), (1, x1), ...) € (V)N where i =
071%°.) Thus Eo(2N) = E,(2V).

We conclude this section with an open problem concerning hypersmooth re-
lations:

Let E be a hypersmooth Borel equivalence relation on X and U: X — X
a Borel map, such that xEy = U(x)EU(y). Define the equivalence relation

xEyy © 3n>03m > QU (Xx)EU™(y)).

Is Ey hypersmooth? In particular, if E is hyperfinite and U is countable-
to-1, is Ey hyperfinite? In [CFW], such a result is proved in the measure
theoretic context.

Let us point out some consequences of an affirmative answer to this particular
case of the problem. So, for the following remarks, assume that all such Ey
are hyperfinite.
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First note that, if Ey y is defined by
xEy yy © 3n[U"(x)EU"(x)],

then Ey y C Ey, so Ep y is hyperfinite as well. From this we can derive
that the increasing union of a sequence of hyperfinite equivalence relations is
hyperfinite (see problem (1) at the end of §5). Indeed, if {E,} is such a sequence
on the space X, consider the equivalence relation E on X x N given by

(x,n)E*(y, m)en=mAXxE,y.

Then E* is the “disjoint union” of the E,, so it is hyperfinite too. Define
Uon X xN by U(x,n) = (x,n+1). Then clearly U is injective and
(x,n)E*(y, m)= U(x, n)E*U(y, m), since the E, are increasing. So E§ y
is hyperfinite. But if E = J, E,, we have xEy & (x, 0)E§ ;,(y,0), s0 E is
hyperfinite.

Further, it follows that any E; with G countable abelian is hyperfinite (see
remarks following 6.1). Indeed, G = |G, with G, finitely generated, G, C
Gn41, 50 Eg = U, Eg, , an increasing union, and thus it is enough to show,
by the preceding remarks, that each E; with G finitely generated abelian is
hyperfinite. We proceed by induction on the number of generators. It is clear
for one generator. Assume it is true for n generators and let G have n +
1 generators, say a;, ..., d,+1. Let H C G be the subgroup generated by
ay,...,a, and put £ = Ey. If U is the automorphism corresponding to
the generator a,.|, then xEyy = U(x)EqU(y) and Eg = (Ex)y, so Eg is
hyperfinite.

9. CLASSIFICATION UP TO ISOMORPHISM

The main result of this section is the following classification theorem for
aperiodic, nonsmooth hyperfinite Borel equivalence relations up to Borel iso-
morphism.

Theorem 9.1. Let E, F be aperiodic, nonsmooth hyperfinite Borel equivalence
relations. Let &(E), &(F) be their sets of invariant, ergodic probability mea-
sures. Then

E = F & card(&(E)) = card(&(F)).

(Note that because E is aperiodic, invariant probability measures are non-
atomic.)

This classification was conjectured by M. G. Nadkarni (see [CN2]), who
proved first (see [N3]) the case when card(&y(E)) = card(&(F)) is countable,
on the basis of his result (3.5 in this paper) and Theorem 7.1.

Before we proceed to the proof of 9.1, we would like to mention some corol-
laries.

First, for each countable Borel equivalence relation E , let

cn(E) :=card{C € X/E: card(C) = n}, 1 <n<Ny;
s(E):=0, if E is smooth; 1, otherwise;
t(E) := card(&H(E)).

Corollary 9.2. The sequence {(cn)i<n<x,, S, !} is a complete list of invariants
for Borel isomorphism of hyperfinite Borel equivalence relations.

Note that ¢,, ¢ can take only the values 0, 1,2, ..., ®g, 20,
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Denote next by A(n) the equality relation on a set of cardinality n, 1 <n <
Ro and by E*(Z, 2) the restriction of E(Z, 2) to its aperiodic part, i.e., to the
E(Z, 2)-invariant Borel set {x € 2V: s"(x) # x, Vn # 0}, where s is the shift
map. Let also

EC'F @ EC'FA-~(FC'E) (@ EC'FA-(EXF)).

Corollary 9.3. Any aperiodic, nonsmooth hyperfinite Borel equivalence relation is
Borel isomorphic to exactly one of

Et, EO X A(n)(l <n< N0)9 E*(Za 2)
Moreover, we have

E,C'EyC' EyxAQ2)C' ---C' Eg x A(Ro) C' E*(Z, 2).

Proof of 9.3. Recall that E, is compressible, so &(E;) = @. It is easy to check
that E, is uniquely ergodic, i.e., card(Z£ (Ep)) = 1, and therefore

card(&(Ey x A(n))) =n

for 1 < n < ¥y. Finally, card(&(E*(Z, 2))) = 2% (take for example the
product measures on 2Z with each coordinate having the (p, 1 — p)-measure,
0<p<1). Since &(E) is a Borel set in a standard Borel space, card(&(E))
is always one of 0, 1,2, ..., Ry, 2% so the first result follows from 9.1.

That E, C! E, follows from 7.2, and Ey x A(n) C! Eg x A(m) for n < m
is obvious. That Ey x A(Xg) C! E*(Z, 2) will follow immediately from the
ergodic decompostion, see 9.5 below. O

For the proof of Theorem 9.1 we will need two further results from ergodic
theory: Dye’s Theorem (see Dye [D], Sutherland [Su], Weiss [W1], or Hamachi-
Osikawa [HO]) and the Ergodic Decomposition Theorem. Let us state first Dye’s
Theorem.

Dye’s Theorem 9.4. Let E, F be hyperfinite Borel equivalence relations on
X,Y resp, and let u € &(E), v € &(F). Then there are invariant Borel
sets XoC X, YoCVY suchthat u(Xo)=v(Yp)=1and E| Xo = F | Y, viaa
Borel isomorphism that sends u to v.

Next we will state the Ergodic Decomposition Theorem as formulated in
Varadarajan [Va]. (The result actually holds, as proved in [Va], even for Borel
actions of arbitrary second countable locally compact groups.)

Let E be a countable Borel equivalence relation on X . Denote by .7 (F),
& (E) the sets of E-invariant, resp. E-invariant ergodic, probability measures.
Since E = E; for some Borel action of a countable group G, .#(E) and
& (E) are Borel sets (see [Va]). It is also proved in [Va] that #(E) # @ iff
&(E) # @. If E is aperiodic, then clearly #(E) = AH(E), &(E) = &(E).
We have now:

Ergodic Decomposition Theorem 9.5 (Varadarajan [Va]). Let E be a countable
Borel equivalence relation on a standard Borel space X . Assume #(E) # @
(thus & (E) # @). Then there is a Borel surjection x — ex from X onto &(E)
such that:

(1) xEy = ex=e,.
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(2) If X, := {x:ex = e} forany e € &(E), so that X, is Borel and E-
invariant by (1), then e(X,) =1 and e is the unique invariant, ergodic proba-
bility mesure for E | X, (ie, &(E = {e}).

(3) For each ue #(E), we have

u(A) = / ex(A) dp(x)

for AC X Borel.

Proof of Theorem 9.1. We consider first the case card(&y(E)) = card(&y(F)) =
0. Then by Nadkarni’s Theorem 3.5 and the fact that A (F) = H(F) = @, we
have that E, F are compressible. Then, by 7.1 and 2.3, EX F .

So we can assume that card(&y(E)) = card(&(F)) > 0. Since &(E), &(F)
are Borel sets in standard Borel spaces and have the same cardinality, there is
a Borel bijection e — ¢’ from &(E) onto &(F). Let x — ex,y — f, be
ergodic decompositions of E, F resp. by 9.5. Let X,, Y, be the correspondmg

sets. Then by Dye S Thcorem 9.4, we can find invariant Borel sets Xe, Ye/
with Xe C Xe , Ye, cY,, (X y=¢e (Y ) = 1 and Borel isomorphisms 4, of
E Xe ,F | Y . Since the proof of Dye’s Theorem is “effective” enough, the
following uniform version actually holds:

(x) If X = U. /\78, Y = U 17}: , then )?, Y are Borel (and of course in-
variant) and also h := |J, h. is Borel (and provides a Borel isomorphism of
EIX,FY).

Granting (x), we have of course that E | X = F | Y. Consider now

(X \)? ), F | (Y\f’). By shrinking feo, )A’eé for some fixed ¢, if necessary,

we can assume that E [ (X \)? ), F | (Y\)A’) are nonsmooth. (We are using
here the fact that if R is a nonsmooth countable Borel equivalence relation
on Z and u € &(R), then there is a Borel R-invariant set W C Z with
u(W)=1 and R | (Z\W) nonsmooth. This follows, for example, from 7.2.)
By property (3) of the ergodic decomposition, E | (X \)? ), F | (Y\IA/) have
no invariant probability measures, so by the argument in the beginning of the
proof, E [ (X\X)= F [ (Y\Y). So E~F.

We now make some comments on the proof of (x). The proof of Dye’s
Theorem on which it is based (see, e.g., Sutherland [Su] or Hamachi-Osikawa
[HO]) proceeds by showing that, if A is the canonical product measure on 2N
(with each coordinate having the (1/2, 1/2)-measure), then for any hyperfinite
Borel equivalence relation E on X and p € &(FE) there are invariant Borel
sets XoC X, Yy C 2N such that w(Xo)=AYy)=1and E| Xo = Ey | Yy (via
a Borel isomorphism sending x4 to A—which is of course the unique element
of &(Ey)). By going in detail through the proof of Dye’s Theorem, one has a
parametrized version which in the case we are interested in can be formulated
as follows.

Lemma 9.6. Let E be an aperiodic, hyperfinite Borel equivalence relation with
&(E) # @. Let x — ey, be an ergodic decomposztzon of E with X, the
corresponding sets. Then there are Borel invariant sets X, C X, Y, C2N with
e(X,) = A(Y) =1 and Borel zsomorphzsms g of E| X, with Ey | Y, sending
(necessarily) e to A such that X = U, Xe is Borel, and g: & x X — 2V given
by gle, x) = go(x) if x€ X, 0= if x ¢ X, is Borel as well.
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In earlier handwritten circulated versions of this paper we have carried out
the detailed calculations needed to extract this lemma from a proof of Dye’s
Theorem. Mercifully, however, we found out since then that these have been
written up in the literature in Krieger [Kr3], §2 and also [HO], II-4 (in some-
what different formulations), so we will refer the reader to these papers for the
detailed proof.

From Lemma 9.6 it is easy to derive now (x): Let Xe , De work for E and
Y/ qy work for F according to Lemma 9.6. Put pe[X ] N g [Ye,] =Z,C2N
so that Z, is Ej-invariant and A(Z,) = 1. Put X =p; 1Z1, e: = qe,'[Ze]
Again these are invariant and e(/?e) =e (Y ) =1. Fmally he = qe, o(pe | Xe)
is a Borel isomorphism of E | X, with F I Ye/ Let X = U Ye , U Ye:
h =U,h.. We will check that X,Y,h are Borel. Take first X (¥ being
similar). We have

x€X & x € X Ape,(x) € gy [Yey]
& x € XAYfy = (ex) Ay € Y Aplex, x) =4(fy, )]
& x € X AL, = (ex) Ay € Y Aplex, X) =4a(fy, y)].
Since the 1-1 projection of a Borel set is Borel, X is Borel. Finally,

hx)=yexeXAyeYAf=(e) Aplex, x)=q(fy, ¥).
So & is Borel as well. O

Theorem 9.1 also has the following corollary, which gives a variant of 5.1
(2):
Corollary 9.7. Let E be a hyperfinite, aperiodic Borel equivalence relation on
X . Then for any sequence {my} with m, > 1, my,/m, € N, m, — oo, there
is a sequence {E,} of finite Borel equivalence relations such that E, C Ep,,
U, En = E and every Ey-equivalence class has cardinality my, .

Proof. We can assume that m,,,/m, > 2. Identify k, with {0, 1, ..., k, —
1}, and consider the compact product space Y = [[k, C NN and the equiv-
alence relation F = Eyg(N) [ Y. The product measure x4 on Y, where each
k, has the uniform measure, is the unique invariant probability measure for
F. If now card($(E)) < 1, then £ = F | Z, with Z an F-invariant
Borel subset of Y. Since the conclusion of the corollary holds trivially for
F (let xF,y & Vm > n(xm = Ym)), it holds for E as well. In the case when
card(&(E)) > 1, let A be the equality relation on a standard Borel space of
cardinality equal to card(&(E)). Then card(&(F x A)) = card(&(E)), so
F x A = E. Again, the conclusion of the corollary is clear for F x A (using
F, x A), so the proof is complete. O

Choosing a Borel set X, that meets each E,-equivalence class at exactly one
point in the above corollary, we can find a Borel automorphism 7T, € [[E]] such
that X,,, T,[Xn], ..., T"~1[X,] is a decomposition of X . Moreover, we can
of course take X; O X, D ---, and make sure that for x € X,,, T,’f+1(x) =
Tk(x), for k < m,. Thus 9.7 can be viewed as a Rohlin-type lemma for ape-
riodic hyperfinite Borel equivalence relations. (For a discussion of the classical
Rohlin lemma, see for example [W1].)
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Let us conclude this section by pointing out that Theorem 9.1, even in the
case card&y(E)) = 1, can be viewed as a purely descriptive set theoretic ver-
sion of Dye’s Theorem (which of course was one of the key ingredients in its
proof). Indeed, given E, F, u, v as in Dye’s Theorem 9.4, let by the Ergodic
Decomposition 9.5 Xq C X, Yy C Y be invariant Borel sets of measure 1 for
the corresponding measures, such that u is the only E-invariant measure with
u(Xp) =1 and similarly for Yy, v. Of course we can also assume that E | Xj,
F | Yy are aperiodic. Thus, by 9.1, F | Xo & F | Yy. But any isomorphism
must send y to v by the uniqueness of these measures, so we have recovered
Dye’s Theorem.

10. AN EXAMPLE—LIPSCHITZ AUTOMORPHISMS OF 2N

In order to illustrate some of the ideas involved in §9, we will analyze a class
of examples of hyperfinite Borel equivalence relations, namely those induced by
Lipschitz automorphisms of 2N .

As usual, 2" denotes the set of binary sequences of length n. Given permu-
tations 7w, p of 2", 2™ resp. with n < m, we write 7 < p if

p(s) I n=mn(sn)

forany s € 2™. If n; < my, < m3 < ---, where 7, is a permutation of 2",
then f:2N — 2N given by f(x) = U, 7a(x | n) is a homemorphism of 2V.
(Note that =, is uniquely determined by f.) These are called the Lipschitz
automorphisms of 2N .

We will analyze a Lipschitz automorphism f in terms of its orbit tree Ty .

Given n and anorbit & of n, on 2" ,say @ = {s, ..., Sk} With m,(s;) = s;41
if i < k and m,(sy) = s;, we say that an orbit @' of m,,; on 2"*! say
O = {s{...5;,}, extends @ if s; | ne@ for i=1,...,m. Then it is easy

to check that either @ has one extension @’ of twice the size of @ or else @
has two extensions @', @" of the same size as @ . (In particular, every orbit
@ has size a power of 2.) The tree T is the tree consisting of the orbits (of
the n,’s), where the children of each orbit of 2" are its extensions in 2"+!.
More precisely, T, has a root (by convention). The children of the root are the
(1 or 2) orbits of 2!. The children of each one of these are the (1 or 2) orbits
of 2% extending it, etc. We denote by [T] the set of all infinite paths through
Ty,ie, a€([Ty] iff a= (4,7, ...) where &, is an orbit in 2" and &,
extends &, .

Given any x € 2N, denote by a, the unique a € [Ty] for which x | n €
ax(n), Vn > 1. Finally, for each a € [T/], let

X, =X/ :={xe2V: a, =a}.

Note that X, is invariant under f. There are two possibilities for each X, :

(1) From some point on, say ng, the orbits a(n) have two extensions, so
card(a(n)) = card(a(n + 1)) for n > ng. Say card(a(ng)) = 2™ . Then
card(X,) = 2™ and X, is a finite orbit of f.

(2) For infinitely many n, a(n) has only one extension, a(n + 1); thus in
particular card(a(n + 1)) = 2card(a(n)). Then X, is a perfect set.

In case (1), denote by u, = ,u,{ the unique f-invariant probability measure
living on X,. We claim that in case (2) there is also a unique f-invariant
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probability measure on X, which we also denote by u, = u{ : Indeed, let
T, be the tree of the closed set X,, i.e. {s € 2":n € N,s € a(n)}.
s € T,n2", define u,(N;) = 277, where p = card(a(n)) and N; = {x €
2N:x 1 n=s}. For s ¢ T,, let u,(N;) = 0. Since clearly we have that
Ua(Ns) = pa(Ng~) + a(Ng~), this defines a probability measure on 2N. It is
clearly f- mvanant and easily unique.

Now put for each x € 2V, e, = ef 1= uf .

Proposition 10.1. The map x — e, is an ergodic decomposition for E; (= the
equivalence relation induced by f) whose components are the sets X, ‘= X,,
where u, =e.

Proof. We have to verify the properties stated in 9.5. First we will check that
X — ey 1is surjective.

Let e € &(Ey). For each orbit & of some 2", let Ny = ;s Ns. Thus Ng
isan f-invariant clopen set, so e(Ng) =0 or 1. So e determines a unique path
a € [Ty] with e(Nypn)) =1, Vn. Since X; =), Na(n), we have e(X;) =1, so
e=lU,.

Clearly (1), (2) of 9.5 hold. We want now to verify (3). So let u be f-
invariant, 4 C 2N Borel. We want to show U(A) = [ g (A)du(x). For that it
is enough to show that u(N;) = [ us (N;)du(x) for each s € 2", n € N. Now
s belongs to a unique orbit ﬁ of 27, So clearly

_ U(Ng)
KU(N;) = W‘

Also

[ 0¥ duix) = /N o (V) d ()

- U(Ng)
_/N’card(ﬁ) Ydu(x) = card(@)’

Let us denote now by C;(2") the cardinality of the set {a € [T]: card(X,) =
2"} and by Cy(oo) the cardinality of the set {a € [T/]: X, is perfect}. Finally,
for any two Borel automorphisms f, g on standard Borel spaces X, Y resp.,
let f = g iff there is a Borel bijection n: X — Y such that 7o f = gonm. We
now have:

Theorem 10.2. Let f, g be Lipschitz automorphsims of 2N . Then the following
are equivalent:

() f=g;

(2) Ef=Eg;

(3) Cr(2") = C4(2"), Cy(o0) = Cg(o0) forall n;

(4) f, g have the same cardinality of finite orbits of any given size and the
same cardinality of nonatomic, ergodic, invariant probability measures.
Proof. By 10.1, (3), (4) are equivalent. Clearly (1) = (2) = (4). We prove
now that (3) = (1).

Let P;, P, be the sets of periodic points for f, g resp. These are Borel
invariant sets and by (3) f | Py = g | P,. Since Ky := {a € [Ty]: X/
is perfect} and K, are Borel and have the same cardinality, there is a Borel
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bijection a — a’ between them. It is thus enough to find, in a uniform Borel
way from a, a Borel isomorphism of f | Xaf with g | X5 .

Fix ng, ny such that card(a(ng)) = card(a’(ny)) = 2. Let also =m,, p, be
the permutations of 2" determining f, g resp. Let np < n; < ny; <--- be the
numbers for which card(a(ny)) = 2¥*! for the first time, and similarly nj <
ny < --- for a’. By induction we can then easily define bijections T : a(ny) —
a'(ny) such that Ty om, = P o Ty and Ti(s) 1 k = Tx(s | k) for | > k,

s € 2!'. Then the map x — |J, Tx(x [ ny) is a Borel isomorphism of f | x/
and g1 X5. O

In the preceding result, one actually obtains a classification of Lipschitz au-
tomorphisms themselves up to Borel isomorphisms. The general problem of
classifying arbitrary Borel automorphisms up to Borel isomorphism is open
(see, e.g., Weiss [W2]).

It is clear that Ey = E, “except on eventually constant sequences,” where f
has an orbit tree of the form o—o—-—--- | i.e., every orbit has only one extension.
It is easy to construct orbit trees of aperiodic f, which have any prescribed car-
dinality cs(o0) € {1, 2, ..., Ry, 2%} | and thus represent any noncompressible,
aperiodic, nonsmooth hyperfinite £ up to Borel isomorphisin by such an E,.

11. MISCELLANEA

We would like to collect here various remarks related to the results in this
paper and other work in the literature.

(1) Let E be a hyperfinite Borel equivalence relation on X and u € @&(E).
Then it is well known (see e.g. Weiss [W1, p. 93] or Schmidt [S1, 8.15]) that
there is v € @&y(E,) and a Borel isomorphism n of E | Xy, Ep | Yy where
Xo, Yp are invariant Borel sets with u(Xg) =v(Yy) =1, such that zu=v.

This can also be seen as follows: If there is u’ ~ u with u’ € %(E), then
we are done by Dye’s Theorem. Otherwise, by the Hopf Theorem (see, e.g.,
[Fr, 3.2]), there is Borel E-invariant X, of u-measure 1 on which FE [ Xj is
compressible. Then, by Theorem 7.1 and Proposition 2.3, E | Xo = Ey | 1),
where Yj is an Ej-invariant Borel subset of 2V . If n is the Borel isomorphism,
put v =nmpu.

(2) If G is a countable group and g - x a Borel action of G on a standard
Borel space X , we say that the action is free if Vx € XVg e G(g# 1= g-x #
X).
There are countable Borel E which cannot be represented as Eg for a free
action of a countable group G; see Adams [A]. However, it is not known
whether, for any countable Borel E and any u € @&(E), we can write E |
X = E; for a free Borel action of a group G on a Borel invariant set X with
uw(X) =1 (ergodicity of u is important here by the example in [A]). We also
do not know whether any compressible countable Borel equivalence relation can
be represented as E; for a free action of a countable group G . Also, even if a
compressible E can be so represented, it is not clear for what countable groups
G we can write E as E; for a free action of G. Here is one relevant fact
(whose proof uses an argument due to Mackey).

Proposition 11.1. Let E be a compressible countable Borel equivalence relation.
If E = E; for a free Borel action of a group G and G C H (H countable),
then E = Ey for a free Borel action of H .
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Proof. On the space X x H consider the following action of G:

g'(x’h)=(g'xagh)~

Denote by ~¢ the corresponding equivalence relation. Note that (x, h) — h
is injective in each ~g-equivalence class, so ~g is smooth and thus we can
consider (X x H)/ ~ as a standard Borel space. Consider then the following
action of H on (X x H)/ ~¢:

f' [(X, h)]~0 = [(X, hf—l)]~6'

It is easy to check that it is free. Now T(x) = [(x, 1)]., is injective and
xEy & T(x) ~g T(h), where ~p is the equivalence relation induced by the
action of H on (X x H)/ ~g. Thus E C ~y so, as E is compressible,
E Ci~y and hence E is induced by a free Borel action of H. O

In the case where E is compressible hyperfinite, one can actually induce E
by a free action of an arbitrary infinite group.

Proposition 11.2. Let E be a compressible hyperfinite Borel equivalence relation.
Let G be any infinite countable group. Then E is of the form Eg for a free
Borel action of G.

Proof. Consider E(G, 2) and let X C 2¢ be the free part of the action of G
on 26 ie, X ={x€2°:Vge G(g#1= g-x# x)}. First it is easy to
check that X is a dense Gjs. Since E(G, 2) is generically ergodic (see §6),
it follows that E(G, 2) | X is not smooth, so by 7.1 E C E(G,2) | X, so
EC'E(G,2)| X, thus E can be induced by a free Borel action of G. O

This fact provides an affirmative answer to a question mentioned in [S2, p.
16]: Does every countable infinite group have a free, nonsingular, ergodic hy-
perfinite action? In our terminology, this asks whether for any infinite countable
G there is a hyperfinite £ = E; induced by a free Borel action of G, which
has an ergodic, quasi-invariant measure. Since the existence of such a measure
is equivalent to the nonsmoothness of E , this follows from 11.2.

(3) Our final remarks deal with the concept of a generator for a Borel au-
tomorphism. Given a standard Borel space X and a Borel automorphism 7T
of X, a generator for T is a partition {4;};,c; of X into Borel sets such that
{T"[Ai]1}ier.nez generates the Borel sets, i.e., the Borel sets form the smallest
o-algebra containing A4; and closed under T, T-!. Weiss [W3] has shown
that every aperiodic 7 has a countable generator (i.e. / = N) modulo smooth
sets (i.e., {T"[4;]} generates the Borel sets modulo smooth sets), and in fact
{T"[Ail}ien, nen suffices (this is sometimes called a strong generator). We can
prove here (by a different method) the following:

Proposition 11.3. Let T be a Borel automorphism of a standard Borel space X .
Then T has a countable generator iff T has only countably many finite orbits.

Proof. If T has a countable generator {4;};en, then the map ¢: X — NZ
given by ¢(x)(i) = n & Ti(x) € A, is a Borel injection, and if s is the shift
on NZ then poT =so¢. So ¢ shows that T is Borel isomorphic to the
restriction of s onto a Borel invariant subset of NZ. Since s on NZ has only
countably many finite orbits, so does T .
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Conversely, assume 7 has only countably many finite orbits. Let Xy = {x €
X : the orbit of x is finiie}, X; = X\X,. Clearly T | X, has a countable
generator. So it is enough to show that 7 | X, has a countable generator. By
9.3, if E; = E7}x, , the equivaience relation induced by T on X, then there
is a shift-invariant Borel set Y; C 2Z with E| & E | Y;, where E = E(Z, 2).
Note that the shift on 22 (and thus its restriction to Y;) has a 2-generator (i.e.,
a generator with I = 2). It will therefore be enough to prove the following
lemma.

Lemma 11.4. Let Z be a standard Borel space and V , U two Borel automor-
phisms of Z. If V', U induce the same equivalence relation E and U has a
countable generator, then V has a countable generator.

Proof. Partition Z into Borel sets {B;};cy such that U | B; = VN0 | B; and
U-'1B;=VM0 | B;, forsome N, M: N — N. Consider a generator {4, }nen
for U and the countable partition {Cy}ien = {BiN An}i nen. It is enough to
show that U/[4,] belongs to the smallest g-algebra Z containing all the Cj
and closed under V, V!, Without loss of generality, assume j > 0, and
proceed by induction on j. For j =0, U%4,] =4, = U;(BiN A4y,) . Assume
U/[An] = B € % . Then U/*'[4,] = U[B] = U[U;,(BNB))l =, U[BNB] =
U, VYO[B Bl = U, [V¥O[BINU, VYO[B, N4,]]. O

Note that by the preceding, if T is any aperiodic Borel automorphism, there
is a Borel automorphism 7’ generating the same equivalence relation which
has a 2-generator. As pointed out in Weiss [W3, p. 324], there are aperiodic
T which have invariant probability measures with no finite generators. But,
as mentioned in the same paper, it is not known whether every T with no
invariant probability measures has a 2-generator.
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