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NONSIMPLE, RIBBON FIBERED KNOTS

KATURA MIYAZAKI

ABSTRACT. The connected sum of an arbitrary knot and its mirror image is a rib-
bon knot, however the converse is not necessarily true for all ribbon knots. We
prove that the converse holds for any ribbon fibered knot which is a connected
sum of iterated torus knots, knots with irreducible Alexander polynomials, or
cables of such knots. This gives a practical method to detect nonribbon fibered
knots. The proof uses a characterization of homotopically ribbon, fibered knots
by their monodromies due to Casson and Gordon. We also study when cable
fibered knots are ribbon and results which support the following conjecture.

Conjecture. If a (p, g) cable of a fibered knot k is ribbon where p (> 1) is
the winding number of a cable in S! x D2, then ¢ = +1 and k is ribbon.

INTRODUCTION

Casson and Gordon [4] introduced the notion of “homotopically ribbon” for
a knot in a homology sphere, which is an analog of “ribbon” for a knot in S3,
and proved that a fibered knot in a homology sphere is homotopically ribbon
if and only if its closed monodromy extends over a handlebody. (A ribbon
knot is homotopically ribbon.) This reduces the study of ribbon fibered knots
to that of automorphisms of a handlebody. In this spirit Casson and Long
[5] developed an algorithm to determine if a surface automorphism is null-
cobordant, and found a new example of an algebraically slice but nonribbon
fibered knot. (Also see Bonahon [3].) In this paper we study ribbon fibered
knots in light of the theorem of Casson-Gordon, but by a method different from
Casson and Long’s. Our method is suitable for detecting nonsimple nonribbon
fibered knots, while theirs is restricted to simple ones. (A knot is said to be
simple if every incompressible torus in the knot exterior is boundary parallel.)

A closed monodromy f of a ribbon fibered knot K preserves a certain
“pattern” h (a union of 2-submanifolds) induced by a decomposition of the
knot exterior of K. Now f extends over a handlebody H . If (H, h) admits
a characteristic submanifold in the sense of Johannson, then it is kept invariant
by the extension of f. We thoroughly study the position of the characteristic
submanifold in H to see the relation among the prime summands of K. Our
working question is as follows:
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Question 1. Suppose that K, ..., K, are prime fibered knots in homology
spheres and K #---#K, is homotopically ribbon. Under what circumstances
can we pair {l,...,n} into {i, js}!*, (so that 2m = n) such that K; =
-Kj.?

Theorem 8.6. There is a class % of fibered knots in homotopy spheres giving an
affirmative answer to Question 1. The class & contains the iterated torus knots,
any fibered knot with an irreducible Alexander polynomial, and any iterated cable
about such a knot.

As a result of this theorem the following knots are algebraically sliced but not
ribbon. (The algebraically-sliceness is verified by Livingston and Melvin [22]
and Kawauchi [20], respectively.)

(1) Example 1 in §8.1, the connected sum of four iterated torus knots
(2, 13;2, 3)#(2, 15)#(2, —15; 2, -3)#(2, —13).

(2) Example 21in §8.1,a (2, 1) cable of a — amphicheiral fibered knot with
an irreducible Alexander polynomial (e.g., the (2, 1) cable of the figure
eight knot).

By assuming K; & --- = K,, Question 1 relates to the famous question: does
the classical knot concordance group contain any nontrivial elements of finite
order other than 2? Replacing the assumption of sliceness by homotopically
ribbon, we ask:

Question 2. Let K be a fibered knot in a homology sphere. If nK (n-fold
connected sum of K) is homotopically ribbon, is 2K homotopically ribbon?

Theorem 5.8. Question 2 has an affirmative answer if every slice knot in a ho-
mology sphere bounding a contractible 4-manifold is homotopically ribbon.

Let J beaknotin S!'x D? (c §3), and k a knot in a homology sphere M .
Then J(k) denotes the knot f(J) in M where f:S! x D> - N(k) (C M) is
the canonical framing of k which sends the core of S! x D? to k preserving
orientations. The knot J is said to be a (p, q) cable of S! x D? if J isa
p(longitude) + g(meridian) curve on 9(S! x §).

Theorem 8.5. Let K bea (p, q) cable of a fibered knot k in a homology sphere
where p > 1. If nK is homotopically ribbon for some n > 0, then (1) so is K,
(2) g = £1; k is homotopically ribbon if p > 2.

There is a fibered knot k in a homology sphere such that k is not homo-
topically ribbon, but the (2, 1) cable of k is (Example 3 in §8.1), so that the
assumption p > 2 in (2) above is necessary. However, for a cable knot in a
homotopy sphere the assumption p > 2 can be omitted if 3-manifold groups
are residually finite (Theorem 8.5, part 3). It is easy to see a (p, 1) cable of a
homotopically ribbon fibered knot is homotopically ribbon. Thus, these results
prove that only such a knot is a homotopically ribbon, cable fibered knot in a
homotopy sphere if Thurston’s geometrization conjecture is true.

Question 3. If a (p, q) cable of a classical knot k is ribbon (resp. slice) where
p > 1,is k ribbon (resp. slice) and g = +17?

This paper is organized as follows. Sections 1 through 4 are preliminary
parts. Section | relates homotopically ribbon concordance and compression
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. bodies. The precise definition of the monodromy of a fibered knot in a ho-
motopy sphere with unknotted holes is given in §2. We determine the fibered
knots with periodic monodromies also in §2. Given a fibered knot in a homol-
ogy sphere, a torus decomposition of the knot exterior breaks the monodromy
into periodic or irreducible automorphisms. In §3, we study the properties of
each automorphism, which are used to characterize the action of a closed mon-
odromy on a boundary pattern % in §5.1. In §4, a “dual knot” J* is defined
for certain fibered knots J in a homotopy sphere with unknotted holes; then
J(J*(0)) is homotopically ribbon. Sections 5 through 7 are the main parts of
our work. Theorems 5.2-5.4, stated in §5.1, are the fundamental results, which
are proved in §§5, 6, 7 respectively. All results stated in the introduction are
consequences of the fundamental theorems or the arguments used in the proofs.
Section 8 deals with the specific cases, e.g., cable knots.

I would like to thank my supervisor Professor Cameron Gordon for helpful
conversations and his encouragement. Thanks are also due to Professor Akio
Kawauchi who informed me that the (2, 1) cable of the figure eight knot is
algebraically slice, but possibly nonslice.

1. HOMOTOPICALLY RIBBON CONCORDANCE

All manifolds including knots and surfaces are suitably oriented and smooth.
For a manifold M, —M is obtained from M by reversing its orientation.
All diffeomorphisms are orientation preserving. For an automorphism f of a
manifold X, —f denotes the automorphism f on —X . The symbol & means
diffeomorphic. The symbol ~ means isotopic. Unlabeled homomorphisms are
induced by inclusions unless otherwise stated.

Let K;, i =0, 1, be a knot in a homology 3-sphere M,. We write Ky = K|
if (Myp, Ko) = (M, K,). We denote by Ko#K; the connected sum (M, Ko)#
(M, K;). The definitions below are based on a homotopy property of rib-
bon concordance between classical knots [13, Lemma 3.1]. We shall write
(M;, K)) > (My, Kp) or simply K; > K, if there are a 4-manifold X* with
the homology groups of S? and an annulus 4 in X* such that

(OX*, ANOX*Y) = (My, Ky) I (-Mo, —Ko),
(M, - K,)— nl(X4 — A) is surjective, and
n (Mo — Kg) — m(X* — A) is injective.

We say K, is homotopically ribbon concordant to K, . A knot K, is homotopi-
cally ribbon if K; > 0, the unknot in S3.

Let K be a knot in a homology 3-sphere M. A knot K is trivial if K
bounds a disk in M . A nontrivial knot K is prime if K cannot be written
as Ko#K, where neither of K; is a trivial knot in S3. Let F be a compact
connected surface. We say that K is a fibered knot in M with fiber F if there
is an automorphism f: F — F (the monodromy of K) such that 6F =~ S!,
fIOF =id, and the mapping torus F x I/f (= F x [0, 1]/((f(x), 0) ~ (x, 1)
for all x in F)) is diffeomorphic to M — N(K) where xo xI/f, Xxo € OF , is
a meridian of K. Note that M — N(K) is a Haken manifold.

Lemma 1.1. Let K| > K, > --- be a nonincreasing sequence of fibered knots in
homology spheres. Then there is some m such that K, = K,, forall n > m.
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Proof. Since the knot exterior of K; is Haken, Lemmas 3.2 and 3.4 in Gordon
[13] hold. Thus there is some m such that degA,,(¢) = degA,(¢) for all n >
m, where A;(t) denotes the Alexander polynomial of K;. The commutator
subgroup of a fibered knot group is free and hence transfinitely nilpotent [13,
p. 157], hence Lemma 3.4 shows that K, = K,, forall n>m. 0O

A compression body B is a cobordism reld between surfaces 8, B and J_B
such that B = 9, B x I U 2-handles U 3-handles, where handles are attached to
0,B x 1, and &_B has no 2-sphere components. A compression body is trivial
if B=0,BxI.

Lemma 1.2. Let f, F, K, M be as above. Suppose that f extends to an au-
tomorphism ¢ of a compression body B so that 8,B = F, 0_B is connected
and ¢|0F x I = id. Then there is a fibered knot K' in a homology 3-sphere
M’ such that ¢|0-B is its monodromy and (M, K) > (M', K'). Further-
more, A\(t) = Ag(t)f(1)f(t™1) for some f(t) € Z[t] where Ay, Ay denote the
Alexander polynomials of K, K' respectively.

Proof. Glue S! x D? to the mapping torus of ¢|0_B: 0_B — 0_B along their
boundaries so that a simple loop p x I/¢ is a meridian of S! x D? for all
p € 0(0-B). The resulting manifold M’ say, is a homology 3-sphere containing
a fibered knot S! x 0 whose monodromy is ¢|0_B: 0_-B — 0_B. Let K' =
S!x0c M. Glue S'xD?*x1I to BxI/p sothatforall t€l and q €9F,
S!x0D? xt=0F xtxI/p and the simple loop g x t x I/¢ is a meridian of
S! x D? x t. Call this 4-manifold X% andlet 4 =S!' x0x I c X*. Then

(8X*,804)=(M,K)u(M',K").

Since 7(0,B) — m(B) is surjective and n,(0_-B) — m;(B) is injective,
it follows that m;(M — K) — m;(X* — A) is surjective and n;(M’ — K') —
m (X* — A) is injective.

The statement about Ay and A, follows from the argument in the remark
of [1, p. 541]. (Gilmer [10, Proposition 1.4] proves this inequality for ribbon
concordance between classical knots.) O

Lemma 1.3. Let M, M' be as in Lemma 1.2. Suppose that 3-manifold groups
are residually finite. Then n\(M) =1 implies m;(M') = 1.

Proof. Let B be as in Lemma 1.2 and let _B = F’; then B = (F' x

I) U™ 1-handles. Let y;, ..., y» be elements of n;(B) corresponding to the
1-handles in B and let x;,...,x, be free generators of n,(F’'), so that
ni(B)=(x1,...,Xn,Y15-..,¥m). Let @, denote the isomorphism of 7,(B)

induced by ¢. Setting s; = tu;t" . (u;)~! where u; = x; (for 1 < i< n)or
=Yyi_n (for n+ 1< i< n+ m), we then have

ni (B x1/g) = (m(B) * ()/N(S1, . > Snim)

where N(---) is normal closure. Note that ¢ corresponds to a loop p x I /¢,
pESF'.

Defining X* as in the proof of Lemma 1.2, we have the epimorphism from
n (B x I/p) to m;(X*) induced by the quotient map, and have the group
presentation

T (X*) = (X1, ooy Xn) * V1s oo s YD) /NG oo Snam)
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where §; is the image of s;. Since ¢(F') = F', ¢.(x;) is a word in {x;}, so

(Xl g eeny xn)/N(§1 s eee s E,,) = ﬂl(M').
Let G = m;(M'). We then have
(X = (G* 1o s Ym))/NGnsts -+ s Snim).

Since m;(F) — m;(B) is surjective, the first row homomorphism in the com-
mutative diagram below is surjective. (The vertical arrows are induced by the
quotient maps.) Hence, the homomorphism 7;(M) — m;(X?) is also surjective.
It follows from 7;(M) =1 that n;(X%) =1.

m(F x1/9) —— mi(B x1/9)

! !

M) ——  m(XY)

Let us show G = 1. Since H;(M') is trivial, {5,4;}7, is an independent
system of equations in {y;}. By our assumption G is residually finite. Refer-
ence [9] proves that G is a subgroup of 7;(X*),thus G=1. O

Suppose that Thurston’s geometrization conjecture holds. Then the Poincaré
conjecture holds and 3-manifold groups are residually finite. Then, by Lemmas
1.2 and 1.3 the compression of the monodromy (in the way described in 1.2) of
a fibered knot in S3 gives rise to a homotopically ribbon concordance between
classical knots.

2. FIBERED KNOTS IN HOMOTOPY SPHERES WITH UNKNOTTED HOLES

For a homotopy sphere P and a nonnegative integer s let P(s) denote the
exterior of an s-component trivial (possibly empty) link, (Ji_, /i, in P. We
call P(s) a homotopy sphere with unknotted holes. Let J be a simple loop
in P(s). We say that J is a fibered knot in P(s) with fiber F if there is an
automorphism f of F and a difftomorphism g: (F x I)/f — P(s) — N(J)
such that under this identification the following hold.

1. (8F x0)NAN(J) is a preferred longitude of J in P;
2. (0F x0)Nn9P(s) consists of meridians of (J/; in P.

Condition 2 shows that the fibration of P(s) — N(J) extends over P — N(J),
i.e. we can regard J as a fibered knot in P. Let 8,F be the components
of F such that 0,.F x 0 = (OF x 0) N N(J). Note that the definition of
0.F depends on J. The automorphism f acts on the set of components of
OF —0,F and divide it into orbits. The number of orbits is s (= |0 P(s)|). Let
OF, ..., 0;F be representatives of the orbits and let m(i) be the cardinality
of the orbit containing §;F, 1<i<s. Wesay that f: (F, 8,F) — (F, 0.F)
is the monodromy of J if the following hold.

1. flo.F =id, and p x I/f is a meridian of J, where D EO.F;
2. for 1 <i<s fm™)|§,F =id and the simple loop (U™ fi(p;) x I)/f
is a preferred longitude of /; where p; € ;F .

Jj=1
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Remark. If J is a fibered knot in P(s) = P — |J;_, N(/;), then in the sense of
Eisenbud and Neumann [8] the multilink (P, 1J U0/, U---U 0l) is fibered.
Hence, as is pointed out in [8, p. 34], the fibration is unique up to isotopy.
Similarly a fibration for a fibered knot in a homology sphere is unique up to
isotopy.

Let J;, i = 0,1, be fibered knots in homotopy spheres with unknotted
holes M;. We write Jy = J; as fibered knots if there is a difftfomorphism from
(My, Jp) to (M, Jy) which preserves the fibrations. The knot —J; denotes
the knot (-M;, —-J;).

Lemma 2.1. Let f;: F; — F; be the monodromy of a fibered knot J; in a homo-

topy sphere with unknotted holes M;, i =0, 1. Suppose that fo 1l —f, extends
to an automorphism ¢ of a 3-manifold U such that

1. U= Fy x I; this diffeomorphism restricts to F 1, Fyx0 and —F, =
Fo x1,

2. ¢ is the identity on 0,.Fy x I, and

3. Fyx1=0,F;.
Then Jy = J, as fibered knots.
Proof. The natural projection from Fy x 0 to —(Fp x 1) induces a diffeomor-
phism g: Fy — F; such that g(0,Fy) = 6.F, and gfyg~' ~ fireld.F; [26,
Lemma 3.5]. By condition 1 of the definition of monodromy, g induces a
diffeomorphism from M, — N(Jy) to M, — N(J;) carrying a meridian of Jj
to that of J,. It follows that J, = J; as fibered knots. O

Lemma 2.2. Let fi- F, — F;, J;, M;, i =0,1, be as in Lemma 2.1. Let
b be a component of 0Fy — 0.Fy and m be the smallest positive integer such
that f"(b) = b. Suppose that fo 11 —f, extends to an automorphism ¢ of a
3-manifold U which satisfies conditions 1 and 2 of Lemma 2.1. Then, ¢™ can
be isotoped rel Fy x {0, 1} so that ¢™ is the identity on (0. FoUb) x I.
Proof. Let xo be a point on b. By the definition of monodromy ¢™ fixes
xo x {0, 1} (C Fy xI). To prove the lemma it suffices to show that ¢™(xy x I)
is rel xo x {0, 1} isotopicto xox I in b x I. Let n be the winding number of
p™(xg x I)tel xo x 31 in the annulus b x I . We shall show n = 0. The natural
projection from Fy x 0 to —(F; x 0) induces a diffeomorphism g: My — N(Jp)
to My — N(J;). Let Ty, T} be the components of M; — N(J;), i = 0,1,
containing b, g(b) respectively. Let 4;, u; be a longitude-meridian system on
T; determined by the trivial link removed from a homotopy sphere. We first
assume g(ON(Jy)) = ON(Jy), i.e., condition 3 of Lemma 2.1 holds. Then g
sends a meridian of J; to that of J;, and hence g extends to a difftfomorphism
from My to M;. On the other hand g carries Ay, a longitude of Tj, to
a simple loop A; + nu; in T;. Since 4; is null-homologous (in fact, null-
homotopic) in M;, we obtain n[u;] = [A + nu,] = [g(Ao)] = 0 € Hy(M;). It
follows that » = 0, proving the lemma.

Next assume T = g(ON(Jy)) # ON(Jy). Then g sends a meridian of Jy to
a longitude of T,say A. Glue S! x D? to M, — N(J;) along T so that A is
null-homotopic in S! x D?. Let M be the resulting manifold; g extends to a
diffeomorphism from M, to M. Then [A;+nu;] =[g(4)] =0 € H\(M). We
claim that A, is null-homologous in M , establishing Lemma 2.2 as above. In
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S'x 1

s'x0
FIGURE 1

M, — N(J;) the longitude A; of 7, is homologous to a multiple of a meridian
of J,. However, since the fiber F; meets T in a single loop, a meridian of
Ji is homologous to A in M; — N(J;). Hence the claim follows from the fact
that A is null-homologous in M. O

In the rest of this section we shall describe periodic monodromies of fibered
knots in homotopy spheres with unknotted holes. In fact, these monodromies
turn out to be those of torus knots in S! x D? or 3.

Let g be a periodic automorphism of a compact surface G, and let x €
G be a fixed point of g. Then there are a neighborhood B of x and a
diffeomorphism 4 from B to the unit disk of R? such that A(0) = 0 and
hgh~1 is the rotation of angle # around 0. Define a fixed point data of x
to be 6/2n, which is determined up to addition of integers. Thus we consider
that a fixed point data takes its value in Q/Z . [2] or [7] shows that if G is
a closed surface and the set of fixed point data of g” for all n are paired to
cancel each other, then g|G: G — G is periodically null-cobordant. However,
our monodromies are not necessarily defined on closed surfaces. We need the
notion of an r-Dehn twist for a rational number r as follows.

Let A be an annulus with 04 = ag U o . An automorphism ¢ of A4 is an
r-Dehn twist from g to «; if there is a diffeomorphism 4: S! x I — A such
that (see Figure 1):

1. h(S'xi)=aq; for i=0,1;
2. the orientation of S! x 0 induced from S! x I is counterclockwise;
3. hoh='(0,t)=(0+rt,1).

Lemma 2.3. Let f: F — F be the nontrivial periodic monodromy of a fibered
knot J in P(s), where P is a homotopy sphere and s > 0. Then assertion 1
or 2 below holds for some relatively prime p > 1 and q.
1. J isthe (p,q) torus knot in S* with genus of F = (p — 1)(q — 1)/2
and |0F|=1.
2. J isthe (p, q) cable of S' x D? (C S3) with genus of

F=(p-1)(¢q-1)/2 and |0F|=p+1.

Proof. Let M = P(s) — N(J). Recall that (1) M = F xI/f is a Seifert fibered
manifold each of whose fiber is (U, f*(x) x I)/f for some x € F, and (2)
a meridian g of J in 8N(J) meets F in a single point (€ 0,F). By (1)
the Seifert fibration of M extends over P — N(J). If u is isotopic in dN(J)
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to a fiber of the fibration of M, then f has a fixed point in 8F . Therefore
f =1id, a contradiction. The Seifert fibration of M thus extends over P(s),
and hence over P. It follows that P =S3, s =0 or 1, and J is a fiber of
some Seifert fibration of S3. This completes the proof. O

Investigating the intersections of F and a singular fiber of S3 and those of
OF and a regular fiber of S3, we obtain the following results.

Lemma 24. Let f: F — F be the monodromy of the (p, q) torus knot in S>
in part 1 or the (p, q) cable of S' x D? in part 2, where p > 1.

1. Take a collar neighborhood N of OF . Then after an isotopy rel0F f
satisfies the following.

(@) f(N) =N and f|F — N is a periodic map of order |pq|; f*|F — N

has a fixed point only if k is a multiple of p or q.

(b) fIN isa 1/pq-Dehn twist from OF to ON — F .

(¢) fP|F — N has p fixed points of data p/q (€ Q/Z).

(d) f9YF — N has |q| fixed points of data q/p .

2. Take pairwise disjoint collar neighborhoods Ny, ..., N, of OF such that
No D 0.F . Then after an isotopy rel OF f satisfies the following.

(@) f(UN:) =UN; and fIF-\J N; is a periodic map of order |pq|; f*|F—
UN; has a fixed point only if k is a multiple of p .

(b) f|No is a 1/pg-Dehn twist from 8,F to O Ny — 0.F .

(¢) fIF —UN; has |q| fixed points of data q/p .

(d) fP|N; isa —p/q-Dehn twist from ON;,NOF to ON,—OF for 1 <i<p.

(e) f permutes OF — 0,F cyclically.

Lemma 2.5. Let f: F — F be the monodromy of a torus knot or a cable of
S!'x D?. Let ¢ be the component of &F invariant under f. Denote F U._, D?
by G. Then the automorphism g = fuUid of G is isotopic to an irreducible
periodic map.

Proof. It suffices to check that g is irreducible. After an isotopy F/f is a disk
with at most two cone points or an annulus with at most 1 cone point as an
orbifold. Thus, g can be isotoped so that G/g is a sphere with at most 3 cone
points or a disk with at most 2 cone points. Hence, g is irreducible. O

3. DECOMPOSING MONODROMY OF FIBERED KNOTS

Let f: F — F be the monodromy of a fibered knot K in a homology sphere
M. Let  be a minimal (possibly empty) set of incompressible tori in X =
M — N(K) which decomposes X into a Seifert fibered manifold and a simple
manifold. By Jaco and Shalen [18] or Johannson [19], |7 is determined up
to isotopy. Isotop |JJ so that |[FN|JJ | is minimal and let C = FNn{J.9,
a set of essential simple loops in F . By a homological argument we see that C
consists of separating loops in F. Thus for the closure of any component of
F - C, S say, exactly one component of 4§ is equal to 0 F , or separates 9 F
from the other components of 4.5 . We call this component the root component
of 4§, and denote it by 9,S. Let us break up f into simpler monodromies
by using C in F.
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Lemma 3.1. Let . denote the set of closures of components of F — C. After
an isotopy reldF of f the monodromy f satisfies the following.
1. f(C)=C.
2. Let S €% suchthat S D 0F . If K is a connected sum of n prime
knots with n > 2, then S is a disk with n punctures and f|S =id.

For § € & let fs denote the automorphism f™|S of S where m is the
least positive integer such that f™(S) =.S. Call fs the adjoint automorphism
of S. The lemmas below describe the properties of f.

Lemma 3.2. With the data of Lemma 3.1 f satisfies the following.
3. Forany S € % fs is irreducible or isotopic to a periodic map.
4. Take R, (#)S € . If f* preserves RUS for some k > 0 and
f¥|RUS is isotopic to a periodic map on RUS, then RNS =& .

Proof of Lemma 3.1. Under the natural identification M — N(KUF) & F x
I the set of annuli (J9 — N(F) can be isotoped to C x I because of the
minimality of |F Nn|J.Z|. This completes part 1.

Since K is a connected sum of n prime knots, there are n — 1 pairwise
nonparallel, separating, essential annuli 4;, ..., A,—; in M — N(K) = X such
that each component of 94; is a meridian of K. Let C, be the regular
neighborhood of X U ( f;ll A;) in X ;then C, = (a disk with n punctures)
xS! is an essential Seifert fibered space in (X, 8X) in the sense of [19]. By
[19, 10.10] (C,, 0X) can be isotoped into the characteristic submanifold of
(X,0X). Now S x I/f = N say, is the closure of the component of X —
U containing X . We can regard (N, X) as a Seifert fibered manifold
component of the characteristic submanifold of (X, dX), so that C, c N
after an isotopy reldX . Isotop the incompressible tori 8C, —9X in N so as
to be saturated by the fibration of N. Since C, has a unique Seifert fibration
up to isotopy, the Seifert fibration of N is an extension of that of C,. With
respect to the fibration of C,, dSNJX (a preferred longitude of K) meets each
Sl-fiber on 4X in a single point. Therefore each S'-fiber of N meets S in a
single point, so that f|S ~idrel8F . Since M does not contain nonseparating
tori, S is a punctured disk. If S is a disk with more than »n punctures, then K
is a connected sum of more than »n nontrivial knots, a contradiction. Hence,
S is a disk with n punctures. O

Proof of Lemma 3.2. If fs is reducible, then S x I/fs (the closure of a com-
ponent of X —|J97) contains an essential torus, and hence is a Seifert fibered
manifold. Thus fg is isotopic to a periodic map, completing part 3. Sup-
pose that part 4 is false. Without loss of generality assume RU S = 4,S.
Then T = 9,S x I/fr is an element of 7, and by the assumption of part
4 (RxI/fR)Ur (S x I/fs) is a boundary irreducible Seifert manifold in X .
Thus, 9 - T divides X into a Seifert fibered manifold and a simple mani-
fold, contradicting the minimality of 9. O

If X is a fibered knot in a homotopy sphere, then we can obtain more infor-
mation about f.

Lemma 3.3. With the data of Lemma 3.2 assume that M is a homotopy 3-
sphere. Then after an isotopy reldF f satisfies the following (in addition to 1-4
above).
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5. Forany S € & fs is either the identity on a punctured disk, or irreducible
and not isotopic to the identity.

6. Forany S e &%fs: (S, 0,S) — (S, 8,5) is the monodromy of a fibered
knot in a homotopy sphere with unknotted holes Y , (so that 8,S = 8.S).
Moreover, if M = S3, then Y is the exterior of a trivial link in S3.

Proof. Let N = S x I/fs, the closure of a component of M — |J.7 . Let
To=0,Sx1I/fs, T\, ..., T; be the boundary components of O N and let E;,
0 <i<s, be the ciosures of components of M — T; such that E;NIntN =2.
Then E; is a homotopy solid torus containing K, and for i > 0, E; is the
exterior of a nontrivial fibered knot in a homotopy sphere. Let u be a simple
loop on T; null-homotopic in E,. By a homological argument x4 meets 6,5
in a single point (after an isotopy in Tp).

Proof of part 6. Glue S! x D? to N along T, so that yx is null-homotopic in
S x D?. Then each T; is compressible in NUS! x D?. Let N' = NUS! x D?
and K’ = S! x 0 c N'. There are simple loops ¢; C T;, 1 < i < s, bounding
disks in N’. By a cut-and-paste argument these disks can be taken to be pairwise
disjoint. Then gluing solid tori (S!' x D?);, 1 <i<s,to N’ along ON' so
that each component of 8.5 —8,S bounds a disk in some (S! x D?);, we obtain
a homotopy sphere M’, say. By a homological argument ¢; is a longitude of
(S' x D?);, so Ui_,(S! x 0); is a trivial link in M’. It follows that K’ is
a fibered knot in M’(s) = N’ with 4,§ = §,S. If M = S§3, then E; and
M -E;, 1 <i<s,aresolid tori. Replacing E; by a solid torus in the manner
above, we still have S3. Thus induction on s proves M’ = §3.

Now we show that f can be isotoped so that fg is the monodromy of
K'. Let R € % be adjacent to S with RN.S = §,5. Assume that fz is the
monodromy of the fibered knot (Y, K”) (say) which is obtained from Rx I/ fx
in the same say as (M'(s), K’) from S x I/fs. Then by condition 2 of the
definition of monodromy the simple loop u' = (U,( fR)Y(p) x I)/ fr, where
p € 6,5, is null-homotopic in Y, and hence in Ey. Since u' =pxI/fs, u' is
a meridian of K’ in M'(s). This implies that fs satisfies condition 1 of the
definition of monodromy. An isotopy of fs in a neighborhood of 45 —6,S can
deform fs to be the monodromy of K’ of M’(s). Let m be the least positive
integer such that f™|S = f5. Since f*(S)NS =@ for 1 < k < m, the isotopy
of fs can be induced by an isotopy of f in a neighborhood of 4S5 — 8,S in
F . Thus part 6 of Lemma 3.3 is proved by deforming f on the closure of each
component of F — C beginning with the component containing & F .

Proof of part 5. If fg ~id, then S is a punctured disk. By part 6 any simple
loop pxI/fs, p €8S, is null-homotopic in N’, the exterior of a trivial link in
S3 . Hence each such a loop is an S!-fiber of N = SxS!, so that fg ~idreldS.
If fs isreducible, then N is a boundary irreducible Seifert fibered submanifold
in M — N(K) by part 3 of Lemma 3.2. Since N contains an essential torus,
by the proof of Lemma 2.1 in Swarup [24] N is diffeomorphic to (a punctured
disk) xS! such that the simple loop u is an S!-fiber. Since |uNd,S| =1, each
S'-fiber of N meets S in a single point, so that fs ~ id. Therefore, we can
isotop f so that parts 5 and 6 hold. O
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Suppose J is a fibered knot in P(n) where P is a homotopy sphere and n >
0, and k; is a fibered knot in a homology sphere M;, 1 <i < n. Numbering
the components of dP(n) from 1 to n, we can uniquely define the fibered knot
J(ky, ..., k,) asfollows. Let M be the homology sphere obtained from P(n)
by gluing each M; — N(k;) to the ith component of dP(n) so that longitude-
meridian pairs of |Jk; correspond to meridian-longitude pairs of the solid tori

P— P(n). Then let J(ky,..., k,) be the knot J in M.
Conversely, we define a satellite presentation for a fibered knot K in a homo-
topy sphere M as follows. Let Ty, ..., T, be incompressible toriin M — N(K)

such that no 7; separates T; (i # j) from ON(K) in M. By the proof of
Lemma 3.3 |J7; divides M into M’(n) containing K where M’ is a homo-
topy sphere, and the disjoint union of the exterior of some nontrivial fibered
knots k;, 1 < i < n, in homotopy spheres. Let J denote the fibered knot
K in M'(n); then we write K = J(ky, ..., ky), a satellite presentation of K .
Note that this presentation depends on the choice of incompressible tori and
the numbering of the chosen tori.

4. J AND J*

Let J;, i = 0,1, be fibered knots with fibers F; in homotopy spheres
with unknotted holes. Let f;: F; — F; be the monodromy of J;. We write
Ji = Jg if there is a diffeomorphism g: Fy — —F; such that g(0.Fy) # 0. Fy
and gfog~! ~ —fireld,F;. In general, J; is not uniquely determined by
Jo. Butif JJ exists, some component, say b, of dFy — 0.F is fixed by fy
such that fo(b) = b and J§ is equivalent to the fibered knot with monodromy
fo: (Fy, b) — (Fy, b). Hence, when f; leaves at most one component of
OF, — 8,F, invariant (e.g., Jo C S! x D?), Js is uniquely determined if it
exists. If J; = J§, then f, leaves g(0.Fp) invariant, so Lemma 2.2 shows
gfog '~ —firelo.Fy U g(8.Fy) . Hence Jo = J;.

If J is a fibered knot in S! x D? intersecting some meridional disk once,
then J* = —J . For a nontrivial example of a pair of J and J* see [10].

Proposition 4.1. Let J be a fibered knot in a homotopy solid torus V. If J*
exists, then the following hold.

1. J represents a generator of H,(V).

2. Let K = Ji(J(J*(k))), where J,, k are arbitrary fibered knots in a
homotopy solid torus, a homology sphere, respectively. Then K > Jy(k).
In particular J(J*(0)) > 0, where O is the unknot is S>.

Proof. Let Fy (resp. Fy) be the fiber of J (resp. J*) and let fo: Fp — Fp
(resp. fi: F; — F)) be the monodromy of J (resp. J*). Let g: Fy — —F; be
a diffeomorphism used to define J*. Since the ambient space of J has only
one boundary component, fy acts on the components of 9 Fy—d.Fp cyclically.
Since fy leaves g~!(d,F;) invariant, 8F, — 0,Fy has just one component,
proving part 1. By the definition of J* and Lemma 2.2 the automorphism
follfi of FyIIF, extends to an automorphism ¢ of FjxI such that ¢|Fyx1 =
fi, ol —(Fix0)=gfg™", ¢|(8.FiUg0.Fp)) x I =id. Let F be the fiber
of Jy(k) with monodromy f. Take a separating annulus N on F such that
after an isotopy f|N =id and f|F — N breaks up into the monodromies of k
and J,. Glue F; x I to F x I by identifying g(d.Fp) xI and N, and we get
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FIGURE 2

a compression body B (Figure 2). Then y = ¢ U f x id is an automorphism
of B and y|0,B (resp. y|0-B) is the monodromy of K (resp. J)(k)). Part
2 follows from Lemma 1.2. O

Reference [10] defines J* for certain (possibly nonfibered) knots in S! x D?,
and proves that J(J*(0)) is slice. It also shows that J(J*) C S! x D? x 1 and
the core of S!' x D? x0 bound an annulus in S! x D? x I with no local maxima.
Hence, if k is a knot in S3, then J,(J(J*(k))) is ribbon concordant to J(k),
and in particular J(J*(0)) is a ribbon knot.

5

Given a homotopically ribbon, fibered knot, its closed monodromy extends
over a handlebody H. In §5.1, by using a torus decomposition of the knot
exterior a boundary pattern 4 is defined for H. Then, the fundamental results
Theorems 5.2-5.4 are stated in terms of (H, h). Lemma 5.10 reduces the
proofs of the theorems to the case when 4 is a useful boundary pattern in
the sense of Johannson [19]; then (H, k) has a characteristic submanifold. In
§§5.2, 5.3 we shall study the position of a characteristic submanifold for (H, h)
in the handlebody H, and prove Theorem 5.2. Sections 6 and 7 are devoted to
the proofs of Theorems 5.3 and 5.4, respectively.

5.1. Fundamental theorems. Let K;, 1 < i < n, be prime fibered knots
in homology spheres with fibers F;. Let K be the fibered knot K #-.-#K,
in a homology sphere M with monodromy f: F — F. Suppose that K is
homotopically ribbon. As in §3 define a set of simple loops, C, in F via a torus
decomposition of M — N(K) and isotop freldF so as to satisfy Lemmas 3.1,
3.2 (and 3.3 if M is a homotopy sphere). If n > 2, by Lemma 3.1, part 2 the
closure of the component of F — C containing 8 F is a disk with n punctures,

say D,,and f|D, =id. The components of F — D, can be identified with the
fibers F,, ..., F,. Define F to be the closed surface F Us D? and f = fuid,
which is called the closed monodromy of K .

We define A, a set of 2-submanifolds in F , as follows. Define By, (or
simply Bj) to be the closure of component of F-cC containing 8 F and call
this a base of hg . In particular, when n > 1, B, = D, Uy D?, so denote B,
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by D,. (This is an abuse of notation; D, is not a closed surface.) Then let

{the components of N(C), the components of F' — N(C), B}
if By is not an annulus (e.g., n > 2),
hgx = { {the components of N(C — §B;), the components of
— N(C - 0By), B}
if By, is an annulus (e.g., n = 2),

where F' = F — B, and N(---) denotes a regular neighborhood in F’ (Figure
3).

First 1sotop f relC so that f (hk) = hx . By Casson and Gordon [4, The-
orem 5.1] f F — F extends to an automorphism ¢ of a handlebody Hg,
say. Then hg is a complete boundary pattern of Hx and ¢ is an admissible
automorphism of (Hk, hk) in the sense of Johannson [19, p. 19].

For a component S € hx — {B,} define the root component 8,S of 8S to
be the component of 85 separating B, from the other components of 8§ in
O0Hk . For S € hg let m be the least positive integer such that f™(S) = S
We call f™|S:S — S the adjoint automorphism of S, and denote it by fs.
These are natural extensions of the definitions of a root boundary component
and an adjoint automorphism for the closure of a component of F — C in §3.
Let us deform f by using the lemmas in §3.

FiGuURE 3. The boundary pattern of 4
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Proposition 5.1. After an isotopy f: (F , hg) — (F , hx) satisfies the following.
Let M denote the ambient manifold of K .

1. jf(hK) = hg; fjAf id for any annulus component A € hy — {By}.

2. f(By) =By, fIDy=1id.

3. Forany S € hx —{By} fs: S — S is irreducible or isotopic to a periodic
map.

4. (a) Take R, (#)S € hx—{By} adjacent to the same annulus component
A € hg — {By}. If f* preserves RUAUS for some k > 0, then
f¥IRUAUS is not isotopic to a periodic map on RUAUS.

(b) If n > 2, then (a) holds also when R or S = D, .

5. If M is a homotopy sphere, then for any S € hx — {By} fs is either
the identity on a punctured disk, or irreducible and not isotopic to the
identity. )

6. If M is a homotopy sphere, then for any S € hx — {B,} fs: (S, 8,S) —
(S, 8,S) is the monodromy of a fibered knot in a homotopy sphere with
unknotted holes Y (say), so that 8,S = 0.S. Moreover, if M = S3,
then Y is the exterior of a trivial link in S3.

Proof. These are direct consequences of assertions 1-6 in Lemmas 3.1-3.3. We
only remark on the exclusion of B, . Let B; be the closure of the component
of F — C containing dF ; then B, = B, U D?. In general, even if f |B}, is
irreducible (resp. not isotopic to a periodic map), f | By is possibly reducible

(resp. isotopic to a periodic map). But both f|B; and f |B, are the identity
when n > 1 (cf. part 4(b)). O

Here we can state our fundamental theorems.

Theorem 5.2. Let K,,..., K, (n > 2) be prime @ered knots in homology
spheres such that K = K\#---#K, > 0. Define Hx, D, as above.
1. Assume that BHK—ﬁ,, is incompressible in Hyx . Then {1, ..., n} can

be paired into [15.,{is, js} such that
K #K; >0 foralls.

2. There are (possibly composite or trivial) fibered knots K;, 1 <i<n, in
homology spheres satisfying the following.
(@) K;>K; and K' =#_,K; >0.
(b) K' satisfies the assumption in part 1, i.e, 0Hg — D; is incom-
pressible in Hg: where | is the number of factors in the prime
decomposition of K'.

For a composite fibered knot in a homotopy sphere, we can obtain finer
results under a weaker assumption stated in terms of the boundary pattern hx .
Specifically, the assumption of Theorem 5.2 part 1 is stronger than needed in
this case. X

A component S € hx is reducible if fg: S — S is reducible. If S is not an
annulus and fs is isotopic to the identity, then S is called a rivial component
of A. For nonannulus components Sy, S, of hx —{B;} take the fibered knots
Jo, Ji with monodromies fs,: (S;, 8,S;) — (Si, 8,S;). We write §; = S} if
Lh=2J5.
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Theorem 5.3. Let K,,..., K, (n > 2) be prime fibered knots in homotopy
spheres such that K = K\#---#K, > 0. Define F;, 1 <i<n, Hg, hg, D, as
above. Assume that each nontrivial component of hg is incompressible in Hy .
Then the following hold.

1. For each i, 1 < i < n, there are prime fibered knots Kj’ 1<j<
n(i), in homotopy spheres (or S* if K; is a knot in S*) such that
K > #% K! and {Ki}; ; can be paired into [ {K}, Kj'é} such that
Ki= —K;% .

2. Suppose that some K;, does not have a satellite presentation J(k# — k)
or JJ(J(J*(k))) where k 0 and J % (S' x D?, S! x 0). Then we
may choose n(ip) =1 and K;, = Kf" in part 1. The second assumption

can be replaced by the following: there are no Sy, Sy € hx N F;, such
that So and S, are adjacent via an annulus, and S, = S .

Remark. It is not difficult to see J(k# — k) > J(0). Proposition 4.1 shows
Ji(J(J*(k))) > Ji(k). (In each inequality, if the first knot is in S3, so is
the second one and “> ” is ribbon concordance [11].) These facts justify the as-
sumptions in part 2. In fact, #; K J' in part 1 is obtained from K; by performing
these two types of reductions repeatedly.

Theorem 5.4. Let K = J(k) be a fibered knot in a homotopy sphere such that
K>0, k0, and J is a cable of S' x D*. If each nontrivial component of
hx is incompressible in Hy , then J = (S' x D, S! x 0), a trivial cable.

Remark. Theorem 5.4 does not necessarily hold for a cable knot in a homology
sphere. Let N be the homology sphere obtained by a —%-Dehn surgery of S3
on the figure eight knot. Let k£ denote the core of the glued solid torus, and
K (C N) the (2, 1) cable of k. Then the closed monodromy of K extends
over a handlebody with the assumption of Theorem 5.4 satisfied. For the proof
see Example 3 in §8.1.

Proof of Theorem 5.2, part 2. Take a maximal compression body B of

dHx — D, in Hyx. Now OHg — D, is the disjoint union of the fibers of
K;, 1 <i < n,so B consists of n compression bodies B;, ..., B, such
that 8, B; = F;. Since B is maximal, d_B; is incompressible in Hg , hence
O0_B; has no closed surface components. This implies that d_B; is connected
for each i. Recall that we denote by ¢ an extension of the closed monodromy
of K over Hg. The maximality of B implies that ¢(B) = B after an iso-
topy, so that ¢(B;) = B;. Let K; be the fibered knot in a homology sphere
with monodromy ¢|0-B;. By Lemma 1.2 ¢|B;: B; — B; induces a homo-
topically ribbon concordance K; > Ki. Let H = Hg — B. Then @p|H' is an
automorphism of the handlebody H' and ¢|0H' is the closed monodromy of
the fibered knot #, IK, , therefore #" K; >0 (assertion (a)). We have already

shown that dH' — D,, = [[,8-B; is incompressible in H’, implying assertion
(b). O

Our main task is to prove Theorem 5.2, part 1, and Theorems 5.3 and 5.4.
We first see that several results in the Introduction are immediate consequences
of these theorems.
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Theorem 5.5. Let K, ..., K, be prime fibered knots in homology (resp. homo-
topy) spheres M; such that K = K \#---#K, > 0. If each K; satisfies either
condition 1 or 2 below, then {1, ..., n} can be paired into 15, {is, js} such

that K; #K; >0 (resp. K;, = -Kj)).

1. K; is minimal with respect to “<” among all fibered knots in homology
spheres.
2. Thereisno f(t) € Z[t] — {t*}x such that f(¢)f(t™")|Ak,(2).

Proof. By Lemma 1.2 each of conditions 1 and 2 implies that the monodromy
of K; does not extend over a nontrivial compression body B with 6_B con-

nected. From the proof of Theorem 5.2 part 2 0 Hy — 13,, has a trivial maximal
compression body, hence it is incompressible in Hg . Applying Theorem 5.2
part 1 to K proves Theorem 5.5 for knots in homology spheres. Now suppose
all M; are homotopy spheres. If each K; is minimal, by the remark just after
Theorem 5.3 K; cannot have the satellite presentations precluded in the hy-
pothesis of Theorem 5.3 part 2 for any i. Then, applying Theorem 5.3 part 2
to K gives the desired pairings. To complete the proof let us show condition 2
implies condition 1. Suppose K; does not satisfy condition 1. Then K; is ho-
motopically ribbon concordant to some fibered knot L with degAg, > degAL
(cf. the proof of Lemma 1.1). Hence by [1, p. 541] Ak,(¢) is divisible by a
nontrivial Laurent polynomial f(¢)f(t~!), violating condition 1. O

Theorem 5.6. Let K be a (possibly composite) nontrivial fibered knot in a homol-
ogy (resp. homotopy) sphere such that nK > 0 for some n > 0. If K satisfies ei-
ther condition 1 or 2 in Theorem 5.5, then 2K > 0 (resp. K is —amphicheiral) .

Proof. Without loss of generality assume that n is even. (If necessary, take
2n.) Let K = kj#---#k; be a prime decomposition of K. Then each k;
satisfies condition 1 or 2 in Theorem 5.5. Before applying Theorem 5.5 to
nK, identify a set of [/ vertices V = {1,...,/} with {k;,..., k}. The
pairings given by Theorem 5.5 yield a set of unoriented edges E for V by
connecting i and j € V such that k;#k; > 0; the degree of each vertex
is n. In other words, (E, V) is an n-regular graph. By Petersen’s theo-
rem [16, p. 36] even regular graphs are 2-factorable. This means that the 2/
knots ki, ki, k2, ka2, ..., k;, k; can be paired into Hi=1{ki: , kj,} such that
ki#k; > 0. Therefore 2K > 0. Now assume that K is a knot in a homo-
topy sphere; then k; = —k; . If i; # j; for some s, then K is not minimal,
contradicting conditions 1 and 2. It follows k; = —k; for 1 < i <[, hence
~_K. O

The following question, an analog of the ribbon-slice problem, is a slight
modification of Question 4.22(B) in [21].

Question 5.7. Let K be a knot in a homology sphere M . Suppose that M
bounds a contractible 4-manifold ¥ and K bounds a disk in V. Then, is K
homotopically ribbon?

An affirmative answer to this question improves Theorem 5.6 dramatically.

Theorem 5.8. Let K be a fibered knot in a homology sphere such that nK > 0
for some n > 0. If Question 5.7 has an affirmative answer, then 2K > 0.
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Corollary 5.9. If Question 5.7 has an affirmative answer and the 4-dimensional
Poincaré conjecture holds, then the order of a classical knot concordance class
represented by a fibered knot is 1, 2, or oo .

Proof of Theorem 5.8. Let M be the ambient manifold of K. By Lemma 1.1
there is a fibered knot K’ in a homology sphere M’ which is minimal among all
fibered knots < K. Let V' be a homology 4-ball such that 0V = nM and nK
bounds a homotopically ribbon disk in V. Let W be a 4-manifold such that
OW =nM[[n(-M'), nK >nK' in W. Set X* =~V Unps W. Since (1 =)
(M) - n; (V) and n;(M) — m(W) are surjective, X* is contractible. The
fibered knot nK’ bounds a smooth disk in —X*. The theorem’s assumption
implies nK’ > 0. Therefore, Theorem 5.8 follows from Theorem 5.6. O

Our first step toward Theorems 5.2-5.4 is to prove the following lemma.

Lemma 5.10. The proofs of Theorems 5.2, part 1, 5.3, and 5.4 reduce to the case
when every component of hyg is incompressible in Hy .

Proof. We first show the assertion about Theorem 5.3. Suppose that Theorem
5.3 holds for K if every component of hx is incompressible in Hg. Let
a(K) = |hg|. We then prove Theorem 5.3 by induction on a(K). Since n > 2,
a(K) > 3. When o(K) = 3, hgx contains only nontrivial components, hence
Theorem 5.3 holds in this case.

Take a fibered knot K = K #---#K, satisfying the assumption of Theorem
5.3. Assume that Theorem 5.3 holds for all K’ such that o(K’) < a(K).
Without loss of generality there is a trivial component, S, of hx compressible
in Hg . By Proposition 5.1 parts 4 and 5 trivial components cannot be adjacent
to each other via annuli. Combining this with the theorem’s assumption, we see
that a boundaronf a compression disk D for S is not parallel to 8S in 0H .

Case 1. S = D, . The above observation implies n > 2. Without loss of gen-
erality, on 9 Hg the circle 8D separates 0 Hy — ﬁ,, = ]_I;;, F; into Fy, ..., F
and Fj,,,..., F,,where 1 </<n-1. Isotop gpreld Hx soasto fix D. Then
the closure of components of Hx — D consists of two handlebodies H; and
H, . The induced automorphisms, ¢;, of O H; are the closed monodromies of
# K, =L, and #),,K; = L,; note that h;, — {B1,} C hx — {D,}. Then for
i=1,2 wehave L; > 0, a(L;) < a(K) and every nontrivial component of
hy, is incompressible in H;,. By the induction hypothesis Theorem 5.3 holds
for L; and L,, and hence for K.

Case2. S # D, . Let s =|0S|—1 (> 1). Without loss of generality S C F; .
Then K, has a satellite presentation Jy(k#---#k;) where k; is a prime knot.
Note that J, is prime, for K, is prime. Since {8¢’(D)}; is a set of disjoint
simple loops in 8 Hg, after an isotopy {¢‘(D)}; consists of disjoint disks in
Hg . Cutting Hg along |J; ¢'(D), we obtain handlebodies Hy, H,, ..., Hy
such that ¢(Hy) = Hy; then ¢™(H,) = H,. Without loss of generality we see
that ¢|0H, (resp. ¢™|0 H,) is the monodromy of Jo(ki# - - - #k)#K #-- - #K, =
K', say, (resp. kj, #---#k; = L, say), where 1 </ < s. Hence, by Casson
and Gordon [4, Theorem 5.1] K’ > 0 and L > 0. Since the boundary patterns
hg:, hy are induced from hg , it follows that a(K’) < a(K), a(L) < a(K),
and both hx: and h; satisfy the assumption of Theorem 5.3.

A regular neighborhood, B, of F; U (U;’;l H;) in Hg is a compression
body such that ¢(B) = B, 8,B = F,, and d_B is the fiber of a prime knot
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Jo(ki#---#k;) = K|, say. It follows from Lemma 1.2 that K, > K. Apply-
ing Theorem 5.3 to K’ shows that Theorem 5.3, part 1 holds for K. Next
suppose that K satisfies the assumption of Theorem 5.3, part 2; then so does
L = k;, #---#k;. By applying Theorem 5.3, part 2 to L, we obtain —k; = k;
for some /+1 < j <s. Therefore K| has a presentation J(k# —k;) for some
J , a contradiction. Theorem 5.3, part 2 holds for X .

The assertion about Theorem 5.2, part 1 and Theorem 5.4 can be proved by
the similar arguments. To prove the reduction of Theorem 5.2, part 1 (resp.
Theorem 5.4) it suffices to consider only Case 1 (resp. Case 2) above. This
completes the proof of Lemma 5.10. O

Therefore, to prove Theorems 5.2-5.4 we may assume that every component of
hg is incompressible in Hk . Let us see that hg is a useful, complete boundary
pattern in the sense of [19]. Suppose not; then there is an i-faced disk D,
1<i<3,in (Hg, hk). Since each boundary component of a surface in Ak is
separating in dHg, D is 1-faced or 2-faced. Recalling that every nonannulus
component of hg is adjacent to an annulus in Ag, isotop D so that 8D is
contained in a component of /g . Then such a component is compressible in
Hg , a contradiction.

Since Ak is useful, by [19, 9.4] (Hk, hx) has a characteristic submanifold
Xk , which consists of essential /-bundles and essential Seifert fibered mani-
folds. Define Ux to be the union of I-bundle components of Xx not homeo-
morphic to S! x D?, and let Vx = Xx — Ux . We shall see that Vx consists of
essential Seifert fibered manifolds. Since ¢ is an admissible automorphism of
(Hg, hk), ¢(Xg) is also a characteristic submanifold for (Hg, hg). By [19,
10.9] we can isotop ¢ admissibly with respect to hx so that ¢(Xkx) = Xk.
After this isotopy, we have ¢(Ukx) = Ux, ¢(Vx) = Vkx. For simplicity let
H,h,X,U,V denote Hy, hx, Xx, Uk, Vk respectively.

In the next two subsections we shall study the position of U and V in the
handlebody H. We shall use the terminology of Johannson [19]. Refer to
[19] for the definitions of essential surfaces, admissible I-bundles, admissibly
parallel, complete manifolds, etc.

5.2. Positionof U and V (1). Let K be a fibered knot in a homology sphere
such that K > 0. Define n, f, ¢,B,,,5,,,H,h, X,U,V asin §5.1; in
particular, we assume that 4 is a useful boundary pattern. At the end of this
subsection the proofs of Theorems 5.2-5.4 reduce to the case when U contains
no annulus components of 4 — {B,}.

Lemma 5.11. 1. Each component of Fr X is an essential annulus in (H , h) such
that each boundary component separates 8 H. Furthermore, each component of
Fr X separates H .

2. V consists of essential Seifert fibered manifolds in (H, h).

Proof. Let M be a component of X . If M is an essential Seifert fibered man-
ifold, then Fr M consists of essential annuli or essential tori by the definition.
Since a handlebody contains no essential tori, each component of Fr M is an
essential annulus. Suppose that M is an I-bundle. If Fr M contains a compo-
nent other than an annulus, then for some S; in 2 dM NS; contains a square
component connecting the lids of M . Let S, be a component of # containing
one of the lids of M ; then S, cannot be an annulus. Since S, is adjacent to
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S1, Sy is an annulus. By part 2 of 10.6 of [19] the characteristic submanifold
X contains the annulus component of 4 entirely, hence S; is not an annulus,
a contradiction. Thus Fr X consists of annuli.

Let N denote the ambient manifold of K. Let ¢ be a component of
d(Fr X), an essential simple loop in dH . Since ¢(X) = X, for some posi-
tive integer k we have ¢*(c) = ¢. Thus ¢ is a component of the intersection
of F and the torus (Uf;l ¢'(c)xI)/p in N—N(K). Since this torus separates
N, the union of simple loops Ule ¢'(c) separates F. If k = 1, the simple
loop ¢ separates F . If k > 1 and c is nonseparating, then homology calcula-
tion shows H;(N) has a nontrivial torsion element, contradicting the fact that
N is a homology sphere. Thus ¢ separates F .

Let A be a component of Fr X . Then  H —9A has three components. Let
G be the union of two components of 9 H — 8A each of which has only one
boundary component. If 4 did not separate H , then there would be a loop in
H meeting the closed surface GU A4 in a single point. Since H c S3, this is a
contradiction. This completes the proof of part 1.

Let M be an I-bundle component of X homeomorphic to S! x D?. By part
1 MNOH consists of tori or annuli. Thus we may regard M as an essential
Seifert fibered manifold in (H, &), completing the proof of part 2. O

Lemma 5.12. If T is a component of the lids of U, then T is contained in a
nonannulus component, S, of h such that T is isotopicto S in 0H,or T is
contained in a reducible component of h.

Proof. By the definitions of U and an admissible I-bundle each component
of the lids of U is contained in a nonannulus component of /. Suppose that
S is an irreducible component of %, and T is one of the lids of U contained
in S. Then T is a component of X NS. Note that (J,(fs)'(8T) consists of
pairwise disjoint, essential simple loops in S and is kept invariant under the
adjoint automorphism fs. Hence UJ;(fs)(8T) is isotopic to 85, so that T is
isotopicto S in 6H. 0O

Lemma 5.13. All components of U are admissible product I-bundles.

Proof. Suppose that a component Uy of U is a twisted I-bundle. Let T be
the lid of Uy. Then (UynNndH)— T is a (possibly empty) set of annuli each
of which connects different components of 47T . If there is an annulus, then
some component of 8T is nonseparating in dH , contradicting Lemma 5.11.
It follows that UyNndH = T, which is connected. Since each component of 8T
separates 0 H , each component of Fr U, is separating in d(H — Up). Hence
Uy (C H) satisfies the hypothesis of the lemma below.

Lemma 5.14. Let M be a 3-manifold in a handlebody H such that Fr M con-
sists of separating incompressible annuli each of which does not separate 0 M

but 8(H—- M). Let ay, ..., a, be the cores of components of FrM . Then
M is a handlebody such that {o,, ..., am} is primitive, i.e., there are disjoint
disks Dy, ..., Dy in M such that | nDjl = 5,'].

The proof of Lemma 5.14 is deferred until after the proof of Lemma 5.13
we are in. Identify U with a twisted I-bundle S x,I where S is a connected
nonorientable surface. It follows from Lemma 5.14 that the set of cores of
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Fr U is primitive for the handlebody U,. Then each component of 3§ x, {%}
represents a generator of H;(S x,I), absurd. Lemma 5.13 is proved. O

Lemma 5.14 is one of the key lemmas in this paper. It is unnecessarily strong
for proving Lemma 5.13, but we shall need it essentially in §5.3.

Proof of Lemma 5.14. Let Ay, ..., A, be the components of Fr M such that
the core of A; is «;. Identifying 4; with (S! x I); (a copy of S! x I),
let B; = (y x I); where y is a half circle of S!. Let M,, ..., M,, be the
components of H — M. Denote the copy of 4; in H—- M by A}; then A
separates O M;. Also denote the copy of B; in M; by B] (1 <i < m). Let
H' be the 3-manifold obtained from M and M;, 1 < i < m, by pasting B;
to B; for all i naturally. Then H = H'U|J, h; where h; is a 2-handle
with h; N H' = A; — B; U A} — B} . Note that for any subset C of {1,..., m}
the manifold H' U |J;cc h: is homotopy equivalent to the disk sum of H” =
H —UiecMi and all M;, i ¢ C. Since A4; is incompressible in H, the
groups my(H"), n;(M;) and m,;(M) are subgroups of the free group n,(H).
Hence H'U (U,cc hi) is a handlebody for any C, and sois M.

Let ¢;, ..., cm (C OH') denote the attaching circles of the 2-handles A; such
that |c; N Bj| = 20;;. Then, by [14, Theorem 1] we see that {c;, ..., cn} is
primitive for the handlebody H’. Take disjoint disks D, ..., D,, in H' such
that |c;NdDj| =4;j, c;NdDj c M, and |(UB;) N (UDj)| is minimal among
all sets of such disks. Let us show |JD; c M, which completes the proof.
Suppose not; then there is an arc #, a component of B; N D; for some i, j.
Assume that B bounds a disk A in B; with ANc; = @. Compressing |JD; in
H' via A yields a set of dual disks for {c;} which has fewer intersection with
UB; than |JD; has, a contradiction. Hence, after an isotopy of |JD;, B;ND;
consists of arcs p x I (C B;) where p € y (cf. Figure 4).

Without loss of generality let (| B;)ND; # @. Consider the components of

FIGURE 4
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Dy —JB; in D; and let E be the closure of an outermost one in D; such that
(%) ¢iNOE =2 foralli.

The existence of E 1is guaranteed by |(Uc;)NdD;| = 1. The arc 0E — 9D,
is contained in some B, ; it follows that |a; NAE| = d;,; for all j. Note that
E Cc M or E C M;,. However the latter implies that the components of 8A§°
are connected by the arc dENJD; in dM,,, a contradiction. Hence, E C M .
Let E’ be the closure of the component of D; — |JB; adjacent to E. Then
E' Cc M;, and OF' - 8D, C Bj,. Since c;ND; C M, dE’' — dD; consists of
more than one arcs in B;, . Therefore some component of dE’ —9D; does not
bound an outermost disk of D; — |JB; with the property () above. In other
words we have shown the following.

Assertion. Let & be the set of arcs Bj, N (JD;). Let &' be the subset of &
such that each B € &' bounds an outermost disk of Dj —\JB; in some D;
which does not meet any c;. Then €' + @ and € - €' + 2.

We shall deduce a contradiction from Assertion. Under an identification
Bi, 2 Ix1I each arcin & is x x I for some x and a;, N B, =Ix §. It
follows from Assertion that there are B; = x; x I € €, i = 1, 2, such that
PLe®', B —%', and no elements of & are in (x;, x;) x I (without loss
of generality x; < x). Set D = (x;, x3)xI . Suppose that Dj, contains g for
k=1,2. Let E; be the closure of the outermost disk of D; —|JB; bounded
by B; such that (Jc;)NE; = @. Let E; be the closure of a component of
Dj, — B, meeting c;,. Let Dj = EyUDUE, and push it off D; and D.
Then [(UB:;)ND)| < |(UB:)NDj|. Define D; = D; if i # j,. The disjoint
disks D}, 1<i< m,satisfy ¢;N BD; =¢;NOD; forall i, j and have fewer
intersections with |JB; than |JD; has. This is a contradiction, completing the
proof of Lemma 5.14. O

Lemma 5.15. The Seifert fibered manifold V in (H, h) satisfies the following.

1. V consists of solid tori with V N8 H longitudinal annuli in V .
2. No pair of components of V NOH are isotopic to each other in H .
3. Let T be a component of V NOH . Then one of the following holds.
(a) T is a regular neighborhood of an annulus component of h.
(b) T is contained in a reducible component, S, of h such that the
core of T is not parallel to S in 0H .

Proof. Let ¥y be a component of V. Each component of Fr¥; is nonsep-
arating in 8V, . Since each component of d(FrV;) separates 0 H , there is a
component N of H — ¥V, such that the annulus 49 = N NV, separates N .
Note that ¥, U N is a handlebody, and ¥} satisfies the hypothesis on M in
Lemma 5.11. It follows that ¥, is a solid torus with Ag longitudinal in 7},
completing the proof of part 1.

Assume that there are two components 7, T, of ¥V N dH whose cores
are parallel in OH. Let A be an annulus component of dH - T1UT,. If
ANU # @, A contains at least one of the lids of U. Then some component of
U is an I-bundle over an annulus, a contradiction to the definition of U . Hence
ANU = @ . With an adequate boundary pattern, V' = VUN(A4) (where N(---)
is a regular neighborhood in H) can be an essential Seifert fibered manifold in
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(H, h) which is disjoint from U. Since X = UUV is full [19, p. 85], so is
U uV’. However the complexity [19, p. 84] of U U V' is greater than that
of X, contradicting X being a characteristic submanifold. This completes the
proof of part 2.

Since ¢(V) =V, 8(VNAH) is an invariant 1-submanifold of H under
¢ .If S (€ h) is not a reducible component, then the adjoint automorphism of
§ is irreducible. Hence (V' NdH) NS consists of simple loops in S parallel
to 0.5 . Part 3 of Lemma 5.15 follows from the observation above and claim
below. O

Claim. Let A be an annulus component of 4, and T be a component of
VNOH isotopicto A in 8H. Then T is a regular neighborhood of 4.

Proof. Assume that T 2 A. By part 2 of Proposition 10.6 of [19] X D 4, so
that ANT = @. As in the proof of part 2 we have just proved, if ANU # @,
then U has a component homeomorphic to S! x D2, a contradiction. It follows
that A C V. Then T is isotopic to the component of ¥ N9 H which contains
A, contradicting part 2. O

The following lemmas show that the position of U is closely related to V.

Lemma 5.16. Let o, B be components of FrU, FrV respectively. If there is
an annulus A in OH such that 8A consists of a component of da and a
component of 0, and ANV C 8A, then o is admissibly parallel to B .

Proof. As in the proof of Lemma 5.15 we have ANU = @, hence ANX =9A4.
Pushing A4 into IntH with AN X = A4, we obtain an essential annulus in
(H', k'), where H = H— X and A’ is the boundary pattern of H’ induced
from h (cf. [19, p. 90]). By the completeness of a characteristic submanifold
[19, 10.10] ¢ and B cobound (an annulus) x I. O

Lemma 5.17. Assume that U does not contain any annulus components of h —
{Bn}.
1. VNOH contains all annulus components of h — {By} .
2. Let o be acomponent of Fr U such that a component of da is contained
in an irreducible component of h. Then a is admissibly parallel to
FrV.

Proof. Part 1 follows from the fact that every annulus component of 4 is con-
tained in U or V. We obtain part 2 by using Lemma 5.16 with an aid of part
1 and Lemma 5.12. O

The following general lemma seems to be folklore. The proof given below
exploits a uniqueness of Seifert fibration.

Lemma 5.18. Let S be connected, orientable surface. Let S| (# D*, S' x I) be
a connected 2-submanifold of S such that no component of S, bounds a disk
in S. Let f be an automorphism of S which preserves S\ and is periodic up
to isotopy. If there is an isotopy g;: S, — S1 of f|S) such that g, is periodic,
then g, extends to an isotopy f; of f such that f; is periodic.

Proof. Without loss of generality S # S;; then the Euler number of S is
negative. Let A, be an isotopy of f such that 4, is periodic. Set M =SxI/f
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and M, =8, x I/(f|S1). Give M (resp. M) the Seifert fibration induced by
the flow (h,(x), t), (resp. (g:(x), t);) . Deform the fibration of M so that o M,
consists of saturated tori. Then the Seifert fibration of M is (after isotopy) an
extension of that of M, , for a Seifert fibration of M, is unique up to isotopy.
We may assume each S!-fiber of M is transverse to each S x t. Then the
fibration of M gives the claimed isotopy. O

The lemmas below reduce the proofs of Theorems 5.3 and 5.4 to the case
when U does not contain any annulus components of hx —{B}; then Lemma
5.17 is valid.

Lemma 5.19. Let K, ..., K, be prime fibered knots in homotopy spheres such
that (1) K =K\#---#K, >0;(2)if n=1, K, isa (p, q) cable of a nontrivial
knot, where p > 1. Assume that hg is useful, and Ux contains an annulus
component of hx N F;, (C hk), where F;, (C 0Hg) is the fiber of some Kj,.
Without loss of generality assume ig = 1. Then the following hold.

1. There are Sy, Si € hx N Fy such that Sy and S, are adjacent via
an annulus and S, = S§. If Theorem 5.3 holds for fibered knots L
with a(L) < a(K), then K, has a satellite presentation J(k# — k) or
Ji(J(J*(k))) where J % (S' x D*,S' x0) and k #0.

2. There is a nontrivial (possibly composite) fibered knot K| such that K' =
K{#K#---#K, >0 and K, >K|. If n=1,K] isa (p, q) cable of a
nontrivial knot.

3. With K' as above each nontrivial component of hg: is incompressible
in Hy (C Hg).

4. With K' as above o(K) > a(K'), where o(K) = |hk]|.

Lemma 5.20. The proofs of Theorems 5.2, part 1, 5.3, and 5.4 reduce to the case
when Uy contains no annulus components of hx — {By}.

Proof of Lemma 5.19. Let Uy be a component of U containing an annulus
component, 4, of ANF;. Let Sy and S; be the two components of /4 adjacent
to A such that SNA =4,S;. Then S/ =UynS;, i =0, 1, are the lids of
U . Let m be the least positive integer such that ¢™(S;) =S;; then m is also
the least positive integer such that ¢™(Sy) = Sy . For simplicity let y = ¢™.

Claim. For each i (a) S; # By, (b) S/ is isotopic to S; in 0H .

Proof. Suppose So = B,. When n = 1, it follows from the irreducibility of
¢|B, (Lemma 2.5) that So = Sj, and hence ¢(Up) = Up. This implies that
¢(S1) =S| and p = |0B;| = 1, a contradiction. When n > 1, ¢|So = id, so
that ¢|Up ~id. By Lemma 5.18 ¢|SoUAUS, ~ id, contradicting Proposition
5.1, part 4. This proves (a). If some S; is not isotopic to S;, then S; is a
trivial component (Lemma 5.12, Proposition 5.1, part 5). Hence, y|U ~id.
A contradiction follows as above, so the claim is proved.

Proof of parts 1, 2. Let s+1 = |(0Sy—0,S0)/w| and J; be the fibered knot in
a homotopy sphere with s unknotted holes with monodromy w|(S;, 8,S;), i =
0,1. Identify Uy with S; x I so that S;NnUy = Sy xi for i = 0,1
and 4 = 8,S; x I. Then by part 1 of Proposition 5.1 y|4 = id. Iso-
top ¢ in a neighborhood of 9(Sp U 4 US;) so that y|S; N Uy is the mon-
odromy of J; for each i. The natural projection from S; x 0 to —(S; x 1)
gives a diffeomorphism g: So — —S; such that (1) g(8,So) # 0,51 and (2)
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go (y/|So)~o g‘i ~ —y|S;rel 9,5 . Since J, = 9, by part 6 of Proposition 5.1,
we have J, = Jp*, ie, $1=5;.

Note that ¢ permutes the set of handlebodies H — U; ¢/(Up) . Let H;, 0<
i < s, be representatives of the orbits such that B, ¢ Hy. Then F, N H; con-
sists of two components for each i > 0. Foreach 0 < i < s let T; be the
component of Fi N H; such that 7;,NS|, # @. For 1 < i < s let Ty,; be
(FinH;)—T; (Figure 5). Let m; (1 <i <s) be the least positive integers such
that ¢™i(H;) = H;, and let mg=m. For 0 <i <2s define k; to be the (pos-
sibly composite) fibered knot in a homotopy sphere with monodromy ¢™:|T;.
Define J; to be the fibered knot in a homotopy solid torus with monodromy
¢o|(FiNHy—Jo/(Ty), 0F;). It follows from S; # B, that whenn = 1, the
fiber of J; is not an annulus. Hence, J;(ko) isa (p, q) cable of a nontrivial
knot when n = 1. Now K; has a satellite presentation

Kl = Jl(JO(JO*(kO’ ey kS)s k.H-l 3 vy kZS))’
By Lemma 2.2 we may assume ¢™|FrH; = id. Hence ¢™|0H;, i > 1, is
the closed monodromy of k;#k;,;, which is > 0. Also ¢|dHj is the closed
monodromy of K’ = Jy(ko)#Ky#---#K,, whichis > 0. Let F] C 0H, be the

fiber of J;(ko), i.e., the component of dHy — D, containing 7; for all /. By
Lemma 5.14 the core of each component of the m annuli Fr H, is primitive
for H — Hy, which consists of m handlebodies. Hence, a regular neighborhood
of FfUH - Hy in H is a compression body with o_ = F/, 9, = F;. This
compression body induces K, > Ji(ko), so K| = Ji(ko) is the desired knot in
part 2.

Let us show the second statement of part 1. Since a(k;#ks,;) < a(K), we can
apply Theorem 5.3 to k;#k,,; for each i. Although k;, k;,; may not be prime

FIGURE 5. s = m = m; =1 and the fiber of J; is an
annulus
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knots, it follows that (1) k; & —k,,; or (2) at least one of these knots has a
satellite presentation in Lemma 5.19, part 1. (2) implies that K; also has such
a presentation. If (1) is the case, let J be the fibered knot whose monodromy
is the restriction of y to (So U (U; UZ, 41 9/(Ty)), 8:S), a surface with two
boundary components. Then K; = J,(J(J*(kp))) as stated in part 1.

Proof of parts 3, 4. Write H' = Hk: (= Hp in the proof of part 2). Let us
consider the boundary pattern hg. . It is clear that every component of Ag in
F;, i>1,is contained in A, and hence incompressible in H’. To go further
choose Gy, G; € hxy N H' as follows. Let G, be the nonannulus component of
hx N H' such that §,G; is parallel to (a component of) 4S; in 0H . If B, is
an annulus and 8,5y C By, let Gy = B, . Otherwise, let Gy be the nonannulus
component of hx N H' such that 9.5, is parallel to dGy. Let A’ be the
annulus in dH’ bounded by G, and Gj. Note that y|4’ =id. Let k be the
least positive integer such that ¢*(Gy) = Go. Let T = GoU U, 9% (4' U G)).
Note that T is connected, and either ¢*(T) = T or ¢'(T)NT = @ for each
i. Each component of hx in dH'—|J,¢*(T) is a component of hg: and
incompressible in H’. Let us determine hg: N T .

Case 1. T ¢ hg . If Gy is an annulus, then hx: N T consists of Gy and
the components of ¢(4’ U Gy), i > 0. Otherwise, hx: N T consists of the
components of ¢/(Go), ¢'(4"), ¢(Gy), i > 0. It follows that a(K) > a(K')
and each nontrivial component of Ag: is incompressible in H’.

Case 2. T € hg:. We claim that T is a trivial component of Ag: . Since
G, is not an annulus, the adjoint automorphism of T, ¢*|T , is reducible. Let
T' be T minus the disk bounded by 8F' where F’ (C 8H') is the fiber of
K'. (T’ is possibly equal to T.) Since ¢*|T is reducible, so is ¢*|T’. Then,
Lemma 3.3 part 5 implies that ¢*|T’ ~id, so that T is a trivial component of
hx: . Hence, each nontrivial component of Ay is incompressible in H’ and
a(K") < a(K). This completes the proof of parts 3 and 4. O

Proof of Lemma 5.20. Let K be a composite fibered knot in a homology sphere
satisfying the assumption of Theorem 5.2. Suppose that hx is useful and some
component Uy of Uk contains an annulus 4 in hx — {B,}. If A4 is not
adjacent to By, then 8Uy N (8 Hx — By) consists of the two lids of Uy and
(a nonempty set of) annuli connecting them. It follows that 8 Hx — By, is
compressible in Hg , contradicting the assumption of Theorem 5.2, part 1.
Hence A is adjacent to B, = D,, so that ¢|Uy ~ id. By Lemma 5.18 this
contradicts Proposition 5.1 part 4. Hence, Ux contains no annulus components
of hK - {Bh} .

Let K = K #---#K, be a fibered knot in a homotopy sphere satisfying the
assumption of Theorem 5.3. Suppose that if hg is useful and Ux contains
no annulus component of hx — {B;}, then Theorem 5.3 holds for K. We
prove Theorem 5.3 by induction on «(K) just as in the proof of Lemma 5.10.
Without loss of generality assume that sg is useful and Uk contains an annulus
component of hx N F; where F; is the fiber of K; in 0Hg. Assume that
Theorem 5.3 holds for every L with a(L) < a(K). Let K| be the knot obtained
by applying Lemma 5.19, part 2 to K. Then K' = K{#K,#---#K, satisfies the
assumption of Theorem 5.3 and a(K’) < a(K). By the induction hypothesis
Theorem 5.3 holds for K’. Since K; > K|, this implies that Theorem 5.3,
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part 1 holds for K even if K| is composite. Let us see that Theorem 5.3, part
2 holds for K. Assume that for some i, either hx N F;, or K, satisfies the
assumption of part 2 of Theorem 5.3. It follows from Lemma 5.19, part 1 that
ip # 1. Then, applying Theorem 5.3, part 2 to K’ proves that the theorem
holds for K.

The reduction of Theorem 5.4 can also be proved by induction on «(K).
We leave this to the reader as an exercise. This completes the proof of Lemma
520. O

5.3. Positionof U and V (2). Fora homotopically—rilA)bon fibered knot K in
a homology sphere, define n, f,9, H, h, U,V , B,, D, asin §5.1; in partic-
ular, A is a useful boundary pattern. We do not necessarily assume that (1) U
contains no annulus components of 72— {B;,}. We first show that if n > 2, then
(2) component of FrV is parallel to an annulus component of 4. If n > 2,
assertions (1) and (2) contradict each other (Lemma 5.22). Hence the proof of
Theorem 5.3 reduces to the case n = 2, and the proof of Theorem 5.2 part 1 is
completed. We then study the position of FrV in H , which almost determines
that of FrU by Lemmas 5.16 and 5.17.

Let us recall one result of [19]. By the completeness of the characteristic
submanifold X, H — X consists of simple 3-manifolds and (annuli) x I (cf.
Example 3 of [19, p. 158]). An admissible automorphism of a simple 3-manifold
is admissibly isotopic to a periodic map [19, Proposition 27.1].

Lemma 5.21. Let o be a component of FrV . If o is parallel to an annulus
A € h, then the following assertions 1 and 2 hold.
1. ¢k preserves S\UAUS, for some k where S| (#) S, € h are adjacent
to A, and ¢*|S;UAUS, is isotopic to a periodic map.
2. Either A= By, or A is adjacent to B, and n=1.

Proof. Let V¥, be the component of V' containing «; then Vg is a regular
neighborhood of 4 in H.

Claim. No component of 8(FrU) is parallel to a component of da in 0H .

Proof of Claim. Suppose that there is a component of U, U, say, such that
some component of FrUj, f# say, has a boundary component parallel to da
in O0H. Then such a component of 8§ isin S; or S,. By Lemma 5.16
a and B cobounds 3-manifold W = fxI in H. Now UpUW UV, is an
essential /-bundle in (H, ) which cannot be admissibly isotoped into X, a
contradiction. Claim is proved.

Let 0ja = 0anS; for i = 1,2. Let S be the component of S; — X
containing d;a.. Then §; is not an annulus from Claim above and the fact that
no component of d(FrV) but &a is parallel to dja. Set §' =S{UaUS;).
Since ' C H— X and S; is not an annulus, S’ is contained in the boundary
of a simple manifold component of H — X . Hence, for some k, ¢k(S') =S’
and ¢k|S’ is isotopic to a periodic map leaving Si,a, and S; fixed as sets
respectively. Let A’ = VynOH . Since a is parallel to A’, the above statement
about ¢* remains true with S’ (resp. a) replaced by S} U A’ U S} (resp. A').
Lemma 5.18 then implies that ¢*|S; U AU S, is isotopic to a periodic map as
claimed in part 1.

Proposition 5.1, part 4 implies that 4 = B,,or n =1 and A is adjacent to
B, . This completes the proof of part 2. O
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Lemma 5.22. At least one of the following holds.

1. U contains an annulus component of h .
2. Some component of FrV is parallel to an annulus component of h .

Proof. Assume that neither 1 nor 2 above holds. Take a compressing disk D
for 0H in H such that |[DNFr V| is minimal among all such disks. Let A be
an outermost component of D — FrV in D. If the disk A is contained in a
component Vy, say, of V', then Fr}; is an annulus parallel to Vo NdH . The
annulus VyNd H is either a regular neighborhood of some annulus component of
h or contained in a component of 4 (Lemma 5.15 part 3). The former implies
assertion 2; the latter contradicts Fr V' being essential in (B, #). Hence AN
Int V' = @ . Since assertion 1 is false, " N H contains all annulus components
of h (Lemma 5.17, part 1). It follows that the arc JAN &D is contained in
some component of #, contradicting the fact that Fr ¥V is essential. O

Proposition 5.23. If Ux contains no annulus components of hx — {By}, then
n =1 or 2. In particular, the proof of Theorem 5.3 reduces to the case when
n=2, hg is useful and Ux contains no annulus components of hx — {D}.

Proof. Suppose n > 2;then B, is not an annulus. Thus, assertion 1 in Lemma
5.22 is not satisfied. Lemma 5.21 implies that assertion 2 is not satisfied. This
contradicts Lemma 5.22. 0O

The lemma below can be proved by a similar argument, so the proof is omit-
ted.

Lemma 5.24. Suppose that U contains no annulus components of h—{B,}.
If n =2 and D2 C V', then the component of V containing D; isa regular
neighborhood of D, .

Proof of Theorem 5.2, part 1. The results follow from Lemma 5.20 and Propo-
sition 5.23. 0O

For a separating, simple loop / in 0 H let [/] denote the (possibly empty)
component of 8 H — [ which is disjoint from B, . Let /;, [, be essential sep-
arating simple loops in dH . We define a relation “<” as follows: [} < [, if /;
is isotopic to some [/, i=1,2,in 8H such that /; C [/{].

Lemma 5.25. Let A, and A, be disjoint, essential, separating annuli in H. Let
0A=ciUc, and 8 Ay = c3Ucy. If ¢c3 separates ¢, from ¢, in OH, then so
does c4. In particular, if ¢y < c3 < ¢y, then ¢; <c3<¢y.

Proof. Suppose for a contradiction that ¢; does not separate ¢; and ¢;. Then
there is an arc a; in 80 H which connects ¢; and ¢, meets c¢3 transversely
in a single point, and a; Ncy = @. Take an arc a, in A, with da; = da,
and set ¢ = a; Ua,. Push the simple loop ¢ slightly into Int H. Then ¢
meets the closed surface S U A4, transversely in a single point, where S is the
submanifold of 8 H bounded by ¢3 and ¢4 . This is absurd, for SUA4; and ¢
can be considered to be in S3. O

Assuming that U contains no annulus components of 4 — {B,}, intro-
duce the following notation. Let S be a nonannulus component of /. Let
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{618, ..., 3,8} denote the set of components of 4.5 if S = By, or the set of
components of 35 —8,S if S # B,. Forevery i, 1 <i<p, there is exactly
one component «;, say, of Fr V' such that one component of dq; isin S and
parallel to §;S (Lemmas 5.15 and 5.17). Let dya; denote such a component,
and 8,a; the other component of da;. We say that a; is associated to ;S .
Let S;, 1 < i < p, denote the nonannulus component of 4 such that 8,S; is
parallel to 8;S. See Figure 6.

Lemma 5.26. Assume that (1) U contains no annulus components of h — {B,},
(2) either S # By or no component of FrV is parallel to an annulus in h. With
the notation above the following hold.

1. Thereisno i, 1 <i<p, such that 8,a; > ;S .

2. If S = By, (nonannulus), then d\a; C S forall 1<i<p.

Proof of part 1. For S € h let Ny = #{G € h—{S}|6,G > a component of §S}.
We proceed by induction on Ng. Take an arbitrary nonannulus component
S € h. Suppose that Lemma 5.26 part 1 is true for any nonannulus component
S’ € h such that Ny < Ng. Assume for a contradiction that 9;a;, > 8;,S for
some io. For simplicity set a = «;,. Suppose that d;a is not parallel to Jpa
in OH . Let G, be the component of /# containing 8;«. There is a collection
of nonannulus components of 4, {G, ..., Gs, S}, such that G; is, via an
annulus component of #, adjacent to G, if j+1<s,andto S if j=s
(thus G; = §;,). Denote

B = {b|b is a component of d(Fr V) with §a < b < 8,a}.

Using Lemma 5.25 repeatedly, we can find b; and b, in B such that

1. b1 < bz s

2. by U b, is a boundary of a component of FrV ,

3. no element b in B satisfies by < b < b,.
Let B be the component of FrV such that 8 =b, Ub,. Let b, C G;, b, C
G, ,where 1 <A, p <s. There are two possibilities about A and u.

Case 1. A # p. It follows from Lemma 5.17 part 1 that u =4+ 1 and b,
is parallel to b, in 8 H . This contradicts either the lemma’s assumption (2) or
Lemma 5.21 part 2. Thus Case 1 does not occur.
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Case2. A=pu.

Claim. There is a 3-submanifold M of H such that M NoH C IntG;,
FrM c FrV ,and M NdH is connected.

Proof of Claim. Let M, be the closure of the outermost component of H—f,
i.e., M{NOH is connected. If 6G;NM; = @, then M, is the desired manifold.
So suppose not. Let ¢ be a component of 9G; contained in M, . Since ¢ > b,
¢ # 0,G; . Let y be the component of FrV associated to ¢, so 9yy (C IntG;,)
is parallel to ¢ (Figure 7).

Since Ng, < Ns, by the induction hypothesis we can apply part 1 of Lemma
5.26 to 0,y . It follows that 8,y # ¢. Thus the 2-submanifold of d H bounded
by 8y and 8,y contains b; U b, but not ¢. Let M, be the closure of the
outermost component of M; —y. Then M, N G; is nonempty, connected and
does not contain c, so that |[M> N8G;| < |[M;NAG,|. If M,NdG, =2, then
M, is the claimed manifold M . Otherwise, construct M; from M, just as
we obtain M, from M;. In a finite number of steps we obtain the claimed
3-manifold M in H.

However, the following lemma precludes the existence of this manifold. Thus
Case 2 does not occur. Lemma 5.26, part 1 is proved. 0O

Lemma 5.27. There is no 3-submanifold M of H such that MNOH is connected
and contained in a component of h, and FrM Cc FrX .

Proof. Apply Lemma 5.14 to M ; then M is a handlebody and the set of cores
of FrM is primitive for the handlebody M . Hence there is a 2-faced disk D
in M such that

DNFrM = a cocore of a component of FrM ,
DNOH = an arc in a component of A.

This implies that some component of FrX is not essential in (H, h), a con-
tradiction. 0O

Proof of Lemma 5.26, part 2. We proceed in a manner similar to Case 2 in the
proof of Lemma 5.26, part 1. Define 3-submanifolds M, M,,... of H as
follows, and finally obtain a 3-manifold violating Lemma 5.27. Let M; be the
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closure of the outermost component of H — ;. Let us see that M, N By, is
connected and M; N&,B, = @. If §,a; C By, this is obvious. So assume
d1a; COH — By,. Since 8B, =i, 0By, d1a; > dpa; for some 1 < j<n.
By part 1 of Lemma 5.26 j # 1. Thus, M; n B, is connected and M, N
0\B, = 2, as desired. If M, NdB, = &, then M, is the desired manifold, i.e.,
MNB, C IntB,, MNB, is connected and Fr M, C FrV . Otherwise, there is
a component of 9By, say OB, (k # 1), contained in M;NB,. Let M, be the
closure of the outermost component of M; — o) . The same argument as above
shows that M, N B, is nonempty, connected and M, N§;B, =@, i =1,k.
Repeating this finally gives a 3-manifold M contradicting Lemma 5.27. O

Lemma 5.26 puts a strong restriction on the position of Fr V. Furthermore,
we shall prove that there are no i, j such that d,a; > 9;S for a knot in a
homotopy sphere. In the next section this is done by using the Cyclic Surgery
Theorem.

6. PROOF OF THEOREM 5.3

Let K;, i =1, 2, be a prime fibered knot with fiber F; in a homotopy sphere
M; such that K;#K, > 0. For K = K\#K,, define f, ¢, D,,h, H, U,V as
in §5.1. Throughout this section assume that U contains no annulus components
of h—{ﬁz} . By Proposition 5.23 the proof of Theorem 5.3 is reduced to proving
Theorem 5.3 for our K. Therefore it suffices to show Proposition 6.1 below.

Proposition 6.1. With the above assumption the following hold.

1. There are (possibly composite or trivial) fibered knots Ki, i=1,2,
such that K; > I?i and I?] = —I?z .

2. K; is obtained from K; by successive reductions of type J(k# — k) >
J(0). In particular, if K; does not have a satellite presentation J(k#—k)
where k %0, then K; = K.

Let .9; be a minimal collection of decomposing tori in M; — N(K;) in the
sense of Jaco and Shalen, and Johannson. If 7} # @, then denote by

Ki=Jiki, ..., k), i=1,2,

the satellite presentation of K; obtained via the subset of J; consisting of
all the tori closest to K; (§3). Note that each kj’. is nontrivial, but possibly
composite. Let Y; denote the ambient manifold of J;, so that |0Y;] =s;. For
notational convenience if ;= @, denote J;=K;, 5;,=0,and Y, =M.
Then Proposition 6.1 follows from the proposition below.
Proposition 6.2. 1. s; =5, and (Y,, J;) 2 (=Y, —J>) as fibered knots.
2. There is a permutation o of {1, ..., s1} such that
(a) kj#k2;>0 for 1<j<s.
(b) Set k k‘#kgo Then Hy is a submanifold of Hkx such that Fr H;
consists of essential annuli, and hy — {Bp, } C hx — {132}.

Proof of Proposition 6.1. We proceed, assuming Proposmon 6 2. For simplicity
let s =35, a(j)=j forall 1 < j <s. Let k’ = #m L! be the prime
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decomposition where i = 1, 2; then (#7}) LU##™? [2) = k > 0. As in the

proof of Lemma 5.10, compressing By, in H; yields a handlebody H (C Hy)
where L =#; yesL! and S C {(i,r)]i=1,2, 1<r<m(i)}; then |S| > 1
and {By,} = hy — h . By compressing B);, maximally each component of A
is incompressible in H; , and hence in Hg . If there is an essential /-bundle in
(Hp, hy) containing an annulus in h; — {By, }, then Uk contains an annulus
in hx — {D,}, a contradiction. It follows that U contains no annulus in
hy —{By, }, so that |S| =2 by Proposition 5.23. Hence, {L;};,, can be paired
into [[{L;, Ly} sothat L = Ly#Ly > 0 and hy is useful. We also see that
U, does not contain any annulus in sz — {D}.

Let us show Proposition 6.1 by induction on |hg|. Note that for each pair
{Ly, Ly} we have |hr| < |hg| where L = Ly#Ly . Applying Proposition 6.1
to L, we obtain fibered knots L%, LY such that L; > L¥, Ly > LY, and
Ly = —Ly. Furthermore, L% (resp. L}) is obtained from Lj (resp. Lj) by
successive reductions of type J(k#—k) > J(0). It follows that k;ﬁ > #:1(;) Li for
i=1,2. For i=1,2 let N; be a (possibly empty) subset of {1, ..., m(i)}
which is minimal among all subsets N; such that {1,..., m(i)} — N/ can
be paired into [[" {p:, ¢:} with L, = —Li . Recalling that L], L\ and N;

depend on j, define k]‘f for i=1,2, 1<j<s, as follows.

e e,
0, the unknot in S3 if N; = @.

Then k}‘ ~ —k}.’-, and k}'f is obtained from k} by successive reductions of type
J(k# — k) > J(0). Therefore, J,~(l€{ s eens IE;') = K; (say) is also obtained from
K; by such reductions, and K; & —K,. This establishes Proposition 6.1. O

Proof of Proposition 6.2. Let h = hx . Let R (resp. S) be the component of 4
which is adjacent to 52 and contained in F; (resp. F»), a fiber of K; (resp.
F,). Let o;R, 1 < i < p; (resp. 8;S, 1 < j < p;) be the components of
OR - 9,R (resp. 05 —9,S). Let R;, 1 <i<p; (resp. Sj, 1< j<py)bethe
components of 4 such that 9,R; (resp. 8,S;) is parallel to 9;R (resp. 9;S) in
OH. We denote by «;, 1 <i < p; (resp. Bj, 1 < j < ps) the components
of FrV associated to 9;R (resp. 0:;S). Note that s; (resp. s;) is equal to the
number of orbits [{0;R};/¢| (resp. |{0;S};/0]).

Denote by A; (resp. B;) the annulusin § H bounded by 9;R and Jpa; (resp.
0;S and 9yB;). Isotop preld H—-R|JS sothat ¢|R —JA4; (resp. ¢|S — U B;)
is the monodromy of J; (resp. J;). Then, if ¢™(A4;) = A; for some m, then
¢™|A4; =id (the same is true of B;).

We divide the proof into the two case D, c U and 1.32 C V. Note that ¢|R
and ¢|S are irreducible.

Case 1. f)z c U. Let Uy be the component of U containing 52. Then
RNU, and SNUj, are the lids of Uy. By Lemma 5.16 FrUj is parallel to {Ja; .
Isotop FrUj to Ja;; then RNUy=R—-UJA4;, SNUp=S-UB;. Identify
Uy with Rx I suchthat RNUy=Rx0, SNUy=Rx1,and 52=6,Rx1.
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Then ¢|U, gives a diffeomorphism of R x I such that ¢|(R, d,R) x {i} is the
monodromy of Ji.,, i =0,1, and ¢|0,R x I =1id. Since 3, =0,Rx 1,
Lemma 2.1 shows that (Y;, J;) = (-Y,, —J;) as fibered knots and s; = 5.
This completes the proof of Proposition 6.2, part 1.

Note that there is a permutation p of {1, ..., pi} such that o; = 8,
the action of ¢ on {a;};, p induces the permutation o, say, of {1, ..., s}.
For simplicity assume that ¢ and p are the identities. Take any i such that
1 < i< sy, and let m be the least positive integer such that ¢™(R;) = R;.
Let H' be the closure of the component of H — «; containing R;. By Lemma
2.2 ¢™|a; ~ idrelda;. Thus ¢™|@H' is the closed monodromy of k}#k? =
k . Lastly consider part 2(b). Let 4 be the annulus on dH' bounded by R;
and S;. If k! (resp. k?) is a composite knot, then R; (resp. ;) is a trivial
component of g . Thus the base, B, of A is equal to either 4, R;UA, AUS;,
or R;UAU S, , so that {B} = hy — hx, completing the proof in Case 1.

Case 2. D2 c V. Let V, bethe component of V contammg D2 By Lemma
5.24 1V} is a regular neighborhood of D2 Then g = ¢|RUD2US is admlss1bly
isotopic to a periodic map (Lemma 5.21). It follows from Lemma 2.3 that J; is
a torus knot in S3 or a cable of S!xD? of type (p;, ¢;), say, where p;, p» > 1.
In what follows we suppose that J; is the (p;, q;) cable of S!' x D?. The case
when both of J; are torus knots is considered at the end of Subcase 1 below.
Lemma 2.4 implies that gP191P2%2 is isotopic to a (p;q; +p2g2)-Dehn twist along
a core of D,. Hence (x) p1gy + P2g2 = 0, for g is periodic up to isotopy.
Consider the position of 8;a; . Note that ¢ permutes {9;R}}!, cyclically and
hence s, = 1. If dja; > ;R for some i # 1, then d,a; > 9;R for some
j # i, and 9;R separates 0,o; from dpa; . This is impossible. Hence, by
Lemma 5.26, part 1 dja; CR or C F;.

Subcase 1. dyay C F,. If 81y C F,—S, then 9,5 < 91y forsome j, 1<
J < p2. Since 9B, separates Jpa; from 9;a;, so does 9;8;. Thus 9,8; is
parallel to 8,S. This contradicts Lemma 5.24, hence 8,a; C S. Therefore,
d1a; = §pP; for some 1 < j < p,. This is true of each dya;, 1 < i < py,
therefore there is a permutation p of {1,...,p;} such that a; = B,;. It
follows that p; = p, . Recalling (%), we obtain ¢q; = —¢, and hence J; = —-J,.
This proves Proposition 6.2, part 1.

For simplicity set p; = p, @1 =q. Let Let M be a submanifold of H such
that OM = Ja; UR - UA UD,US—UB;. Then M is a simple manifold,
so that ¢|M: M — M is admissibly isotopic to a periodic map. In particular,
@P9|0M is periodic. By Lemma 2.4 ¢P9|M NH is isotopic rel|Jda; to the
product of 7,577, 1 <i < p, where 1; (resp. #;) is a Dehn twist along a
simple loop parallel to dya; (resp. 0,a;). Hence ¢?|a; ~idrelda; for each i.
The proof of Proposition 6.2 part 2 is now completed by the argument similar
to the last paragraph in Case 1. [If both J; are torus knots, then (H, h) is a
simple manifold, so that ¢ is periodic up to isotopy. By considering the fixed
point data of ¢|0H we obtain J; = —J,.]

Subcase 2. 0,0y C R. We shall show that Subcase 2 is not the case. To
do this we shall need the Cyclic Surgery Theorem. Note that 9,a; = dye; for
some 1 <i<py,ie., a =cq;. It follows that {dpa;, ..., dap,} are paired
via the annuli a;. Therefore, p; is even. Without loss of generality assume
that oy = a,. Set p=p,, q = q;, and y = ¢?. First isotop ¢reloH — R
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so that ¢ satisfies the assertions (a)-(e) of Lemma 2.4, part 2 with N;, i >0,
replaced by A4;,, 1 < i < p,. Then ¢|R—- NyU (J4,) is a periodic map of
order |pq|, and y|A4; is a —p/gq-Dehn twist from 9;R to dya; .

Claim 1. y|o) ~idrelda .

Proof Let T = R— NyU (UA4i)U(Uai), a surface with one puncture. Since
TcH-X, y|T:T — T is isotopic to a periodic map. Since y|T —Ja;
is periodic, y|a; is isotopic relda; to a periodic map. Hence the rotational
angle of y|dpa; is equal to that of y|d,a;. It follows that p/qg = —p/q
(mod 1), thus |g| =1, 2. Since p is even, we have g = +1. This implies that
v|dpa; = id, so that y|a; =id. Claim 1 is proved.

Let H' be the closure of the component of H — «; containing R; and
R,. Let A be the annulus in dH’ bounded by ;R and 9,R,. Since 4 D
AU Ay, w|4 is a —2p/g-Dehn (full-)twist (Figure 8). Let F/, i =1,2,
be the components of §H' — 4 containing R;. Recall that K; = Ji(k!) and
w|F/ is the monodromy of k| for each i. For simplicity let k; = k{. Then
y|AUF; is the monodromy of a fibered knot k| in a homology sphere defined
as follows. Let N be the ambient manifold of k;, and let N’ be the homology
sphere obtained from N after a 2p/q-Dehn surgery along k; . The knot k| in
N’ is the core of the glued solid torus. Thus |0 H’ is the closed monodromy
of K’ = k\#k/, a knot in the homology sphere N#N'.

Claim 2. k; = k! is not prime.

Proof. Suppose for a contradiction that k;, is prime. Then the boundary
pattern hg: for H' is

hgx = {AUR;, the components of hx NOH' — AU R,}.

Here the annulus component of /g bounded by R; and A plays the role of
D,. We call this annulus D,. The usefulness of hx for H guarantees that
hg: is a useful boundary pattern for H’. We first show that Uk: contains no
annulus components of Ak — {132} . If there is such a component, U’, of Uy,
then U’ is not a component of Ux . Therefore U’ intersects a component of
hg which does not belong to &k , so that (AUR,)NU’ isalid of U’. However,
U’ is disjoint from D, which is adjacent to 4. Since A is an annulus, this
implies that U’ can be admissibly isotoped off 4. Thus U’ is an essential
I-bundle in (Hg, hx). Then U’ is admissibly isotoped to some component of
Uk , a contradiction. Therefore, Uk: contains no annulus in Ak — {D,}.

Let us show 52 c Uk . Suppose not. As in the beginning of Case 2, Lemmas
5.24 and 5.21 imply that y|T is isotopic to a periodic map where T = R, U
D,UAUR,. w|R, and w|R, are isotopic to the same periodic map of order
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m, say. Then y™|T ~ t2-2"P/9  where 7 is a Dehn twist along the core of 4.
Since g # mp and the core of A is not parallelto 0T, y™|T is not isotopic to
a periodic map, a contradiction. Hence D, C Uy . Let U, be the component
of Uk containing D,. Following the argument in Case 1, identity Up with
R; xI such that UynR; = R, x0, UyN(AUR;) =R, x1,and D, =0,R; x1I.
The natural projection R; x 0 — —(R; x 1), then, induces a diffeomorphism
g: Ry —» —R;, such that

g7 o (W] —Ry)og=1%0(y|Ry)
where 7: R; — R, is a Dehn twist along a simple loop parallel to 6,R; .

Let J be the fibered knot in a homotopy sphere with unknotted holes, P,
with monodromy w|R;. Set M = P — N(J), which is not S' x D?>. Then g
induces a diffeomorphism g’': M — —M such that g'(u) = uA", g'(A) =4i7!,
where r = —2p/q and (u, A) is a pair of a meridian and a longitude of J. It
follows that the Dehn filling —M (uA”) = M(u) = P. Since p > 1 and g = £1,
|[r| > 4. If P is a homotopy sphere, then by the Cyclic Surgery Theorem [6] M
is a Seifert fibered manifold. It follows that P = S and J is a nontrivial torus
knot. Since torus knots have Property P, M(uA") % S3, a contradiction. Hence
OP # @. Then OP compresses in M(uA") and M(u). By [6, Theorem 2.4.4]
M (# T* xI) is a cable space. Thus, P = S' x D? and J is a nontrivial cable
of P. However, this contradicts the fact that M(uA") = S!' x D? {12, Lemma
7.2]. Claim 2 is proved.

Claim 3. k; is not a composite knot.

Proof. Recall that K = Jy(k;) and K’ = k;#k{. Assume for a contradiction
that k, is composite; y|R, =id and R, is a punctured disk with |0R;| > 2.
Then the boundary pattern hx. for H’ is the same as the one when k; is
prime. That is,

hx: = {AUR,, the components of hx NOH' — AU R,}.

This time R, plays the role of ﬁ, where [ is the number of factors in the prime
decomposition of K'. It follows that / > 2. The usefulness of Ax shows that
hk: is useful for H'. By Proposition 5.23 Uk contains an annulus component
of hg. The argument about U’ in Claim 2 shows that Ug: contains the
annulus in Agx bounded by 4 and R;. However, Ux: does not contain an
annulus component adjacent to a trivial component, a contradiction.

Since Claims 2 and 3 contradict each other, Subcase 2 (8,a; C R) is impos-
sible. This completes the proof of Proposition 6.2. 0O

7. PROOF OF THEOREM 5.4

Let K = J(k) be a fibered knot in a homotopy sphere such that K > 0,
k 20, and J is the (p, q) cable of S' x D? with p > 1. As in Theorem
5.4 assume that each nontrivial component of /g is incompressible in Hg . By
Lemma 5.20 it suffices to deduce a contradiction by assuming that Ux contains
no annuli in hx — {B,}. Keep in mind that Bj is the union of the fiber of
J and a disk. Because a boundary irreducible Seifert fibered manifold in the
exterior of K is a cable space or (a punctured disk) x S! [24, Lemma 2.1].

Case 1. No component of V is a regular neighborhood of an annulus in
hg — {B}.
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As in the proof of Proposition 5.23, we can deduce a contradiction by as-
suming that |B,| > 2. Hence, K is the (2, 1) cable of k. Note that f2|B,
is isotopic rel 9B, to a +4-Dehn twist (Lemma 2.4 part 2(d)). If k£ is a prime
knot, then a contradiction follows from the proof of Claim 2 in Theorem 5.3.
If k is composite, then a contradiction follows from the proof of Claim 3 in
Theorem 5.3. Hence, Case 1 is impossible.

Case 2. Some component of V' is a regular neighborhood of an annulus in

—{Bx}.
Then, by Lemma 5.21, part 2 such an annulus is adjacent to B,. Let
Ay, ..., A, be the annuli in hgx adjacent to B, (p = |0By|) and let S;, 1 <

i < p, be the components of hx — {B;,} adjacent to 4;. Lemma 5.21, part 1,
then, says that ¢|S is admissibly isotopic to a periodic map where

p
S=B,ulJ4;us)).
i=1

Hence the adjoint automorphism of S; is the monodromy of a cable of S! x D?
or a torus knot in S3 of type (r, s), say. From Lemma 2.4 ¢?9"|S is isotopic
to a product of (g — prs)-Dehn twists along the cores of A;’s. Since g — prs #
0 for any r, s, the automorphism ¢|S is not isotopic to a periodic map, a
contradiction. Theorem 5.4 is proved. O

8

8.1. Iterated torus knots, cable knots. Throughout this subsection (p, g) de-
notes the (p, ¢q) torus knot, Jy, 4 the (p, q) cable of S! x D?, and o(---)
the signature of a knot in a homology sphere. When S is a closed surface, the
following lemma is the same as Lemma 4.2 of [2]. A similar proof applies to a
bounded surface S, so we omit the proof.

Lemma 8.1. Let g: S — S be a periodic map. Suppose that g extends over
a nontrivial compression body B. Then there is an essential simple loop C
in 8,B such that C bounds a disk in B, and for each k, f*¥(C) = C or
fYCYNC = @. In particular, if g is irreducible, then C is parallel to 8S .

A knot K C S3 is a graph knot if the knot exterior of K is a graph manifold.
Every graph knot is obtained by repeatedly taking a cable or connected sum
starting from the unknot, and hence it is a fibered knot.

Theorem 8.2. Let K, ..., K, be prime graph knots such that K \#---#K, > 0.
Then there are a partition {1, ..., n} = I, {is, Js} ]_[f=l a; (hence n = 2m+l)
and graph knots K|, 1< i< n, satisfying the following properties.

l. K 2K for 1<s<m,and K, =0 for 1 <t<I.

2. Each K, is ribbon concordant to K| by successive reductions of type

J(k# — k) > J(0). In particular, K’ is the unknot or a prime graph
knot.

As immediate consequences we obtain

Corollary 8.3. A graph knot K is homotopically ribbon if and only if we can
obtain the unknot from K by successive reductions of type J(k# — k) > J(0).
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Corollary 84. Let K, ..., K, be iterated torus knots such that K\#---#K, >
0. Then {1, ..., n} can be paired into 11, ,{is, js} (hence n = 2m) such that
Ki: g _KJ.\' *

Remark. Corollary 8.4 shows that an iterated torus knot is not ribbon. In fact,
it is not difficult to see that an iterated torus knot is not slice by showing that
the Alexander polynomial is not of the form f(¢)f(z7!).

Proof of Theorem 8.2. Let K = K\#---#K, . Let the automorphism ¢ of
Hy be an extension of the closed monodromy of K. Note that the adjoint
automorphism of a nontrivial component of hx — {B;} is the monodromy of
a cable of a solid torus or a torus knot.

We prove the theorem by induction on |Ak|. If |hx| = 3, then n =2 and
K = K #K, , a connected sum of torus knots. By Lemma 8.1 and the fact that
a torus knot is not slice, each component of A is incompressible in H , so
that K; & —K, by Theorem 5.3 or Proposition 6.1. Suppose Theorem 8.2 is
true for all K’ such that |hg/| < |hk]|.

Case 1. There is a nontrivial component of Ahx compressible in Hy .

Let S € hx be a compressible nontrivial component such that 8, > 6,R
for every such R € hx . Without loss of generality S is contained in the fiber
of K, . Let m be the least positive integer such that ¢™(S) =S. Let J; be the
fibered knot with monodromy ¢™|S; then J; is a nontrivial cable of S' x D?
or a nontrivial torus knot. Note that either K, = Jy(J,(L)) or K| = Jy(J;) for
some Jo (C S'xD?) and nontrivial graph knot L. Take a maximal compression
body B for S in Hg; after an isotopy ¢™(B) = B. Let D' be a component
of OB — 8, B such that D’ is a component of 85 — §,5. Note that D' = &
if J; is a torus knot.

Subcase 1. D' is not a disk.

We show this is absurd. Let D be the component of 6B — 8, B such that
0D = 9,S. Since D’ is not a disk, by Lemma 8.1 D is a disk. Let §' =
S Uss D. By Lemma 2.5 ¢™|S’ is irreducible. Regard B as a compression
body of S’. Then, by Lemma 8.1 B is a trivial compression body of S’, so
that S’ is incompressible in H. Hence S’ is not a closed surface, implying
D' = 8. Since D' # @, J, is not a torus knot. Let H' be the component of
H — B containing D’. The automorphism ¢™|0H’ is the closed monodromy
of Ji(L), hence k = Ji(L) > 0. Since each nontrivial component of A, is
incompressible in H’, applying Theorem 5.4 to k shows that J; is a trivial
cable, a contradiction.

Subcase 2. D' is a disk.

Then J; is a nontrivial cable of S!' x D?, and K, has a presentation
Jo(Ji(L)). Let T be the nonannulus component of hx such that 8,7 is
parallel to D' in OH; then T is a trivial component by the maximality
of 8,S. Let | be the least positive integer such that ¢/(T) = T, and H"
be the closure of the component of H — D' containing 7. Then L is the
composite graph knot with closed monodromy ¢/|0H" , so that L > 0. Since
|h| < |hk|, the induction hypothesis implies L is ribbon concordant to the
unknot by successive reductions of type J(k# — k) > J(0). Hence K; is rib-
bon concordant to K| = Jo(J;1(0)) by reductions of this type, and we have
K' = K{#K)#---#K, > 0. Since |hg/| < |hk|, Theorem 8.2 holds for K'.
Note that if Jy, J; area (p, 1) cable and a (g, 1) cable for some p, g, then
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K; = 0; otherwise, K| is a prime graph knot. Hence Theorem 8.2 also holds
for K.

Case 2. Every nontrivial component of Ay is incomprgssible in Hyg.

First we show that (x) there are no Sy, S| € hx — {D,} such that Sp, S
are adjacent via an annulus and S; = S; . If there is a nonannulus component
S € hg — {By} such that the fibered knot with monodromy f5 has a dual knot,
then f5 leaves some component of 45 — 8,5 invariant. Then, S is a trivial
component. Since two trivial components cannot be adjacent via an annulus,
we obtain ().

If n=1, K, cannot be a nontrivial cable knot (Theorem 5.4), a contradic-
tion. So suppose n > 2. From the proof of Lemma 5.10 there are a partition
P of {1,...,n} and prime graph knots K/, 1< i< n, such that K; > K],
and for each P € #,K' = Kp = #,EPK{ > 0, and hg: is useful for Hg: .
As in Subcase 2 of Case 1 above the induction hypothesis implies K; is ribbon
concordant to K, by successive reductions of type J(k# — k) > J(0). Obvi-
ously Ak also satisfies the condition (x) above, hence Uk does not contain
any annulus components of Ak by Lemma 5.19, part 1. Since |hg| > |hg/|,
we may assume |#| =1 and K; = K] . It follows from Proposition 5.23 that
n = 2. By Proposition 5.1 there are K;, K, such that K; = —K, and K; is
obtained from K; by successive reductions of type J(k# — k) > J(0). Thus
K; is ribbon concordant to K;, and K; is the unknot or a prime graph knot.
This completes the proof of Theorem 8.2. O

Example 1. The connected sum of four iterated torus knots below is alge-
braically slice but not homotopically ribbon.

(2,132, 3)#(2, 15)#(2, —15; 2, =3)#(2, —13)

where (p;, q1; P2, g2) denotes the (p;, q1) cable knot about the (p,, ¢;) torus
knot. (This iterated torus knot is denoted by (q;, pi; g2, p2) in [22].) Liv-
ingston and Melvin [22] prove that the knot is algebraically slice. The fact that
it is nonribbon is an immediate consequence of Corollary 8.4.

Any (p, 1) cable of a (homotopically) ribbon fibered knot is (homotopically)
ribbon. The following theorem hence shows that all homotopically ribbon, cable
fibered knots in homotopy spheres are such knots if Thurston’s geometrization
conjecture is true.

Theorem 8.5. Let J, 4 (k) bea (p, q) cable of a nontrivial fibered knot k in
a homology sphere M where p > 1. If nJ, 4(k) > 0 for some n > 0, then
the following hold.

1. Jp, k) >0.

2. gq==%1;if p>2,then k>0.

3. If M is a homotopy sphere and 3-manifold groups are residually finite,
then k>0 and q = £1.

Proof. If k > 0, then the assumption nJ, 4 (k) > 0 implies that n(p, q) is
algebraically slice, hence a((p, ¢q)) = 0. It follows that ¢ = £1 and J, 4 (k) >
(p, £1) = 0. Therefore, we may assume k # 0.




38 KATURA MIYAZAKI

Proof of part 1. Let n be the least positive integer such that nJj, 4(k) >0.
Assume for a contradiction that n > 1. Let J; = Ji, 4, 1 < i< n, with fiber
F;. Let ki =k, K; = Ji(k;) for 1 <i<nj;then Kj#---#K, = K > 0. The
closed monodromy of K extends to an automorphism ¢ of a handlebody H .
If n>2,let A4;, 1 <i<n,bethe annuli in hg adjacentA to 5,, . Otherwise,
let A; = . We may regard F; as the component of hx —{D,} adjacent to 4;.
Let Bj, 1< j<np,betheannuliin hx — {{J4;} adjacentto F;, 1 <i<n,
such that B;NF; # @ for 1 <i < n. Let S be the union of the np components
of 0Hk — U;’Zl Bj which are disjoint from D, . Take a maximal compression

body B for S in Hg, and set H' = Hx — B, a handlebody. Since a maximal
compression body is unique up to isotopy, we may assume @(H') = H'.

For 1 < i < n the compression body B induces a homotopically ribbon
concordance k; > k] where k/ is a nontrivial fibered knot in a homology sphere.
Note that the fibered knots k], 1 < i < n, are not necessarily of the same knot
type. The g|0H’ is the closed monodromy of K' = Jy(k{)#:--#Ju(k;) (> 0).

Let us define a boundary pattern 4’ of H’'. Take a 1-submanifold C of FrB
with the minimal number of components such that ¢(C) = C, and ¢|(FrB—-C)
is a union of irreducible automorphisms and periodic ones up to isotopy. Define

h' = {the components of hx N H', N(C), and FrB — N(C)}.

Since the ambient manifold of J;(k/) is not necessarily a homotopy sphere,
@P|F; U B; U S is possibly isotopic to a periodic map, where S (# F;) is a
component of 4’ adjacent to B;. That is, 4’ is not necessarily equal to Ag: .

Claim. h' is a useful boundary pattern for H'.

Proof. By the maximality of B, FrB is incompressible in H’. Hence each
component of A’ N FrB is incompressible. By the minimality of n, D, is
incompressible in H’. Since ¢|F; is isotopic to an irreducible periodic map, if
F; is compressible, so is dF; in H' (Lemma 8.1). This contradicts the incom-
pressibility of D, or FrB. Therefore each component of 4’ is incompressible
in H', so that A’ is a useful boundary pattern.

Thus (H’, #’') has a characteristic submanifold X . Define the subsets U
and V of X as in §5.1. It is easily verified that Lemmas 5.11-5.17 hold
for these U and V. For any component of 4’ the adjoint automorphism is
irreducible or isotopic to a periodic map (cf. part 3 of Proposition 5.1). Thus
Lemma 5.21, part 1 holds for V.

Let us deduce a contradiction by assuming n > 2. Since ¢|F; # id, each
A; is not contained in U but in V. By Lemma 5.21, part 1 we also see that
no component of FrV is parallel to 4;. Let a; be the component of FrV
associated to the simple loop 904; N dD,. Since dpa; is invariant under ¢,
so is Oja;. No components of 0F; — 0,F; are invariant under ¢, so that
d1a; C OH' — FrB. 1t follows that dja; C D, or d1o; C F; (i # j) (and
dia; is parallel to 9,F;). In either case we get a contradiction by constructing
a 3-manifold violating Lemma 5.27. (If d,a;, C F; for some iy # j, follow
the proof of Lemma 5.26, part 2. If 8,a; C 5,, for all i, the closure of the
outermost component of H' —|Ja; contradicts Lemma 5.27.) Thus it follows
that n=2.

Corollary 3.2 of [25] shows that (S! x D2, J;) 2 (-=S! x D?, —J;), hence
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52 ¢ U, ie., 132 C V. Again, using the fact that no component of 0F; —
0,F; are invariant under ¢, we see that some component of V is a regular
neighborhood of D, . By Lemma 5.21, part 1 ¢|F; U D, U F, is then isotopic
to a periodic map. However, on this set ¢?? is isotopic to a +2-Dehn twist
alongAthe core of 52, which is not isotopic to a periodic automorphism of
F,uUD,UF,. This is absurd, completing the proof of part 1.

Proof of parts 2 and 3. Recall that if & > 0, then the stated results follow.
We shall deduce a contradiction by assuming k #? 0. We proceed similarly to
the proof of part 1. As usual let ¢ denote an automorphism of a handlebody
Hg , an extension of the closed monodromy of K. Set F’' = By, , a union of
the fiber of the (p, q) cable of S! x D? and a disk. Let 4;,..., 4, be the

annuli components of hx adjacent to F’, and set S = 0Hx — F'U\J_, 4;.
Then S has p components and ¢” restricts to the monodromy of k£ on each
component of S. Take a maximal compression body B for S in Hgx and
set H' = H — B. Without loss of generality ¢(H') = H'. Let k' % 0 be the
fibered knot in a homology sphere whose monodromy is the restriction of ¢ to
a component of FrB. Then k > k' and ¢|0H' is the closed monodromy of
K' = Jp o(k") (> 0). Let C be a 1-submanifold of FrB defined as in the
proof of part 1. Define

h'={F', A, ..., A, the components of FrB — N(C)}.

As in part 1 A’ is a useful boundary pattern of H’. Here we first prove part
3. If k is a knot in a homotopy sphere and 3-manifold groups are residually
finite, then k' and hence K’ are knots in homotopy spheres (Lemma 1.2). By
Swarup [24, Lemma 2.1] /' equals &g/ . Hence we can apply Theorem 5.4 to
K’ , so that p =1, a contradiction. This establishes the proof of part 3.

Let us prove part 2. When p = 2, by [23, Theorem 9] or [14, Theorem
12] 0((2, q)) = 0(J2,4)(k)), which is equal to 0. Hence, we obtain the de-
sired result ¢ = £1. We may assume p > 2. As in §5.1 define U, V for a
characteristic submanifold X of (H', #’).

Claim 1. U contains no annulus components of A’ .

Proof. Suppose not. Let Uy be a component of U containing an annulus
component of 4’. First suppose that U, contains some A;. Since ¢|F’ is
irreducible, Uy N F’, a lid of Uy, is isotopic to F’. In particular, Uy N F’
is invariant under ¢ . However, the other lid of U,, L say, is contained in
some components of FrB. The automorphism ¢ permutes the components
of FrB cyclically, hence L is not invariant under ¢, a contradiction. Thus
Uy contains an annulus in A’ N FrB. Then dUy N FrB consists of the two
lids of U and (a nonempty set of) annuli connecting them, so that FrB is
compressible in H’'. This is a contradiction.

Claim 2. If q # +1, no component of FrV is parallel to an annulus in #’.

Proof. Assume for a contradiction that a component of FrV is parallel to
some A;. Then, there are the components Vj, ..., ¥, of V suchthat V; isa
regular neighborhood of 4;. Let M be the components of H' — X containing
U5, FrV;. Then M is a simple manifold with a certain boundary pattern, in
particular the automorphism ¢|M is admissibly isotopic to a periodic map. The

boundary pattern of M induced from A’ consists of F' —{J\_, Vi, FrVy, ...,
FrV,, submanifolds T, of FrB, and properly embedded annuli 7; such that
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0T, C FrB. Since ¢ permutes the components of FrB cyclically, the auto-
morphism ¢|7; cannot be isotoped to have fixed points. The automorphism
¢|T> is not isotopic to a periodic map with fixed points; otherwise, ¢ acts on
some (annulus) component of 75 as involution, contradicting |FrB|=p > 2.
On the other hand, since g # 1, ¢|F’ is isotopic to a periodic map with just
one fixed point. Therefore, the fixed point datum of ¢|0M cannot cancel. It
follows that ¢|0M is not null-cobordant, a contradiction.

Now Claims 1 and 2 contradict Lemma 5.22, hence we have ¢ = +1. Claim
3 below shows that Claim 2 is true even if ¢ = +1. We again get a contradiction
by Lemma 5.22, completing the proof of Theorem 8.5. O

Claim 3. No component of FrV is parallel to an annulus in A’.

Proof. We may assume g = +1. Thus F’ is a sphere with p punctures
and ¢ permutes the components of 8 F’ cyclically. Let S;, 1 <i <p, be the
component of #'—{F’} which is adjacent to 4;, and set S = F'UJ7_,(4,;US;).
For a contradiction assume Claim 3 is false. Isotop ¢ admissibly so that o|S
is a periodic map (Lemma 5.21). Then ¢|S is of period p and has two fixed
points of type 1/p. Since ¢”|S; = id, S; and hence S are punctured disks.
(Otherwise, the knot exterior of k’ contains a nonseparating torus.) This shows
that the closed monodromy of k' is that of a connected sum of certain m prime
fibered knots where m = |8S;|— 1. Remove F’', 4; and S;, 1 <i<p, from
k' and add S. We then have the new boundary pattern h for H'. If S is
incompressible in H', h is useful. Define U’ and V' for a characteristic
submanifold of (H’, h). We can easily verify Claims 1 and 3 hold for U’, V.
Lemma 5.22 then gives a contradiction.

Suppose S is compressible in H’. By Lemma 8.1 a maximal compression
body of S in H’' can be obtained by compressing a set of pairwise disjoint,
essential simple loops which is invariant under the action of ¢. Let {/;};
be such a set such that /; bound pairwise disjoint disks D; in H’ invariant
under ¢ . Let us consider 7, =gq(l;) in S = S/p where g: S — S is the
natural projection. Note that S is a disk with m punctures having two cone
points. Suppose that some /; bounds a disk in S containing the two cone
points of S. Then S — Ur- 1¢ ({;) consists of a disk with p punctures and p
copies of a disk with m punctures, say, Sj, ..., S, . Let H; be the closure of
a component of H' — J}_, ¢*(D;) containing S/ ; then ¢?(H,) = H;. Since
9?|S] = id, we see that ¢?|0 H, is the closed monodromy of k’. It follows k >
k' > 0, a contradiction. Thus there is a component C of S — U7j containing
a component of S and a cone point. Define the handlebody H” to be the
closure of the component of H'—J ; Dj containing the punctured disk a7 C);
then ¢(H") = H”. Let s’ be the union of ¢~!(C) and the disks D; contained
in 0H", so that |0S’| (# 0) is a multiple of p. Since S’ is incompressible
in H”, the boundary pattern h” = (0H" —S' nh') U {S'} for H” is useful.
Just like ¢|S, ¢|S’ is of period p. Hence, defining U' V' for a characteristic
submanifold of (H”, h”), we see that Claims 1 and 3 hold for these U’ and
V' . This gives a contradiction as above, completing the proof of Claim 3. O

Example 2. Let k be a —amphicheiral fibered knot in a homotopy sphere with
an irreducible Alexander polynomial A(f). Let Ky, = Ji,y,1)(k). Then for any
n>0, nKy,, 2nK,,,, are algebraically slice but not homotopically ribbon.
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Remark. The proof of algebraically-sliceness is a slight generalization of the
proof of Example 4.2 in Kawauchi [20]. The arguments show that K, is
algebraically slice if a knot k has an irreducible Alexander polynomial satisfying
the condition () below.

Proof. (1) Algebraically-sliceness. Since k is —amphicheiral, by [17] A(?)
satisfies

(%) A(f) = f(t)f(=1), f(t7") = f(~1) for some f(t) € Z[1].

It is well known that the Alexander polynomial of K, is A(¢™). We claim that
f(t™) and f(—t™) are relatively prime in Z[¢]. It suffices to show that f()
and f(—t) are relatively prime in Z[t]. Let g(t) € Z[t] be a g.c.d. of f(¢t)
and f(—t). Then h(t) = g(t)g(~t) divides f(t)f(—t) and hence A(#?). Since
h(t) is an even function, A(¢) has a factor A(t'/?) € Z[t]. Without loss of
generality we may assume that deg g = deg f'; then f(¢) = £f(—t). It follows
that ¢'/2f(¢'/2) or f(¢'/?) is a Z-polynomial, contradicting the irreducibility
of A(¢). Thus f(¢™) and f(—t™) are relatively prime, so that [20, Lemma
4.1(3)] shows that K,,, is algebraically slice.

Let us show that 2K, is algebraically slice. By [20, Proposition 4.1(3)]
2K5my is algebraically cobordant to Ji3,,41,1y(2k) . Since 2k = k#—k is slice,
2K5m41 is algebraically slice.

(2) If nK,, >0 for some n > 0, then K = K,, > 0 by Theorem 8.5, part
1. As in the proof of Theorem 5.5 (§5.1) the irreducibility of A(¢) implies that
dHk — By, is incompressible in Hg . An application of Theorem 5.4 to K gives
a contradiction. O

Theorem 8.5, parts 2 and 3 lead us to the question: if the (2, 1) cable of a
knot k is homotopically ribbon, is k > 0? The example below shows that the
answer is “no” for a (2, 1) cable knot in a homology sphere. Hence, Theorem
5.4 and Example 2 cannot be generalized to a fibered knot in a homology sphere.

Example 3. Let N be the homology sphere obtained by a —%-Dehn surgery of

S3 along the figure eight knot k. Let k' denote the core of the glued solid
torus. Then J; 1)(k’) is a homotopically ribbon fibered knot in N .

Proof. Let ¢: F — F be the closed monodromy of K = J; 1)(k). Let F;, 5
be the two components of F — By, . Then @?*|F,: F; — F, is the monodromy
of k and ¢?|B;, is a —4-Dehn twist.

Claim. There is a diffeomorphism G: F; — —F, such that G? = ¢?|F, .

Proof of claim. Let x,y be simple loops on F, intersecting in a single
point, and 7;, 7, denote the Dehn twists along x, y respectively. Without
loss of generality the monodromy ¢2|F; = 1, o 2 . Hence, letting r be an
orientation reversing diffecomorphism of F, exchanging x and y, we obtain
(rot;")?=1y01;". Hence, rot;! is the claimed diffecomorphism.

Denote by © a Dehn twist along a simple loop on F; parallel to dF; . Then
120(p?|F;) is the monodromy of k' in N, and t2o¢ is the closed monodromy
of Jo, 1y(k'). Let y =120 ¢. Identify F;UF, and F; x {0, 1} by id: F; —
Fy x0 and Go(¢p~'|F,): F, — F; x 1. Under this identification we have

w(x, 1) =(?o9?oG7'(x),0),
v(x,0)=(G(x), 1), wherexe€F.




42 KATURA MIYAZAKI

We can identify B, and 0F, x I so that
WIoF xI=n"or,

where 7 is a Dehn twist along the core of dF x I, and r is an involution of
AF, x I such that r(x,t) = (G(x), 1—1t). Since ¢?|F, = G* and 1?0~ % ~id
in 8(F, x I), after an isotopy we obtain

vix,t)=(G(x),1—t) ind(F xI).
It is easy to see ¥ extends over the handlebody F; <1, hence J, 1)(k') >0. O

Remark. As pointed out in the proof the monodromies of Ji, 1)(k) (C S*) and
Ji2,1y(k") (C N) differ only by a Dehn twist along a null-homologous loop.
Therefore the two monodromies induce equivalent isomorphisms on the ho-
mology groups.

8.2. Aclass # . Define % to be a class of prime fibered knots in homotopy
spheres consisting of Ji(---(Jm(k))---) and k where J; and k satisfy the
following conditions.

1. k is a torus knot or a prime fibered knot in homotopy spheres such
that no nontrivial Laurent polynomial f(¢)f(¢~!) divides A;(¢).
2. Each J; is a nontrivial cable of S! x D?.

Theorem 8.6. If K,,...K, € % and K\#---#K, >0, then {1, ..., n} can be
paired into 1[;- {is, js} such that K; = -K; .

Proof of Theorem 8.6. First we consider the case n > 1. Set K = K|#---#K,,.
Let an automorphism ¢ of Hk be an extension of the closed monodromy of
K. Foreach 1 <i<nlet K; = J{(«~~(J,’;,(,.)(k,~))-~) be a satellite presen-
tation satisfying the definition of .# . Let S, S’ denote the fiber of J J’ , ki
respectively. Let . be a minimal set of tori in the complement of K which
decompose it into a Seifert fibered manifold and a simple manifold. Isotop-
ing J so that |F N (|JJ)| is minimal where F is the fiber of K, and set
C = FN(UY). Note that each nonannulus component of kg —{D,} is a copy
of S! or contained in a copy of S’ for some i, j.

Case 1. Every nontrivial component of /g is incompressible in H .

First note that condition 1 in the definition of Z° implies that k; is minimal
with respect to “<” among all fibered knots. If K; has presentation J(k# — k)
or Ji(J(J*(k))) where k 20 and J % (S' x D?, S! x 0), then so does k;.
This implies k; is not minimal, contradicting the observation above. Then,
Theorem 8.6 follows from Theorem 5.4, part 2.

Case 2. There is a nontrivial component of hx compressible in Hg .

We shall deduce a contradiction in this case. As in the proof of Theorem
8.2 take a nontrivial compressible component R € hx such that ,R > 6,R’
for every such a component R’ € hgx . The assumption on k; implies that the
fiber S' of k; is incompressible in Hy . Hence, R is (a copy) of Sj’g for some
io, jo, so that there is a compression disk D in Hg such that 8,R = 0D (this
is because the monodromy of a cable of S! x D? is irreducible). Let H' be
the closure of the component of Hx — D containing R; then ¢™(H') = H'.
Set w = ¢™|H'. Then, the closed monodromy of L = J*(J22, (- (ki) +))
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is y|0H', which extends over the handlebody H' (= H;). Since L is a non-
trivial cable knot and 4, is a useful boundary pattern for H’, this contradicts
Theorem 5.4.

To complete the proof of Theorem 8.6 we need to consider the case n=1.
However, just as in the arguments in Case 2 above we can deduce a contradic-
tion. O
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