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CARLESON MEASURES ON SPACES OF HOMOGENEOUS TYPE

STEVEN C. GADBOIS AND WILLIAM T. SLEDD

ABSTRACT. Let X be a space of homogeneous type in the sense of Coifman
and Weiss [CW2] and let X* = X xR* . A positive function F on X7 issaid
to have horizontal bounded ratio (HBR) on X* if there is a constant Ar so
that F(x, t) < ApF(y, t) whenever p(x, y) <t. (By Harnack’s inequality, a
well-known example is any positive harmonic function in the upper half plane.)
HBR is a rich class that is closed under a wide variety of operations and it
provides useful majorants for many classes of functions that are encountered
in harmonic analysis. We are able to prove theorems in spaces of homogeneous
type for functions in HBR which are analogous to the classical Carleson measure
theorems and to extend these results to the functions which they majorize. These
results may be applied to obtain generalizations of the original Carleson measure
theorem, and of results of Flett’s which contain the Hardy-Littlewood theorems
on intermediate spaces of analytic functions. Hormander’s generalization of
Carleson’s theorem is included and it is possible to extend those results to the
atomic HP spaces of Coifman and Weiss.

1. INTRODUCTION

In the course of proving the corona theorem, Carleson [Car] characterized
those finite positive measures x on the unit ball B, in C! such that

(f I du)l/p < Cl

for every function f in the Hardy space H? (0 < p < o), showing that this
holds if and only if uS < C’(1 —s) for every set S of the form
S =S8y, ={rels<r<1,6p—mn(l-s)<6<8+n(l-s)}

Such a measure u is called a Carleson measure, and such sets .S are called
Carleson sets. The necessity of this geometric condition is easily shown by the
proper choice of a function f € HP which is suitably large on S. Carleson’s
proof of the sufficiency of the geometric condition used a complicated covering
argument. Hormander [Ho] derived a version for more general regions in CV
using a maximal function, Marcinkiewicz interpolation, and a simpler covering
argument. Using some of Hormander ideas, Duren [D] proved that for 0 <
D1 <Pp2 <00,

([ 1au) " < Ul
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for every f € HP' if and only if
(L.1) (uS)'/P2 < C'(1 —5)!/P

for every Carleson set S = S, .

These results concern the Hardy spaces (here, a measure on a region is com-
pared to a measure on the boundary of the region). Other results have been
obtained concerning the (weighted) Bergman spaces (here, measures on a re-
gion are compared). For example, there is a theorem due to Hastings [Ha] for
the polydisc DV (the product of N copies of D = B;): letting m denote Haar
measure on DV, we have

()< ([, an) "

for every analytic function f on DV (0 < p; < p, < 00) if and only if
(u$)! 7 < C'[(1 = 51) -+ (1 — s§) /P

for every set S of the form S = S;4, % -+ X Ssyg,, - We will refer to any
such result as a Carleson measure thecrem. Cima and Wogen [CiWo] proved a
Carleson measure theorem for weighted Bergman spaces in the unit ball By in
CV ; the Cima-Wogen theorem is a consequence of Luecking’s general technique
[L].

The result of Duren mentioned earlier intersects some results of Hardy and
Littlewood [HL2): if 0 < p; <py < o0, a=1/p; - 1/p,, and p; < ¢q,, then

/ l ( / " ety df))

for every f € HP' . When g, = p,, by letting du(re’®) = d6(1 — r)2>"'dr we
see that this is a consequence of (1.1). When g, # p,, the expression on the
left-hand side of (1.2) is an example of a mixed norm [BP].

Inequalities of the type found in (1.2) have been extended to more general
settings by Flett [F1]. (See also [Gr].)

It is the purpose of this paper to examine conditions on measures which
generalize the Carleson measure theorems stated above to the context of spaces
of homogeneous type in the sense of Coifman and Weiss [CW2], and to apply
those results to several interesting examples of such spaces.

In §2, the definition of a space of homogeneous type is given. This leads to
a collection of operators determined by positive kernels whose shape depends
on the quasi-metric and the doubling measure on the space. The classes of
functions of bounded ratio and horizontal bounded ratio are introduced. Then
several maximal functions analogous to those that have proved useful in other
situations are defined and some basic lemmas are stated.

Section 3 is concerned with Carleson measure theorems for nontangential
maximal functions. These results are applied in §4 to obtain Carleson measure
theorems for maximal operators which include that used by Hormander [Ho].

In §5 we consider several examples of spaces of homogeneous type and exam-
ine some particular operators (the Poisson and Cauchy transforms). The results
of §4 may be applied to these.

@2/p2

1/
(1.2) (1—ryee-! d"] < Cllfllam
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Section 6 contains results about multiplier theorems for some of the exam-
ple spaces of §5, and in §7, the question of necessary conditions for Carleson
measures is briefly examined.

Regarding notation, we write f ~ g if f/g lies between two positive con-
stants for all values of the variables on which f and g depend. Constants will
usually be denoted by C, and may vary from line to line. If C depends on
parameters a, b, ..., we may write C = C(a, b,...). The end of a proof
will be denoted by O.

2. SPACES OF HOMOGENEOUS TYPE AND THE CLASS BR

We first summarize known results about spaces of homogeneous type and
introduce the functions of bounded ratio and horizontal bounded ratio. Good
references for spaces of homogeneous type are [CW1, CW2]. We begin with a
number of definitions.

A quasi-metric on a set X is a nonnegative function p defined on X x X
that satisfies p(x,y) = 0 if and only if x =y, p(x,y) = p(y, x) for each
X,y € X, and there is some constant C such that

p(x,y) < Clp(x, z) + p(z, )]

for each x, y, z € X . The smallest such constant C is denoted by C,. Note
that C, > 1. Let B(x,r) = {y € X|p(x,y) < r}; such a set is called a
quasi-ball with center at x.

A set function ¢ defined on the quasi-balls is said to be doubling if there is
a constant C such that

0<a(B(x, 2r)) < Ca(B(x,r))

for every x € X and r > 0. The smallest such constant C is denoted by C,
and is called the doubling constant for o .

A quasi-metric space X is a Hausdorff topological space on which there
is defined a quasi-metric p so that for each x € X the quasi-balls B(x, r)
form a base for the open sets at x. In addition, X is said to be a space of
homogeneous type if for each C > 0 there is a number L = L(C) so that if
B(x1,r),..., B(xx, r) are disjoint subsets of B(x, Cr), then k < L [CWI1].
If X is a quasi-metric space, and if there is Borel measure ¢ on X that is
doubling then it follows that X is a space of homogeneous type [CW1, p. 67].

In the sequel we will assume that (X, p, g) is a space of homogeneous type
determined by a quasi-metric p and a doubling measure ¢ . This is, in fact, the
definition of a space of homogeneous type that is given in [CW2]. The constants
C, and C, are called the constants of X .

The following notation will be used. Let X* = X x Rt = {(x,r)|x €
X,r>0}. If B=B(x,r),let B=B(x,2r), B* = B(x,3C2r), T(B) =
{v,s)|p(x,y)+s<r},and Ig =[0, 2r]. Note that T(B) C Bx Ig C T(B*).
Although the Carleson set in C! is B x Iz, T(B) will be more useful in what
follows.

A positive function F on X* is said to be of bounded ratio if there is
a constant Ar such that forevery z € X and ¢t > 0, F(x,r) < Ar(y, s)
whenever (x,r), (y,s) € B(z, t) x [t, 2t]. Denote the collection of all such
functions by BR. A positive function F on X* is said to be of horizontal
bounded ratio if there is a constant 4r such that for every ¢t >0, F(x, ) <
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AfpF(y,t) whenever p(x,y) < t. Denote the collection of all such functions
by HBR.

Note that BR is contained in HBR. Most of the examples we will examine
will be in BR, but most of the applications will concern HBR. The classes BR
and HBR are both stable under most operations. In particular they are closed
under addition, multiplication by positive scalars, lattice operations, and raising
to any power, positive or negative. By Harnack’s inequality, a familiar example
of a function in BR is a positive harmonic function in the upper half plane
in RZ. In this case the sets B(x,r) x [r, 2r] are roughly the same as the
pseudo-hyperbolic balls and it is useful to think of them in this sense.

In general, for fixed w € X, the function F, defined by F,(x,r) =
p(x,w) + r is in BR, a fact which will be exploited often. Another useful
example is the function G defined by G(x, r) = ¢(B(x, r)). There are many
more interesting examples of functions in BR. We now construct some of them.

Let

a(B(x, 2kr))
= Py (B, 1)
Note that C < Ck.

An admissible function is a function ®: R* — [0, 1] satisfying

1(a) ®(0)=1 and ®(1) >0,

1(b) ® is monotone decreasing, and

1(c) ¥ Cr®(2¥) < 0.

It follows directly from the properties of an admissible function that

O(1)a(B(x, 1)) < /X O(p(x, z)/t)da(z)

<o(B(x, 1)+ f: ®(2%)a(B(x, 2kt11))
k=0
< Co(B(x, 1))

uniformly in x and ¢, so that if we define

_ D(p(x, y)/t)
K;(x, y) - fX(I)(p(x, Z)/t)dO'(Z) ’

then

2(a) [yKi(x,y)da(y) =1 foreach x and ¢,

2(b) Ki(x,y)>0 foreach x,y,and ¢, and

2(c) Ki(x,y)~®d(p(x,y)/t)/o(B(x, t)) uniformly in x, y, and ¢.
It also follows from 1(c) that

2(d) lim,—oSupyex f{p(x,y)ze} K,(x,y)da(y) =0 for each ¢ > 0.
From 2(a) and 2(b) it follows that if we write

T e, )= [ Kix,»)z0)da),
then for 1 <p < oo, ||Zg(-, t)ll, < ||gll, for every g € LP(c). Furthermore,

letting J
4 g( X, t) = sup M

xeB,radB>t O(B)
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and

f3|g|d‘7
o(B) ’

it is straightforward to show that |Zg(x,t)| < C#g(x,t) < CH# g(x). The
maximal function #g is essentially the one introduced by Hormander [Ho] and
the maximal function .#g is the Hardy-Littlewood maximal function relative
to o [S]. Since o is a doubling measure, it is well known that .# is weak-type
(1, 1) and strong type (p, p) foreach 1 <p < oo. (See [S].)

More generally, if v is a Borel measure on X+ with v(T(B)) > 0 for each

quasi-ball B, let
Sy 114V
Z f(x,t)= su EEAC) Ry
S 0= s VT

Such maximal functions have been considered by Békollé [B]. Note that Z, =
# for v(E)=d(EN(X x {0})).

For a >0, let I'y(x, r)={(y, s)|p(x, y) <a(s —r)}, an “upward pointing
cone” with vertex at (x, r). Note that (y, s) € I'j(x, r) ifand only if (x, r) €
T(B(y,s)). For F: X* — R*, define the two maximal functions F* and
HNoF on Xt by

M g(x) = sup
X€EB

F*(x,r)=supF(x, s)

s>r

and

NF(x,ry= sup F(y,s).
(v,s)€la(x,r)

For each 4 > 0, {#,F > A} is open in X', and for each ¢ > 0 and
each 4 >0, {#,F(-,t) > A} is open in X. Moreover, (S,F)* = #,F and
(MoF)P =N, (FP). Also note that #,F < CF* for F € HBR, and F < /,F
for lower semicontinuous F .

When X = R? and p(x,y) = |x —y|, #F is the usual nontangential
maximal function on X. When X =R? and p(x, y) = |x —y|*, #.F is the
maximal function used by Bafuelos and Moore [BM] in their study of solutions
of the heat equation.

The following facts will prove to be useful in what follows.

Lemma 2.1. Suppose that ® is an admissible function and that there is a constant
C such that ®(t) < CD(2t) for every t € RT.

(a) If w € X is fixed and if fy,(x,r)=®(p(x,w)/r), then f, € BR, and
there is a constant C' = C'(C, C,, ®) such that A; < C' for each w .

(b) If w € X is fixed and if Fy(x,r)=K,(x, w), then F, € BR, and there
is a constant C' = C'(C, C,, ®) such that Ag, < C' for each w.

(c) If f is a nonnegative Borel measurable function on X and if F(x,r) =
Ff(x,r), then F € BR. ~

(d) If f is a Borel measurable function on X+, if 0 < v(T(B)) < C'v(T(B))
Jor each quasi-ball B, and if F(x,r)=4%,f(x,r), then F € BR.

(e) If F € BR and if F, defined for r > 0 by F,(x) = F(x, r) is Borel
measurable, then F(x,2r) < ApCo,Z F,(x,r) foreach x and r.

Proof. Fix an integer k = k(C,) satisfying 2C% + C, +2 < 2.
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To prove (a), fix (z,t) € X* and suppose that (x,r), (v, s) € B(z, t) x
[2, 2] (so p(x,y) <2Cpt <2Cys). Then
Juw(x, 1) =®(plx, w)/r) < P(p(x, w)/21)
S ®(p(x, w)/2s) < CO(p(x, w)/s).
We now consider three cases. First, if p(x, w) > p(y, w), then ®(p(x, w)/s)
< ®(p(y, w)/s), hence fu(x,r) < Cfy(y,s). Second, if s < p(x, w) <
p(y, w), then
Py, w) < Cplp(x, ¥)+ p(x, w)] < Cpl2C,s + p(x, w)]
< Co(2C, + p(x, w) < 2% p(x, w),
so ®(p(x, w)/s) < Ck®(p(y, w)/s), hence fu(x,r) < C¥*1f,(y,s). Third,
if p(x,w)<s and p(x, w) < p(y, w), then
p(y, w) < Cplp(x, ¥) + p(x, w)] < Cp(2C, + 1)s < 2*s,
SO - ) -
D(p(x, w)/s) <P0)=1< W(D(z ) < WCD(P(J’, w)/s),
hence fy,(x, r) < CH1fy,(y, 5)/®(1).
Statement (b) is an immediate consequence of (a). Fix (z,¢) € X* and
suppose that (x, r), (v, s) € B(z, t) x [t, 2t]. Then
_ __ P(p(x, w)/r) _ Juw(x, 1)
Fule, 1) = K% W) = T 00(x, 21/ da(z) ~ Ty ilx, Ndo?)
C'fuy,s) 2
S Oy, ) datz) VTl o)

We prove (c) using (b). Fix (z, ¢t) € X* and suppose that (x,r), (v, s) €
B(z,t) x[t, 2t]. Then

Fx,n=Xf(x,r)= /XK,(x, w) f(w)dao(w)

- / Fy(x, nf(w)do(w) < / Ap, Fu(, 8)f(w) do(w)
X X

< / C'Fy(y, s)f(w)do(w) = C'F(y, s).
X

To prove (d), fix (z,¢) € X* and suppose that (x,r), (y,s) € B(z, t) x
[£,2t] (so p(x,y) < 2C,t). Suppose that By = By(zp, ty) satisfies (x,r) €
T(By), i.e., p(zp, x)+r <ty. Then

p(z0,y) +5 < Cplp(z0, X) + p(x, ¥)]1+5 < Cplto +2Cpt] +5
<(2C2+Cp+ 210 < 21,

so that By = By (2o, 2¥t,) satisfies (v, s) € T(By), and thus

fT(Bo) |fldv fT(Bk) |fldv

< (C)k <(CY*F(y, ).

v(T(By)) ~ v(T(By))
The result follows.
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Finally, to prove (e), for every y € B = B(x,r), F(x,2r) < AgF(y,r) =
ArF,(y), and thus

[z Frdo fEFrdU
oB) = abC

The following “covering lemma” contains some known facts about spaces of
homogeneous type.

Lemma 2.2. (a) If & is a family of quasi-balls with bounded radius, then there
is a countable disjoint family of quasi-balls {B,} contained in & so that for
each B € &, there is a B, sothat B C Bj.

(b) For each r > 0, there is a countable family of quasi-balls {B(x,, r)} so
that the family {B(x,, r/2C,)} is disjoint, X =, B(xx, r), and the family is
maximal with respect to this property.

(c) There is a constant L = L(C,), independent of r, so that Y, X(x,,r) < L
on X.

Proof. Statement (a) is Lemma 3 in [Cal], and (b) is implicit in that proof.
Finally, (c) follows from the maximality of the family since X is a space of
homogeneous type. 0O

F(x,2r) < Af < ApCoZF,(x,r). O

3. CARLESON MEASURE THEOREMS FOR NONTANGENTIAL MAXIMAL FUNCTIONS

We shall say that a function u defined on the Borel sets of X+ satisfies
condition H if u is nonnegative, countably subadditive, and u(E,) — u(E)
whenever {E,} is a sequence of Borel sets with E, C E,;; and E =, E,.
These conditions on u are quite similar to those assumed by Hérmander [H0].
Note that they are satisfied whenever p is a Borel measure or a capacity [Fu].
The utility of such generalization will be seen in Corollary 3.2. The proof of
Theorem 3.1 is similar to the proof of the Carleson measure theorem due to
Stein [S].

Theorem 3.1. (a) Suppose that u satisfies condition H, that v is a Borel mea-
sure on X*, and that 5
w(T(B*)) < v(T(B))
for every quasi-ball B. Then p({MF > A}) <v({Ac,F > A}) for every A> 0.
(b) Suppose that u satisfies condition H and that ¢ defined by

_ o M(T(B))
A=)

is locally integrable with respect to o, and let dv = ¢da. Then there is a
constant C = C(C)) such that u({NF > A}) < Cv({Jc,F(-,0) > A}) for
every A>0.

Proof. To prove (a), fix b,c >0, set G(x, r) =min{b, N1 F(x, r)}/(1 +cr),
and suppose that G(x,r) > A. Then r < b/cA and A F(x,r) > A. So if
# = {B(x, r)|G(x,r) > A} then from Lemma 2.2(a), there is a countable
disjoint subfamily {B,} of % such that each B in & isin some B;. Then
{G>4}cU,T(By),so

p{G>2}) <Y wT(BY)) < Y v(T(By)) =v (U T(Bn)) :
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If B, = B(x,,r,) and (v, s) € T(B,), then (x,, r,) €1 (¥, s),s0 I'1(xn, 1)
CcT¢,(y,s). Consequently, #¢,F(y, s) > 1 F(x,, r,) >4, and so |, T(Bn)
C {Ac,F > A}; thus u({G > A}) < v({Ac,F > A}). To complete the proof of
(a), let b — 0o and ¢ — 0 and use condition H .

To prove (b), first note that if x € B, then

W(T(B*)) < ¢(x)a(B*) < Ch(x)a(B)

since ¢ is a doubling measure. Integrating both sides of this inequality over B
gives u(T(B®)) < Cv(B) = Cv'(T(B)), where V'(E) =v(EN(X x {0})). It
follows from (a) that

W{AF > A}) < CV (MG, F > 2}) = Co({aG, F (-, 0) > 4}),
and this completes the proof of (b). O

The condition ¢(x) < C is the original condition assumed by Carleson. The
more general assumption made in (b) was introduced by Fefferman and Stein
[FS].

The first corollary of Theorem 3.1 is related to the result of Duren that was
mentioned in the introduction.

Corollary 3.2. Let 1 < p < co. Suppose that u and v are Borel measures on
X* such that (u(T(B*)))!/? < v(T(B)) for every quasi-ball B. Then there is a
constant C = C(p) such that

1/p
([ chrran)”sc [ #rav
X+ X+

for every nonnegative function F defined on X+ .

Proof. Since p > 1, ul/P also satisfies the hypotheses of the set function in
Theorem 3.1. Consequently,

/ (SiFPdu=p / T > 4} dA
X+ 0

p
<C Y Pu(AF > 2 <C ( > @A > 2k}))‘/")

k=—o0 k=—00

IN

C ( i 2y({He, F > 2k}))p <C (/X+/I/Cdeu)p ,

k=—o0
as claimed. O

It follows immediately from Corollary 3.2 and the remarks preceding Lemma
2.1 that

1/p
( mu) <c[ Fav
X+ X+

for every lower semicontinuous F € BR. Corollary 3.3 and Theorem 3.4 will
imply analogous statements for such functions F . Corollary 3.3 is related to
the result of Flett that was mentioned in the introduction.
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Corollary 3.3. Let 1 < p < co. Suppose that u,y, and v are Borel measures
on X, R*, and X+ respectively and that

(w(B*))"/Py(I3,) < v(T(B))

for every quasi-ball B. Then

1/p
/ (/(/VIF)”du) dys/ N, Fdv.
R+ X Xt

Proof. Assume that p > 1, since the case p = 1 is covered by Corollary 3.2.
There is a function G defined on X* such that for each r >0,

1/p
( [ HiFe ny du(x)) = [ A, G, ) du)
X X

and [, G” (x,r)du(x) = 1, where p’ is the index conjugate to p. Let df =
Gdudy. Then B(T(B*)) < (u(B*))'/?y(I3,) < v(T(B)) for every x € B. So
from Theorem 3.1,

1/p
[ ([Hhirpan) " ar= [ siraps [ seFav,
R+ X X+ X+

as desired. O

The next result deals with inequalities involving mixed norm spaces on both
sides. It does not require a covering argument of the type that was used in
Theorem 3.1.

Theorem 3.4. Let o,k > 1 and B > 0. Suppose that u, A, v, and y are Borel
measures on X, R, X, and R* respectively and that

(u(B(x, r/2)))PAlr, 21 < (v(B(x, r/4)) P (y1r/8, r/4))*

for each x € X and r > 0. Then there is a constant C = C(C,, ., B) such

that
/m (/;r(/’/‘F)"dﬂ)B di<C [/R (/X/chqu)aﬂ/x dy]x

for every nonnegative function F defined on X .

Proof. For each integer n, let J, = (277!, 27"], and let L be the con-
stant and {B,;}; the family of balls of radius 2~"-2 whose existence and
properties are guaranteed by Lemma 2.2. Let ¢,, denote the center of B, .
Note that if (x,r) € By x Ju, then I'y(x,r) C I'¢,(ca,27"%), so that
MF(x,t) < M, F(cnks 2-"=2)_ Also note that if x € B(cu,27""3), then
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rcp(an ’ 2_”_2) C ch(x , 2_”_3) . Then

. (frrran) s ), (; [, e dﬂ)ﬂ a2

B
< (zwc,,ncnk, 2-"-2>)“u<B,.k>) A(h)
n k

B
<M (Z(%,F(cnk, 27"72))%(v (B (Cni » 2-"-3)»“) (¥(Jns3))*
n k

af/x
< Z(;%,F(cnk,2‘”'2)V(B(c,,k,2"’“3))) )’(Jn+3):|

n

K

(since a, Kk > 1)
K

ap/x
< Z (/X‘/VC}F(X ,27173) ;Xy(c”k,z—n—a)(X) dl/) )’(Jn+3)]
n

K

af/x
< 1o [/ (//I/Cdeu) dyl :
R+ \Jx *

as claimed. O

The next theorem will be useful in the next section in tying together the
earlier results.

Theorem 3.5. Suppose that u and v are Borel measures on X+ and that 0 <

v((T(B))) and
w(T(B*%)) <v((T(B)))
for every quasi-ball B. Then

wdzf > < [ \fdva

for every fe L'\(v) and 4> 0.
Proof. The proof is very much like that of Theorem 3.1. Fix 0 < N < oo and

define 1Al
v
ZNf(x,r) = su i/ R iy
Jx.n) (x,r)eT(g),N>r v(T(B))
So ZNf increasesto Z f as N — cc.
If ZNf(x,r)> A, then there is a quasi-ball B such that (x, r) € T(B),
radB < N, and v(T(B)) < fT(B) |fldv/A. Let & denote the collection of

all such balls and extract a countable disjoint subset {B,} such that {T(Bg3)}
covers {Z" f > A}. Then

w{FNf> ) < 3 wT(BY) < S v(T(By))

<T [, Wavirs [ v

since the sets T(B,) are disjoint. Now let N — oo to complete the proof. 0O
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4. APPLICATIONS

We now will apply the results of §3 to obtain inequalities estimating the rate
of growth of rather general classes of functions by dominating them by members
of HBR and using the results that we have already obtained. The choices made
here by no means exhaust all of the applications.

Theorem 4.1. Let 1 < p < oo. Suppose that u and v are Borel measures on
X* and that 0 < v((T(B))) and

(T (B*%)) < v((T(B)))
for every quasi-ball B. Then there is a constant C = C(p) such that

/ #FPdu<C [ Frdv
X+ X+

for every nonnegative Borel measurable function F on X .
Proof. This follows from Theorem 3.5 and the Marcinkiewicz interpolation
theorem. O

Theorem 4.2. Let 1 <p<g< 0.
(a) Suppose that 1 and v are Borel measures on X* and that (u(T(B)))?/1 <

v(T(B)) and 0 < v(T(B)) < Cv(T(B)) for every quasi-ball B. Then there is
a constant C' = C'(C, p, q) such that

rlq
< / (ZF) a’u) <c [ Frav
X+ X+

for every nonnegative Borel measurable function F on X.
(b) Suppose that u,y, and v are Borel measures on X, R*, and X* re-

spectively and that 0 < v(T(B)) < Cv(T(B)) and (u(B))"/9y(Ig) < v(T(B))
for every quasi-ball B. Then there is a constant C' = C'(C, p, q) such that

rlq
/ ( / (ZF) du) dy<c [ Frdy
R+ X X+

for every nonnegative Borel measurable function F on X*.

Proof. To prove (a), note that (# F)? is in BR by Lemma 2.1(d) and is lower
semicontinuous on X* . Moreover, (#Z, F)* = # F . Consequently,

(BF) < (MABF) = NAF)

and
(M, (B F)P < C(AF)P) =C(AF)Y.

So from Corollary 3.2 and Theorem 4.1 it follows that

()" ([ comrrroas

< c/ e HFYPdv<C [ (#FPdv<C [ Frav.
X+ X+ X+

ple

The proof of (b) is similar, using Corollary 3.3. O
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Both Theorems 4.1 and 4.2 yield inequalities for operators determined by
admissible functions, since, as we have seen earlier, these are dominated by the
Hoérmander operator.

Before we proceed it will be necessary to recall some definitions.

Fix 0 < p < 1. A p-atom a is a Borel measurable function on X whose
suppose is contained in a quasi-ball B and which satisfies | yado =0 and

la| < (6(B))~!/?. The space H),n is defined by

Haltom = { Z AnQn
n

with the norm of a function f € Hj, defined to be the infimum of ), |4,
over all representations f = Y, A,a, . The definition of H%  for 0<p <1 is
more complicated. See [CW2] for the definition of these spaces and a discussion
of their applications and importance.

Recall that

each a, isa l-atomand ) _|A,| < oo} ,
n

o(B(x, 2¢r))
C,.= s — " 7
. o (B(x, )

Theorem 4.3. Let M and m be positive constants and let M|/(M+m) <p <1.
Suppose that sup, C;2 %M < oo, that K,(x,y) is defined for each t € R* and
each x,y € X, and that K,(x, ) € L*(c) for each t € Rt and each x € X .
Moreover, suppose that there is a constant C such that for each z € X,

1 R\" plx, z)\ M
|Ki(x,y)— Ki(x, 2)| < Cm (7) (1 + T)
whenever p(y, z) < R and p(x, z) > 2C,R and that
el Nl e) < CllfllLye

f;)zr every f € L*(c). Then there is a constant C' = C'(C, C,, M, m,p) so
that
[a(Z a)llLoo) < C'

for every p-atom a.

Hypotheses of the sort imposed on K;(x, y) have been considered by [AB,
RT].

Proof. Let

o0 = ey (1) (14252)

Fix any p-atom a, so that the support of a is contained in some ball B =
B(z, R), with |a| < (6(B))~'/?. Then

/ (T a)P do
B(z,2C,R)

p/2
< (/ (%(«%a))zdo) (6(B(z, 2C,R)))! -7/
B(z,2C,R)

< Cllal8(a(B(z, 2C,R)))! 2 < C.
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Next, since [, ado =0,
Fax, 01 = | [ (Kix. ) - Kix, 2)ay)doty)
< CG(x, t)/Xla|da

if x ¢ B(z,2C,R) and so |Za(x, )| < C(6(B))'"?G(x, t). Note that
G is in BR, so 4,G < AgG*, and A,(F a)(x,0) < C(a(B))!-'/7G*(x, 0)
whenever p(x, z) > 2C,R.

Choose k so that 2*C,R < p(x, z) < 2¥IC,R, so B(z,2**'C,R) C
B(x, 2k+2C2R). We now use this to show that

G(x, t) < C/2kmg(B(z, 2¥*'C,R)).

Two cases will be considered: ¢ > 2¥C,R and ¢ < 2¥C,R.
If 1> 2€C,R, then B(z, 2¥*'C,R) C B(x, 4C,t). So

G(x,t) < C/2kmg(B(z, 2K*1C,R)).

On the other hand, if ¢ < 2¥C,R, choose / so that 2*~/-1C,R <t < 2¥-/C,R.
Then B(z, 2¥*!C,R) C B(x, 2*3C,t), so

o(B(z, 2¥'C,R)) < CCia(B(x, 1)).
Also,

(g)”’ (1 * p(xt’ Z))_M_m = (g)"’ (p(xtf{;)';‘”'” : 2""‘C+’M'

So in this case too,

cC < ¢
2km+iMg(B(z, 2k+1C,R)) ~ 2kmg(B(z, 2¥+1C,R))’

Hence we obtain

Gx,1)<

oo
/ G?do =Y / G*?(x) do(x)
X\B(z,2C,R) i1 J 2k R<p(x, 2)<2+1C,RY

<CY 27%mg(B(z, 2¥*!1C,R))!*
k=1
o0
< C(a(B))'? Y ClP27em < C(a(B))'
k=1
since M/(M +m)<p<1.8So |4 (Za)|,<C'. O
The following corollaries are immediate consequences of Theorem 4.3 and

Corollaries 3.2 and 3.3. In both, .Z denotes a kernel satisfying the hypotheses
of Theorem 4.3.

Corollary 4.4. Let M and m be positive constants, let M/(M +m) < p <1,
and let o > 1. Suppose that sup, C,2 %M < oo, that u is a Borel measure
on X*, and that (u(T(B)))'/* < a(B) for every quasi-ball B. Then there is a
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constant C =C(C,, M, m, p, a) such that
| Hxayausc
X+

for every p-atom a.

Proof. Apply Corollary 3.2 to the measure v defined on X* by v(E) =d(EN
(X x {0})). Then

/ (ST a)Pedy = / (A(Fa)P) du
X+ X+

<c[ U Fayar<c
X+

by Theorem 4.3. O

Corollary 4.5. Let M and m be positive constants, let M/(M +m) <p <1,
and let p < q < co. Suppose that sup, C,2~*M < 0o, that u and y are Borel
measures on X and R* respectively, and that (u(B))P/9y(Ig) < o(B) for every
quasi-ball B. Then there is a constant C = C(C,, M, m, p, q) such that

/n+ (/x(/’/‘(‘%a))qdﬂy/q dy<C

for every p-atom a.
The proof uses Corollary 3.3 and is similar to that of Corollary 4.4.
Theorem 4.2(a) and Corollary 4.4 extend Duren’s result, and Theorem 4.2(b)
and Corollary 4.5 extend the results of Flett and Hardy-Littlewood mentioned
in the introduction.

Theorem 4.6. Let 1 <p < oo, a,k > 1, and B > 0. Suppose that u, A, and
y are Borel measures on X , R*, and R* respectively and that

(u(B(x, r))Ealr, 2r] < C(a(B(x, 1))* (y[r/8, r/4])*
for every x € X and r > 0. Then there is a constant

Clzcl(c, Cp, Co"p,a, B)

such that

B af/x K
[ (Lrean) s aper|[ ([ #aa)™ o]
R+ \JX R+ \JX

for every Borel measurable function F € BR.
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Proof. We have

(e

B
< /‘fzp'gpc/R+ ([Y(X’Fr/z(x, r/2))*? du(x)) dA(r) by Lemma 2.1(e)

aB/x
<4irc| [ ([#Batx. 2y dot) dy(r)l

by Theorem 3.4

<aroc| /. ( [ #Epx 2y da(x))aﬂ/x dy(r)]x

<aprc| [ ([ oy o)™ dy(r)]x

ap/K k
< A;BPC /R+ (/X Frl;z da) dy] since .# is strong type (p, p)

- af/x K
< A"‘FB"C / (/ F? da) dyl since F € BR.
R+ \Jx

This completes the proof. O

5. EXAMPLES

We give several examples of spaces of homogeneous type and of interest-
ing kernels associated with them, and make the connections with the results
obtained earlier.

Example 1a. Here X = R?, p is Euclidean distance, and o is Lebesgue mea-
sure. Then C, =1 and C; =2k . Thusif N >d, then ®() = (1+2)~N?2 is
admissible and satisfies the hypotheses of Lemma 2.1 and Theorems 4.1 and 4.2.
In particular, if N =d+1, then K,(x, y) = Pi(x, y) = cat(t>+|x—y|?)~@+1)/2 |
which is the Poisson kernel for R? . This kernel satisfies the hypothesis of The-
orem 4.3 with M =d +1 and m = 1. Since P|f| € BR, A, (Pf)(x, 0) <
C(P|f)*(x,0) < CA f(x), so #o(Pf) is L?-bounded.

Example 1b. Here again, X = R? and o is Lebesgue measure, but now p is
given by p(x, y) = |x —y|?. Then ®(¢) = ¢! is admissible and is dominated
by (1 +4s5)~V for any N. The resulting kernel K, is the reproducing kernel
for solutions of the heat equation in Ri“ and it satisfies the hypothesis of
Theorem 4.3 with any M >d and m = 1/2. Since |[Z f| < CP|f|, fo(Z f)
is L2-bounded.

A good reference for these kernels is [SW].

Example 2. Here X is the unit sphere in R?, p is Euclidean distance, and
o is rotation invariant measure. Then o(B(x, r)) ~ r?~! and C; ~ 2k@-1),
Thus if N > d — 1, then ®(¢) = (1 + )~V is admissible and satisfies the
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hypotheses of Lemma 2.1. In particular, if N =d, then K,(x, y)~ P(x,y) =
cg(1 = r¥)|rx — y|=? where r = 1 — ¢, which is the Poisson kernel for X . It
satisfies the hypotheses of Theorem 4.3 with M =d and m = 1. The L2-
boundedness of #,(Pf) follows as before. For details, see [SW].

Example 3. Here X is the unit sphere in C?, p is the nonisotropic metric
defined by p(x,y) = |1 — (x, y)|'/? (where (x,y) = S x¥;), and & is
rotation invariant measure. Then o(B(x,r)) ~ r@ and C, ~ 224 Thus
if N > 2d, then ®(t) = (1 +¢)~V is admissible and satisfies the hypothe-
ses of Lemma 2.1. In particular, if N = 4d, then Ki(x,y) ~ P(x,y) =
ca(1 =r?)4|1 = r(x, y)|~2¢ where r? 4+ t*> = 1, which is the invariant Poisson
kernel. It satisfies the hypothesis of Theorem 4.3 with M =4d+1 and m=1.
The L2-boundedness of .#,(Pf) follows as before.

The kernel C,(x, y) = cs(1—r(x, y))~¢ is the Cauchy kernel. It is complex-
valued, and |Ci(x, -)| is not uniformly integrable, but the hypotheses of The-
orem 4.3 are satisfied with M = 2d + 1 and m = 1; the proof is very similar
to that of [R, Lemma 6.1.1]. The L2-boundedness of .#,(% f) is shown in [R,
Theorem 5.6.9].

Example 4 (a Heisenberg group). Here X = R x C4-!, and o is Lebesgue
measure on R2~!_ If we write z = (x,¢) and w = (y,{) and let zow =
(x+y+23¢, (), ¢+{), then (X, o) is a group, and if y(z) = (|x|* + [¢|*)!/2
and p(z,w) = y(zow™!), then p is a quasi-metric that is invariant under
the group action. Then o(B(x,r)) ~ r? and C, ~ 2%¥¢. Thusif N > d,
then ®(f) = (1 +¢)~" is admissible and satisfies the hypotheses of Lemma
2.1. In particular, if N = 2d, then K;(z, w) ~ P,(z, w) where P(z,0) =
cat?(|x|? + (t + |£]*)?)~¢ and P, is invariant under the group action. This is
the Poisson kernel for X. The hypotheses of Theorem 4.3 are satisfied with
M =2d and m = 1/2. The L?-boundedness of .#,(Pf) follows as in Example
2.
The Cauchy-Szeg6 kernel for X is given by

Ci(z, w) = ca(t+ & = L —i(x —y = 23¢, )™

It satisfies the hypotheses of Theorem 4.3 with M =d and m = 1/2. The
proofs of these facts are similar to those in Example 3. A good reference is
[KV].

Example 5. Here X is the p-adic field, p is the usual metricon X, and ¢ is
Haar measure on X regarded as a locally compact group under addition. See [T]
for details. Then o(B(x, 27¥)) = 27%. Thus ®(x) = xo,1j(x) is admissible
and the resulting kernel is the Poisson kernel P (x, y) = 27% AB(x,2- (V) -

Example 6. Here X = [0, n], p is the usual metricon X, and o is given for

A >0 by do(x) = sin® xdx. See [MS] for details. This space is associated
with the ultraspherical harmonics. The Poisson kernel is

n
P (0, ¢) = n'll(l - r2)/ sin?*~! 1+ r? - 2r(cos 6 cos ¢ + sin 0 sin ¢ cos t)]_'l“1 dt.
0

This kernel is not generated by a function ® as in the other examples, but the
proof in [MS] that shows that the operator % determined by P, is dominated
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by the Hardy-Littlewood maximal operator may be slightly altered to show that
Z is dominated by the Hormander maximal operator #Z .

Muckenhoupt and Stein [MS] also study the Fourier-Bessel expansions for
functions on R. There is a Poisson kernel in this case that is similar to the one
described above and the same remarks pertain to it.

6. THE APPLICATIONS AND THE EXAMPLES

The results that have been obtained have dealt with general spaces of ho-
mogeneous type, and one might ask if they are sharp enough to yield known
results when they are applied to the examples in §5. We show that they are in
the following settings.

In Example 2, X is the unit sphere in R?, p is Euclidean distance, and o
is rotation invariant measure. The Poisson kernel is

P(x,y)=c(l=r)/lrx - y|*.
If feL?) and 0<r < 1, then

Pf(x,r) =Y > el Yni(x)
n k

where {Yxln = 1,2,3,...,k =1,2,3,...,a,} is an orthonormal se-
quence in L%(g) (the spherical harmonics) and ¢, = [ S Yuda. So

/:Ylpf(x’ r)|2 dO'()C) = ZZ |an|2’2”.
n k

(See [SW].)

Theorem 6.1. In the setting of Example 2, let d/(d + 1) < p < 1 and let
B =(d—-1)(1—-p/2). Then there is a constant C = C(d, p) such that

oo W o p/2
Yo (z Z|an|2) <C

N=1 n=2N k=1

for every p-atom a.
Proof. Apply Corollary 4.5 with p =0, g =2, and dy(t) = tf~1dt. Then

/01 (/X |Pa(x, r)|? afa(x))p/2 dy(r) < C.

The conclusion follows immediately from this and the remark preceding the
statement of the theorem. 0O

An immediate corollary of this result is a sufficient condition for a sequence
to multiply H% ., into /7.

Corollary 6.2. In the setting of Example 2, let d/(d +1) < p < 1. Suppose that
there is a constant C and a doubly indexed set of constants {Wnyk}n k Such that

2N+l @

) Z Wy /121D < C2-N(d=1)

n=2N k=1
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for every N € N. Then there is a constant C' = C'(d, p) such that
Z Z |wnkcnk |p <C
nok

for every p-atom a.
Proof. By Holder’s inequality,

N+ g, p/2 N+ o 1-p/2
sznkcnkl" < Z (Z Z|an|2) (Z lenkl”/“"”ﬂ)) )

=2N k=1 n=2N k=1

The proof is completed by applying Theorem 6.1. 0O

In particular, when p = 1, this implies that
Z Z Icnkl/nd_1 < C
n ok

for every 1-atom, and consequently that this is true for every function in H},. .
This is an extension of Hardy’s inequality [HL1].

Similar considerations apply to the next example.

In Example 3, X is the unit sphere in C¢, p is the nonisotropic metric,
and o is rotation invariant measure. If z € X and r > 0, then %Fa(z,r) =
Y. Car®lze/|| 22|13 for any p-atom a, where ¢, = [, a(w)@W* do(w) for any
multi-index «. Now, {z°%/||z*||,} is an orthonormal sequence, so if b, =
Calllz%|l2, then 3, |bo|*r?el = [y |Fa(x, r)*da(x).

The same ideas that were involved in the proof of Theorem 6.1 and Corollary
6.2 prove the following results.

Theorem 6.3. In the setting of Example 3, let (2d +1)/(2d +2)<p <1 and
B=d(1 —p/2). Then there is a constant C = C(d, p) such that

o p/2
22-”( > lbalz) <C

N=1 2V <ol <2V
for every p-atom a.

Thus if
Z |wa|p/(l—p/2) < C2—Nd ,
2V < a] <2+
then ) |w.b,|P < oo for every p-atom a. Again, when p =1, this yields an
extension of Hardy’s inequality.

7. NECESSARY CONDITIONS FOR CARLESON MEASURES

It is natural to inquire if the conditions that were sufficient in the Carleson
measure theorems are also necessary. The next theorem, a converse to Theorem
4.1, is typical of what may be proved along these lines.

Theorem 7.1. Let 0 < p < oo. Suppose that u and v are Borel measures on
X+ such that

0 < v(T(B)) < Cv(T(B))
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for every quasi-ball B and
| @rydus [ Frav
X+

X+
for every bounded measurable F € BR. Then there is constant C' = C'(C, p)
so that
w(T(B)) < C'v(T(B))
for every quasi-ball B .

Proof. Fix y € X and s > 0 and define F(x,r)=(s+r+ p(x,y))™™ where
M will be chosen later. If (x, t) € T(B(y, s)) then

fT(B( Fdv
HF(z,1)> TEWD ____ 5 o-Mg-M
(@02 By, 22 °

and for large enough M,

oo

F”dl/:/ F”dV+Z/ FPdv
X+ T(B(y, ) = TBY, 2 I\T (B, 2%5))

< Cs™Py(T(B(y, 5))).
Combining these two facts completes the proof. 0O

There are similar converse results for Corollaries 3.2 and 3.3 and Theorems
3.4 and 4.2. These may be obtained using the same ideas and the same functions
that were used in Theorem 7.1.

In the proof of Theorem 7.1 it was possible to use a smaller collection of test
functions than the set of functions for which Theorem 4.1 holds true. In specific
examples, it may not be immediately clear which test functions to choose. For
example, the analytic functions are an adequate class of test functions in the
original Carleson measure theorem [Car], and it is reasonable to expect that
they will also be adequate if X is the unit sphere in C4. If X is formed
into a space of homogeneous type as in Example 3 of §5, then Hérmander [HG]
showed that the analytic functions are indeed an adequate test class, but he also
showed that if X is made into a space of homogeneous type as in Example 2
of §5, then they are not, but the harmonic functions are. Thus, determining
the right collection to serve as a test class poses some interesting problems. The
next theorem is one example of what may be done in this direction.

Theorem 7.2. Let a >0, >0, and ¢ > —1. Suppose that u and y are Borel
measures on R? and R+ respectively and that

/R+ (/m E (e, Il “'/‘()‘)>,3 dy(r)

af/2
< / ( |F(x, r)? dx) redy(r)
R+ \JR?

for every harmonic function F. Then there is a constant C = C(d, a, 8, ¢)
such that

(W(B(x, N[0, r]) < Crlepd/D+esl
for every x e R4 and r > 0.
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Proof. Fix 6 > 0 and for k € Z let Qy = {x € R¥||x; — 2kd| < 4, |x2| <
d,...,|xq] <d}. Then {Q)} is a disjoint family of cubes of side length J,
and

_2ikex, SINOX1  sindxg _

X1 Xd

so if ¢(x) = Y0 _o(2)(=1)¥xg,(x), then @(x) = CH(x)(1 — e~2x1)? . Con-
sequently, if F(x,r)= P¢(x,r), then F is harmonic and

Ce—2ik6x| H(x) ,

Xo.(x) =Ce

[ JFx,npax=c [ eGP - 55 dx
R4 R4

=C / e~ Wl H(x)|?| sindx|% dx.
R4

Now,
W / e~ W H(x)[?|sindx, | dx < Cé¢,
RY
/ e_2’|x||H(x)|2|Sin§xl|2P dx
{Ix|<1/8}
<C (/1/5 e-2rxd—l/2|_§i£_5§m dx)
0
X d-1
1/6 s )
< { C62d+2p/rd+2p ifa S r
~Lcof iféd>r,
and
2 /{l 1>1/6} e~ 2| H(x)[?| sinéx|® dx < Co%e¥/°,
x py
Let

00 af/2
- / ( / lF|2dx) dr
0 R4
5 B2 o aB/2
g/( |F|2dx) r‘dr+C/ (/ |F[2dx) o dr
0 \Jre 5 Ix|<1/5

- B2
o / ( / Tat dx) ¥ dr
s Ix[>1/6

=L+hL+15.

Then I; < Coobd/2+c+1 by (1), I < C(gaﬁd/z f6°° e—oBridpc dr = Coabd/2+c+]
by (3), and I < C8°BCp+2D/2 [ po—aBd+2)2 dy = CSoBd/2+e+ by (2) if p is
chosen large enough so that af(d +2p)/2 > c+ 1. Thus I < C§ohd/z+c+l
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Next we claim that there is a constant A such that |F(x, r)| > 1/2 if |x| < Ad
and r < AJ. From this and the hypothesis of the theorem it follows that

([0, A0))(u(B(0, 16)))*F < Coobd/2+etl,

To prove the claim, note that
p

1-F(x,r)=1 —/QOP,(x,y)dy—Z (z)(_l)k/gk P(x,y)dy

k=1

= P,(x,y)dy—zp: Ph<1ye [ P(x, y)dy.
R4\ Qp k=1 k Ok

But if k > 1, then Q C RA\Qy, 50 |1 = F(x, )| < 22 faurg, Pr(x, ¥)dY.
Now it easy to see that if 6 > 0, A < 1/2, |x| < Ad, and |r| < Ad, then
fl}’|25 P (x,y)dy < C4jA,s0 |1 = F(x,r)| <1/2 for sufficiently small A, and
hence |F(x,r)] > 1/2 if |x| < Ad and r < Ad. This completes the proof of
Theorem 7.2. O
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