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ON INVERTIBLE BIMODULES AND AUTOMORPHISMS
OF NONCOMMUTATIVE RINGS

ROBERT M. GURALNICK AND SUSAN MONTGOMERY

ABSTRACT. In this article, we attempt to generalize the result that for a commu-
tative ring R the outer automorphism group of R-automorphisms of Mj(R)
is abelian of exponent n . It is shown that a slightly weaker stable version of
the result is still valid for affine semiprime noetherian pi rings. We also show
that the automorphism group of an affine commutative domain of positive di-
mension acts faithfully on the spectrum of the domain. We investigate other
questions involving bimodules and automorphisms and extend a result of Smith
on the first Weyl algebra as a fixed ring.

1. INTRODUCTION

Let R be a ring with 1. In this article we are interested in comparing the
automorphism group of M,(R), the ring of n x n matrices over R, and the
automorphism group of R. In particular, if R is commutative, it is a classical
result that the outer automorphism group of R-automorphisms of M,(R) is
an abelian group of exponent dividing n. This can be restated in terms of
invertible bimodules. The result is equivalent to the easy fact that any projective
rank one module X with nX free over a commutative ring has order dividing
n in the Picent group of R—see [RZ and KO]. In the noncommutative case,
there is still a well known relationship between automorphisms and the Picard
group of invertible bimodules.

In this paper we obtain analogs of the commutative result modulo stably free
modules. One of the key ideas is to study the Picent group by considering a
suitable normal subgroup (the subgroup which commutes with primes). The
normal subgroup and the quotient group have very different structures. The
behavior of the normal subgroup (at least stably) resembles the commutative
case. There is no analog of the quotient in the commutative case. Our best
results in this direction are (see Lemma 3.2, and Theorems 3.6, 4.1, and 4.2):

Theorem A. Let k be a field or the integers. Let R be a semiprime noetherian
affine pi ring of Krull dimension d and pi degree f. Let G = Picent,(R) be
the group of central invertible R-bimodules such that the direct sum of n copies
of any element is a free left R-module. Let G, be the (normal) subgroup of G
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consisting of those elements which commute with all primes of R. Then there
exists a normal subgroup G, of G, with G, C G| such that:

(i) Every element of G, is stably free as a left R-module.
(i) G/G, is a subgroup of a finite direct product of symmetric groups of
degree f.
(iii) G,/G, is nilpotent of class at most d and has exponent dividing n*,
where u is the least positive integer bigger than log, d .

In particular, G/G, is locally finite of bounded exponent.

The previous theorem yields results about automorphisms of matrix rings.
We state a special case here.

Corollary B. Let R be as in Theorem A. Assume that every invertible R-bimodule
which is stably free as a left R-module is in fact free as a left R-module. If o is
a central automorphism of M,(R), then o"'/' = By, where B is an extension
of an automorphism of R and y is inner.

In general, one would have to allow g to be induced by an invertible bimod-
ule which is stably free as a left module.

The proof of Theorem A depends on proving a nilpotence result for certain
elements of K. This is a result of Bass (see [W]) in the commutative case. This
result is generalized in [G3] with a somewhat different proof. We also need a
result that relates the action of an automorphism on the center of R and on
Spec R. In particular, we show that if R is a commutative affine domain of
positive dimension over a field k, then Auti(R) acts faithfully on Spec R
(Theorem 6.3). This uses a result of [F] as extended by Braun and Vonessen
[BV] which reduces the problem to finite groups. Finally, we need a result of
Braun [B] about primes of the trace ring of a prime noetherian pi ring.

We construct examples of rings to show that the results in Theorem A cannot
be improved much. In particular, we show the following (see Theorem 5.6).

Example C. Let k be a field admitting a cyclic extension of degree n. Then
there exists a one dimensional affine noncommutative domain R module fi-
nite over its center such that Picent,(R) contains a subgroup H isomorphic to
PGL,(k). All elements of H are stably free as left and right modules. In par-
ticular, if k is not algebraic over a finite field, there exist invertible bimodules
X withnX free as a left module and X stably free as a left and right module
but no power of X is free.

The above also provides an example of a central automorphism of M,(R)
such that no power is induced by an automorphism of R. We also construct
orders R over the integers which have invertible bimodules X which are stably
free but not free as left modules. This answers a question of Gustafson and
Roggenkamp [GR2, Question 4.10].

We also give examples to show that even stably the Picent group of R need
not be abelian (or even solvable). Indeed, we show (see Theorem 4.3).

Example D. Let k be a field and n > 3. There exists a prime noetherian affine
k-algebra of pi-degree 2n and Krull dimension 2 such that (in the notation
of Theorem A), G/G, is a symmetric group of degree n and all stably free
elements of Picent(R) are contained in G .
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In a different direction, although still in the spirit of relating bimodules and
automorphisms, we extend a result of Smith on the Weyl algebra as a fixed ring.
In particular, we prove

Theorem E. Let A be a simple noetherian domain satisfying the following con-
ditions:
(i) k= Z(A) is algebraically closed.
(ii) Every unit of A is central.
(iii) If X is a torsion element of Picent(A), then X is a free left R-module.

Then there exists no k-domain S such that S¢ = A where G is a finite non-
perfect subgroup of Aut;(S) and |G| #0 in k.

Applying this result to the first Weyl algebra (see Corollary 7.3), we show that
the first Weyl algebra is not the fixed ring of a finite nonperfect group acting on
a domain.

This article is organized as follows. In §2, we discuss the relationship between
automorphisms and invertible bimodules. In §3, we prove various finiteness
results for affine pi rings. In §4, we analyze the group structure of the Picent
group more closely. In §5, we consider one dimensional rings and construct
an example to show stably free cannot be replaced by free in the results of §3.
In §6, we include some unpublished results of Braun and Vonessen which we
extend on automorphisms of commutative affine domains and pi rings. In the
final section, we consider the fixed ring problem.

The authors would like to thank A. Braun and N. Vonessen for several inter-
esting discussions on this problem and for allowing us to include some of their
results.

2. PRELIMINARY RESULTS

(2.1) We need some definitions. Let .# be the Picard group of invertible
bimodules of R. The group operation is tensor product. Unless otherwise
stated all isomorphisms refer to left modules. Let Z = Z(R) be the center of
R. Let

(a) AH={X€eF|nX ZnR},

(b) £ ={X € F|X is stably free},

(¢) F={XeF|PX=XPVP e SpecR},

@ AH=A0F,

(e) £/ =5nyg,

(f) Picent(R) ={X € Flzx=xzVxe X, zeZ},

(g) Picent,(R) = Picent(R) N %,

(h) ={X € F|X and X! are isomorphic to ideals of R},

(i) S =%ns,and

() &a=%nA.

Lemma 2.2. The subsets of .# defined above except in (b) and (i) are all sub-
groups of 7 . The subsets defined in (b) and (i) are subgroups whenever R has
a homomorphic image contained in a noetherian ring.

Proof. Suppose X,Y € .%,. So nY = nR as left modules. Tensor on the left
with X . This implies that n(X ® Y) = nX = nR as left modules. Similarly,
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by tensoring with Y~! we see that nY ! = nR. Thus %, is a subgroup. The
proof for (b) is essentially the same. The remaining cases are trivial.

We are particularly interested in %, because of its connection with automor-
phisms of M,(R). Recall that if ¢ is an endomorphism of R, then we can
define the R-bimodule X = ;R, by taking X = R as left modules and letting
r € R act on the right via o(r). We record some trivial properties of these
bimodules (see [CR, §55]).

Lemma 2.3. (a) If X is an R-bimodule which is isomorphic to R as a left
module, then X = R, for some endomorphism ¢ of R.

(b) 1R, ®1Rs = Ry, as bimodules.

(¢) 1Ry is invertible if and only if ¢ is an automorphism of R.

(d) 1R; =R, =R ifand only if o is an inner automorphism of R.

Proof. (a) If X = Ra, define 0 by o(r)a =ar. Clearly X =R, .
For (b), note that the isomorphism is given by the map a® b — ap(b). Now
(c) follows from (b) and Lemma 2.2. (d) is a straightforward observation.

Lemma 24. If X € %, then there exists a € M,(X) such that M,(X) =
aM,(R) = M,(R)a. Consequently, %, = {X € F#|nX = nR as right R
modules}.

Proof. Note that M,(X) is a rank one free left M,(R)-module which is an

invertible M,(R)-bimodule. The result now follows by applying the previous
result to M,(X).

By Lemmas 2.3 and 2.4, if X € .%,, then M, (X) = aM,(R) = M,(R)a and
X induces an automorphism of M,(R) given by r — s, where ra = as. If
a different generator for M,(X) is chosen, then the automorphism will change
by an inner automorphism of M,(R). Thus we have homomorphisms

(2.5.1) ¢: F — Out My(R),

(2.5.2) o't % — Aut Z.

Clearly ker(¢') = Picent,R. In fact, ¢’ can be extended to .7 [CR, 55.7].
We note the following

Propeosition 2.6. ¢ is an isomorphism of %, and Out M, (R).

Proof. Obviously ¢ is a homomorphism. If M,(X) = M,(R) as M,(R) bi-
modules, then clearly X = R as R bimodules. Thus ¢ is injective. If J is an
automorphism of M,(R)=T,set Y =,T5. Let E be the idempotent matrix
with a 1 in the (1, 1) entry and all other entries zero. Then X = EYJ(E)
is an invertible R bimodule. It is straightforward to verify that nX = nR as
both left and right modules. Thus X € %, and obviously M,(X) = Y as
M, (R)-bimodules. Thus ¢ is surjective and the result follows.

The usual results about automorphisms of matrices over commutative rings
follow easily. Let Autz(R) denote the group of automorphisms of R which
are trivial on the center. Note that there is an obvious embedding of Aut(R)
into Aut(M,(R)). Set Outz(R) = Autz(R)/Inn(R).
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Corollary 2.7. (a) Outz(M,(R)) = Picent,R.

(b) If R = Z is commutative, then Outg(M,(R)) is abelian of exponent
dividing n.
Proof. The first statement is an immediate consequence of Proposition 2.6. If
R is commutative, then Picent(R) is an abelian group. If X € Picent,R, then
X" = A"(nX) 2 A"(nR) = R. Thus Picent,R is abelian of exponent dividing
n, as desired.

There is a version of the commutative result that extends to arbitrary rings.
Corollary 2.8. Identify R with the subring of scalars of M,(R). Let
G = Autg(M;,(R))/Inng(My(R))

be the group of automorphisms which are trivial on R modulo the inner auto-
morphisms which are trivial on R. Then G is abelian of exponent n .

Proof. Note that the centralizer of R in M,(R) is just M,(Z). Thus M,(Z)
is G-invariant. Since M,(R) is generated by R and M,(Z), the restriction
map from Autg(M,(R)) to Autz(M,(Z)) is injective. By Corollary 2.7(b), it
follows that the nth power of any automorphism is inner (so given by conjuga-
tion by an element of GL,(Z)). The same is true for the commutator of any
two such elements. The result follows.

We close this section with the following observation.

Corollary 2.9. _%, is a normal subgroup of %, .

Proof. By (2.5.1), each element of .% induces an automorphism of Spec M,(R)
and so a permutation of Spec R. The kernel of this permutation representation

is 4.

In fact, it is not difficult to show that .# has a permutation representation on
the ideals of R. (The representation maps X to the permutation 7 — X!/ X.)
Since this permutation preserves products of ideals, it sends primes to primes.
Thus in fact _# is normal in .# .

3. TORSION IN THE PICARD GROUP

We want to extend as far as possible the classical results about automorphisms
of M,(R) for R commutative (Corollary 2.7(b)). Note that Outz(R) naturally
embeds in Outz(M,(R)). One might conjecture that the quotient group is
abelian and of exponent dividing n. Unfortunately, neither result is true. The
subgroup need not be normal and outer automorphisms of infinite order can
arise. We consider such examples in §5.

However, for certain rings we do obtain an analog of the torsion result.

The following result will be useful in proving certain elements of Pic(R)
have finite order modulo the stably free elements.

Lemma 3.1. Let R be aring. Let T = Ko(F), where & is the category of
R bimodules which are finitely generated projective on the left and right. Note
T is a ring (with multiplication being tensor product). Let U = Ky(R) (left
modules). Then U is a left T-module. Let X be a projective bimodule (i.e., left
and right projective). If nX = nR as left modules for some positive integer n and
(X=R)¥*'.R =0 in U for some nonnegative integer d, then (X" —R)-R=0
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in U for m = n* for any positive integer u > logy(d). (i.e, X™ is stably
isomorphic to R as a left module.)
Proof. Consider the subring 4 = Z[X] of T. Let I be the annihilator of R
(considered as an element of U) in A. Set B = A/I. Let t be the image of X
in the ring B. By our assumptions, (t—1)?*'=0=n(t—1). Set y =(t—1).
Then B = (1) + (y) +--- + (¥?), as abelian groups.

We claim that for any nonnegative integer e, there exists a b € B such that

(3.1.1) " =1+ by”.

Since ny = 0, the result follows by raising both sides of (3.1.1) to the nth
power and inducting on e. In particular, if u > log,(d), then (3.1.1) implies
t" =1, and the result follows.

For the rest of this section, fix a commutative noetherian domain k. Let R
be a pi k-algebra. We only consider R-bimodules which are k-central (thatis k
acts the same on the left and right). Note that when R is semiprime with only
a finite number of minimal primes, then R has a semisimple Artinian classical
quotient ring Q which is a central localization. We write this as Q = RZ~!,
although we are only inverting the regular elements of Z . In particular, this
will apply when R is affine over k and semiprime.

We are mostly interested in central automorphism and correspondingly ele-
ments of Picent R. However, we prefer to use _# since it is better behaved
under homomorphic images. We shall see that the Picent group and # are
closely related. Indeed, we prove that if k is a field and R is semiprime (and
not algebraic over k), then %, is a (normal) subgroup of Picent,(R) (Theorem
3.3) and that if R is also noetherian, then the quotient group is of bounded
exponent (Theorem 3.5).

Lemma 3.2. Let R be semiprime pi with finitely many minimal primes, and let
X € # . Then the following are equivalent:
(a) X € Picent(R).
(b) X = J for some R-subbimodule of Q as bimodules.
(¢) X =1 for someideal I of R (as bimodules).
(d) There exist R-bimodule monomorphisms a: R — X and f: X — R
such that af and Ba are multiplication by a regular element c € Z .

Proof. Clearly (d) implies (c), (c) implies (b), and (b) implies (a). So we need
only prove that (a) implies (d).

Now Y = X ® Q becomes a Q-bimodule via rz~!'(y®q) = ry® z~!q since
X is Z-central. Since Y is an invertible Q-bimodule and Q is semisimple
artinian, it follows that ¥ = Q as left modules. Thus Y = ;Q, for some
automorphism p of Q. Since X is Z-central, so is Y. Thus p is trivial
on the center of Q. Hence by the Skolem-Noether theorem, p is inner on
Q. Thus Y = Q as bimodules. Since X is a bisubmodule of Y, we have a
bimodule embedding of X in Q. So we can assume that X is contained in
Q. Since X is finitely generated as an R-module, there exist regular elements
a, p €Z suchthat aX CR and SR C X . Take ¢ = aff. Now (d) follows.

Theorem 3.3. Let R be a semiprime pi affine k-algebra.

(a) If R/P is not algebraic over k for any minimal prime P, then %, C
Picent(R).
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(b) If k isthering of rational integers and R/P has positive Krull dimension
for each minimal prime P, then %, C Picent(R).
(c) If X € %, then some power of X is in Picent(R).

Proof. Choose X € 7. We can replace R by M,(R) (and X by M,(X))
and assume that n = 1. So X = Ra = aR, for some a € X and as above
X = |R, for some automorphism o of R. Since X € £, ¢ is trivial on
SpecR.

We first prove (a). It suffices to show o is trivial on the center of R. Since
R has only finitely many minimal primes, it suffices to assume R is prime. By
localizing at the nonzero elements of k, we can assume that k is a field. Since
R is not algebraic over k, it has positive Krull dimension. The result now
follows by Theorem 6.4.

The argument of the previous paragraph also proves (b) uniess R is algebraic
over k. Then R[1/b] is integral over k[1/b] for some integer b. By the
Cebotarev density theorem (or see [J1] for an elementary argument), there are
infinitely many primes of k[1/b] which split completely in Z[1/b]. Thus
exactly as in the proof of Theorem 6.3, it follows that the automorphism group
of Z[1/b] acts faithfully on its spectrum. This implies that ¢ is trivial on Z,
as desired.

If R is algebraic over k, then we can assume k is a field and so Z(R) is
finite dimensional over k. Thus Aut,(Z) is a finite group, o has finite order
on Z and (c) holds.

We can now prove an analog of the torsion result for commmutative rings.
We first prove a type of nilpotence result for rank zero bimodules. This was orig-
inally proved by Bass for commutative noetherian rings. Wiegand [W] recently
gave a simpler proof of Bass’ result. His proof depended on localizations which
we cannot use. Moreover, the result in our case is only true for bimodules which
commute with primes. This distinction does not occur in the commutative case.
Our proof in fact provides a new proof of the commutative result.

Theorem 3.4. Let R be affine over k and have Krull dimension d . Assume k
is either a field or the integers. If X, X;,Y; € £ for 0<i<d, then

(a) Hf=0(X i —Y;) =0 as left modules,
(b) (X —R)¥*! =0 as left R modules, and
(c) X™ is stably free as a left module for m = n* and u > log,(d).

Proof. Clearly (a) implies (b). By Lemma 3.1, (b) implies (c). Thus it suffices
to prove (a). By Nakayama’s Lemma, we can assume that R is semiprime. We
induct on the Krull dimension d of R and on the number of minimal primes
of R. If the dimension is zero, then R is artinian and so Xy & R Y, as left
modules by the Krull-Schmidt Theorem. Now R embeds in R/Pi&---®R/Pp,
where {P,, ..., Py} is the set of minimal primes of R. Suppose R/P,, has
Krull dimension 0. Then this quotient is artinian and splits off. So R=R' @
R/P, and the result follows by induction.

So we can assume that each R/P; has positive Krull dimension. By Theo-
rem 3.3(a,b) and Lemma 3.2, we can find R-bimodule maps a: Yy — Xy and
B: Xo — Yy such that aff and Ba are multiplication by a regular central el-
ement ¢ of R. Let I be the radical of ¢cR. If ¢ is a unit, then Xy = Y; as
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bimodules. Thus we can assume that R/I has Krull dimension at most d — 1.
Note that IU = UI for any U € # . Thus U/IU is an invertible bimodule
of R/I.

Thus by induction

d
(3.4.1) [Ixi/1x; - Yi173) = 0.
i=1

Let M and N denote the positive and negative terms respectively of

d

[[(xi-1o).

i=1
Thus by (3.4.1), we mean that M/IM = N/In, as left R-modules. By Naka-
yama’s Lemma, in fact M/cM = N/cN. Let y € Homg(M, N) induce this
last isomorphism. Let 6 € Homg(N, M) induce the inverse. These maps exist

since M, N are projective. Moreover, since M, N are projective, there exist
7 € Endg(N) and 7’ € Endgr(M) with

yd =1+ct, oy=1+ct.

Consider the left module maps
_(1®y a®T
P=\pol 186

V_(l@é —a®ﬂ)
T\l 1@y
between K = (Xo@M)®(Yo®N) and L = (XoQN)®(Ypo®M). Note that these
maps are well defined left module maps since each term is a tensor product of
a bimodule homomorphism with a left module map.

It is straightforward to compute that pv is an automorphism of L and that
vp is an automorphism of K. Thus K = L as left modules. This is equivalent
to ]'[;LO(X i — Y;) =0 as left modules. This completes the proof.

and

The previous theorem showed that %, is stably torsion of bounded exponent.
We show that the same is true of %,/%, for R noetherian. We recall that the
pi degree of a prime pi ring R is the smallest # such that R embeds in M,(C)
for some field C. We say that R has pi degree f if f is the maximum of the
pi degrees of the prime images of R.

Theorem 3.5. Suppose R is noetherian and semiprime of pi degree f. Let T
be the trace ring of R.
(a) %,/.% acts faithfully on spec(R).
(b) Every orbit of %, on Spec(T) and on Spec(R) has size at most f .
(c) If X € ,, then X¢ € FZ for some e dividing f!.

Proof. (a) follows by definition. (b) As in §2 if X € %, then X induces
an automorphism of M,(R). Let T be the trace ring of R (i.e., the direct
product of the trace rings of R/P,P a minimal prime). Thus X induces an
automorphism A of M,(T). Since X is an ideal of R, itis Z-central. Thus
A is trivial on Z and so becomes inner on M,(Q). Thus A is also trivial on
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C = Z(T). By [B], it follows that there are at most f primes of T over any
prime of C. Thus %, has orbits of size at most f on Spec(T). Since T is
a module finite centralizing extension of R, this implies that %, has orbits of
size at most f on Spec(R). Finally (c) follows from (a) and (b).

We remark that in the above result, we can avoid the reference to [B] by
noting that 7 is module finite over C and so there are at most m primes of
T over any prime of C for some m. The result in [B] allows a more precise
bound. We do not know whether the noetherian assumption is necessary.

Theorem 3.6. Let k be a field or the integers. Let R be a semiprime, noetherian
pi ring which is affine over k. Assume that R has pi degree [ and Krull
dimension d. If X is an invertible ideal of R such that nX = nR as left
modules for some positive integer n, then X™ is stably free as a left module for
m = (n*)f! and u > log,(d).

Proof. This follows by Theorems 3.4 and 3.5.

If we replace k by an arbitrary commutative noetherian domain, then a
version of Theorem 3.6 is true with m replaced by some positive integer. The
proof is virtually the same except that when R is algebraic over k, one must
use Theorem 3.3(c).

Theorem 3.7. Let k be a noetherian commutative domain. Assume R is an
affine pi k-algebra. Let X be a k-central R bimodule.

(a) If X € 4, then there exists a positive integer m such that X™ is stably
free as a left module.

(b) If R is also semiprime and noetherian and X € .%, is an invertible ideal
of R, then there exists a positive integer m such that X™ is stably free
as a left module.

Proof. By Theorem 3.5, it suffices to prove (a). We may assume that R is
semiprime by Nakayama’s Lemma.

By Theorem 3.3(c), X¢ is isomorphic to an ideal of R for some positive
integer e. Replacing X by X¢, we can assume that X is an ideal of R. We
follow the proof of Theorem 3.4. So choose bimodule maps o and B and
¢ € Z asin Lemma 3.1. By induction on Krull dimension, it follows that some
power of X/cX is stably free. We can replace X by that power and assume
that X/cX is stably free (this will change the maps above and we will have to
replace ¢ by a power of ¢). So there exist finitely generated free modules F
and G such that M = X & F and N = G are isomorphic modulo ¢. Choose
homomorphisms y and J which induce this isomorphism. Exactly as in the
proof of Theorem 3.4 (using the same notation) we conclude that K = L. This
implies that X2 @ R is stably isomorphic (as a left module) to X & X. By
Lemma 3.1, the result follows.

Let %, be the intersection of all the %, conjugates of £*/ N %, .

Corollary 3.8. Let R be an affine pi k-algebra with k a field or the rational
integers.
(@) A/( S, n) has exponent dividing n* for u > log,(d) .
(b) Assume R is also semiprime and noetherian. Then Picent,(R)/(% . n)
has exponent dividing (n*)f! for u > log,(d).
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Proof. Set m = n*. By Theorem 3.4(c), if X, U € %, then UX"U™! is
stably free as a left module. This implies that the quotient group in (a) has
exponent dividing m . Similarly (b) follows from Theorem 3.6.

The same proof using Theorem 3.7 instead of Theorem 3.6 yields
Corollary 3.9. Let R be an affine pi k-algebra.

(@) %/(f.n) is a torsion group.
(b) Assume R is also semiprime and noetherian. Then Picent,(R)/( % n)
is a torsion group.

Thus we have an analog of the torsion result for commutative rings.

Lemma 3.10. Let R be an affine semiprime noetherian pi ring over k of Krull
dimension d .
(a) 7 C A
(b) If R = My(S) for v > d, then stably free can be replaced by free in
Theorem 3.6.

Proof. By [MR, 6.7.4] d + 1 is in the stable range of R. Then (a) holds by
[MR, 11.7.13]. By Morita correspondence, (b) follows from (a).

Corollary 3.11. Let X € %,(R). If R is module finite over C = {z € Z|zx =
xzVx € X}, then some power of X is stably free as a left module.

Proof. By typical reduction arguments, we can assume that C is finitely gen-
erated as a ring (and in particular is noetherian). Since there is a bound on the
number of prime ideals of R lying over any given prime of C, it follows that
some power of X isin ¢ . Now apply Theorem 3.6.

We shall give an example below to show that stably free cannot be replaced by
free. In the example, we produce invertible bimodules such that every nontrivial
power is stably free but not free as a left module. We believe that the above
results should also hold for a wider class of rings.

In the commutative case, there is a converse of the above results. Bass and
the first author [BG] proved that (for R commutative) an element X of the
Picent group has finite order if and only if nX = nR for some positive integer
n. This is not true in the noncommutative case. There exist orders over the
integers with invertible ideals that are not locally free. Since the class group
of invertible ideals is finite, every invertible ideal has finite order. However
nX = nR implies that X and R are locally isomorphic. One can prove a
converse in the module finite situation by imposing the extra condition that the
modules are locally free.

If we only consider bimodules of a special type, then the analog of the com-
mutative result is true (and follows from the commutative result). Here we need
no assumption on the ring.

Theorem 3.12. Let R be a ring with 1. Let Z be the center of R. Suppose
X is an R-bimodule such that X is a bimodule summand of mR for some m .
Then nX = mR as bimodules for some m,n > 0 if and only X®¢ = fR as
bimodules for some e, f > 0.

Proof. Let D(R) denote the category of R-bimodules which are bimodule sum-
mands of nR for some n. Note that D(Z) is just ihe category of finitely
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generated projective Z-modules. Define ¢: D(R) — D(Z) by letting ¢(X) be
the set of bimodule homomorphisms from R into X . It is straightforward to
verify that ¢ is a bijection and preserves direct summands and tensor prod-

ucts. Thus the result follows by the same result for the commutative ring Z
(see [BG]).

4. THE GROUP STRUCTURE OF Picent,(R)

In this section, we investigate the group structure of Picent,(R). In particu-
lar, we wish to see to what extent the abelian result for commutative rings can
be recovered. By the examples in the next section, the best we can hope for is
a stable version of the result.

For the rest of this section, let k be a field (although there are versions of
the results which hold more generally). Let R be an affine semiprime pi k-
algebra with center Z. By Lemma 3.2, & = Picent(R). We first study the
stable behaviour of % . If G is a group, let L;(G) be the ith term in the
lower central series for G .

Theorem 4.1. Let R have Krull dimension d. Then L;( %) C .. Let & be
the intersection of all X(# N £)X~', X € #,. Then ¥ is normal in %, and
is contained in & with the quotient ,/.V" a locally finite nilpotent group of
exponent dividing n* where u > log,(d).

Proof. We inducton d. If d =0, then %, C % . So assume d is positive.
Exactly as in the proof of Theorem 3.4, we can assume that R/P has positive
Krull dimension for each minimal prime P.

Let Ko(#) be as in Lemma 3.1. Let T be the subring of K(#) generated
by the elements in %, . We can define a rank function on 7 by declaring
elements of _%, to have rank 1. Let U be the ideal of rank O elements. Let
T=T/U%!'. Let G=1+U. Thus G is a subgroup of the unit group of T .
It is trivial to verify that L;(G) = 1. There is a homomorphism from _%, to
the group 1+ U sending X — R + (X — R). Composing this with the natural
map from T to T is a homomorphism from _%, to G. Let L be the kernel of
this map. Thus L;( %) C L. Moreover, if X € L, then viewed as an element
of T, X € 1+ U4+, In particular, X — R € U%+!, Then by Theorem 3.4,
X — R annihilates R considered as an element of Ky(R). Thus X is stably
free as a left module. Hence L C .. Thus L;(,%) C . as desired. The last
statement now follows from Corollary 3.8 and the fact that a nilpotent group
of bounded exponent is locally finite.

In case d =1, _# could be replaced by & by a slight modification of the
proof of Theorem 5.2 below. We shall give an example to show that this fails
for d = 2. However, we do have some control over the quotient %,/ .

Theorem 4.2. Let R be noetherian of pi-degree f and Krull dimension d .

(a) &,/.% isisomorphic to a subgroup of a finite direct product of symmetric
groups of degree f .

(b) There exists a normal subgroup ¥ of &, with ¥/ C . and &,/ NV
locally finite with exponent dividing (n*)f! for u > logy(d). If f <4,
this quotient is solvable.
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Proof. By Theorem 3.5, we know that %/, acts faithfully on Spec(R) and
that each orbit has size at most f . Since this quotient group is finite by Theorem
6.1, (a) holds. In particular if f < 4, this quotient is therefore solvable. Now
(b) follows by Theorem 4.1 and (a).

It seems likely that one can in fact remove the subscript n in the previous
theorem.

We now describe the promised example. Let T be a Dedekind domain affine
over k such that T contains n nonzero ideals W; of order » in the class group
of T such that for each m, 1 < m < n, the W/ are pairwise nonisomorphic
as T-modules. Let Uy=T oW, for 1 <i<n.Set U=U;®---&U,. Let
T[x] be the polynomial ring over T, and set V; = Uj[x] and V = U[x]. Let
S = Endz(y(V). We can view S as a ring of n x n matrices where the (i, j)
entry is a homomorphism from ¥; to V;. Finally, we take R to be the subring
of S consisting of all matrices where the off diagonal terms are multiples of x .

Similarly M,(S) = Endy(,(nV) can be identified with n x n matrices where
the (i, j) entry is a homomorphism from nV; to nV;. Then M,(R) consists
of those elements of M, (S) where the off diagonal terms are multiples of x .

By the choice of W, we know that nV; is free for each i. Thus M,(S)
can be identified with n x n matrices over the ring M,,(T[x]), and M,(R) is
the subring where all off diagonal terms are multiples of x. Thus conjugation
by the permutation matrix which is the identity in all but the ith and jth
rows and columns induces an inner automorphism g;; of M,(S) and induces
a central automorphism of M,(R). Let ¢: T[x] — T be the map sending x
t0 0. Then ¢ induces a homomorphism on R and M,(R) with kernels L and
M,(L). Note that R/L= E, & ---® E,, where E; = Endr(U;) and similarly
for M,(R/L). Thus there are n primes over xT[x]. Note that T[x] = Z(R).
Clearly, o0;; interchanges the ith and jth primes. This shows that /%,
maps onto S, , the symmetric group of degree n.

It is straightforward to verify that M,,(E;) and M,,(E;) are not isomorphic
for m < n and so there is no automorphism of M, (R) interchanging the
various primes over x7T[x]. It is obvious that & fixes all primes of R which
do not contain x7[x] (each such prime is generated by central elements). It
follows easily that & /_# acts faithfully on the primes of R which are minimal
over xT[x]. The above remarks show that %, = %, for m < n and that
/% = S,. Since R has Krull dimension 2, ¥ C %. In particular, if
we take n > 3, ¥ C £ . This shows that Theorem 4.1 is not true with _%
replaced by %, . We summarize the properties of the example in the next result.

Theorem 4.3. Let k bea field. Let n > 3. There exists a prime noetherian affine
k-algebra R of pi-degree 2n and Krull dimension 2 such that Picent,(R)/ % =
S, and %, D % . In particular, for n > 4, Picent,(R) is not “stably” solvable.

5. ONE DIMENSIONAL RINGS

In this section we will assume that R is a prime ring (although much of
what we say holds more generally) with an artinian quotient ring Q. If R is
commutative, then of course the group of invertible fractional ideals of R is
an abelian group (and in particular the group of principal invertible ideals is
normal). This fails in the noncommutative case. Montgomery and Passman
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(see [M2]) constructed an example with R an order in a quaternion algebra.
In their example, Picent(R) = Picent;(R) = S3 x C; and Picent;(R) = C; x
C,. It follows from Lemma 5.4(a) below that in fact all X € Picent(R) are
stably free in this example. Here we show that in the one dimensional case the
group of left stably free invertible ideals form a normal subgroup of the locally
free invertible ideals and Picent,(R) modulo this normal subgroup is abelian
(indeed see Lemma 5.4 for a somewhat stronger statement).

Recall that % is the subgroup of the group of invertible bimodules generated
by invertible ideals and % is the subgroup of # consisting of (left) stably free
modules. Recall also that %, = € N.%, and that by (3.2), for semiprime pi
rings with only finitely many minimal ideals, % = Picent.

Lemma 5.1. Assume X,Y €& . If

(a) R/X has finite length as a left module, and
(b) nY = nR as left modules, then

XoY=2(X®Y)®R
as left modules.
Proof. Consider the short exact sequences of bimodules:
0-X—->R-R/X-0,

and
0—)X®Y—>Y—>(R/X)®Y—»O.

The second sequence is exact since Y is projective. We claim that R/X &
(R/X)®Y as left modules. Note that the left structure does not depend on
the right structure of Y. Thus since nY = nR, it follows that n(R/X) &
n((R/X)® Y) as left modules. Since these modules are of finite length, the
claim follows. Now the result follows by Schanuel’s Lemma.

Theorem 5.2. Assume R is prime and every proper homomorphic image of R is
artinian. Then %,/(* N&,) is abelian of exponent n .

Proof. By the previous lemma, we know that for X,Y € %,, (XY @ R)
(YX @ R) as left modules. Thus XY and Y X are stably isomorphic. This
implies that XYX~'Y~! € %. This shows that the quotient exists and is
abelian. By the previous lemma and induction on e, we see that for X € ,,
X¢®(e—1)R=eX (asleft modules). By taking e = n, we see that X" € &,
as desired.

In the classical case of orders, the previous result is well known. Moreover
under mild assumptions (e.g., the Eichler or Drozd conditions, see [CR]) stably
free modules are free and so . = % . It is possible that .% is normal under
much weaker hypotheses.

We want to compute these groups in a special example to show that stably
free cannot be replaced by free in Theorem 3.6. For the rest of the section,
fix a noetherian commutative domain Z of Krull dimension 1 and let R be
a module finite prime Z-order. By Lemma 3.2, we have % = Picent(R). Let
LFPicent(R) be the subgroup of Picent R consisting of those elements which
are locally free (as left and therefore as right modules). Note that LFPicent(R)
contains . and Picent,(R) for all n. We recall some facts about such orders.
Now Lemma 5.1 applies and in fact a minor variation of the proof yields the
following well-known result.
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Lemma 5.3. If X, Y € LFPicent(R), then X ®Y = XY & R as left modules.

Let LF, denote the locally free class group of R. Thus the elements of
LF, are stable isomorphism classes [4] of left R-modules which are locally
isomorphic to R. This is an abelian group via [4] + [B] = [C] if and only if
A® B = CaoR. It also follows from this that if 4 is a stably free rank one
left R-module, then 4® A= Ad R is free. In particular, . C Picent,(R) for
all n > 1. Now define 6: LFPicent(R) — LF; by 6(X) = [X]. The previous
remarks yield

Lemma 5.4. (a) 6 is a homomorphism into the abelian group LF, with kerf =
.
(b) X € Picent,(R) for n > 1 ifand only if 6(X) has order dividing n.
(c) Picent,(R) is normal in LFPicent(R) forall n > 1.

The previous results apply more generally to semiprime affine pi rings of Krull
dimension 1 (with essentially no change in the proofs). Let Picent.(R) =
U, Picent,(R) and observe that if R is module finite over its center, then
Picent.,(R) C LFPicent(R) . Since in the one dimensional case . C Picent,(R)
for n > 1, it follows from Lemma 5.4 that, for semiprime affine pi rings of
Krull dimension 1, Picent,(R), n > 1, is normal in Picent,,(R). We ask
whether there is an analogous result for higher Krull dimension. In particular:

Question 5.5. If R is a semiprime affine noetherian pi ring of Krull dimension
d, is Picent,(R), n > d, normal in Picent(R)?

Now choose a field F which is not algebraic over a finite field and o € Aut(F)
of order n > 1. Let k be the fixed field of o. Let T = F[x; o] be the skew
polynomial ring. Now Z = Z(T) = k[y] where y = x" — 1. Note that
T/yT = M,(k) (since it is a cyclic algebra and 1 is a norm from F to k). In
particular, yT is a maximal ideal of T'.

Let R=Z+yT. Let s € T with s aunitin T/yT. We define a left
R-module X(s) as follows: It is sufficient to describe it locally. If P is any
maximal ideal of Z other than yZ, X(s)p = Tp = Rp and X(s),z = sRyz.
Also if s —t € yT, then X(s) = X(¢). In fact, X(s) is an R-bimodule. It
suffices to determine this locally. Clearly this holds at every prime ideal of Z
except possibly yZ . Since yT,z is the Jacobson radical of T,z , it follows
that s € T isa unitin 7}z if and only if s isa unitin T/yT . Hence for any
such s, SR,z = R,zs, and we see that X(s) is a bimodule. Note that in fact,
X(s)=TnNRyzs =T NsRyz. Moreover, X(s) is invertible (with inverse X(¢)
where st — 1 € yT) and is locally free by construction. Also by construction,
X(s)X(t) = X(st). Thus there is a homomorphism a: GL,(k) = (T/yT)* —
LFPicent(R) given by a(s) = X(s). If X(s) = R as left modules, then X(s) =
Rt for some ¢ € Q, where Q is the quotient ring of 7. By the local conditions
defining X(s), we see that t € T* = F* and st™! € R}, = k* + yRyz (see
[G1]). It follows that X(s) is free as a left module if and only if s € F*, when
viewed as an element of T/yT . Moreover, since LFPicent(R)/.% is abelian, it
follows that the image of SL,(k) isin % . Since there are elements in SL,(k)
such that no nontrivial power is in F* (viewed as a subgroup of GL,(k)), it
follows that there exists X € . with no power of X free as a left module.

In fact, it is quite easy to see that if X is an element of LFPicent(R), then
X = x'X(s) as bimodules for some i > 0 and some s. (To see this note that by
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Lemma 3.1, we can assume X is anidealof R. Then TX = T as left modules
implies X = X(r) as left modules for some r. This implies X = X(r)w for
some w in the quotient ring of 7. Since X is a bimodule, this implies w is
a normalizing element of R. It is straightforward to compute that up to units
in T the only normalizing elements are powers of x.) This also shows that
there is a map from LFPicent(R) to LFPicent(7T) (given by X — XT). Since
X(s) & R as bimodules if and only if s is a scalar modyT and x'R & R as
bimodules if and only #|i, we have a short exact sequence of groups

1 — PGL,(k) — LFPicent(R) —» C, — 1,

where C, is the cyclic group of order n. It is straightforward to show this
sequence splits. This shows that LFPicent(R) = Picent,(R) & PGL,(k) x
C, . One can also prove this using [CR, 55.30]. We summarize the preceding
discussion.

Theorem 5.6. Let F /k be a cyclic field extension of degree n with a a generator
of the Galois group of F/k. Let T = F[x; o] be the skew polynomial ring. Let
Z be the center of T, and set R=Z7Z +yT, where y =x" — 1.

(a) LFPicent(R) = Picent,(R) = PGL,(k) x Cy.

(b) Picent(R) = (F*/k*) x Cy

() & > PSLy(k).

(d) If k is not algebraic over a finite field, there exists X € ¥ such that X'
is not free for any positive integer i.

A similar analysis shows that there exist prime orders over the integers which
have stably free invertible bimodules of order greater than any preassigned inte-
ger (these orders must necessarily be contained in a totally definite quaternion
algebra). Indeed, let T be a maximal order over the integers in a totally definite
quaternion algebra with Z the center of T'. Let P be any unramified prime of
T such that |[T/P| isodd. Then T/P = M,(k), where k = k(P)=Z/(PNZ).
Set R=Z + PT. As above, we find that LFPicent(R) contains a subgroup D
isomorphic to PGL,(k) and that |D N Picent;(R)| < |T*/Z*|. Since the last
term is finite, it follows that it is bounded independently of P . As the size of
the residue field tends to infinity, we can find elements of arbitrarily large order
in PSL,(k) and so elements of % with arbitrarily large order. This yields

Proposition 5.7. Given a positive integer d, there exists a prime order R over
the integers and an invertible bimodule X of R such that:

(a) X®R= R R, as left modules, and
(b) X' is not a free left R-module for 0 < i<d.

This answers a portion of [GR2, (4.10)]. The example of Montgomery and
Passman [M2] also yields an order with an invertible bimodule which is stably
free but not free as a left module (the module has order 3 in the Picard group).
It is still open whether sucli bimodules exist for integral group rings (see [GR2]).

6. AUTOMORPHISMS AND SPEC

In this section, we include some results of Braun and Vonessen and extend
them. These results were used in previous sections.
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Theorem 6.1 [BV]. Let R be an affine pi algebra over a field k, and let G be a
group acting on R by k-algebra automorphisms. Assume that every prime ideal
of R has a finite G-orbit. Then there is a subgroup H of G of finite index
stablizing each prime ideal of R. Moreover, if R is semiprime, then H can be
chosen such that it fixes the center of R elementwise.

This theorem extends a result of Farkas [F], who proved the result when R
was commutative and every ideal had a finite G-orbit. For its proof, we need
the following lemma which has been independently obtained by Farkas.

Lemma 6.2 [BV]. Let R be an affine commutative domain over a field k, and
let G be a group of k-algebra automorphisms of R. Assume that every height
one prime ideal of R has a finite G-orbit. Then G is finite.

Proof. Using the principal ideal theorem, one sees that every prime ideal of R
is a finite sum of height-one prime ideals. Hence every prime ideal of R has
a finite orbit. Denote by R the integral closure of R. Then G acts on R.
Since R is a finite R-module, over every prime ideal of R there lie only finitely
many prime ideals of R. Hence also every prime ideal of R has a finite orbit.
Replacing R by R, we may therefore assume that R is integrally closed. We
now show that every principal ideal of R has a finite orbit. Then we apply
Farkas’ result to deduce that G is finite.

Let x be a nonzero element of R. Let Q be a primary ideal associated with
xR, and let P be the radical of Q. Localize at P. The ring Rp is an integrally
closed local Noetherian domain with maximal ideal PRp . Moreover, PRp isa
prime associated to xRp. So PRp has grade 1 [K, p. 67], and therefore height
1 [K, Theorem 95]. Hence Rp is a discrete valuation ring. Denote by H the
stablizer of P in G. Then H has finite index in G. Since Rp isa DVR, QRp
is a power of PRp and therefore also H-stable. Hence sois Q = QRpNR.
It follows that every primary component of xR has a finite G-orbit. Hence so
does xR.

Proof of Theorem 6.1. Since R has only a finite number of minimal prime
ideals, it is easy to reduce to the case that R is prime. We proceed by induction
on the pi-degree n of R. The case that R is commutative has been dealt with
by the lemma. So assume now that R is an affine prime pi algebra of pi-degree
n > 2. Denote by TR the trace ring of R and by C the center of TR. The
action of G on R extends to an action on TR. Since we have unique lying
over between Spec,R and Spec,TR, all prime ideals of pi-degree n of TR
have a finite orbit. Since there are only a finite number of prime ideals of height
1 in TR with pi-degree less than n, all height-one prime ideals of TR have
a finite orbit. Since C C TR is a finite integral extension for which lying over
and incomparability hold, also all prime ideals of C of height 1 have a finite
orbit. The lemma shows now the existence of a subgroup H; of G of finite
index such that H; acts trivially on C. In particular, H; fixes the center of
R pointwise. Since we have unique lying over for both Spec,C with Spec, TR
and Spec,R with Spec,TR, H; acts trivially on Spec,R. If I is the ideal
of R generated by the evaluations of central polynomials for (n —1) x (n — 1)
matrices, then G acts on R/I and by induction there is a subgroup H, of
G of finite index stablizing all prime ideals of R/I. Then H = H N H, isa
subgroup of finite index in G stabilizing all prime ideals of R and fixing the
center of R elementwise.
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Using Lemma 6.2, we can show that automorphisms act faithfully on Spec.
We also give a proof which does not depend on Farkas and Braun and Vonessen.
Recall that a regular orbit for a group is an orbit such that no nonidentity
element fixes a point. A k-algebra is called subaffine over k if it is a subring
of an affine k-algebra. It is not true in general that a homomorphic image of a
subaffine ring is subaffine.

Theorem 6.3. Let k be a field. Let R be a commutative subaffine domain over
k of positive Krull dimension. Let G be a group of k-algebra automorphisms
of R.

(a) If R has Krull dimension 1 and G is finite, then G has infinitely many
regular orbits on SpecR.
(b) G acts faithfully on SpecR.

Proof. We first prove (a). We can assume R is integrally closed by inverting
some element of the fixed ring S = R®. Since R is one dimensional, it is
in fact affine (cf. [AS, Lemma 2.4]). Then S is also affine. By [G2] (for &
infinite) or [J1], there are infinitely many primes of .S which split completely
in R. Since G acts transitively on all primes of R over a given prime of S,
the result follows.

We now prove (b). If R has Krull dimension 1, the result follows from (a)
and the fact that the group of k-automorphisms which act trivially on Spec(R)
is finite by Lemma 6.2. Now let o be a k-automorphism of R which acts
trivially on Spec R. By induction on Krull dimension, ¢ acts trivially on R/P
for every height one prime P such that R/P is subaffine. There exists a regular
central element ¢ of R such that R[1/c] is affine. Then R/P is subaffine for
any prime P not containing c¢. Since the intersection of all height one primes
of R[1/c] is 0, it follows that ¢ is trivial on R.

We give another proof for k infinite which does not use Lemma 6.2. Just as
above it suffices to assume R has Krull dimension 1 and so s affine. Thus R
is integral over k[t]. By passing to the subring R’ of R of separable elements
over k(t), we can assume R = R’ (if ¢ is trivial on R’, it is trivial on R).
Let Q be the quotient field of R. Choose a generator 6 € R for Q/k(t). By
[G2], there are infinitely many primes P,, a € k, such that § —a € P,. Thus
o(0) — 0 € P, . Since the intersection of any infinite set of height one primes is
zero, it follows that ¢ is the identity.

In fact, using induction one can show that G acts faithfully on height one
primes (or equivalently primes of fixed positive height). One can show that if
G is finite, then G will have infinitely many regular orbits on primes of a given
height (see [J2]). A version of the previous result is also true for k the ring of
rational integers. We now apply the previous results to pi rings.

Theorem 6.4. Let R be a semiprime affine pi ring over the field k. Assume
R/P has positive Krull dimension for every minimal prime P. If G is a group
of k-algebra automorphisms of R which acts trivially on SpecR, then G is
trivial on the center of R.

Proof. Again, as in the proof of Theorem 6.1, we can reduce to the case R
is prime. We follow the notation of that proof. So C = Z(TR) is affine. It
follows that G fixes all but finitely many height one primes of C. Thus there
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is a subgroup H of finite index which fixes all primes of C and hence by the
previous result acts trivially on C. Thus we can invert some element ¢ of
CC so that G fixes all primes of C[1/c]. Hence R is trivial on C[1/c] by
Theorem 6.3 and so on the center of R.

There is an easy proof of a slightly different version of Lemma 6.2 when k
is uncountable.

Proposition 6.5. Let k be an uncountable field. Let R be a commutative affine
domain over k. If G is a group of k-automorphisms of R such that every orbit
of G is finite on Max(R), then G is finite.

Proof. First note that we may assume that k is algebraically closed. (Tensor
with the algebraic closure. This ring has only finitely many minimal primes.
Pass to a subgroup of finite index stablizing all the minimal primes, and then
pass to a prime homomorphic image. Since only finitely many maximal ideals
of the extension contract to the same ideal, the hypothesis is still valid.) We
induct on the Krull dimension of R. If the dimension is O, there is nothing to
prove. Let V, be the set of maximal ideals whose G-orbit has size at most n.
Since k is uncountable, no variety of positive dimension over it is a countable
union of proper subvarieties. Thus V, is dense in ¥ = Max(R) for some
n. We claim G has order at most n. It suffices to assume that G is finitely
generated. Let N be the normal subgroup of G which is the intersection of
all subgroups of index at most n. Since G is finitely generated, N has finite
index in G. Since N fixes the dense subset V, of V', N=1, and so G is
finite. Since the field is algebraically closed, all orbits of unramified points are
regular. Since the set of ramified points is contained in a proper subvariety,
there must be an unramified point in ¥}, , and the result follows.

Note that the above result fails for £ a finite field. If R = k[x, y], then
G = Auti(R) has finite orbits on the maximal ideals of R but clearly G is not
finite.

7. THE WEYL ALGEBRA AS A FIXED RING

Recently S. P. Smith [Sm] has proved that the (first) Weyl algebra A over
C cannot be a fixed ring S¢, for G a finite solvable group and S D 4 a
C-domain such that S is finitely generated as a left or right A-module. Here
we improve his result to finite groups G such that G is not perfect (that is
G # [G, G]). We shall actually prove that under fairly mild assumptions the
existence of a nonperfect extension implies the existence of a cyclic extension.
We then reprove Smith’s result for the cyclic case for a class of simple noetherian
domains.

Theorem 7.1. Let A be a simple domain with algebraically closed center k. Let
S be a k-algebra containing A. If S is a domain and S° = A for G a finite
nonperfect subgroup of Aut,(S) with |G|~ € k, then
(i) Z(S)=k.
(i) G consists of outer automorphisms.
(iii) There exists a k-domain B and a cyclic nontrivial homomorphic image
H of G such that BH = A. Moreover, B is simple and finitely generated
as a left and right module and is an A-bimodule summand of S .
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Proof. Set Z = Z(S). Then Z% = k. Thus Z is algebraic over k. Since k
is algebraically closed, this implies Z = k and (i) holds.

Next note that S is simple, since any nonzero ideal of S intersects A4 by
the Bergman-Isaacs theorem (cf. [M1, 1.5]) and A is simple. Next, G is outer
on S. For, if g € G is inner, let u € S be such that g(s) = u~'su Vs € S.
Then since G is finite, u” is central for some n. Thus u” € k. Since k is
algebraically closed and k[u] is a domain, this implies ¥ € k andso g = 1.
Thus (ii) holds.

At this point we give two different proofs of (iii).

I. Since S is simple, G is outer, and the trace map S — S¢ = 4 is sur-
jective, we may apply the Galois correspondence theorem (based on the work
of Kharchenko, cf. [MP, Theorem 12]) to obtain a bijection between subgroups
Lof G and intermediate rings ST of S. In particular if G is not perfect,
then there exists a proper normal subgroup L of G with H = G/L cyclic.
Set B=SL # 4. Then BH = SC = 4. By the Bergman-Isaacs theorem, it
follows that any nonzero ideal of B must intersect 4. Thus B is simple. It
remains only to show that B is finitely generated as a left and right A-module.
Since H iscyclicand |H|#0 in k, B is the direct sum of the H eigenspaces
B; = {b € B|h(b) = A(h)b Vh € H}, where A is a character of H. Assume
B, # 0. Then since B is a domain, no power of it is nonzero. In particular,
if A has order ¢, then B} is a two sided ideal of 4 and hence equals 4. It
follows easily from this that B, is finitely generated as a left or right 4-module
and hence so is B. Moreover, since the order of L is invertible, the trace map
shows that B is a bimodule summand of S.

II. We give another proof under the additional assumption that S has a
quotient division ring D (e.g., if S is noetherian). Then G extends uniquely
to a group of automorphisms of D. Moreover, G remains outer on D [MI,
proof of Example 3.8]. Also D =SA~! [MI, Theorem 5.3].

Now by a classical theorem of Nakayama on division rings, D has a “normal
basis” over D¢ ; thatis D isa free D¢[G]-module of rank one. Since the regular
representation of G appears, every irreducible representation of G appears as
component of D over D¢ .

In particular, G not perfect implies that G has a nontrivial degree one
character 4. Then D; # 0, where

D;={d € D|g(d) = A(g)d, Vg € G}.

Since D = SA~!, D, = S;4~!. In particular S; # 0. Now make B = IS
and argue as above.

We now consider the cyclic case.

Theorem 7.2. Let A be a simple noetherian domain satisfying the following
conditions:

(i) k= Z(A) is algebraically closed.
(ii) Every unit of A is central.
(iil) If X is a torsion element of Picent(A), then X € Picent;(4).
Then there exists no k-domain S such that S° = A where G is a finite non-
perfect subgroup of Aut(S) and |G| #0 in k.
Proof. By Theorem 7.1, we can take G cyclic and S finitely generated as a left
and right 4-module. Let S; = I # 0 be as above with A a nontrivial character.
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As in the proof of Theorem 7.1, we find that there exists an 4-bisubmodule J
of S suchthat IJ = JI = A. Thus as above, I is finitely generated as a left or
right 4A-module. By a theorem of Goodearl [Br, Theorem 10], I is projective
as a left or right 4-module. We claim that I € Picent(4). The multiplication
map yields a bimodule homomorphism from / ® J onto A. Since S is a
domain, 4 D Ia = I as left A-modules and similarly as a right 4A-module.
Thus I and J are rank one projective left and right A-modules. Thus this
homomorphism is a bijection and I is invertible. Since / commutes with k,
I € Picent(A) as desired. As in the proof of Theorem 7.1, I has finite order.
Thus by assumption I is free as a left and right module. So I = Au = uA for
some u € S. Thus u"4 = A= Au" for some n > 0. Hence " is a unit of 4
and thus is in k. Since k is algebraically closed, this implies # is in k and
so I = A, a contradiction.

Corollary 7.3. Let A be the (first) Weyl algebra over C and let S D A be a
C-algebra such that S is a domain. If G is a finite group of automorphisms of
S such that S¢ = A, then G is perfect.

Proof. By Stafford [S], every element of Picent(A) is free. The center of A
is C. By a degree argument, every unit of A is central. Thus the previous
theorem applies and G is perfect.

The question remains open for arbitrary finite groups. Indeed, as Smith
observed, it is possible that 4 cannot be properly contained in any domain
which is finitely generated as a left and right module. As a partial result, we can
show that with 4 the Weyl algebra and notation as above S has a normal basis
over S¢. It follows that S must have the structure A#,C[G]*, a Hopf crossed
product of the dual C[G]* over A ; however the summands are not 4-bimodules
when G is not abelian. It is easy to show that a minimal counterexample to the
theorem would be a simple group. However, we cannot prove the result even
for As.

We close by noting that the previous corollary also applies to any domain
B Morita equivalent to A, the first Weyl algebra. We cannot apply Theorem
7.2 directly (see [S]). However, suppose that B = T¢ for some group of auto-
morphisms G. Extend G to R = My(T). Then R® = My(B). Since A4 is
Morita equivalent to B, A = eM,(B)e for some positive integer d and some
idempotent e. Set S = eMy(T)e. Since e € RS, G acts on S. Clearly,
SY = eMy(B)e = A. Moreover, since 4 and B are domains, e is a rank one
idempotent and so S is a domain. Now we can apply the previous corollary.
See [Sm2] for an example of such a domain.
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