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AMENABLE RELATIONS FOR ENDOMORPHISMS

JANE M. HAWKINS

ABSTRACT. We give necessary and sufficient conditions for an endomorphism to
admit an equivalent invariant ¢-finite measure in terms of a generalized Perron-
Frobenius operator. The assumptions are that the endomorphism is nonsingular
(preserves sets of measure zero), conservative, and finite-to-1. We study two or-
bit equivalence relations associated to an endomorphism, and their connections
to nonsingularity, ergodicity, and exactness. We also discuss Radon-Nikodym
derivative cocycles for the relations and the endomorphism, and relate these to
the Jacobian of the endomorphism.

INTRODUCTION

To every ergodic nonsingular automorphism of a Lebesgue space one can
associate amenable equivalence relations in several natural ways. This paper
continues a study begun in [10] on invariants for endomorphism under a type
of orbit equivalence which is weaker than isomorphism but much stronger than
the analogous concept in the invertible case. We also consider Radon-Nikodym
derivatives for the relation as well as the Radon-Nikodym cocycle for an endor-
morphism. In the invertible case, whether one considers the Jacobian function
for a transformation, the Radon-Nikodym derivative of the mapping or the
Radon-Nikodym derivative of the associated amenable equivalence relation, it
is the same cocycle and purely a question of notation. The situation is com-
pletely different in the noninvertible case (see for example, [7, 10-12]). This
paper contains in addition to a discussion about the various cocycles mentioned
above, some attempts to draw connections between these objects. There are still
many open question in this area, including what the best notion of weak orbit
equivalence for noninvertible maps is and its invariants.

In §1 we introduce the relation Ry and a subrelation S7 associated to any
endomorphism. . The main results proved in this section are that Rz is non-
singular and ergodic if and only if T is (nonsingular means both forward and
backward nonsingular); if 7 is nonsingular, then S7 is nonsingular but the
converse is false. If T is nonsingular, then S7 is ergodic if and only if T is
exact. Some of the results in §1 for finite measure-preserving endomorphisms
are implicit in a paper of Rohlin [18], and some have appeared recently in [21].
In §2 we also use conditions of Kakutani [13] to give examples of invertible
odometers giving rise to ergodic nonsingular and singular one-sided shifts on
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the same measure space. Section 3 is a comparison between the Jacobian func-
tion which measures the local measure-theoretic properties of an endomorphism
T and the Radon-Nikodym derivative for the relations S and Rr. In §4 we
discuss the Radon-Nikodym derivative cocycle w, for the endomorphism, a
cocycle for the semigroup action generated by 7. We give necessary and suffi-
cient conditions on w, for T to admit a o-finite invariant measure equivalent
to u, and in §5 we study recurrence of measures and Markovians. Section
6 contains some generalizations to countable-to-1 endomorphisms, including a
short discussion of an example of Schmidt [21]. We conclude the paper with
a section connecting the relations R and S to w, and mention a few open
problems.

The author would like to thank Karma Dajani, Stanley Eigen, Klaus Schmidt,
and Cesar Silva for useful discussions concerning this paper, and Bruce Kitchens
for his hospitality at IBM in Yorktown Heights where an early draft of this paper
was written in 1988. We also thank the referee for many useful comments.

1. PROPERTIES OF THE RELATIONS R AND S FOR AN ENDOMORPHISM

We begin by defining two relations of interest to us in this paper; one is
a subrelation of the other. Throughout we assume that 7 is a nonsingular
endomorphism of a Lebesgue space (X, %, u), with u a o-finite measure; in
addition we assume that 7 is at most countable-to-1. By a result of Rohlin
[17] we can assume by replacing X by a measurable T-invariant subset of full
measure if necessary that 7 is forward nonsingular as well so that T satisfies:
forall A€ B, u(d) =0 u(T'4) =0 & u(TA) = 0. We will therefore
have a standing assumption throughout this paper that T nonsingular means 7'
is both forward and backward nonsingular. It is well known that there exists a
partition of X into at most countably many pieces { = {4;, 4, A3, ...} such
that u(A4;) > 0 and the restriction of T to each A;, which we will write as T;,
is one-to-one. In particular, let ¢ denote the point partition of X ; we choose
each A4; to be a maximal one-sheeted set of 7-'¢ [17], and we number the
atoms so that u(7TA4;) > u(TA;,,) for each i. We can assume then, since T
is surjective, that T; is one-to-one and onto X . We will call such a partition
a Rohlin partition for 7. (It is not unique.) We define T to be n-to-1 if
every Rohlin partition { = {4,, 45, 43, ...} contains precisely n atoms with
T; one-to-one and onto X for each i = 1,..., n. Equivalently, for u-a.e.
x € X, the set T-!x contains exactly n points. We call T bounded-to-1 if
every Rohlin partition has only finitely many atoms. (The number of atoms will
be independent of the choice of {.) For each fixed Rohlin partition {, a unique
partition { is uniquely determined up to labelling for the endomorphism T*
for all k > 1; it is given by { = \/*! T-i¢.

We define an equivalence relation on X x X as follows.

Definition 1.1. (1) The point (x, y) € XxX isin Ry ifand onlyif T"x = T™y
for some n, m>1.
(2) Wesay (x,y)eSr C Ry if T"x =T"y for some n>1.

It is well known (cf. [4]) that R and St are amenable measurable equiva-
lence relations on X, and such relations are classified up to isomorphism [14,
4]. When it is clearly understood that the transformation under study is T,
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we simply write R and S for Ry and St respectively. We remark that T is
invertible if and only if S is trivial (each equivalence class consists of exactly
one point). In this case, R(x)={y:(x,y) € R} € {T"x}nez .

As in [10], we define two endomorphisms 7" and 7" to be orbit equivalent if
Rr and Ry are isomorphic. We say T and T’ are strongly orbit equivalent
if Ry ~ Ry and the isomorphism y implementing the orbit equivalence
satisfies y x y(St) = Srv. The (1, 1) ii.d. Bernoulli shift and the (1, 1, 1)
1.i.d. Bernoulli shift are orbit equivalent but not strongly orbit equivalent [10].
Since nonsingular ergodic countable amenable equivalence relations have been
completely classified up to isomorphism [14, 4], it is interesting to study S7 and
Rr for an endomorphism T to see how much information they carry about the
original endomorphism. We recall some basic terminology about these relauons
These relations are also discussed in [21].

Definition 1.2. Assume that R = Rr is the measurable relation defined above
for T.
(1) For every set A € &#,

R(4)={y € X :(x,y) € R for some x € 4} = | | R(x),
x€A
where R(x) is the equivalence class of x.
(2) We say that the equivalence relation R is nonsingular (w.r.t. u on X)
if u(4)=04 u(R(4))=0 forall A€ Z.
(3) R is ergodic (w.r.t. u) if R(A) = A= u(A)=0 or u(X\4) =
By Aut(X) we mean the set of all measurable, invertible nonsmgular map-
pings (automorphisms) of X .
(4) The full group of R, is defined by
[R]={V € Aut(X) : (x, Vx) € Rr for a.e. x € X}.
Similarly we define
[S1={U € Aut(X) : (x, Ux) € St for a.e. x € X}.
(5) A partial isomorphism of R is an element of the full groupoid of R denoted

[[R]]. We define [[R]]={¢: A4 —> B, A, Be€ F, ¢ is one-to-one, onto B,
nonsingular, and (x, ¢x) € Ry forall x € 4}.

Clearly [R] C [[R]] and [S] C [[S]] € [[R]]. We remark that if V € [[S]],
¥ must have the property that for x4 ae. x, T"®x = T"*)(Vx) for some
n(x) € N. Therefore Vx € {T"(T"X)}nen; if x # Vx, then x and Vx lie
in different atoms of the partition {, corresponding to T".

There are obvious connections between the ergodicity and nonsingularity of
T and that of Ry and S7; in particular, we show in the lemma below that
they are the same for the case of T and Rr. The connections between T
and ST are more interesting, but we begin by proving that the ergodicity and
nonsingularity of 7 and Ry are equivalent notions.

Lemma 1.3. (1) T is nonsingular < Ry is nonsingular.

(2) T is ergodic & Ry is ergodic.
Proofof (1). («) If T issingular, then there exists 4 € &, u(A4) > 0 such that
either (a) u(T-'4) =0, or (b) u(TA)=0. If (a) occurs then let B=T"'4,
so u(B) =0, but u(R(B)) > u(4) > 0. Therefore R is singular. Case (b) is
proved similarly.
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(=) If R is singular, then there exists a set 4, u(4) =0, but u(R(4)) > 0.
This means there exists a partial isomorphism f: A — B such that u(4) =0
but u(B) >0, with B = fA4 and (4, fA) € Rr. Therefore there exists a set
C C B, u(C) >0 and fixed m, n € N such that f~!y = T,"T™y for all
y € C. Since u(f~'C) =0, it follows that T is singular too.

Proof of (2). It suffices to show that for 4 € &, T-'4 = A if and only if
R(A) = A. From definition 1.1(2) we have that for any x,

R(x) = {T"™(T"X)}m,n>1 = R(T™'x) = T~/(R(x)).

Then R(A) = R(T~'4) = T~(R(A)) for A € &, and the result follows
immediately. O

We now turn to the connections between 7" and the subrelation Sy . First,
nonsingularity of 7 implies nonsingularity of S7, even though the converse is
not true as was shown in [10] and Example 2.1 below. Second, ergodicity of St
forces the ergodicity of 7" when the measure is nonsingular for both Sr and
T . This is obvious, but the converse is not true. The ergodicity of S forces
the ergodicity of Ry which, as shown above is equivalent to the ergodicity of
T . But more precisely, ergodicity of Sz is equivalent to exactness of T, which
is proved in Theorem 1.6.

Lemma 1.4. For any set A€ %,

S(4) = AUT"(TAUT(T?A) U = G T-"(T"4) (umodO0).
n=0

Proof. Since S(x) = {T"(T"X)}nen , the result follows immediately. O

Lemma 1.5. If T is nonsingular, then S is nonsingular.

Proof. Suppose S is singular; then there exists a set 4 C X such that u(4) =0
but u(S(4)) > 0. By Lemma 1.4, S(4) = U,>, T™"(T"4). Now u(4) =
0 = for n € N, u(T"A) = 0 by the nonsingularity of T ; this implies that
u(T~"(T"A)) = 0 but this contradicts the above. O

We recall that a nonsingular endomorphism T is exact if ;oo T "% =
{X, o} (umodO0); thatis, if A€ N, T "%, then u(4) =0 or u(X\4) =
0. We show here that ergodicity of S7 is equivalent to exactness of T for T
any nonsingular endomorphism. This result in the measure-preserving case is
implicit in a paper of Rohlin [18].

Theorem 1.6. If T is a nonsingular endomorphism of a probability space, then
St is ergodic if and only if T is exact.

Proof. Consider any set 4 € ,2, T~"% ; then we can write 4 = T~"(T"A)
(0mod 0) for all n > 1. Therefore S(4) = Upo, T"(T"4) = Upe 1 4 =
A. Conversely, if S(4) = A, then 4 € ;2,7 "% ; this gives a one-to-one
correspondence between sets in (,-, 7~ "% and S-invariant sets. Ergodicity
of S implies if S(A4) = 4, then u(A4) =0 or u(X\A4) =0, which is equivalent
to the exactness of 7. O

We obtain the following corollaries to the above theorem.
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Corollary 1.7. If T is an expanding endomorphism of a closed manifold M with
Holder continuous derivative DT (in x), then Ry and St are both ergodic
relations with respect to Lebesgue measure.

Corollary 1.8. An expanding map T of a bounded metric space with a Borel
probability measure has Rt and St ergodic.

Proofs. In both cases T is exact (cf. [15]).

Example 1.9. We give an example of an ergodic measure-preserving endomor-
phism F of a Lebesgue probability space for which Sg is not ergodic. This
is an example of a nonexact endomorphism similar to one given in [12]. The
space on which we construct F is T? ~ R?/Z?, endowed with the o-algebra of
Borel sets and Lebesgue measure. We define two maps of the circle, g(x) = 2x
(mod1) and f(x) = x+a (modl) with a irrational in (0, 1). Then on
T? we define F(x,y)=(g(x), f(»)) = (2x (mod1), x+a (mod1)). Since
g is exact and f is finite measure preserving the ergodic, T is ergodic [1].
We produce nontrivial invariant sets for the relation Sy as follows. Let 4 be
any set in T! satisfying O < u(4) < 1. Then consider the set B = T! x 4;
it has Lebesgue measure strictly between 0 and 1. Furthermore we claim that
B =S(B) =,2, F~"(F"B). This is clear by computing that

F~™(F"B)={(x,y): F*(x, y) € F"B}
={(x,y): (2"x (mod1), y + na (mod 1)) € T x f"A4}.

But f is invertible, so f~"(f"A4)) = A, and therefore F~"(F"B) = B. This
shows that S is not ergodic; the relation Rp is ergodic by Lemma 1.3(2). O

2. MEASURES FOR SHIFTS AND ODOMETERS

Another connection between T and S7 has been studied by the author in
[10]. Each isomorphism class of S corresponds to an orbit equivalence class
of an odometer, and in fact a binary odometer with some nonsingular ergodic
measure [14]. One can realize every isomorphism class of .S first as an odometer
(where we define two points to be related if and only if they are in the same
two-sided orbit under the odometer action), then as the relation St for a one-
sided shift 7. This is discussed and proved in [10]. In [10] an example is
given of an ergodic nonsingular (type II,) relation Sr coming from a one-
sided shift which is singular. That this should happen for many choices of an
odometer can be seen by studying the conditions set out by Kakutani in [13] for
products measures. One can determine which product odometers on n states
are realizable as the relations St for a nonsingular shift 7 (on the same space).
We briefly review the conditions.

A distance between measures is defined by p(m, m’) = [, \/¢(x)dm(x) for
measures m, m’ on X where ¢(x) =dm’(x)/dm(x) is the Radon-Nikodym
derivative of m’ with respect to m . Equivalently, one defines the metric

am,m')=—logp(m, m') = —log/X Vo(x)dm(x).

If we let X be the infinite product space X = H;’:O{O, 1,...,n—1}j, and
m = [[7Zgm;, m' = [[;2,m), with each m; and m/ a probability measure
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on X;={0,1,..., n—1}, then Kakutani showed that

o0 o0
m~m' & [[p(m;j, m)>0&> a(m;, m)<o.
j=0 j=0

We now consider m to be any ergodic nonsingular product measure for the
odometer. To check whether m is also a nonsingular measure for the one-sided
shift on X, we apply Kakutani’s condition to the measures m and mT~!. A
computation shows that a necessary condition for the product measure to be
nonsingular for the shift is that, as j gets large, the measures on each factor,
mj, mj.y, ..., mj,need to be getting strictly closer to each other as measures
on {0,1,...,n-1}.

Example 2.1. A simple example of an ergodic nonsingular odometer measure
giving rise to a singular shift 7" is the following. We choose any a and S
in (0,1) with o # B. Then for all even n € N, let u, be given by the
distribution (a, 1 —a); for allodd n € N, let u, be given by the distribution
(B, 1—B). Itis straightforward to compute that the infinite product measure u
is ergodic and nonsingular for the binary odometer. It is also easy to compute
that this measure does not satisfy the conditions of Kakutani so does not give
a nonsingular measure for the shift 7. Under some additional hypotheses on
a and B, we can control the ratio set of the odometer (i.e., the isomorphism
class of the relation S). For example, fixing any 4 € (0, 1), and choosing
a=A/(1+4) and B =1-«a gives a measure u of type III; for the odometer.
We obtain a type III; relation S (or odometer) by choosing a = 4/(1+4) and
B =7/(1+7y),with logA and logy rationally independent.

These examples show that nonsingularity of T is not inherited from the
subrelation St and that Lemma 1.3(1) is the strongest result possible. Letting
T’ denote the i.i.d. one-sided (4/(1 +4), 1/(1 +4)) Bernoulli shift, and using
T and the III; u described above, we have that Sy ~ St. However, T is
singular and 7" is nonsingular, so Rz is not isomorphic to Ry .

Example 2.2. An example given in [10] with the property that the relation St
is nonsingular, ergodic, Il , but the associated shift 7 is singular has measure
defined as follows: for n € N,

#2n(0) = uan(1) = %, Mon-1(0) = (n%)?’ Han1(1) =1~ ﬁf

Example 2.3. The above conditions for the nonsingularity and ergodicity of
shifts were explored in papers by Krengel [26] and Hamachi [8]. Hamachi gives
an example of a two-sided shift with a product measure for which no equivalent
invariant measure exists. By looking at that example as a one-sided shift, it can
be shown that the one-sided shift retains the same measure-theoretic properties
as its two-sided counterpart; i.e., we obtain an exact shift which admits no
equivalent o-finite invariant measure.

We obtain the following additional corollaries to Theorem 1.6.

Corollary 2.4. Let X denote the one-sided shift space on n states, and let pu be
an ergodic nonsingular measure for the odometer on X . Then u is nonsingular
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for the shift T on X ifand only if T is nonsingular and exact with respect to
u.

Corollary 2.5. Let X denote the one-sided shift space on n states, and let 1 be
an ergodic nonsingular product measure for the shift on X . Then u is an exact
measure for the shift.

Proof. If u is a product measure which is nonsingular and ergodic for the shift,
then it is ergodic for the odometer (cf. [9]), so it is exact. O

We now apply a characterization of Brown and Dooley [2] of ergodic odome-
ter measures to exactness of shifts. We assume as above that

x=]J{0,1,...,n-1}
j=0

(although their result is true for more general odometer spaces), with % the
Borel sets and x4 any measure on % .

Definition 2.6. Let %; be the sub-g-algebra of % generated by rectangles
{]'[{;=1 A x TIiZ 41 Xic, with 4, a Borel set of X;}, and let &/ be the sub-
o-algebra generated by the rectangles {Hi=1 X x [Tz j+1 4k, with 4, a Borel
set of X; and almost every A4, is X;}. The measure u is a weak product type
if for every j there is n(j) > j such that

w(ANB) = u(A)u(B) forall 4 € B, BeB"V).

Note: u is of product type if n(j) = j works for all j. From [2] the
following corollary is immediate.

Corollary 2.7. Let X denote the one-sided shift space on n states, and let u be
an ergodic nonsingular measure for the shift on X . Then u is exact for the shift
if and only if u is of weak product type.

3. THE JACOBIAN FOR T AND THE RADON-NIKODYM DERIVATIVES
FOR Rr AND ST

We consider some connections between the full group of the relations of an
endomorphism and the Jacobian function defined by Parry [16] for an endomor-
phism. Using the notation of §1, we choose a Rohlin partition { = {4;, ...}
for T; we note that the measure uT|4, = uT; is absolutely continuous with
respect to u. The Jacobian of T is then defined by

Jaatx) = ¥ a0 20 ).

The Jacobian is independent of the choice of Rohlin partition { [16].

We will first consider endomorphisms whose Rohlin partitions have exactly
n atoms. We remark that while most of the results in this section have straight-
forward proofs if the endomorphism T is a shift on »n states, we cannot make
that assumption. The reason is that any n-to-1 measure-preserving shift has
measure theoretic entropy at most logn . We give two different types of exam-
ples of n-to-1 endomorphisms whose entropy is greater than logn.
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Examples 3.1. 1. Consider the Cartesian product of any invertible measure-
preserving ergodic transformation with infinite entropy and a 1-sided Bernoulli
shift on n states. The product map is n-to-1, ergodic, and has infinite entropy.
This map is not exact.

2. A different example which is exact, and four-to-one on the two-dimensional
torus is given by the matrix 4 = [§2] (which induces an endomorphism on
R2/Z? in the usual way). One computes from [6] that the entropy is too large
(> log4) for this to be written as a shift on four states.

The results below indicate that nevertheless there is present the structure of
a shift (or odometer) on n states in such endomorphisms.

Theorem 3.2. Suppose T is a nonsingular n-to-1 endomorphism of (X, &, u).
Then there is an automorphism V € [S], V # 1d, such that duV/du is a
coboundary for V with transfer function J,r. Furthermore ToV =T a.e.

Proof. We will define V' € [S] as follows. We choose and fix a Rohlin partition
{; we will define V' to map A, injectively onto 4,, A4, onto Aj, etc., and
A, onto A,. For each x € 4, there is a unique y € 4, such that Tx =Ty.
We define Vx =y € A4;; in particular, Vx = T, Lo Ti(x). We define V
in this way on every atom of the partition of X given by (; for x € A4,
Vx =T oTi(x) if k <n—1. For x € Ay, Vx =T ' oT,(x). We have
defined a one-to-one map of X onto itself which preserves the partition {. V
is clearly not ergodic with respect to u ; fix any set B C A, of positive measure,
and look at its translates under V. The set B = BUVBU---UV" 1B is
invariant under V. In fact V is periodic and V" =1d. We now compute the
Radon-Nikodym derivative of V. For i <n,if x € 4;, Vx = T;l o Tj(x).
Therefore

duv ; duT; duT;,
T = “(T x) g ) = d;‘(Tx)me)
A computation shows that if x € 4;, T;x =Tx =TVx and

duT;l 1 du 1

Tix) = '+‘ TVx)= :

(Tix) = T (X) (TVx)= JuT(Vx)

Therefore
apv . Jur(x)

du = T vx)

Similarly, for x € 4,,

duv . _ duTy!
dﬂ (X)— d/l

Itis easy to check that ToV =T a.e. O

(T )duT( 5= )

Juv (x) = —JuT(Vx) .

We can obtain a similar result for any k € N, by noting that the V' we
define in the above theorem was only in the full group of the subrelation S; =
{(x,y) € X x X: Tx = Ty}. The same proof as above gives us the following
corollary.
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Corollary 3.3. Suppose T is an n-to-1 nonsingular endomorphism of (X , & , )
and k € N. Then there exists V € [S], V # Id, such that duV/du is a
V-coboundary with transfer function J,r« and J,r« is the Jacobian for Tk.
Furthermore V is periodic of period n*, and TxoV =Tk a.e.

Corollary 34. If T is bounded-to-1, there exists V € [S], V # 1d, such that
duV/du is a coboundary for V' with transfer function J,r, and ToV =T a.e.

Proof. The construction of V is only slightly more complicated than in the
proof of 3.2. Suppose that { has m atoms. We write 4, as a disjoint union,
Ay =BiUA?U---UA™, where A\ ={x € A,:3y € A;,st. Tx=Ty, but no
y existsforand j < i}. Theset By ={x:Tx=Ty=y ¢ A; forany i > 1}.
We define V|p=1d, and V|, = Ti‘l o T'. We continue the algorithm, writing
A;=B;uA*U---uA" for i <m,and map A, and all B/sinto 4;. O

Remark 3.5. 1. Changing to a measure v ~ u with h =du/dv gives dvV/dv
a coboundary with transfer function J,rh. The choice of V' is not unique in
the above results.

2. For T bounded-to-1, we write S =S'US?U---US"--- where (x,y)€
St if Tix = T'y and T/x # T’y for j < i. For each fixed i, Theorem
3.2 and Corollaries 3.3 and 3.4 give us a canonical method for defining an
element of V; € [S], V; € S*, which admits an equivalent invariant measure.
Then X/[S?] = X/V;-orbits, and letting #; : X — X/[S/] = X;, we see that
Tiom; =T/ a.e. for all i € N. The factor algebra of measurable sets in X; is
givenby B; = {A€ B :A=T"'C for some C € Z}; thatis, B ~T'F,
so (X;, B, i)~ (X, T'P, u;), where u; is the restriction of u to T-'F .
Clearly =; is nonsingular with respect to u and u;;i.e., it is a factor map for
T . The endomorphism T is exact if and only if only the trivial sets @ and X
are in X; for all i. The maps T/ : X; — X are invertible.

3. More generally, let V' denote any partial isomorphism of S. Then V €
[[S1), so if V: A — B, then for every x € A, Vx € T~*®)(T*®x). Then
duV(x)/dp = Jyquw(x)/Jyree(Vx) by the above arguments. This tells us
that the ratio set of S can be computed by using ratios of the value of the
Jacobians of the powers of T . If the Jacobian of T* is T—*%-measurable for
all k € N, then the relation St is type I, since J, 7« is completely determined
on one atom of {;, and (x,y) € § = J,7x(x) = J,r«(y) for some k. Under
the assumption that u(X) =1, J,q« is T-*%-measurable for all k implies
that the relation Sz is type 11, .

We have just outlined the proof of the following corollary.

Corollary 3.6. If T is an ergodic nonsingular endomorphism which is countable-
to-1, and the Jacobian J,r is constant a.e. on X , then the relation St is of type
II. If u(X) < oo, then S is of type 11, ; otherwise S is of type 11, .

Proof. By the above arguments, for any V € [[S]], we have

dﬂV(x _ J”Tn(x)(x) _ Kn(x) _
du T T (Vx) KR

1, where Jyr(x)=Kae. 0O

That the converse to Corollary 3.6 is false can be seen in the following ex-
ample.
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Example 3.7. We give an ergodic endomorphism 7" whose Jacobian is noncon-
stant and satisfies, J,7« is T—*%-measurable for each k > 1. It is a similar
construction to Example 1.9; it is also a C* map on a torus. The space on
which T acts is T2 ~ R?/Z?, endowed with the o-algebra of Borel sets and
Lebesgue measure. We define two maps of the circle, g(x) = 2x (mod 1) and let
f be any orientation-preserving diffeomorphism of the circle which is Lebesgue
ergodic. Then on T2 we let T(x,y) = (g(x), f()) = (2x (mod 1), f(»)).
Since g is exact and f is ergodic, T is ergodic by [1].

We compute the Jacobian to be J,r(x,y) = 2Df(f'y) = 2/Df\(y),
which is clearly 7-1%-measurable. Furthermore, for any k > 1,

Jure(x,¥) = 2D f*(f~*y) = 2¥/Df* (),

which is T-*%-measurable. This example appears in a paper by the author
and Silva [12]. Obviously, the Jacobian will not be constant unless f is chosen
to be irrational rotation as in Example 1.9.

Corollary 3.8. If T is an ergodic nonsingular endomorphism which is bounded-
to-1, and the Jacobian J,r is constant a.e. on X, then the relation Rr is of
type lllx and K = J,r(x) ae.
Proof. By the above arguments, for any V' € [[R]], we have

dﬂV _ JTm(x)(x) _ Km(x)
du (x) = JT™ (Y x) - Kn()

= Kmx)-nx) e 0

4. THE RADON-NIKODYM DERIVATIVE AND EQUIVALENT
INVARIANT MEASURES FOR T

In this section we study some connections between the Jacobian and the
Radon-Nikodym derivative of the endomorphism T itself, not the associated
relations. Throughout this section we will assume that 7 is a finite-to-1 (but
not necessarily bounded-to-1) nonsingular ergodic endomorphism of a Lebesgue
space with x4 a o-finite measure. Since u is o-finite on &, u is also o-finite
on T-1%# ,and on T-"% for all n > 1. There are several equivalent ways to
define the Radon-Nikodym derivative of 7" which we will denote by w, ; they
have been described in some detail by Silva [23]. We will define w, to be the
unique 7' %-measurable function satisfying

(%) /foT-w,,du=/fdu forall fe L'(X, u).
X X
We define the cocycle generated by w, by

wu(k, x) = 0,(X)0u(Tx) - @, (TF'x) forkeN, x€X.

Alternatively, if one writes 6,(x) = duT~!(x)/du, then obviously 6,0 T is
T~ %-measurable, and by uniqueness of Radon-Nikodym derivatives, w,(x) =
1/6,(Tx) a.e. Furthermore, one can check by writing down the integral equa-

tions that |
Ou(x) =
g yE;‘ x Jur(¥)

and
1

wu(x) =

ZyeT-l(Tx) 1/ Jur(y)
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Definition 4.1. (1) By the Jacobian cocycle for T (w.r.t. u) we mean the cocycle
J, :Nx X — Rt generated by the Jacobian function for 7T defined in §3; i.e.,
Ju(1, x) = Jur(x) forae. x € X, and Jyu(k, x) = [\ Jur(T'x) = Jupu(x)
a.e. forall keN.

(2) The index function for a nonsingular endomorphism 7 which is finite-
to-1 is the T~ %-measurable function n: X — N which for each x gives the
number of preimages of 7x. The map T is n(x)-to-1 at x, and we call the
set of preimage points of Tx, {x = X1, X3, ..., Xn(x)} , Symmetric points for
X , or just symmetric points. The function n generates an N cocycle for T,
and n(k, x) = np(x) forall k e N. If T is an n-to-1 endomorphism, then
n(k, x) = n* a.e. This function was defined by Walters [25].

Definition 4.2. The operators P,’f and E,’f . We define the following operators
which are generalizations of the Perron-Frobenius operator to the nonsingular
case.

We fix any k € N. For each measurable function f, we define the function

YET—K(Tkx) JuT" (y)

(1) The operator P,’f takes measurable functions on (X, %, u) to measur-
able functions, and P} f is T-*%-measurable for any %-measurable f .

(2) P¥ islinearin f;if f >0, then P¥f >0.

(3) We have that w, = 1/P}1, and forevery k € N, P¥(1)(x) = (w,+) 7 (x)
u ae.

We now define for each measurable f, and each k € N,

EXf)=PEfIPE1=Pf-w,.

The operator is a generalization of the conditional expectation operator onto
the sub- g-algebra %% , and

(4) When fe LY(X, &, u), we have EX(f) = E,(f|T*%).

(5) If f is T~*%-measurable, then EX(f)=f and P¥(f) = f/w,«.

(6) If u is T-invariant, then for every measurable f, Pf(f) = EX(f).

(7) The operators P,f = E,’f are both well defined when T is finite-to-1 and
u is infinite but o-finite.

(8) For countable-to-1 endomorphisms, the operators are defined on
LY(X, %, u) if u is a finite measure. This is discussed more in §6.
Definition 4.3. For a measurable function a: X — R we consider the induced
cocycle for T given by a(k, x) = H;‘;’ a(T'x) . Given two N-cocycles for T,
a and b, we say that a is conditionally cohomologous to b if there exists a
% -measurable function £, called the transfer function such that

a El(hoT) hoT
(*) 'E(x) = #Ell(h) x) = E;lt(h) (X)

foruae xeX.

We note that this does not define an equivalence relation on cocycles, since
it does not follow that there is some measurable function g such that

b, . goT

=(x) E,i(g) (x) forpae.xeX;
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instead by setting g = 1/h we have that

b 1 goT
) S=goTBl(3) 0= Fr
a “\g E;4.(8)
(this follows from Lemma 4.5).
From (x) and (+') we obtain the identity
1 (1] . _1
—ET}‘—(B—)(X)—-EV (h)(X) Wlthl/—hdﬂ

A conditional coboundary (for T and u) is a cocycle which is conditionally
cohomologous to 1; that is, a(x) = [(ho T) /E,{(h)](x) a.e. The conditionally
cohomologous cocycles a and b are cohomologous if his T~'%-measurable.
The following statements hold for conditional cohomology.

Remarks 4.4. (1) If a is conditionally cohomologous to b with transfer func-
tion 4, then

a hoT h
‘l;(X)= h (X).E;‘lt(h)(x)

If we define the cocycle h, = h/Ej(h), then forall k €N,

k
%(k, x) = hohT (x)-he(k,x) forpae xeX.

(2)If a and b are conditionally cohomologous, then a is 7~!%-measurable
if and only if b is.

(3) A conditional coboundary is 7~ !%-measurable, but not necessarily re-
current. (See Example 4.13.1.) Therefore, not all conditional coboundaries are
coboundaries.

(4) A conditional coboundary with transfer function 4 is recurrent if and
only if A, is. The cocycle A, can be characterized as a Radon-Nikodym deriva-
tive when h = dv/du for two finite equivalent measures. In particular, we
denote by u, the factor measure on (X;, &) ~ (X, T~'4#), as in Remark
3.5.2, then for a.e. x € X; we have a measure defined on the atom of x in X,
say u2' (cf. [3]). A computation shows that for u = hdu we have

h dv# dv / (du )
——X)=—%X)=5 /E,| —|% | (x).
E}l(h)( ) dﬂxgl( ) d/t i3 du 1 ( )
The.above remarks suggest that the only impediments to the usual cohomol-

ogy theory for invertible maps under change to equivalent measure are changes
of distribution within individual atoms of T-k% .

for p ae. xe X.

Lemma 4.5. Assume that T is finite-to-1 and v and u are both nonsingular
o-finite measures for T . The measurev is equivalent to u if and only if w, is
conditionally cohomologous to w, (via E,{) if and only if w, is conditionally

cohomologous to w, (via E}).

Proof. Using the fact that J,7 =[(ho T)/h]- J,r, an easy computation shows
that w,/w, = (ho T)/Ei(h) with h = dv/dp. Similarly, o,/0, =
(h='oT)/EMA™Y). D
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It is well known and easily checked (cf. [22]) that T admits a o-finite in-
variant measure v ~ u if and only if there exists a .%-measurable function A
satisfying h(x) =3 cr-1(x) #(¥)/Jur(y) ; this holds if and only if hoT = P,}h
a.e. The invariant measure v is finite if and only if h € L'(X, &, u). This

leads to the following theorem.

Theorem 4.6. If T is a nonsingular finite-to-1 endomorphism of (X, &, u),
then w,(x) = E}(Jur)(x)/n(x) and

(1) w;' = 6, 0T is a conditional coboundary if and only if T admits a
o-finite invariant measure equivalent to u .

(2) The index function n(-) is conditionally cohomologous to E,(J,r) iff T
admits a o-finite invariant measure equivalent to L .

Proof. We first see that

E,(Jur)(x) = Pi(Jur) - @u(x) = D 1-0a(x) = n(x)@p(x).
yeT-1(Tx)
(1) (=) Assume that w,(x) = [E}(h)/(hoT)](x). Then hoT-w, = Plh-w,
O hoT = P”‘h a.e. and T preserves a measure ~ (.
(<) If hoT = Pjh ae., then hoT-w=Plh-w a.e. from which it follows
immediately that w,(x) = [E,(h)/(ho T)l(x).
(2) This follows immediately from the first two statements. O

Corollary 4.7. T preserves u if and only if E}(J,r)(X) = n(x) a.e.
Proof. Apply the proof of Theorem 4.6(1), using A= 1.

Corollary 4.8. If T is n(x)-to-1 and the Jacobian of T is T~\%-measurable
then T admits a o-finite invariant measure ~ u iff n(-) is conditionally coho-
mologous to J,r .

Corollary 4.9. Let f be a piecewise C' map of a bounded interval I onto itself
which is symmetric in x (so that the Jacobian is T—'%-measurable). Then f
admits an invariant measure equivalent to Lebesgue measure if and only if |f’|
is conditionally cohomologous to n(x).

We now explore some further connections between the two cocycles J,r
and w,. By r,(T) we mean the usual Krieger ratio set (cf. [9] and [12]) for
noninvertible maps.

Proposition 4.10. Let T be a conservative nonsingular finite-to-1 endomorphism
of (X, &, u) admitting a o-finite invariant measure v ~ u. Let h=dv/du.
The following statements are equivalent.

(1) w, is cohomologous to w,, .

(2) w, is a coboundary

(3) h is T~ #-measurable.

(4) EL(Jur|T~'B) is cohomologous to n(-) with transfer function h.

(5) EL(Jur/n(:)|T~'B) is coboundary with transfer function h .

(6) w, is a recurrent cocycle for T .

(7) r(T) = {1}.

(8) h. is a recurrent cocycle.
Proof. (1)« (2) is trivial and (2) < (3) is from [11].
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(3)= (4) If T admits a o-finite invariant measure v ~ u, then

hoT(x)= ) Jh(}();)zh(x) 2 1(y)

J
yeT-\(Tx) “#T ver-\(1x) “#T

by our hypothesis on 4. Then it follows immediately that
(hoT)/h=n()Ey(Jur)]™

(4) & (3) is clear.

To show that (4) & (5), we note that n(:)[EA(J,r)]~'(x) = 1(x)/w, . Since
E}J,r/n(-)) = , and coboundaries are recurrent, (6) follows from (5).

(1)= (6) is proved in [11], (6) = (1) is proved in [24], and (6) = (7) is done
in [12]). (7) = (6) trivially, (4) = (8) trivially, and (8) = (6) by Lemma 4.5. O

From Remarks 4.4 we obtain the following.

Proposition 4.11. For T a finite-to-1 endomorphism of (X, %, u), T admits
a o-finite measure v =hdu:

(a) if and only if for every k € N, EX(w,(k, x))~! is a conditional cobound-
ary for Tk,

(b) if and only if

hoTk ho(k, - 1
E,’f <T . h*(k, ')) (x) = hOTk'E,If (_—(-h—l) (x) = hOTk'W(X) ae.

Proof. (a) follows from the easily checked property that w,(k, x) is Markovian
for T* [24], and Theorem 4.6.

(b) follows since T* preserves hdy for all k € N if it preserves hdu for
k=1. O

Remarks 4.12. 1. We note that in general 6, is not T~!%-measurable. A
computation shows that

E,i(G,,(x):#(x) and  E}(6uo T)(x) = [w,(x)™].

2. Under the assumption that J,z« is T—*k%-measurable for all k € N, we
obtain chain rules for the cocycles generated by both w, and 6,; i.e., for u
ae. x andall keN,

wu(k, x) =w,m(x) and 6O,(k, x) = 6,7(x).

This can occur without the Jacobian being constant as can be seen in Example
2.5.

We conclude this section with some examples which illustrate the results of
this section, including conditional coboundaries that are not coboundaries.

Examples 4.13. A

1. The modified Boole transformation. By (R, %, m) we denote the space
of real numbers with the usual Borel structure and Lebesgue measure. We
consider the map Tx = %(x — 1/x) which is defined and 2-to-1 (w.r.t. m) on
R. Straightforward computations show that Tx = T(-1/x), and w,(x) =
wm(—1/x) = % for a.e. x. Clearly m is not a recurrent measure, and w,, is
not a coboundary. However, it is well known that T preserves the probability
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measure 2/m(1 + x2)dx (cf. [7]). One can verify Theorem 4.6 directly by
computing that if A(x) = 2/n(1 + x2), then

B hoT(X)_ 8x2  m(x?+1)?
CELR)T T m(x241)2 4x?

That is, [w,,]~! is a conditional coboundary.

2. A modified transformation of Renyi. On the Lebesgue space ([0, 1], &, m)
we define the transformation 7x = x/(1—x) for x € [0, %) and Tx =2x-1
for x € [%, 1). This is a 2-to-1 map which preserves the o-finite infinite
measure v = 1/xdx (cf. [22]). For each x € [0, %), there corresponds the
symmetric point y = 1/2(1 — x) € [§, 1) such that Tx = Ty. Similarly,
each y € [%, 1) has a unique symmetric point x = (2y — 1)/2y € [0, %). We
compute for x € [0, 1), wm(x) = 2/(2x? — 4x + 3). We check that this is a
conditional coboundary with transfer function A(x)=1/x. For x €[0, 1),

hoT(x)=l_Tx, and  PL(h)(x)

[wm(x)]™' =2 a.e.

= ;(1 —-x)"+2(1 —x)z =—"
By this and 4.2(3) it follows immediately that w};! is a conditional coboundary
with transfer function %, but w,, is not a coboundary. From Proposition 4.10

we can also conclude that Lebesgue measure is not recurrent for 7 .

5. RECURRENCE OF COCYCLES AND MEASURES FOR ENDOMORPHISMS

We assume in this section that 7' is conservative; i.e., for every set 4 €
#, u(A) > 0, there exists n € N such that u(4 N T-"4) > 0. We also
assume, by passing to a cohomologous measure if necessary that u(X) = 1. This
section consists of material which extends some work of Silva and Thieullen on
Markovians [24].

Definition 5.1. Any positive measurable function w satisfying
(%) [ 7Tx)- 0 dutx) = [ 160)duco)

forevery fe L' (X, %, u) is said to be Markovian for T and u.

Remarks. 1. It was shown in [24] that w,7 is the unique 7~!%-measurable
function which is Markovian for 7" and u.

2. If w is a #-measurable function which is Markovian for T and p then
wel'(X,%,u) and Ey(w|T"'F) = w,. (Here E,(h|T~'F) denotes the
usual conditional expectation of h € L!(X, %, u) with respect to the sub- g-
algebra T71% .)

3. Similarly, w,7«(x) = (du/duT=*)(T*x) is the unique T*F-measurable
function which is Markovian for 7% and u. It is easily seen that wu(k, x)=
0ur(X)0ur(TX) - w,r(T*'x) is a %-measurable function which is Marko-
vian for T* and u so that E,(w,(k, )|T*%) = 0,5 .

Definition 5.2. Any Markovian o (for T and u) defines acocycle w: Nx X —
X as follows: for every i € N, x € X, (i, x) = [[;_y @(T*x). The cocycle
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w s recurrent if for every A € &, u(A) > 0, and every ¢ > 0, there exists
an n € N such that y(ANT"ANn{x: |w(n, x)— 1| < e}) > 0. 4 Markovian
w is recurrent if the cocycle it generates under the N action of T is recurrent.
Equivalently,  is recurrent if for u a.e. x € X, Y o w(i, x) = 0o [23].

In the next proposition we characterize all Markovians for T and u.

Proposition 5.3. The function w is Markovian for T and p if and only if there
exists a measurable function h satisfying (i) w(x) = h(x)w,(x), (ii) Pj(h) =
1/w,, and (iii) Ej(h) = 1. Furthermore, given any positive measurable function
g on X, the function h = g/E\(g) satisfies (ii) and (iii) and w(x) = g/P}(g)
is Markovian.

Proof. (=) Suppose w is Markovian. Then

E,(0|T™'\®) = Ej\(0) = Pj(0)w, = @,

s0 Pi(w) =1 and h = w/w, satisfies P}(h) = wL”P,}(w) = 1/w,. Conse-
quently (i)-(iii) hold.

(«) Now suppose that 4 is any function such that P, (h)(x) = [w,(x)]™".
Obviously (iii) holds then, and we show that hw, satisfies (x). Given any
nonnegative measurable function f,

/fuwmm=/fﬂu»wuwmn
X X

since @, is Markovian; since fo T is T~'Z-measurable, and E)(hw,) =
E(hw,|T~'%#) = w, , we have

[ £oT0) - @ux)dux) = [ o Tx) - heoy(x) dut)
X X

To prove the second statement, consider any positive measurable function g .
The function h = g/E}(g) clearly satisfies (ii) and (iii), so hw, is Markovian.

But
8 g

how = PTleyw, = Pi(g)

as claimed. O

Propeosition 5.4. Markovians for T and u are in one-to-one correspondence with
o-finite measures equivalent to . Recurrent Markovians for T and u are in
one-to-one correspondence with equivalent recurrent measures.

Proof. Suppose that w is any Markovian for 7 and u; then E,i(w) = Wy.
We consider the measure v = wdu, and we have from Lemma 4.5 that w, =
[(wo T)/E)(w)lw, = wo T. The measure v is a recurrent measure if and
only if w, is recurrent if and only if wo T is a recurrent cocycle. But w is
cohomologous to wo T so @ is a recurrent Markovian if and only if wdy is
a recurrent measure.

We now suppose that v ~ g is any o-finite equivalent measure. Then we let
f(x) = (dv/du)(x); we claim that the function w(x) = w,(x)[(foT)/f](x) is
Markovian. This is because w, = [(fo T)/EL(f)]lw,, so w(x) = [f/PL(N](x)
which is Markovian by Proposition 5.3. O
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Corollary 5.5. Suppose that u is a o-finite nonsingular measure for the conser-
vative endomorphism T of (X, %#). The measure v ~ u is recurrent if and
only if f/PL(f) is recurrent where f=dv/du.

If T admits an equivalent invariant measure, then obviously the invariant
measure is a recurrent one. The existence of an equivalent recurrent measure
for each endomorphism is still open. Silva and Thieullen [24] showed that if u
is an invariant measure for 7' (finite or o-finite), then any equivalent recurrent
measure is cohomologous to x. In other words, say v = hdu; then we know
that ®,/w, = (ho T)/E)(h). The result of Silva and Thieullen implies that
E,(h) = h if and only if v is recurrent. Since the same statement holds for all
powers of T, we have the following result.

Proposition 5.6. Suppose that T is exact, preserves a c-finite measure u and
that v ~ pu is a measure which is recurrent for T* forall k € N. Then v =C-u
for some constant C; if u and v are probability measures, then v = u.

Proof. Writing v = hdu , the recurrence of v for T* implies that h is T-*%-
measurable for all kK € N. By exactness and the Martingale theorem, we have
that 4 is constant u a.e. If 4 and v are probability measures, then 2 = 1.
If u is infinite, we induce T on a set of finite measure. O

6. COUNTABLE-TO-1 ENDOMORPHISMS AND EXAMPLES

We will assume for now that (X, %, u) is a Lebesgue probability space
and that T is a nonsingular countable-to-1 endomorphism; we also assume
that the index function n(x) = oo for u a.e. x. As before, we define the
Radon-Nikodym derivatives of T to be the unique 7~!%-measurable func-
tion satisfying [fo T -w,du = [fdu for f € LY(X,%,u). Clearly
w, € L'(X, #, u). For k € N, the operators EfX and P¥ are well defined
on LY(X, &, u) as follows; we just define E,’f to be the usual conditional ex-

pectation operator onto 7-*% and, we define P¥(f)(x) = EX(f)/w,r(x).
When the measure is infinite or the function is not integrable, these operators
can fail to give finite-valued functions. We consider a few examples below.

All examples considered are nonsingular and piecewise linear. The first ex-
ample was shown to the author by Klaus Schmidt [21]. It is an example of
an endomorphism 7 with the following properties: (1) T is a countable-to-1
endomorphism of the nonnegative reals; (2) the relation Ry is ergodic Il ,
and St is Il as well though not ergodic; (3) T preserves no o-finite measure
equivalent to Lebesgue measure; (4) T is dissipative.

This example contrasts with the following easily proved lemma from ergodic
theory.

Lemma 6.1. If T is an invertible, nonsingular, ergodic transformation of a a-
finite Lebesgue space, then it is conservative.

Example 6.2 [21]. Let X be the space of nonnegative real numbers endowed
with the o-algebra of Borel sets and set m = Lebesgue measure. We represent
any point in X = {x: x > 0} by it decimal expansion; we then define T by
removing the leftmost nonzero digit, and replacing it by a zero. That is, if we
write x = a,10"+---+ap+a_,10~'+-.-+a_,10~" +... , with a, # 0, then
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Tx =a,_110" '+ -+a,10~™+- .- . Equivalently, Tx = X —ay,x)10"*), where
n(x) =max{n € Z: a, #0 for x =31> a,10"}. We define T(0)=0.

We note that the set E = [0, 1) satisfies E C T~!E and the set F = (1, o0)
satisfies 7-!F c F . Both containments are proper since x = 10 € T~!E, but
x ¢ E and x = 1.1 € F,but x ¢ F. From this it follows that T admits
no o-finite invariant measure v ~ m. If so, then v(T~!E) = v(E); hence
V(T7'E\E) =0. But E # T"'E = m(T"'E\E) > 0 & v(T"'E\E) > 0.
This shows that there is no absolutely continuous invariant measure v < .

We next show that T is dissipative; we produce wandering sets of positive
measure. To do this, we just consider any interval of the form [n, n+ 1), for
neN. Then T-'[n,n+1) C[10n, co). Suppose x € T'CNT/C, i #J.
Thenx € T-i[n, n+ 1) = x has exactly i nonzero digits lying to the left of

l.a_ja_,--- . Similarly, x must have exactly j nonzero digits appearing to the
left of 1... in its decimal expansion. This is obviously a contradiction unless
i=j. '

We now show the following.

Proposition 6.3. T is ergodic with respect to Lebesgue measure.

Proof. Suppose that T-14 = A and m(4) > 0. Then T-!'4 = A implies
T"A = A forall n € Z. So A must contain part of [0, 1) since T"x — 0
for all x. Also 4 must contain most of some interval, i.e., by a Lebesgue
density argument, there exists a rational number a, and ¢ < 1, such that
m(ANnfa,a+e¢)) > .99 forall 0 <e<eg. Hence m(ANJ0, ¢)) > 0 since,
[a, a + &) gets mapped to [0, &) under finitely many iterations of 7. It can
be easily checked that for any ¢ > 0, 7-"[0, ¢) is all of R*. Since we found
the original interval [a, a + ¢) to be mostly in A, letting ¢ — 0, we see that
m(R*\4)=0. O

We consider the relations R and St for this example. Since T is ergodic
and nonsingular, R is also ergodic and nonsingular. We claim that R and S
are both type Il ; in particular Lebesgue measure is preserved. R is ergodic
because T is; S is not ergodic because we show that T is not exact. We
compute Tail(4) = U;o, T~"(T"A) for sets A of positive measure and show
that we do not always get a tail of full measure. Letting A = [0, 1), for example,
we see that while u(Tail(4)) = oo, u(R*\Tail(4)) = co as well.

An easy calculation shows that J,(n, x) =1 for almost all x. The fact that
the Jacobian is constant gives us that S is type II by Corollary 3.6; the fact
that the constant value is 1 tells us that R is type II. Since Lebesgue measure
is infinite we obtain Il relations for both R and S.

Example 6.4. Two strongly equivalent endomorphisms. We construct a countable-
to-1 map T on the unit interval which preserves Lebesgue measure m and for
which § is type IIl;;;. In this case, wm = 1, hw(T) = oo, and it can be
shown that T is strongly orbit equivalent to a 2-to-1 map of finite entropy.
Let X =[0, 1), & the o-algebra of Borel sets, and m = Lebesgue measure.
On the interval [, 1), the graph of T has slope 2, on [§, ) the graph has
slope 4, etc. On the interval [1/2%, 1/2k~1), the graph has slope 2%, and for
each piece of the graph, we draw the line segment passing through the points
(1/2k, 0) and (1/2k-!, 1), leaving out the right-hand point of the line segment.
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This map can be described as follows: on the space X = [];2,{0, 1};, we put
the usual Borel structure, the (1, 1) ii.d. Bernoulli measure, and let ¢ denote
the one-sided shift. For x € X, let r(x) = min{j: x; = 1}; we then define
Tx =0"™x. We define T(0)=0.

We consider now the map U on I by U(x) = 3x (modl) if x € [0, %)
and U(x) = %x (mod1) if x € [%, 1), then we see that Ry and Sy are
both of type IIl;;,, so U and T are strongly orbit equivalent. In both cases,
w=1.

7. SOME CONNECTIONS AND OPEN PROBLEMS

We assume in this section that u is a probability measure on X, and T is
a nonsingular, conservative, countable-to-1 endomorphism of X . We consider
any element ¢ € [St]. Then ¢ is invertible a.e., and for each x € X we have

that ¢(x) = T}Zx")(")(T"(")x), where by Tj) we denote T, with Ay C

by = Vi T
Definition 7.1. We define ¢ € [Sr] to be of power K (and write ¢ € [SX] or
¢ ~ K) if:

(i) k(x) =K for a.e. x in the above representation of ¢,

(i) forall k > K, Tkx # Trk¢x .

One constructs an automorphism ¢ of power K by cutting one atom of the
finite partition {x into measurable subsets, cutting the rest of the atoms in the
same way, and then permuting the subsets of the atoms among the other atoms.

We say ¢ is of power < K (and write ¢ < [SK] or ¢ < K) if k(x) <K
for a.e. x and K is the minimum element of N with that property. If ¢ < K,
then ¢ can be expressed formally as an automorphism of power K except that
condition (ii) will fail to hold. We define ¢ to be of finite power if ¢ is of
power K for some K > .

If ¢ <[SX], for each measurable function f we consider the operator P,{‘

defined in §4: o)
PK = Y
u (f)(x) yET_;(TKx) J”TK(y)

Propesition 7.2. For each ¢ < K, the following hold.
(1)

P (22 () = BE ) = [0l

(2) (dud/du)w,r« is Markovian for T* .
Proof. If ¢ < K, then for a.e. x, ¢(x) = Tys™(T*®x), with k(x) < K.
Because of the cancellation which occurs if k(x) < K we have for u ae. x,
(dug/dp)(x) = Jyrx(x)/Jurx(¢x) . By Corollary 3.4

d dug/d 1
Plf(de)(x)= 3 (@dud/dmy) _ Y —

perrirke W) L Jurx(4Y)

By assumption ¢ is a measurable automorphism, so by ignoring a set of measure
zero on which ¢ fails to be invertible, we have that if y, z € T-X(TXx) and
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y # z, then ¢y # ¢z . Furthermore, by our representation of ¢, we know that
¢y € T-X(TKx) if y is. By the surjectivity of ¢, every y € T*(TXx) is of the
form y = ¢z for some z, and since 75Xz = TXy  we have that z € T-X(TXx)
as well. Therefore, we can write

: > L [wf (x)]7! as claimed. O

T (@y) Jure©)

yET-X(TKx yeT-K(TKx) “"#

We have the following proposition.

Proposition 7.3. If T is an ergodic conservative finite-to-1 endomorphism on
(X, %, u), then the following are equivalent.

1. T preserves u.

2. For some ¢ € [S}], Pi(dud/du)(x) =1 ae.

3. Forall KeN, forall $ <K, PX(dug/du)(x)=1 ae.

Proof. This is clear from Proposition 7.2(1) and the fact that T preserves u
iff w,r(x)=1 ae. iff 05(x)=1 ae forall K>1. O

In what follows we will only consider ¢ € [St] of finite power, so we can
assume ¢ is conservative (because it is periodic). For conservative ¢, by [19]
we have that du¢/du is a recurrent cocycle for (the integer action generated by)
¢ . By Proposition 7.2 Ef (du¢/du) is also a recurrent cocycle for ¢ and for
T (since it is identically 1), even if u is not a recurrent measure for 7. The
proposition below illustrates the effect of changing to an equivalent measure.

Proposition 7.4. Assume T is a conservative ergodic finite-to-1 endomorphism
of (X,%#,u), ¢ €[St] isof power K, and v =hdu. Then

1. The cocycle dvg/dv is cohomologous to dup/du with transfer function
h.

2. The function Pf(du¢/du) is conditionally cohomologous to PX(dvé/dv)
as a TX cocycle with transfer function h.

3. The cocycle PX(dv¢/dv) is cohomologous to PX(h)/h under TX . Equiv-
alently, w¥ is cohomologous to h/P¥X(h).

4. Recurrence of the measure v for TX is equivalent to recurrence of the TX
cocycle h/PX(h).

Proof. 1. This follows from Schmidt [19] since ¢ is an automorphism.
2.

EX(h
PX (‘%ﬁ) — [k]! = hﬁ%[w{fl" (by Lemma 4.5)

AP (du¢>
hoTK F \ du )
3. By above,

pK (du¢) _Ei(h) o (dud:) _BEh) _h
v hoTK # \ du h hoTK"

dv
Then apply Proposition 7.2.
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4. Recurrence of v is equivalent to recurrence of [PX(dv¢/dv)]™! = w,
[11], and recurrence of a cocycle is invariant under cohomology. 0O

Corollary 7.5. Under the hypotheses of Proposition 7.4, the following are equiva-
lent:

(1) T admits a o-finite measure v ~ u.

(2) PX(dud/du) is a conditional coboundary for TX for all ¢ < K (cf.
Definition 4.3).

(3) For some ¢ € [St], Pi(dud/du) is a conditional coboundary for T .

Proof. (2)= (1) If PX(du¢/du) = (ho TX)/EX(h) = [wX(x)]"! a.., then for
v=hdu,

P (%2) = 01 = o™

_ hoTK EK(h) _
T EX(A) hoTK ~

EK
5 x (h) (by Lemma 3.5)

o TK

so v is invariant by Proposition 7.3.
(1)=(2) If T admits an invariant measure v ~ u, then

EX(h EX(h

so the result follows.
(2) = (3) is trivial.
(3)= (1) follows from 7.1(1) and Theorem 4.6. O

The question of a good notion of orbit equivalence for endomorphisms de-
pends upon a better understanding of the cocycle h. = h/E }t(h) and the related
Markovian h.w, = h /P,}(h). For any T one can find measurable, even inte-
grable 7 on X for which the above cocycles are transient; this is a consequence
of a construction of Eigen and Silva [7]. We pose three basic questions:

(1) Given any ergodic conservative nonsingular endomorphism 7 which is
noninvertible, is there always an equivalent recurrent measure? By Proposition
5.4 the answer is yes if and only if there exists a positive measurable function
h such that the cocycle k/P}(h) is recurrent for T .

(2) If v and u are equivalent recurrent measures for T, are they cohomol-
ogous?

(3) Obviously the T~!%-measurability of # is a sufficient condition for the
cocycle A, to be recurrent and the measures x4 and hdu to be cohomologous.
Is it necessary? If T admits an equivalent invariant measure, the answer is yes
[24].

We conclude by mentioning some interesting topics in endomorphisms re-
lated to this study. The idea of computing the quotient relation of R by the
relation St is a natural one and has been studied by Schmidt [20], as well as
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Dajani and the author, and others (see [6] for references). Invertible extensions,
and the connections with recurrent measures, have been studied by Eigen, Silva,
Thieullen, Dajani and the author (see e.g., [6, 7, 8, 18, 23, 24]).

10.

11.

13.

14.
15.

16.
17.

18.

19.
20.

21.

22.

23.
24.
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