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FINITE AND COUNTABLE ADDITIVITY
OF TOPOLOGICAL PROPERTIES IN NICE SPACES

V. V. TKACHUK

ABSTRACT. Let Q € {character < 7, pseudocharacter < 7, tightness <

7, weight < 7, P-property, discreteness, Fréchet-Urysohn property, sequen-
tiality, radiality, pseudoradiality, local compactness, k-property}. If X" =
U{Xi:ien}, X;-Q forall i € n then X + Q (ie. the property Q is
n-additive in X" for any X € T3). Metrizability is n-additive in X”* pro-
vided X is compact or ¢(X) = w. ANR-property is closely n-additive in X"
if X is compact (“closely” means additivity in case X; is closed in X"). If
Q € {metrizability, character < 7, pseudocharacter < 7, diagonal number
<1, i-weight < 7, pseudoweight < 7, local compactness} then Q is finitely
additive in any topological group.

INTRODUCTION

There are quite a few properties finitely or countably additive in every space.
The network weight and density are classical examples hereof. The weight and
metrizability can serve as examples of nonadditive topological properties which
are also numerous. However the weight is countably additive sometimes. This
happens in metric as well as in compact spaces. We are going to show that
nonadditive topological properties are actually additive in much more cases
than could be seen at the first glance.

Let us start with definitions. Given a space X and an n € @w we say that
a property Q is (closely) n-additive in X if X F Q (X has Q) in case
X = XoU---UX,-; where X; - Q (and is closed in X respectively) for
all i € n. A property Q is countably additive in X if X + Q as soon as
X=U{Xiricw} and X;-Q for ic w.

Suppose that we are trying to find as large a class as possible in which most
of nonadditive properties become additive. Can it be in some way the class of
all regular spaces (or 7j-spaces)? The space A(w;) (which is the Alexandroff
compactification of the discrete space of power w;) seems to dispel all hopes
of that, because it shows that a union of two metrizable spaces can have an
uncountable pseudocharacter. It can also have an uncountable tightness and
can be an example of nonadditivity for almost all nonadditive properties at
once.

It turns out however that a slight change of generality results in additivity for
all properties one could imagine. That is the following will be proved.
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0. Theorem. Let Q be a topological property and n € w\{0}. Suppose that
Q belongs to some list of more than twenty properties and X" = J{X;: i € n},
where X;+ Q. Then X+ Q.

Of course, this list includes weight, character, pseudocharacter and most of
other known nonadditive properties. In fact it is very difficult to find a property
Q for which the Theorem 0 does not hold. The only Q the author succeeded to
discover is “ind < 1”. It seems curious that Q = “ind < k” is closely n-additive
for any X" being not closely 2-additive in the class of compact spaces. It is
easy to prove that most nonadditive properties are not (n + 1)-additive in X"
even in case X is compact.

The results on n-additivity of properties for X” make up §1 of this paper. In
§2 we deal with countable additivity of properties for X% . A. V. Arhangel’skii’s
problem is the main one here. He asked if metrizability is countably additive
for X“. M. G. Tkacenko proved in [1] that the answer is “yes” for all X
with cI*(X) < w. In particular, metrizability is countably additive in X for
separable as well as for ccuntably compact X . We prove that metrizability is
finitely additive in X% for any X .

In §3 we prove that some properties and cardinal functions are finitely addi-
tive in topological groups and some are not.

Notations ard terminology. If X is a space then T'(X) is its topoiogy and
T*(X) = T(X)\{0}, T(x,X)={U € T(X): x € U} forany x € X. The
expression X ~ Y means the spaces X and Y are homeomorphic. If B
is a family of subsets of X and 4 C X then B[ A ={UNnA:U € B,
UNA+#0} and B(x)={U € B:U>x}. Apoint x € X isa P,-point in X
iff N{U,: a < 1} is a neighbourhood of x assoonas U, € T(x, X) fora< .
A space X isa P,-spaceifevery x € X isa P-pointin X. Aset HC X is
called a G,-set if H =\{U,:a < 1} where U, € T(X), a < 7. The symbols
a, B always serve as ordinals, 7 is for a cardinal, FU abbreviates “Fréchet-
Urysohn”. If X is a space and 4 C X then 4 ={B:BCA4 and |B|<7}.
If ACY c X then A" as well as cly(A) is the closure of the set 4 in Y.
‘i’he same bar is used to denote closures in different spaces if no confusion is
possible. A space X isa k-space if 4 C X, A # A implies ANK # ANK
for some compact K C X. We say that X is w-monolithic if nw(4) < w
for every countable 4 C X. The space L(w;) is the lindeldfication of the
discrete space of power w,. Thatis L(w;) =LU{a}, LFa, L C T(L(wy)),
T(a, L(w;)) = {{a} U (L\A): |4] < w}. All other notions are standard.

1. ADDITIVITY IN FINITE POWERS

Most of our results on n-additivity in X" concern pointwise properties. A
property Q is called pointwise if for every space X we have X + Q if and
only if X F Q(x, X) for all x € X. Here Q(x, X) is some point property
in X. A class C of subspaces is said tc be representative for the property Q
if for every space X and any H C X with H € C we have X + Q(x, H) iff
X+Q(x,X) forany x e H.

We are not going to give rigorous definitions of “point property” and “rep-
resentative -class”. We will just define what Q(x, X) and representative sets
are for any particular Q. We will also be informal enough to say that a car-
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dinal function ¢ is n-additive in X" . This will mean the nroperty “¢ < 77 is
n-additive in X" for any 7.

1.1. Definitien. Given a space X and a property Q let Qic(x, X) = “there
isa U e T(x, X) such that U+ Q”. A space X is called locally Q-space iff
QOloc(x, X) forevery x € X .

If x € X, then x"” € X" is the point with all its coordinates equal to x.

1.2. Theorem. Suppose that the property Q satisfies

(i\)if X+-Q and U e T*(X) then Ul Q;

(ii) if f: X = Y is a continuous onto map and X - Q, then Y + Q. Then
QOioc is n-additive in X" forall n>1 and X € T;.
Proof. The property Q. must not be invariant with respect to continuous
maps. However it behaves differently where retractions come in.

1.3. Lermma. If QF (VA (i), X + Qoc and r: X — Y s a retraction then
Y+ Qloc . "

Proof of the lemma. Pickany y € Y. Thereisa U € T(y, X) with U+ Q. Let
V=UNY.Then VeT(y,Y) and V c r(U). Pickany W < T(y, Y) with

W' c V. It follows from r(U)F Q and (i) that W' Q and we established
Qioc(¥, Y) together with the Lemma 1.3.

Resuming the proof of 1.2 consider the following statement I, for k > 1.
I, = “if X* is a retract of some Y with X; c Y, X; + Q. (i € k) and
U{Xi: i € k} D X* then X F Qy,.”. It suffices that we prove I; forall k> 1.
We will do that using induction along k. If kK =1 then X is a retract of Xj
so that this situation was dealt with in Lemma 1.3.

Assume that I, is true for kK < 7 — 1. Let X" be a retract of Y and
X" c U{Xi: i € n} where X;F Qi for ien. Pickany x € X and jen
with x" € X;. There exists aset V' € T(x", Y) such that

H=Clxj(VﬂXj)"‘Q.

The set V' N X" contains U" for some U € T(x, X). Denote by r thz
retraction from Y onto X”. The set W = r~!}(U") is open in Y so that
Yi=Xi"W £k Qe for ien. Clearly, U" Cc W and r(W)=U" ie. U" isa
retract of W . Suppose that there is a point y € U with ({y}xU"")nX; =0.
Then {y} x U""! is homeomorphic to U”~! and being a retract of W is
covered by < n — 1 subsets of W all of which have Q.. The induction
hypothesis yields U + Q. and Qj,c(x, X) and that is what we needed.

If ({y}xUr")NnX; #0 forall y € U then U C p;(X; nU"), where
p1: X" — X is the natural projection of X" onto its first factor. But X;nU" C
r(H) so that U C p,(r(H)). The set G = p;(r(H)) has Q by (ii). Now it
suffices to pick any U; c U, U, € T(x, X) with U, c U, because U, + Q
by (i) and we have finished the proof of 1.2.

.1.4. Corollary. Let Q € {local compactness, local pseudocompactness, local
countable compactness, local Lindelof property, local Souslin property, local sep-
arability, local a-compactness, local network weight < t, local spread < t, local
extent < 1}. Then Q is n-additive in X" for any regular space X .

1.5. Lemma. Let open sets be representative for a pointwise property Q which
is hereditary with respect to closed sets. Suppose that n > 1 and it is known




588 V. V. TKACHUK

that Q is (n — 1)-additive in X"~ for every X. Let X" ={J{X;: i € n} and
Xi+Q forall i e n. Takeany x € X and U € T(x, X). If there exists a
jen with {p}xU1)NnX; =0 forsome y e U, then X+ Q(x, X).

Proof. The subspace {y} x U"~! is homeomorphic to U"~! and is covered by
the sets X; N ({y} x U""Y), i € n\{j}. The set {y} x U""! is representative
for Q in {y} x X"~ ! so that X; n ({y} x U""") + Q for all i € n\{j}. As
Q is (n — 1)-additive in U"~!, we have U + Q. Hence U + Q(x, U) and
X F Q{x, X) the set U being representative for Q in X. Our lemma is
proved.

1.6. Proposition. Let Q be a pointwise property such that
() ifYHQ(x,Y), YCX,and x€ ZCY then Z+Q(x, Z);
(ii) open sets are representative for Q.
Then Q is n-additive in X" for every topological space X and n € w\{0}.

Proof. Take any n > 1 and assume that we have proved k-additivity of Q in
Xk forall k<n-1.Let X*"=J{X;:i€n} and X; - Q forevery i € n.
Pick any x € X and consider the subspace Y = {(x"~!, y): y € X}. Clearly,
Y~ X. Thereisa j with x" € X;. Lemma 1.5 shows that it suffices to prove
Q(x, X) incase (V" !x{y})NnX;#0 forany y€ X and V € T(x, X). But
then Y C X; so that Q(x", X;) and (i) imply Q(x", Y). The last statement
is equivalent to Q(x, X) because there is a homeomorphism A: Y — X with
h(x™) = x . Then Proposition 1.6 is thus proved.

1.7. Corollary. The property “character < t” is n-additive in X" for any X €
T3 and n>1.

1.8. Proposition. Suppose that a pointwise Q has the following properties:

(1) if Q(x,X) and x €Y C X then Q(x,7Y);

(ii) if H is representative for Q in X and Y C X then HNY is represen-
tative for Q in Y and H" is representative for Q in X";

(ili) if ye Y C X and Q(y, Y) then there is a representative H C X with
HNY ={y};

(iv) if x" € H C X" and H is Q-representative in X" then there exists a
Q-representative G in X such that x" € G" C H;

(v) if Q(x, X) does not hold, then {x} is not representative in X .

Then Q is n-additive in X" for every topological space X and n > 1.

Proof. 1t is again induction along n € w. Let X" =J{X;:i<n} and X;+Q
for all i < n. Assume that -Q(x, X) for some x €¢ X. Picka j € n
with x" € X;. Using (iii) and (iv) find a representative H C X, H 3 x
such that H" N X; = {x"}. It follows from (v) that H # {x} so pick any
y € H\{x}. Evidently, (H""!'x{y})nX; = 0. Now (i) and (ii) make it possible
to apply the induction hypothesis to the subspace H. Hence H - Q(x, H) and
X F Q(x, X) which is a contradiction. Proposition 1.8 is proved.

1.9. Corollary. Pseudocharacter and discreteness are n-additive in X" for every
Ty-space X and n>1.

Proof. Let Q = “w < 1”. Then G,-sets are representative for Q and satisfy (i)-
(v). Proposition 1.8 applies for the discreteness as well because the discreteness
is equivalent to the property Q = “w < 1”.
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1.10. Proposition. Suppose that we have pointwise properties Q and R such
that

(i) Q(x,X) and xe Y C X imply Q(x,7Y);

(i) R(x, X) and x €Y C X imply R(x,Y);

(iii) any U € T*(X) is representative for Q;

(iv) if R(x, X) then R(x", X");

(v) if =Q(x, X) then there existsa Y C X, Y 3> x with -Q(x,Y) and
R(x,Y);

(vi)if Q(x,Y) and R(x,Y) then {x} € T(Y);

(vii) if =Q(x, X) then x € X\{x}.

Then Q is n-additive in X" for any topological space X and n> 1.
Proof. As usual it is an induction over n € w\{0}. Let X" = XoU---U X,_;
with X; - Q for all i € n. Assume that -Q(x, X) for some x € X. Use
(vytofinda Y C X, Y 5 x with -Q(x, Y) and R(x, Y). It follows from
(1) that ¥; = X;nY" + Q forevery i € n. If x" € ¥; then (ii) and (iv)
imply R(x", Y;). But Y; - Q so that Q(x", Y;) takes place. By (vi) there is
aUeT(x,Y) with U"nY;={x"}. Pickany y € U\{x} (which is possible
by (vii)) and observe that (U"~! x {y})nY; = 0. Finally apply Lemma 1.5
to conclude that Q(x, Y) holds which is a contradiction. Proposition 1.10 is
proved.

1.11. Corollary. For any cardinal t the P.-property is n-additive in X" for
n>1and XeT;.

Proof. Let Q = “P;-property” and R=“y <1”. If xe X is not a_P;-point
in X (i.e. X+ -Q(x, X)) then there is a G,-set H 5> x with x € X\H. Now
for the subspace Y = {x} U(X\H) we have y(x,Y) <7 (ie. Y+ R(x, 7))
and -Q(x, Y) so that (v) takes place. The proof of (i)-(iv) and (vi)—(vii) is
trivial.

1.12. Theorem. Let a pointwise Q have the following properties:

(i) open sets are representative for Q;

(i) X+Q(x,X) iff Q(x, A4, X) forany Ac X with x€ 4;

(i) Q(x, {x}, X);

(iv) if F isclosedin X and x € F then Q(x, X) implies Q(x, F);

V)ifxeYcCX, AcY,and Q(x,A,Y) then Q(x, A, X);

(vi) ACB and Q(x, A, X) imply Q(x, B, X);

(vil) if f: X — X, is a continuous map and Q(x, A, X) then we have
Q(f(x)a f(A)s Xl) .

Then Q is n-additive in X" for every natural n > 1 and X € T;.
Proof. If (X + Q) then there is an x € X with -Q(x, X). Therefore
-~Q(x, A, X) for some A C X with x € 4. Observe also that x 3 A by (iii)
and (iv). Let X" = XoU---UX,_; and X;F Q forall ien. Takea jen
with x” € Xj .

Claim. For every y € A we have

Xinp'y) > (x"1, )

where p,: X" — X is the natural projection onto the last factor.
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Proof of the claim. If X;np;'(y) # (x"~', ») then by regularity of X there
isa Ue T(x, X) such that (T""' x {y}) N X, = 0. It follows from (iv) that
(X;nT"')F Q forall i € n. But the space U x {r} is homeomorphic
to U"' and is covered by < n — 1 subspaces having Q. Hence U + Q
by induction hypothesis. Now (i) implies Q(x, U) which in its turn implies
Q(x, X). This contradiction proves our claim.

Let D = X;Np;'(A4). It is clear that x" € D. Thus Q(x", D, X;) takes
place, so that Q(x", D, X") is true by (v). Finally, use (vii) to conclude that

Q(x, pn(D), X) is fulfilled. But p,(D) = A by the claim and we have a con-
tradiction which proves Thecrem 1.12.

1.13. Corollary. If Q € {tightness < t, sequentialiiy, FU-property, radiality,
pseudoradiality} then Q is n-additive in X" for any regular X and n>1.
Proof. We are going to formulate explicitly what Q(x, 4, X) is for every Q
from the above list. _

(i) Q=“t<7.” Then Q(x, A, X) says x€ A .

(i1) If Q is “sequentiality” and 4 C X let 4y = A. Having some sets A4,
for all & < B consider two cases:

Casel. p=1limpB. Put Ag={4.:a < B}.

Case 2. B = fo+1. Let Ag = {lima,: {a,: n € w} C Ap, is a converging
sequence}. Finally, let a4 = U{4.: @ < w,}. The statement Q(x, 4, X) is to
say that x € 4 .

(iii) If Q is “FU-property” then Q(x, A, X) states that x € 4, , where 4,
is taken from (ii).

(iv) Let Q = “radiality” and 4 ¢ X. Then A is the set of limits of
well-orflered nets lying in 4. Define the statement Q(x, A, X) to be equal to
“xeA”.

(v) If Q is “pseudoradiality” and 4 C X take 7 = (exp(exp(|X])))* and for
every a < 7 construct A, as follows.

Let Ag=A andif B =1im B then Ag = J{4a: @ < B}. If B = o+ then
Ag = Z}o. The sets 4,, a < 7, being constructed put 4 = U{4a: a < 1}.
Now Q(x, 4, X)=“xe A ”.

The verification of conditions 1.12(i)-(vii) in any of (i)-(v) cases is routine
so that 1.13 is established.

The following property could be called the intermediate between pointwise
and nonpointwise, because it is local but not pointwise.

1.14. Proposition. The k-property is n-additive in X" for any X € T3 and
n>1.

Proof. Assume that X is a counterexample, X" = J{X;: i € n}, X, isa k-
space for each i € n and » is the minimal number for which a counterexample
exists. Let A C X, A # A be k-closed in X i.e. KN A is compact for any
compact K C X. Then p;'(4) is k-closed in X". Pick any a € 4\4 and
j € n with a" € X;. The set p;'(4) N X; is closed in X; so that there is

a UeT(a,X) such that U nX;Nnp;'(4) =0. Takea y € UNA. Then
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{y}xU"' cp;'(4) and ({y}x U"')NnX; = 0. This means U""! is a union
of <n-1 k-spaces and is therefore a k-space itself. But this is a contradiction
because ANU is k-closed in U but ANT" £ANU.

Proposition 1.14 is proved.

1.15. Theorem. The weight is n-additive in X" for every X € T3 and n> 1.
Proof. Tt is again induction along n € w. Let n > 1 and X" = |J{X,:i € n}
where w(X;) < t. We would like to reduce our case to an X as simple as
possible.

1.16. Lemma. If a counterexample exists then there is a counterexample X
such that X = AUB, where ANB=0, |A|<1, wB)<t,and A=X.
Proof of the lemma. Note that x(X) <7 by 1.7. If X is some counterexample
then X = YyU---UY,_; and w(Y;) < t. Consider the subspaces Z; =
Yo,..., Zy = Zy_1 UY,. There must be an i € n such that w(Z;) < 7 but
w(Z;41) > 7. Hence Z;,, is also a counterexample and is a union of two
subspaces of weight < 7.

1.17. Sublemma. Let Y = YyU---UY,, w(Y;))<t,and Y, =Y forall i<k.
Then w(Y)<Tt.
Proof of sublemma. 1If C; is a base in Y;, |C;| < 7 then pick any B; c T(Y)
such that |B;|<t and C;=B;1Y;. Then B=|J{B;: i<k} isabasein Y.
The sublemma being proved consider Z,.; = Z; U Y;,;. It follows from
w(Ziy1) > t that w(clz,,(Z;)) > © or w(clz,,(Yiy1)) > 1. If, for example
w(Z;NZiy1) > t, then for 4, = Z;, B = Z;N Y, the space 4; UB is
also a counterexample and A; is dense in 4; U B. Now take any 4 C A4,,
|A| < © such that 4> 4, and let X = AU B. It follows from 1.17 that X is
a counterexample and Lemma 1.16 is proved.

1.18. Definition. Let Y be aspaceand P C Y. A family E is called an outer
base of the set P in Y ifforany pe P and U € T(p,Y) thereisa V € E
suchthat pe V Cc U.

1.19. Lemma. Let Y beaspace, ZCY, TCY, ZNT#0 and TCZ,
w(Z)<t. Then ZNT has an outer base E in T with |[E| <.

Proof. Let y be abasein Z, |y| < . It follows from Z D Z U T that any
family 4 € T(ZUT) such that y = u [ Z will be an outer base of Z in ZUT .
Therefore it will be an outer base of ZNT in Z UT. Of course the family
E=u|T isanouterbaseof ZNT in T and Lemma 1.19 is proved.

1.20. Lemma. Let Y = AUB, where |A| <1, x(Y)<1, A=Y, w(B)<T.
Then w(Y) <t iff B has an outer base in Y of power < t.

Proof. Only sufficiency needs to be proved. The set 4 has an outer base E4
with |E4| < 1 (because x(Y) < 7). If Ep is an outer base for B in Y and
|[Eg| <t,then E=E, ,UEp isabasein Y and |E| < 7. Lemma 1.20 is thus
proved.

1.21. Lemma. Let Y = AUB, x(Y)<1t, |[A|<t, A=Y, w(B) < 1, but
w(Y) > t. Then there is a set C C B such that |C| =1+ and w(Z) > t for
every Z D> A with |ZNnC|> 1.

Proof. We are going to construct C by recursion along t*. Let # < t* and
suppose we have Cp = {c,: a < B} C B. We are assuming that a base B) of
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T(y,Y) is chosen for any y € Y in such a way that |B,| < . The family
Bg =U{By:y € AUCg} is not a base in Y so that there is a cg,; € B such
that Bg is not a base at cg, ;. Put Cpy = CpU {cg41}. If o =lima, then
Co=U{Cp: B <a}.

Let us prove that the set C = {c,: @ < t*} is as required. Take any Z D
A, |ZnC| > 7. Suppose that w(Z) < 7. Any base contains a subbase of
minimal cardinality. Hence there is a C' ¢ C, |C’| < t such that the family
E=U{By:ye AUC'} | Z isabase in Z. There is an o < t* such that
Ca€Z and B <a assoonas cg € C'. We have Z =Y so that the family
u=U{By:y € AUC'} is an outer base of Z. On the other hand x is not a
* base at ¢, by construction of ¢, . This contradiction proves Lemma 1.21.

Lemma 1.21 guarantees the existence of a counterexample X such that

() X=AUB, |4|<t,A=X, w(B) <71, |B|=1" and w(Z) > 1 for
any Z DA with |[ZNB|>r1.

Start at last the proof of Theorem 1.15. Let X" = XoU---U X,_; . Denote
the set XoN---NX,_; by P. Suppose that {x" !} x X ¢ P forall x € X.
Then any x € X has an Ox € T(x, X) such that ((0x)"~!x {p})NnX; =0 for
some p € X and i € n. The induction hypothesis yields w(0x) < 7. Then
w(X) < 7 because /(X) < nw(X) <t takes place.

Thus {x"~1} x X c P for some x € X . Moreover {x""!} x X Cc XoU---U
X1, so that the power of Q; = X; N ({x"~!} x B) is greater than 7 for some
i€n.Wecanapply Lemma 1.19for Y = X", Z = X;, T = Q;U({x"" '} x4).
We conclude that Q; has an outer base £ in T with |E| < 7. Lemma 1.20
implies w(T) < 7 which contradicts (x).

The proof of Theorem 1.15 is complete.

1.22. Theorem. If ¢(Z) = w and Z € T3 then metrizability is n-additive in
YACH

Proof. Note first that y(Z) = w by 1.7. Next we will have to investigate a very
weird class of spaces we are calling pyramids.

1.23. Definition. Given a first countable space X we are going to define when
the range r(X) € @ makes sense. Let 7(X)=0 iff X =0 andif 1 <|X|<w
then r(X)=1.

Now r(X)=n>1if X=YUZ,Z=2Z,YNZ=0,|Y|=0,Y=X
and Z = @P{Z,:a < w,} where r(Z,)=n-1 forall a < w;.

1.24. Remark. The range makes sense for a very narrow class of spaces. In
what follows r(X) = n will mean that the range of X exists and is equal to ».

Let us describe in more detail a space X with r(X) =n > 1. We have by
definition:

X =WVuY,, mhnY,_, =0, ?n—l = Yu1, |Vn| = w, 7n = X,
Yoo = @{X, o € i}, XLy = VL uy,, VI, Y, =0, VX,

—_ a) ay —_ a — a
=Y, Vil =0, VI, = X1,

i, = X5 € o}, X137

— Vna_l;az U Y:lgz e X;’I'”an—Z — I/zal"'an—Z U Ylal'“an—Z , I/zal“'an-—Z n Ylan“'an-z
TR S aranz) —aTaT _ yeran e
=0, YT = PP [ 0, VT X
@{X}I n—2 n—l:an_l §w1}, r(Xll n—l)=1, I/] 1 n—‘l=Xll n— .
It is clear now that it is natural to call X a pyramid of range n (or n-
storey pyramid), and the set V;, — the vertex of X . Let us define storeys
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of the pyramid X in the following way: E, = {V,}, E,oy = {V;!: a1 € .
Cl)]}, e, Ey_p = {V;’a_.;ak: Ap, oo, O € 601}, ..., E = {Vlalma"_li Ay enn,
Qp—1 € wl} .

We have therefore for whatever a space of range », a unique decomposition
of X into storeys. This decomposition makes X an n-storey pyramid. In the
sequel symbols VX, E,f will be used if it is not clear from the context that
the decomposition into the storeys is generated by the space X . An m-storey
pyramid Z is called a subpyramid of an n-storey pyramid X if Z is a subspace
of X and there exists a strictly increasing map / = I(Z, X): {1,..., m} —
{1, ..., n} such that for every P € EZ thereisa Qp € E;}’k) with P C Qp
and the following takes place:

if h e Ef, Pe Ef, ki <ky, then P, C P iff Qp, C Op,

(every bar denotes closure in relevant space). The simplest examples of subpyra-
mids of X are the pyramids X', * with vertices V™', "**. Another example
is X with its kth storey deleted (k < n).

1.25. Lemma. Let X be an n-storey pyramid, where n > 1. If M Cc X is
metrizable then M is a discrete sum of spaces of range 1.

Proof. It is easy to show that every uncountable subset of X has uncountable

M . . .
extent. Hence M NV, is countable. The space Y,_; is an uncountable dis-
crete sum of (n — 1)-storey pyramids so that induction hypothesis can be used
for M NY,_;. The rest is easy.

1.26. Lemma. Let r(X) =n and let M C X be metrizable. Then X\M has
a subpyramid (in X) of range n— 1.

Proof. Clearly, if X, is an n-storey subpyramid of X then we may prove the
lemma for X;. That is why we will several times consider some X; instead of
X and we are going to denote these X;’s as X again.

Let us consider the following subfamilies of E;: Dy = {P € E;: P C M},
Dy, = E;\Dy, . We are going to show that at least one of the following condi-
tions is fulfilled:

(i1) there exists an n-storey subpyramid 7 C X such that ET C Dy;;

(i) there exists an n-storey subpyramid T in X such that P € E] implies
QpEDl\z and PNM=0.

Let t: U{E;: i € n\{0}} — U{E;: i € (n+1)\1} be a map defined as follows:

if P ¢ E;, then t(P) € Ex,,, P Ct(P);
if D c E;, then u(D) = {t(P): P € D and |t~} (¢(P)) N D| > w}.

It is immediate that u(D) U u(E;\D) = E,, for every D C E;. Now there ‘

exists an n-storey subpyramid T C X with ET c Dy, iff |D}|| = w; = |D}| =

|1Df‘1| = ~--2= ID{T'|, where D}, = Dy,, D' = u(D}), p=1,2, i =
s, =2,

Suppose that |D¥ | < w for some k < n—1. Then |D})| = w, forall /=
1,..., n—1 because otherwise there would be an m < n—1 with |DJ}| < w,
|DP%| < w-we have a contradiction with E,, = D U D7} . Finally, to produce
a subpyramid 7 C X like in (ii;) we have to put ET = {P\M: P € D,
and P' € Di, forall i =1,...,n—1}, where P! = P, P*! = ¢(P"). If
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l1<k<n-1,then Efl ={PeD: P e D" for i=1,...,n—k} and
E] ={Va}.

We have proved that (i;) or (ii;) takes place. They can also be fulfilled both
at once. In that case we prefer (ii;) and assume (without loss of generality)
that the first storey of X does not meet M . If only (i;) is true we will say
that all elements of the first storey are subsets of M .

We are going to pass through all other storeys of our pyramid, considering
smaller and smaller n-storey subpyramids (and saying all of them are equal to
X!). In the end we will have either an n-storey subpyramid outside of M or
an n-storey subpyramid T' with JEF c M for some k € {1, ..., n} and
with (T\(UE])) N M = 0. This will finish the proof because then T\(U EF)
will be the required (n — 1)-storey subpyramid outside M .

Suppose that first k — 1 storeys are considered and (U(Uf;ll E)NnM=0.
Split E; into two parts: Dy, = {P € E;: PN M contains a subpyramid of
range k} and Dy, = Ex\Dy, -

We will prove that at least one of the following conditions is fulfilled:

(ix) there is a subpyramid 7'c X with r(T)=n and UE] c M ;

(iix) there is a subpyramid T Cc X with r(T)=n and (JET)NM =0.

This means we can either clear up the kth storey from M or take it that M
covers the whole kth storey.

To start with observe that if P € E;, A C P then either 4 or P\A contains
a k-storey subpyramid. This can be proved by easy induction along k. Let
D,Lpszp, D,i‘;‘ =u(D,’;p), i=1,...,n—-k-1,p=1,2.

It is clear that there is an n-storey subpyramid 7" C X such that EkT C Dy
iff |D},|=w;, i=1,...,n—k. It follows from E}, = Di uD;., that
either E{ C Dy, or EkT C Dy, for some n-storey subpyramid 7 ¢ X. If
EkT C Dy, then change every P € Dy, inio PN M. Then T' C T thus
obtained is also an n-storey subpyramid of X (note for the sake of accuracy
that EI' =ET for j#k and E ={PNM:PcE]}).

Now passing from X to T’ »we have the kth storey covered by M. If
EkT C Dy, then changing every P € Dy, into P\M we can clear up the kth
storey of X .

Finally, if there isa k € {1, ..., n — 1} such that the kth storey is covered
by M, the (k +/)th storey is under consideration and i < k+/, i # k implies
(UE;)n M = 0, then we must prove that (k + /)th storey can also be cleared
up.

Indeed, if P € E;,;, then (M NP)n (JE) is countable because M is
metrizable and Lemma 1.25 implies |ZM| = w for any countable 4 C M .

Thus P\M contains a subpyramid of range k +/ and the operation P —
P\M clears up the (k + /)th storey.

Lemma 1.26 is at last proved.

1.27. Corollary. No n-storey pyramid can be represented as a union of less than
n metric spaces.

It is time to set to the proof of Theorem 1.22.
Let Z" = ZoU---UZ,_y, ¢(Z) = w and Z; is metrizable for all i € n.
If s(Z) = w then nw(Z) = w the space Z being a finite union of separa-
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ble metrizable spaces. Therefore w(Z;) = nw(Z;) = w and w(Z) = w by
Theorem 1.15.

Suppose D C Z is discrete, |D| = w;. If Z is a counterexample then
Z\(D\D) is also a counterexample because ¢(Z\(D\D)) = w. Consequently,
we can assume that D= D.

Evidently, Z = YoU---U Y,_; for some metrizable Y;, i € n. Let U; =
Int(Y;), W; = Y;nU;. Then W; = U;, and c(W;) = c(U;) = w = d(W}).
As J{W;:i€en} isdense in Z we have d(Z) =w. Take AC Z, |4| = v,
A=2Z. Thespace AUD is still a counterexample so that again we are assuming
Z=AUuD, AnND=0.

Claim. Z" contains an n-storey pyramid.

Proof of the claim. Induction on n. Clearly, Z! = Z is a pyramid of range 2.
Let X,_; C Z"', r(X,—1)=n. Then X, = A" U (X,_, x D) is a pyramid of
range n + 1 and the claim is proved.

Now use Corollary 1.27 to conclude that the pyramid X,, and hence Z”" D> X,
cannot be represented as a union of n metric spaces which is a contradiction.
Theorem 1.22 is proved at last.

1.28. Theorem. Metrizability is n-additive in X" if X is compact.

Proof. We will need a lemma, generalizing the analogous one belonging to M.
G. Tkacenko [2].

1.29. Lemma. Let X be a compact space, X = J{Y;: ] < k} where Y is
metrizable (I < k). Then F =(\{Y,: 1 <k} is metrizable:

Proof of the lemma. Let us first establish that F is w-monolithic. Let 4 C F,
|| = w, 4; = AnY;. It is sufficient to prove that w(4;) = w forall i < k.
Fix j < k. Then 4; = (U{4ANnY;:i < k})NY;. Thus it suffices to prove
that ANY;NY; is second countable for all i < k. The tightness of X is
countable [3] so that there isa B C Y; with |B| < w and B D A. Therefore
ANY;nY;Cc BnY;=cly(B). As B is countable and Y; metrizable we have
w(cly,(B)) < w.

Hence the same is true for 4 N Y;NY; and we have established w-monolithity
of F.

The second step in the lemma proof is to show that d(F)=w.

Fix E; C T(X) such that E; | Y; is a o-discrete base in Y;. Observe that
E;1'Y; is an outer base of Y; in Y;. 4

Let Ao = {xo}, where xo € F. There exist countable sets 4, C Y¥; such
that Ao C A} for all i < k. Let Co(i) = U{Ei(x): x € 4y} and Cp =
Co(0)U---U Cy(k). '

Suppose that n € @ and we have countable sets 4, C F, 4, C Y; and
countable C, ¢ T(X), 4, c JC,. For every finite d ¢ C, with 4, c Ud
pick a point x; € F\|Jd if the last set is not empty. Put 4, = 4,U{x,:d C
C,, A, c Ud and F\Ud # 0}. Then 4,,; C F and |4, < @. There

are countable 4!, C Y; such that A, C 4}, forall i <k. Let Cpy (i) =

U{Ei(x): x € AL} and Cyy1 = Cpy1(0) U -+~ U Cpyy (k). Our construction is
complete. Let A = |J{d,:n € w} and C = Y{Cp: n € ®}, A(i)) = ANY;,
i<k.
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Claim. C > C(0)U---U C(k), where C(i) = U{Ei(x): x € A(i)}.

Proof of the claim. If x € A(i), V € E;(x) then V' N A4}, # 0 for some m € w
because x € A C J{4n: n € w}. Butthen V € Cy,(i) c C. Hence C(0)U---U
C(k) c C and our claim is proved.

It follows from the claim that C(x) | Y; is a base at x in Y; for any
x€AWl), i<k.

The set A is dense in F . To prove that, suppose that this is not so. Then
there is a point z € F\A. Every x € 4 has a 1 neighbourhood V(x) € C(x)
such that z ¢ V(x). The cover {V(x): x € A} of the compact set 4 has
a finite subcover d. There is an m € w with d C C,,. Then 4, Cc Ud
and z € F\|JUd. Thus there is an x; € F\|Jd. But xd € Apy1 C A and
x4 € F\Ud c F\A. This contradiction proves that 4 = F . The separability
of the set F together with its monolithity implies w(F) < w and Lemma 1.29
is proved.

Let X" = J{Xi: i < n} with metrizable X;, i < n. Lemma 1.29 gives
w(F) < w for F = N{X;:i < n}. If po(F) = X then, evidently, X is
metrizable. If x € po(F), then py'(x)NF =0 and p;'(x) ~ X*~'. Now
X1 is represented as a union of n metrizable spaces with empty intersection
of their closures. Let A= {y"~!: y € X} be the diagonal of X*~!. For every

y € X thereisa U, € T(y, X) such that U;—' meets less or equal than n — 1
metrizable spaces. The induction hypothesis yields w(U,) = w. Hence X is
locally metrizable and thus metrizable.

Then Theorem 1.28 is proved.

1.30. Theorem. The ANR-property is closely n-additive in X" for a compact
space X .

Proof. In the class of compact spaces the ANR-property coincides with local
ANR-property. Suppose that X" = |J{X;: i € n}, X, is closed in X" and is
an ANR. We are gong to prove that X is a local ANR.

Our induction hypothesis will be a bit stronger:

(I) if X* is embedded in X? as a k-face for some p > k and X* C
U{Xi: i<k}, X; isclosed in X? and is an ANR then X is locally ANR.

Recall that Z C X? is a k-face of X” if there are x;,..., x,_xX and
it,...,0p_k €p suchthat Z={fe X?: f(i)=x;, I=1,...,p—k}.

The statement (I;) is true, because if Z isa 1-face of some X? and Z C X,
then Z is a retract of X? and thus a retract of X;. A retract of an ANR is
itself an ANR and we established (I,).

If we are questioning (I,), take any x € X. The space X" is an n-face
of some X9 and X" C U{Xi:i < n}. Let X" = {f € X?: f(i) = xi,
I=1,...,9-n, x;€ X forall /}. Pick some j ¢ {i,..., ig—n} and let
F =pj“(x) N X", where p;: X9 — X is the jth projection. Then F ~ X"~!
and F isan (n—1)-faceof X?9. If F C XpU---UX,_, thenby (I,,_,) the space
X isan ANR.Ifnotlet f € F\(XoU---UX,_,). Pickastandard U € T(f, X9)
with UN(XoU---UX,_3) =0. The set UnN X,,_; is an ANR being open in
Xn_1. There is a retraction r: UN X,_; — U, where U; > f is a standard
open set in X" . Clearly, U; can be retracted onto a set homeomorphic to a
neighbourhood of x. Thus X is locally ANR at any x € X and I, is proved
together with Theorem 1.30.
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1.31. Theorem. The dimension function ind is closely n-additive in X" for
any regular X .

Proof. It runs like one in 1.30 but is simpler. If X" = |J{X;:i € n}, X;
is closed in X" and ind(X;) < k for all i € n then pick any x € X. If
Py Y(x) ¢ U{Xi: i € (n = 1)}, then the induction hypothesis works (observe
that we could not act in the same way proving 1.30 because the ANR-property
is not closed hereditary). If not then U > f € p, '(x) for some standard U
with UN(U{Xi:i<n—-1})=0. But U C X,—; and contains a copy of some
V € T(x, X). Therefore ind(V) < k and 1.31 is proved.

1.32. Examples. The space L(w;) shows that all properties we mentioned
(except “ind < k”) are not 2-additive. It is easy to prove that (L(w;))" is
a union of n + 1 discrete spaces. Therefore they are not (n + 1)-additive in
(L(ewy))™. It is well known that “ind < 1” and ANR-property are not closely
2-additive [4]. There exists a metrizable compact space X such that ind(X) =
2, but ind(X?) = 3 [5]. The last equality implies X2 is a union of two 1-
dimensional spaces. But ind(X) > 1 so that ind is not 2-additive in X2 even
for metrizable compact X .

1.33. Questions. Let Q € {normality, collectionwise normality, paracompact-
ness, i-weight, m-character}. Is Q n-additive in any X"? Is Ind closely
n-additive in X" (for, say compact X)? Does there exist a property which is
17-additive for X! but is not 18-additive for X187

2. COUNTABLE ADDITIVITY IN X%

Most of the properties are countably additive in X¢ for any Tychonoff X .
More exactly, the following holds.

2.1. Proposition. Let Q be a topological property invariant under open map-
pings. If X € T35, X?=U{Xi:i€w} and X;+Q forall i€ w, then X+ Q
(and X°+ Q).

Proof. This was in fact proved by M. G. Tkacenko who had established the
following

2.2. Lemma (M. G. Tkacenko [1]). If X € T35 and X = |J{X;: i € w} then
there is a j € w such that X; can be mapped openly onto X .

It also follows from the Lemma 2.2 that some X; maps openly onto X°
because X% = (X®)®.

In [1] Tkacenko proved that metrizability is w-additive in X¢ if cl*(X) <
w, i.e. if any discrete E C T*(X") is countable for any n > 1.

2.3. Theorem. Metrizability is finitely additive in X for any Tychonoff X .

Proof. Suppose that for all k < n it is proved that if X® = J{X;: i < k} and
[I{Xi: i < k} is metrizable then so is X. If X® = (J{X;: i < n} then there
~will be no loss of generality if we assume that every X, is strongly dense in
X?, ie. for any finite 4 C @ we have py(X;) = X4.
Indeed, if some X; is not strongly dense in X then take any z € X4\p4(X;)
and apply the induction hypothesis to p;‘ (z) which is homeomorphic to X% .
Let B; be a g-discrete base in X; and let E; C T(X) satisfy E; | X; = B;.
Then E; is an outer base for X; because X; is dense in X . We are going to
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produce a o-discrete base for E;, i.e. a family D; C T(X?) such that D; is
o-discrete and for every U € E; thereisa Dy C D; with |JDy = U. If we
succeed then |J;_, D; will be a g-discrete base in X¢.

We will apply the method M. G. Tkacenko used in [1]. If U € T(X%)
then let Uy = p;'(Vi), where Vi = U{W: W € T(X*) and p;'(W) c U}.
Observe that k is meant to be the set {0, 1,...,k -1} and py: X — X¥ is
the relevant projection.

It is easy to check that U = |J{Uy: k € w} forany U € T(X?).

Represent E; as |J{E{:s € w}, where Ef [ X; is discrete in X;. Consider
the family Ef* = {U,: U € E§} forall k € w. Fixa z € Xk. Thereis a
y € X; with p,(y) = z. Choose a W € T(X;), W 3y such that W meets
at most one element of E7 | X;. Let g, = p [ X;. The map g is open [1],
and the family g, l(pk(Ef")) refines the family E | X; so that g,(W) meets
at most one element of p;(Es*). We proved that p(Es*) is discrete in X .
Therefore E$* is discrete too and letting D; = J{E$*: s, k € w} we obtain a
o-discrete family which is a base of E;.

Our proof is complete because |J{D; : i < n} is a og-discrete base in X%
and X¢ is metrizable.

2.4, Theorem. Let X bea T\-spaceand X® = |J{X,: n € w}, where y(X,) <
T forall n. Then y(X)<T.

Proof. Note first that no technique, developed by M. G. Tkacenko in [1] can be
applied here.

Suppose that X is a counterexample. Then X = J{X,: n < w} where
w(X;) < 1. There exist an x € X and an n € w with y(x, {x}UX;) > 7,
i.e. the space X' = {x} U X, is also a counterexample.

Consider the space X" defined as follows: X” = X’ and T'(X") = {{y} :
y € X;} U{Npe:Ua: U, € T(x, X) for all @ < 7}. This space is also a
counterexample, because its topology is finer than that of X’.

We proved that there will be no loss of generality if we assume X = {a}UY,
where Y ¢ T(X), a€ Y\Y, y(a,X)>t,andif U, € T(a, X) for a <t
then N{U,: a <t} € T(a,X). For AC w and f e X4 let P(f)={n¢€
A: f(n) =a}, D={f € X?:|P(f)| > w}. The set X®\D is a countable
union of discrete spaces so that we can keep under consideration the set D =
U{Xx: n € w} only.

Forany n € w construct A,, gn, Zn, kn, Un, yn,and f, with the following
properties:

(1) Ay C w, gn € X, ky, € w, U, € T(a, X), yn € U\{a}, fn € X?,
Z,CcD;

(2) AnC Ant1> Un D Uniis ZuD Zny1, 80 C Eni1 > kn <knyy for ne w;

(3) |P(gn)l=n, fu! An=8n;

(4) Zp N Xk,, =0, Z, r~'Xk,, = {f;t} .

Let 4, ={0, 1}, g(0)=a, gy(1)=yo € Y. Let Zo=({g}} x X*\})nD,
ko = min{k: X, NZ, # 0} . Choose an f; € Xi,NZy. It follows from y(Xj,) <
T that there exists a Up € T(a, X) such that

(UEP x {f3}) N Xy, = {fo}, where f = fo | (@\P(f0)).
Then Ao = Ay U (0\P(fy)), & = fo | 4o-
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Suppose we have A, 8m, Zm, kms> Un, Ym, fm satisfying (1)-(4) for all
m < n. It follows from (3) that the set P(f,)\4, is infinite. Take any dif-
ferent Iy, l; € P(fy)\An and put 4, = A, U{l, /,}. Define g, , in the

following way: g;.,(k) = fu(k), k € A, and gui1(lbo) = a, gn1(l)Yns1 €
U\{a}. Clearly, g, C g.,,. Let Zny = ({g,,,} x U\*™)n Z, and
kny1 = min{k: X; N Z,,; # 0}. Pick some fuy1 € Xy, N Zyyy. It follows

from (X, ) <t thatthereisa U,y € T(a, U,) with

(UPE) s {fr. DN X,y = {foa)

where f,. 1 = far1 [ (@Q\P(fn+1)) . Now letting Ayi1 = 4, U(O\P(fus1)8n+1 =
Jfus1 | Any1 we have the inductive construction finished.

It is immediate that (1)-(3) and second part of (4) are fulfilled. But Z,., N
X, = 0 because Xy, NZ, = {fp} and Z,41 C Z,, Zpyy # fn. It is evident
that k, = min{k : X, N Z, # 0} for all n € @. Thus

(ﬂ{Zn: ne w}) N (U{X,,: ne w}) =0

ie. ({Zn:new}=0. Let g(k) = (Upee &n)(k) if k € U{4n: n € w} and
g(k) = a otherwise. Evidently, the point g belongs to (\{Z,: n € w} and this
contradiction proves our theorem.

3. FINITE AND COUNTABLE ADDITIVITY IN TOPOLOGICAL GROUPS
A. V. Arhangel’skii proved [6] that if G is a topological group, G = X; U

---UX, and w(X;) <71, i=1,...,n,then w(G) < t. This result seems to
have inspired no one to prove that many other properties are finitely additive
in groups. -

3.1. Theorem. Let M = {metrizability, character, m-character, pseudochar-
acter, P,-property, i-weight, pseudoweight, diagonal number local compactness,
local pseudocompactness, local countable compactness}. Suppose that Q € M,
G is a topological group, G = XoU---UX,_, where X;+ Q forall i € n. Then
G+ Q i.e any Q € M is finitely additive in topological groups.

Proof. If G = XoU---UX,—; and nx(X;) <t for i € n thenthereisan me n
with X,, D U € T*(G). Hence nx(g, U) <nx(Xm) <t forany g€ X,,nU.
Therefore ny(G) < t. This proves finite additivity of the first three properties
because nx(G) = x(G) for any G and G is metrizable iff x(G) = w.

Suppose that y(X;) <1, i € n, and e € X;. There exists a G,-subgroup
Hc G with HNnX; = {e}. If H C X; then H = {e} and the proof is
over. If not, then pick any g € H\X; and a G,-subgroup H; C H such that
gHiNnX; =0. Now gH; ~ H; and the induction hypothesis may be applied
to H;. This yields w(H;) < 7 and yw(G) < 7. We have actually proved our
theorem for pseudocharacter and diagonal number because A(G) = y(G) for
any G [6].

If pw(X;) <t then |X;| < 27 and thus |G| < 2'. We have y(G) < 1 by
finite additivity of pseudocharacter. It is standard that there exists a one-to-
one continuous map f: G — [[{M,: o < 1} where M, is metrizable for all
a < 1 and |M,| < 27. There is a one-to-one continuous map f,: M, — N,
where w(N,) <t for all a <t [7]). Therefore iw(G) < iw([[{My: a< 1}) <
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W([[{Na: a < 7}) < 7 and we proved finite additivity of pseudoweight and i-
weight at once. Clearly, we have also established the following fact which seems
to be new.

3.2. Corollary. If G is a topological group, then iw(G) = pw(G).

Let us go on with the proof of 3.1. If X; is a P,-space for all i € n then
some X; is dense in a nonempty open set U C G. There will be no loss of
generality to assume that e € X;, U € T(e, G). It suffices to prove that any
G.-subgroup H C U is open which is equivalent to Int(H) # 0.

There exists a closed G,-subgroup H; C H. We have Inty,(Hi N X;) # Q.
Take any W € T*(U) with WnX; c HinX;. Then W=WnX;CH NX,C
H, = H; so that Int(H,) # 0 and we are done with the P;-property.

If X;F Qi (see Definition 1.1) and Q. is one of the three remaining
properties then choose an open U C G, U # 0 such that X; N U # 0 implies
X;NU D U for any i. There will be no loss of generality to assume that every
X; is dense in U. Take Uy € T*(U), Uy c U with (UpgnXp) F Q. If we
have Uy D U; D --- D Uy pick some U,y € T*(Uy), U1 C U such that
(Uk+1 N Xi41) F Q. After n steps we obtain the set U, € T*(G) which is a
union of n subspaces having Q. Consequently, U, + Q so that G+ Qi and
the Theorem 3.1 is proved.

3.3. Examples. Let N = {tightness, F U-property, sequentiality, k-property,
normality}. If Q € N then Q is not 2-additive in topological Hausdorff groups.

Proof. Consider the group 2%' and its subgroup H = {f € 2¢': [{a: f(a) =
1}| < w}. Pick f; € 2 with fi(e) =1 forall a. Then G= HU (H + f;)
is a subgroup of 2% covering almost all properties we must prove to be non
2-additive. Indeed H and H + f; are FU-subspaces of G but {(G) = w, . It
is well known that H and H + f; are collectionwise normal. However, G is
not normal. To prove this take any 4 € 2'\G. Construct 42 € H such that
ho(B) = h(B) if B <a and A%(B) =0 of B > a. Analogously hl(B) = h(B)
if B <aand hi(B) =1 if B > a. The sets A9 = {hd: @ < w;} and
Ay = {hl: a < w,} are closed and disjoint in G but cannot be separated by
open sets in G.

Now we have only the k-property to deal with to finish our proof. Let
S={f€2?|{a: f(a) # 0}/ < w} and G =S U (S + f;). It suffices to prove
that G is not a k-space.

The set S is not closed in G. Take any compact K C G. Then #K) < w
because K is a countable union of its compact F U-subspaces. If KNS is not
closed then there is a countable A C K with 4 ¢ S but this is impossible.

We have proved everything we needed in 3.3.

3.4. Remark. It seems that no classical properties are countably additive in
topological groups. This is easily seen if the group S from the above argument
is considered. In fact, S is o-discrete, but has no properties from the list M
in 3.1.

3.5. Questions. Is paracompactness finitely additive in topological groups? Is
any of the properties in 3.3 finitely additive in locally convex spaces?
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