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MULTIVARIATE ORTHOGONAL POLYNOMIALS
AND OPERATOR THEORY

YUAN XU

ABSTRACT. The multivariate orthogonal polynomials are related to a family of
commuting selfadjoint operators. The spectral theorem for these operators is
used to prove that a polynomial sequence satisfying a vector-matrix form of the
three-term relation is orthonormal with a determinate measure.

1. INTRODUCTION

The purpose of this paper is to use the operator theory to study the multivari-
ate orthogonal polynomials. First let us recall the relevant one variable theory
of orthogonal polynomials (cf. [5, 16]).

Let {pn(x)}2, be a sequence of polynomials satisfying the three-term rela-
tions

XPn(X) = @nDny1(x) + bnpn(x) + @p_1Pn-1(x).

Then Favard’s Theorem states that the sequence p, is orthonormal with respect
to a measure u if and only if a, are positive real numbers. It is known that we
can relate the measure of orthogonality to the spectral measure of a selfadjoint
operator; the matrix representation of this operator is a Jacobi matrix (cf. [6,
15]). Therefore it is possible to use operator theory to study the nature of the
measure (cf. [6, 7]). In particular, one can prove that the measure is of compact
support if and only if {a,} and {b,} are bounded. However, the usual way
of proving the latter result (cf. [5]) does not use operator theory, but a more
elementary method which requires the knowledge of the zeros of orthogonal
polynomials.

The theory of multivariate orthogonal polynomials is far from complete.
There are only a few papers in the literature dealing with the general multi-
variable theory (cf. [4, 9, 10, 17]). In a recent paper [17], we have proved
an extension of Favard’s Theorem, where the orthogonality is with respect to a
quasi-inner product (see §2). Earlier results can be found in [9]. The three-terms
relation now takes the vector-matrix form

XiPn(X) = An,iPns1(X) + By, iPa(X) + 45y ;BPno1(x), 1<i<d,

where x = (x;, ..., x4)T € R4, P, is a polynomial vector, and 4, ; and B, ;
are matrices (see §2). One problem for the multivariate orthogonal polynomials
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is that the zeros are actually common zeros of a family of polynomials, thus,
the elegant theorems for zeros in the one variable case are no longer available.
However, as we shall show, the multivariate orthogonal polynomials are related
to a family of commuting selfadjoint operators. The purpose of this paper is
to establish this relation. In particular, we shall prove that if the norms of
matrices in the three-terms relation are bounded, then the set of polynomials is
orthonormal with respect to a nonnegative measure with compact support. In
a subsequent paper the nature of the measure will be studied via the operator
approach.

The paper is organized as follows. In §2 we introduce the notation and present
the basic results of multivariate orthogonal polynomials. The main results are
stated in §3. The operator approach and the proof of the main theorem are in
§4.

2. MULTIVARIATE ORTHOGONAL POLYNOMIALS

Let Ny be the set of nonnegative integers. For a = (ai,..., as) € N§
and x = (x1,...,x;) € R? we write x* = x{"---x7°. The number |a| =
a; + -+ ag € Ny is called the total degree of x*. For n € Ny we denote by
I14 the set of polynomials of total degree at most n in d variables, and IT¢
the set of all polynomials in d variables.

A real valued linear functional . is said to induce a quasi-inner product on
1 by the formula (P, Q) = Z(PQ) provided there exists a basis B of I1¢
such that

= if P
@) 2e0{ 20 irio

#£0, ifP=Q, VP,Q€B,

and B = {PF}, 7’;1 , where the superscript k means that P¥ is of total degree
k and r{ = dimIl{-dimII{_, . We take .2’(P?) = 1 in (2.1) when .# induces
an inner product. Two polynomials P and Q are said to be orthogonal to each
other with respect to . if Z(PQ) = 0. For each k € Np, let V¢ c IT¢
denote the set of polynomials of degree exactly equal to k, together with zero,
that are orthogonal to all polynomials in H‘,ﬁ_l . Then V} is a vector space of
dimension r¢ = (**4-1), and ¥;’s are mutually orthogonal. Throughout this
paper, the letter d 1s reserved for the number of variables or the dimension.
It is fixed and will be omitted sometimes. For example, we write r; for r,‘c’ in
the following. For a sequence of polynomials {P}‘};’; , of total degree k, we

introduce the vector notation
(2.2) Pi(x) = [Pf(x), P¥(x), ..., PK(x)I".

If a matrix P = (p;;) is given whose elements p;; are polynomials in 3
we denote by .#(P) the matrix whose elements are the values .Z(p;j). For
our convenience, if {PF}<, is a basis for V7, we shall say that Py is a basis
for V¢ and that {P;}, is an orthogonal basis for II¥. If % is an inner
product, {Px}32, is orthogonal with respect to ¥ and ¥ (P«Pl) = I, , then
we say {P,}°, is orthonormal. Throughout this paper, the n x n identify
matrix is denoted by I,,, or simply I. The notation A4 :ix j means that A4 is
a matrix of size i x j. For x € R? we write x = (x;, ..., x4)7 .
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In [17], we studied the multivariate orthogonal polynomials from the point
of view that the orthogonality is given in terms of ¥, rather than a particular
basis for ¥, . One important characteristic of the orthogonal polynomials is the
three-terms recurrence relation, as seen in the following multivariable version
of the Favard’s Theorem [17].

Theorem 2.1. Let B = {P}‘ 120 ;.": 1» PY # 0, be an arbitrary sequence in T .
Then the following statements are equivalent:
(1) There exists a linear functional & which induces a quasi-inner product
in TI* and makes {P}$2, an orthogonal basis in T1%.
(2) For k> 1, 1<i<d, there exist matrices Ay ;:rx X Ty, By i:rexrg,
and Cy ;:ry X re_y, such that
(@) xiPe = Aic, Picy1 + Bie, Pk + Gy, Py, 1<i<d.
(b) rank Ay =ryyy, 1ank Cpyy = rpyy,

where Ay :dry x ri. and Cy :ry x dri_, are defined by
A =[AL AL 51 14F 07 and  Ci = [C 1|Ci 2|+ |Cra).-

A weaker result appears in [9]. In this paper we study the recurrence relation
with C, ;= Al_, ;. From Theorem 2.1 we have

Theorem 2.2. Let {P,}2,, Py =1, be a sequence in I1. Then the following
statements are equivalent:
(1) There exists a linear functional which induces an inner product in T1¢ and
makes {P,}32, an orthonormal basis in 1% .
(2) For k >0, 1<i<d, there exist matrices Ay ;: rx X ey and By ; :
e X Iy, such that
(@) xiPy = Ay iPryr + B Po+ A Py, 1<i<d,
(b) rank Ay =ryyy, where A_, ; is taken to be zero.

Proof. If {P,}32, is orthonormal with respect to an inner product .#, then
Z(P,PI) = I and {P,} satisfies (a) by (2) in Theorem 2.1. On the other
hand, if (2) holds, then from Theorem 2.1 there exists a quasi-inner product
% which makes {P,}3°, orthogonal. We only need to show that the matrix
H, = Z(P,PI) is the identity matrix for every n € No. Multiplying (a) by
Py, and (a) with k in place of kK — 1 by P, respectively, and applying .&
leads to two formulas for .2 (x;PcP]. ), which gives

Ag iHpyy = Hi Ay iy 1<i<d.
Therefore,
(2.3) AHiyy = Gedy,  Gr=diag(Hy, ..., Hy).

Since Py =1, we have Hy =[1]. Suppose H; is an identity matrix. Then G,
is also an identity matrix. Thus, it follows from (b) and (2.3) that H,,, is an
identity matrix. The proof is completed by induction. 0O

We note that if . defines an inner product and {P,}°, is an orthogonal
basis in I1¢, then H, = Z(P,PI) is a positive definite matrix. Hence, there
exists a nonsingular matrix S, such that H, = S,ST. It is easy to verify
that Q, = S, !P, satisfies the recurrence relation (a) in Theorem 2.2, and Q,
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is an orthonormal basis for V,. Therefore, from the point of view that the
orthogonality is in terms of ¥}, it is enough to study the simpler recurrence
relation (a) in Theorem 2.2. In particular, it is enough for the purpose of
analyzing the measure of orthogonality.

We note that {P,} satisfying (a) in Theorem 2.2 is uniquely determined by
the assumption Py = 1 and the rank condition (b). The coefficient matrices in
the recurrence relation satisfy the following matrix equations.

Corollary 2.3. In the statement (2) of Theorem 2.2, the matrices Ay ; and By ;
satisfy the equations

(2.4) Ag iAkyr,j = Ak jAks1,is
(2.5) Ak iBiyr,j+ Bi ik, j = Bk jAk i + Ak jBiy1,i»

AI{—I,i’ Ak—l,j +Bk,,‘Bk’j +Ak,iAI{,j

(2.6)
= A[{_l,jAk—l,i + By, iBi j + Ak jAL 5,

Jor i#j, 1<i, j<d,and k >0, where A_, ; =0. Moreover, By ; are
symmetric.

Proof. By Theorem 2.2, there is an inner product . that makes P, orthonor-
mal. From the recurrence relation, we have two different ways of calculating the

matrices -Z (x;X;PcPy,,) , -Z (xix;jPcPy), and Z (xix;PcPy, ). These calcula-

tions lead to the desired matrices equations. For examples, by the recurrence
relation,

L (xixPkPLy) = & (xiPrx;PE )
= LAk, Pt + )+ Ay Prs) 1= Ak i »
and
L (xixj PPy, ,) = L (xPixiPLyo) = Ak, jAis,i»
which leads to equation (2.4). O

The condition rank Ay = ry,, implies that there exist matrices Dy ; : Fpy) X
r., 1<i<d, k>0, such that

d
(2.7) ZD,(,,.A,,,, =1.

i=1

3. MAIN RESULTS

Let .# = .#(R?) denote the set of nonnegative Borel measures x on R?,
defined on the o-algebra of Borel sets, such that

/Rd x| dpu(x) < +00, Vo€ NE.

We are especially interested in the linear functional that has an integral repre-
sentation

(3.1) 2(f) =/Rdf(X)d#(X), ped.
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Such a & induces an inner product (-, -) by (P, Q) = £ (PQ). The measure
p is called a representation of .. If {P,}3°, is orthogonal with respect to
-2 expressible as in (3.1) we say that {P,}°, is orthogonal with respect to the
measure 4. By the moments of u € .# we mean the numbers u, = [ x*du(x),
Va € Ng . Two measures are called equivalent if they have the same moments.
If the equivalent class of measures having the same moments as u consists of
4 only, the measure u is called determinate, a terminology from the theory of
moments, see [3, 7].

In contrast to one variable theory, Theorem 2.2 does not say whether the
inner-product has a measure of representation. Our main result shows that
such a measure exists and is unique, when the coeflicient matrices satisfy a
boundedness condition.

Let || - |2 be the spectral norm for matrices. It is induced by the Euclidean
norm for vectors.

4]l = max{V/A : 4 is an eigenvalue of 47 4}.
Our main result is as follows.

Theorem 3.1. Let {P,}2,, Po =1, be a sequence in T1°. Then the following
Statements are equivalent:

(i) There exists a determinate measure u € # with compact support in R?
such that {P,}, is orthonormal with respect to p .

(ii) The statement (2) in Theorem 2.2 together with

(3.2) sup |4k ill2 < +00, sup||By ill2 < +oo, 1<i<d.
k>2 k>0

The proof of this theorem is in §4. It is based on the spectral theorem of
a family of commuting selfadjoint operators. The connection between such a
family of operators and multivariate orthogonal polynomials is the main estab-
lishment of the paper, and is of interest in itself. The operator approach is also
used in the study of the moment problem (cf. [3, 7]). Our results in §4 indicate
that there is a close connection between the multivariable moment problem and
orthogonal polynomials. We intend to study this connection in our future inves-
tigation. Let us also mention that the family of commuting selfadjoint operators
plays an important role in the quantum mechanics (cf. [12]). It is interesting
to see the possible applications of multivariate orthogonal polynomials in that
direction.

For d = 1; Theorem 3.1 is well known (cf. [5, p. 75 and p. 109]). In [9],
an integral representation for the inner product is given, but the measure is not
shown to be nonnegative nor determinate.

4. THE OPERATOR APPROACH

4.1. Spectral theory for commuting selfadjoint operators. We recall the part of
spectral theory that will be needed, see [1, 2, 12, 13, 14]. Let # be a sepa-
rable Hilbert space. Each selfadjoint operator T in # has a unique spectral
representation T = [xdE(x) where E is the spectral measure, which is a
projection valued measure defined for Borel sets of R such that E(R) is the
identity operator in # and E(BNC) = E(B)NE(C) for Borel sets B, C CR.
Forany f € # the mapping B — (E(B), f, f) is an ordinary measure defined
for the Borel sets B C R and denoted (Ef, f).
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The selfadjoint operators 7, ..., Ty in # with spectral measure E|, ...,
E;, respectively, are said to be mutually commuting (mutually permutable in
[13]) if their spectral measures commute, i.e.,

(4.1) E(B)E;(C) = Ei(C)E;(B)

forany i, j=1,...,d and any two Borel sets B, CCR. If T}, ..., Ty
commute, then

E=F Q- ---®F,
is a spectral measure on R? with values that are selfadjoint projections in # .
In particular, E is the unique measure such that

E(By x---x By) = E(By)---E4(By)

for any Borel sets B;,..., B; C R. The measure E is called the spectral
measure of the commuting family 77, ..., T,.

We shall consider only bounded operators, see Remark 4.2 below. A vec-
tor &y € #Z is a cyclic vector in # with respect to the commuting fam-
ily of bounded selfadjoint operators Ty, ..., T, in # if the linear manifold
{P(Ty, ..., T;)®,, P € 14} is dense in # . We summarize the spectral theo-
rem for T;, ..., T; in the following.

Theorem 4.1. Let # be a separable Hilbert spaceand T, ..., Ty be a commut-
ing family of bounded selfadjoint operators in # . Let S; denote the spectrum of
T;, 1<i<D. If ®qy is a cyclic vector in # with respectto Ty, ..., T,, then
T\, ..., T; are unitarily equivalent to the multiplication operators X, , ..., Xy,

(4.2) Xif)x)=xif(x), 1<i<d,

defined on L2(R?, 1), where the measure u is defined by u(B) = (E(B)®g, ®o)
for the Borel set B C R? with support S C Sy x --- xS;.

The unitary equivalence means that there exists a unitary mapping U: # —
L2(R4, i) such that
(4.3) : UT,U™ ' =X;, 1<i<d.
We note that the measure u satisfies the relation

(4.9) (@0, P(T, ..., Ta)®o) = /S P(x) dy(x)

for all polynomials P € I1. Since T, ..., T; are bounded, S;,...,S; are
compact. Therefore S is compact and u is of compact support.

Remark. For bounded selfadjoint operators 77 and 73, (4.1) is a sufficient
and necessary condition for 7,7, = T,T; . However, for unbounded operators
it has been shown by Nelson [11] that there are selfadjoint operators 77 and
T, with a common dense domain such that 717, = T,T;, but their spectral
measures do not commute.

4.2. The definition of the operators. Let /# be a separable Hilbert space with
fixed orthonormal basis {,}32,. For our purpose we shall rewrite {y,}52, as
{wn}20 = {$5}, 20, where r, = rf = (**4~") for a fixed positive integer d
as before. We introduce the formal vector notation

(4.5) D =[¢F,..., 051",  keNo.
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For our convenience we shall say that {®,}3°, is orthonormal, formally

(@r, D) = ((¢F, 67N, "y = BijGkmIy, -
For every f € # we can write in the vector-matrix notation that

(4.6) f=Y al®,, a eR*
k=0

If T:# — # is alinear operator, we mean by 7®; the vector
TO = [T, ..., Tek]".
We denote by Fy ,, the matrix

Fe,m = ((T®, ®F)) = (T¢F, 67N, 7y
Then we can write

oo [e o)
Tf=Y bld, bf =) alF; ,
k=0 j=0

The usual matrix representation of the linear operator now takes the form 7T =
(Fij)se =1 - The elements of T are matrices Fj; : r; xr; , whose sizes are different
for different pairs of (i, j). Note that we have used the same symbol for both
the operator and its matrix representation.

We now define the linear operators associated with the recurrence relation in
Theorem 2.2. Let Ay ; : ry X reyq and By ; : re x ri be given matrices such
that the rank condition (b) in Theorem 2.2 is satisfied. Furthermore, assume
that By ; are symmetric, and 4, ; and By ; satisfy equations (2.4), (2.5), and
(2.6). We then define T;: # — #, 1 <i <d, to be the linear operator whose
matrix representation with respect to {®;}22, is given by

By,i Ao, O
,Ag,i Bl,i All

(4.7) T, = AT, By ‘

1<i<d.

O

We can consider 7; as matrix operator which acts on sequences in /2 via
matrix multiplication. For d = 1, we have r, = 1 for all k € Ny and the
matrix 7; is the Jacobi matrix (cf. [15]).

4.3. Properties of 7;. We restrict ourselves to the bounded operators.

Lemma 4.3. The operator T; is bounded if and only if supy> || 4k, ill2 < co and
SUPk>o | Bk, ill2 < oo.

Proof. Forany fe X, f=Yal®,, wehave |f|% =(f, /) =Y ala, . It
follows easily from the definition that

o0
Tif =Y al[Ag, Disy + Be, i@k + Af_, Di—1]

k=0
e o)
T T T T
=D [af_ A1 i +a] By i +af,, 4] 10
k=0
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where we define A_;; = 0. Therefore, if supsqll4k,ill2 < +oo and
SUPg> || Bk, ill2 < +o0, then

(e o)
ITifI% = ) llaf_,Ak—1,i +af By ; +af,, 4] |3
k=0

<3 (2 sup || 4 ;13 + sup ||Bk,i"227> 111 -
k>0 k>0

Thus, T; is a bounded operator. Conversely, suppose that || 4k ;||2, say, goes
to infinity for a subsequence of Njy. Let a, be vectors such that |ja|, = 1
and ||al A4k ;|2 = |4k, :|l2. Then we have |la,®Py|| = |lax|l2 = 1. Therefore, it
follows from

ITi% > || Tiaf Dili3 = llaf Ax,ill3 + llag Biill3 + llag 47—, ;113 > [l 4k, ill3
that 7; is unbounded. O
Lemma 4.4. Suppose T;, 1 < i <d, are bounded. Then T;, 1 <i<d, are
selfadjoint operators, and T, ..., T; commute.
Proof. Since T; is bounded, it is selfadjoint if it is symmetric, i.e., (T;f, g) =
(f, T;g) . But this follows from the obvious symmetry of the matrix represen-
tation (4.7). To prove that T}, ..., T; commute, we only need to show

LI =TiTf, VfeX,

since T;’s are bounded. A simple calculation shows that this is equivalent to
the matrix equations (2.4), (2.5), and (2.6), which are assumed. O

Lemma 4.5. Suppose T,, ..., T, are bounded operators. Then ®y € Z is a
cyclic vector with respect to Ty, ..., T;, and

(4.8) D, =P,(T, ..., Ty)d
where Pn(xy, ..., Xg) is of the form (2.2).

Proof. If (4.8) is true, then @ is a cyclic vector by definition. To prove (4.8),
we use induction. Clearly Py = 1. From the definition of 7; we have

Ti®y = Ay, ;P + Bo, Do, 1<i<d.

Therefore,
Ao, i® = Ti®y — By, Do, 1<i<d.

Multiply this equation by Dy ; in (2.7) and sum for i=1,...,d, we get

d d d
@, =Y Do, Ti®o— Y _ Do, iBo,i®o = (Z T:Dy,; - Eo) D

where Ey =) Dy ;By, ;. Therefore

d
Py(x) =Y AiDo,i— Eo.
i=1

Since Dy,; is of the size r; xrg=d x 1, P; is of the desired form. Likewise,
for k>1,

Tiq)k=Ak,iq)k+l+Bk,iq)k+A1{—1,i(pk-—la 1 Slﬁd,
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therefore

d
@ppr = ) 1Dk, i ®x — Ex®s — Fe®i_,
i=1

where
d d

Ek= E Dk,in,i and Fk= E Dk,iAI{-l,i-
i=1 i=1
By induction we then have

d
Dpiy = |Y_ TiDi, Pi(T) — ExPi(T) — FiPi_y(T) | ®o,

k=1
where T = (T}, ..., T;)T . Therefore
d
Pest(X) = Y AiDi, Pic(x) — ExPr(x) — FiPye_i(x) .
k=1

Clearly, every component of Py, is a polynomial in IT;,;. O
From these lemmas and Theorem 4.1, we have proved

Theorem 4.6. If sup;>q[|4k,ill2 < 0o and supyso || Bk ill2 < o0 for 1 <i<d,
then there exists a measure u € # _ with compact support such that T, ..., T,
are unitarily equivalent to the multiplication operators X, ... , X, in L>(R?4, p).

4.4, Proof of the main theorem. The unitary equivalence in Theorem 4.6
associates the cyclic vector @, with the function f(x) =1 and (T7"--- T;¢)®
with f(x) = x*. Moreover, the orthonormal basis {®,}3, in # corresponds
to {P,}2, in L?(R¢, u) as shown in (4.8). We have

Lemma 4.7. The polynomials {P,}3, in Lemma 4.5 are orthonormal with re-

spect to u, and they satisfy the recurrence relation (a) in Theorem 2.2 with the
matrices in (4.7) as the coefficients.

Proof. Since u(B) = (E(B)®g, ®p) in Theorem 4.1, we have by (4.4) that
[ Pa0PL (0 dis(x) = (a0, B Do) = (@, BF).

This proves that {P,} are orthonormal. From Theorem 2.2 the polynomials
{P,} satisfy a recurrence relation of the form (a) in that theorem. By the unitary
equivalence in Theorem 4.6, the multiplication operators X;, ..., X; at (4.2)
have the same matrix representation (4.7) with respect to {P,} in L%(R4, u).
Since X;P, = x;P,, the coefficient matrices in the recurrence relation that {P,}
satisfy are the same matrices in (4.7). O

Proof of Theorem 3.1. (i) = (ii). From Theorem 2.2, we only need to prove
(3.2). However, since u has compact support, the multiplication operators
Xi,..., X; in L2(R?, u) are bounded. Since X, ..., X; have the matrix
representation (4.7) with respect to {P,}, (3.2) follows from Lemma 4.3.

(1) = (1). If {P,} satisfies the recurrence relation in the theorem, then we
can use the coefficient matrices to define operators 7; through (4.7). By Lemma
4.7, the polynomials in Lemma 4.5 satisfy the same recurrence relation. Since
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the recurrence relation determinates uniquely the polynomials under the consid-
eration, the {P,} are the polynomials in Lemma 4.5. Therefore, the existence
of the measure u with compact support has been established by our previous
results. That u is determinate follows from the boundedness of the multipli-
cation operators and [3, Theorem 4]. O
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