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THE ORDERS OF SOLUTIONS OF THE
KUMMER SYSTEM OF CONGRUENCES

LADISLAV SKULA

Abstract. A new method concerning solutions of the Kummer system of con-

gruences {K) (modulo an odd prime /) is developed. This method is based

on the notion of the Stickelberger ideal. By means of this method a new proof

of Pollaczek's and Morishima's assertion on solutions of (K) of orders 3, 6

and 4 mod / is given. It is also shown that in case there is a solution of

(K) ^ 0, ±1 (mod /), then for the index of irregularity i(/) of the prime /

we have i(/) > [#7/2].

INTRODUCTION

In 1857, Kummer [12] introduced the following system of congruences (in

equivalent form) for an odd prime /

(K) Byfi-u = 0 (mod /)       ( 1 <;<(/ - 3)/2),

where B2¡ means the Bernoulli number (B0 = 1, Bx = \, B2 = \, B3 = 0,

Ä» = -jo", •••) and <p¡(t) = T,'vl\(-'í)v~lv'~itv  (1 </'</- 1) the Mirimanof
polynomial.

The system (K) will be called the Kummer system of congruences.
Kummer showed that if the First Case of Fermat's Last Theorem for the

prime / fails and x, y, z are integers not divisible by / with xl +y' + zl - 0,

then each t e G = {x/y, y/x, x/z, z/x, y/z, z/y} is a solution of (AT). It
is easy to see then also the congruence tpi-i(t) = 0 (mod /) is satisfied for each

teG.
In 1917, Pollaczek [17] "proved" that if t e G, then t cannot have order 3

or 6 mod /, and in 1931, Morishima [16] "gave a proof of the same for order

4. These "proofs" have not been accepted as correct mathematical proofs but

Gunderson [10, 1948] corrected them (for detail see [9]).

The aim of this paper is not an analysis of these proofs but rather to propose

a new proof (actually for any solution of (K)) using a quite different method.

This method allows us to extend these results to other orders mod / of a solution

for certain upper bounds of the index of irregularity of / (§§6 and 7).

The basic steps of this method are the following:
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( 1 ) The Kummer system (K) of congruences is transferred to a new system

(S) depending on the Stickelberger ideal l~ ((1.7) and (1.8)), as in my paper

[20, 1982].
(2) For a solution x of (S) we introduce a matrix D¡(x) which plays the

role of the matrix of coefficients of a system of linear equations over the Galois

field Z//Z derived from the system (S). The elements of the Stickelberger

ideal I' play here the role of solutions of this system (2.2).

(3) We use the formula giving the number of elements of the Stickelberger

ideal /"(/) (The Stickelberger ideal /" considered mod/) proved in my paper

[22, 1986] (1.1):
card/-(/) = /A,-'(/)

where N = (I - 1 )/2 and i(/) denotes the index of irregularity of the prime /.

This implies r(D¡(r)) < i(l), where r(D¡(x)) means the rank of D¡(x) over

the Galois field Z//Z (Theorem 2.3).
(4) The core of this method is to give some bounds for r(D¡(x)) and i(/)

leading to a contradiction with the above inequality.

For the index of irregularity i(/) we use a bound (4.9) derived from Carlitz's

bound for the first factor of the /th cyclotomic field [4, 1961].
(5) If t has order 4 mod / (Morishima's case), then

r(Dl(x)) = (l-3)/2-iE(l)

(5.1), and if x has order 3 mod / (one of Pollaczek's cases), then

r(D,((x)) = (l-3)/2-iD(l)

(5.4). Here \e(1) , in(0 is the index of F-irregularity of /, the index of D-

irregularity of /, respectively. E symbolizes the Euler numbers and D the

D-numbers defined by Kleboth [11, 1955] by the recursion formula

(D+\)H + (D-\)H+Dn = Q       (n>\),    £>o = l.

These general indices of irregularity were introduced by Ernvall [8, 1985],

where he also obtained an upper bound for them. For our needs we have had

to improve Ernvall's bound, which was done by using the special matrices P

and Q in §3 (3.4, Theorem 4.5).
In Pollaczek's other case, x has order 6 mod /, we use the inequality

x(Dl)(x)>(l-3)/2-iD(l)-p(l)

(5.3), where p(l) means a special function defined in 4.7 with an upper bound

in 4.8.
It seems that the depth of Pollaczek's and Morishima's Theorems consists

in the proof of nonvanishing of detP and detß (Theorem 3.3). Here, the

theorem \ja=i X(a)a ^ 0 for an odd Dirichlet character x of conductor / is

used.
At the conclusion we give a general theorem (7.6) on the existence of a non-

trivial solution of the system (S). In this case we get i(/) > [\/T/2].

Note that Eichler [5, 1965] proved: "If the First Case of Fermat's Last The-

orem for the prime / (/ > 3) fails, then lr (r — [v7] - 1) divides the first

factor h~ of the /th cyclotomic field." It was observed by Bruckner [2] (and

Oberwolfach Conference 1975), Iwasawa, and Skula [19] ([27, §6.5]) that the

statement lr/h~ can be substituted for i(/) > [VI] - 1 .

Uehara [25] improved this result a little.
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1. Preliminaries

Throughout this paper we will use the following notations:

/ an odd prime

r a primitive root mod /

ind x index of an integer x(l \ x) relative to the primitive root r

of I

Z the ring of integers ; the small latin letters will usually

denote integers

r¡ the integer (/ € Z),  0 < r, < I, r¡ = r' (mod /)

v the integer with 1 < v < I - 1,  v -v = I (mod /), where

v eZ, l\v

G a multiplicative cyclic group of order / - 1

5 a generator of G, hence G = {I = s°, s, s2, ... , s'~2}

Ysfii = zC,=(A   f°r suitable symbols ¿,

R = Z[G] the group ring of the group G over the ring Z, thus

R - {Y,ia¡s' '■ ai e Z} ; f°r ;'êZ put a¡ - a,

(0</</-2,   i = i (mod/- 1))

R~ = {a = ¿^¡ats' e R: a¡ + tf;+(/_i)/2 = 0 for each i e Z}

= {aeR: (1+ s{l~x)/2) • a = 0}, a subring of the ring R

I = {a e R: there exists p e R,  p • X^,7"-;5' = Ia} > the Stickel-

berger ideal of the ring R

I~ = R~~ n /       the Stickelberger ideal of the ring R~

fa(t) = Y!~=Wávv?> e Z[t] for a = E/û/5' e R

i(l) = card{ 1 </'<(/ - 3)/2: l/B2i} the index of irregularity of /

r(M) the rank of a matrix M, the elements of which are integers,

over Z//Z

I~(l) — {Y^ia¡s' '■ a¡ e Z//Z with the property : there exist b¡ e a¡

such that ^¿bjS' e I~}, the Stickelberger ideal mod /.

In 1986, Skula [22, Consequence 2.2] proved

1.1. Theorem.

cardr(l) = lN-l{'\

1.2. Definition. Let Cn, Ci, ... , c„_i be complex numbers (n a positive in-

teger). The left circulant matrix C(cq, Ci, ... , c„_i) of order « is a square

matrix C = (y¡j) (0 < i, j < n-1) of order n , where y y = cm (0 < i, j, m <

n - 1) and m = i + j (mod n).

If we use the proof of the König-Rados Theorem [15, 6.1] we get
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1.3.   Theorem. Let C - C(co, Ci, ... , c^-i) be a left circulant matrix of order

N over the ring Z.

(i) Let v be the number of integers k, 0 < k < (I - 3)/2, with the property

N

Y^CiMtt^^O   (mod/).
r=i

Then
r(C) + u = N,

(Cj = Ci for i, j e Z,   i = j (mod N),  Q < i < N - 1.)

Further we have

(ii) detC==nc^i(EÍLiQndíC').

1.4.    Proposition. Let D be a square matrix of order N over Z with detD / 0.

Then
N_ log¡detD\

log I

Proof. Let ri, ... ,rn be a maximal linearly independent system of rows of the

matrix D over Z//Z . For 1 < j < N - h there exist integers c¡     (1 < i <h)

such that
h

rh+j^^2c\j)ri    (mod/),
i=i

where rh+{, ... , rN are the other rows of D.  If we subtract from rh+j the

linear combination Y!¡=\ c^ri > we 8et ah elements in rows h+ j ( 1 < j < N-h)

of the matrix D congruent to zero mod /. Hence detD = lN~hd, where d eZ,

d 9¿ 0, and the result follows.

Further we will consider the system of congruences (S) depending on the

Stickelberger ideal I~ .

1.7. Definition. The following system of congruences will be denoted by (S) :

(S) fa(t) = 0 (mod /)   for each a e/".

The system (S) was introduced in a slightly different form in [20, 1.3]. The

following connection of the systems (K) and (S) was shown in [21, 2.6, 2.11].

1.8. Theorem. Let x be an integer, r £ -1 (mod /). Then x is a solution of

the system (AT) if and only if -x is a solution of the system (S).

1.9. Remark, (a) Each integer x = -1 (mod /) is a solution of the system (AT),

since the Mirimanoff polynomial <p¡(t) is divisible by the polynomial t+l (2 <

i < I — 1) in the ring Z[t].
On the other hand we get from [20, 1.5]:
(b) Any integer a = 1 (mod /) is not a solution of the system (S).

(c) Let T, a be integers,  x = 1 (mod /), a = -1 (mod /).  Then t is a

solution of the system (AT) and o is a solution of the system (S).

Proof. For even m, 2<m</-3,we have tpm+i(l) = -YlvZ\(-^)Vvm -

0 (mod /). The result follows from 1.8.
Further for the Mirimanoff polynomial (p¡-i(t) the following assertion holds:
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(d) We have for an integer x = 1 (mod /)

c>i_i(x) = 0   (mod/)

if and only if
9/(2) = 0   (mod/).

Here, q¡(2) = (2/_1 - 1)// means the Fermât quotient of the prime / with

base 2.

Proof. We have

l-\

tp,_x(x) = ^(-l)8-1*   (mod/)

v=\

N N

= -£^ + £(7^)
v—1 v=l

N

= -£?J   (mod/) = 2c7/(2)    (mod/)

according to Eisenstein's Theorem [6, 1850].

2. The theorem concerning a solution of (S)

2.1. Definition. For 1 < x, y < I- 1 let a(x, y) be the least positive residue

of xy (mod /), hence a(x, y) eZ, 1 < / - 1 and a(x, y) = xy (mod /).

We also have

a(x ,y)=xy- l[xy/l] = l(xy/l),

where (u) is the fractional part of a real number u.

For / e Z put

D(t)  = D,(t)  =  {ft*'*  + t{l-a{X>y)))l<x,y<N.

D(t) is a square matrix of order N over Z.

In the paper [23, 4.13] a matrix D^(t) (N means here an integer > 3) was

defined which for N = / differs from this matrix D(t) only by multiplication

by t~x and a suitable permutation of rows.

2.2. Proposition. Let an integer x be a solution of the system (S).  Then for

each 1 < y < N and each a = £, Qis' € /~ we have

N

Y,a-indvV(Ta{v'y) + rl-a{v'y)) = 0   (mod /).

v=i

Proof. Let 1 < y < N and a = £V a¡s' e I~ . Then

sl-i-i*dya = J2 b,sl e r   and   bt = a,+indy       (0 < / < / - 2).
i

Thus
/-i

0= £è-1nd^Tu    (mod/)

v=\

l-\

—   / j &—indvyVt   >

v=l
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from which
/-i

Y.a-^dvyV-xv = 0   (mod/)

follows.
If we put w = vy (mod /), 1 < w < I - 1 , we get

/-i

0 = £ a_indwwxa{w'y)    (mod /)

tii=i

N N _

= £ a-mdwwxa^' >y) + £ a_im.w)(l-w)xa(l-w -y>

w=\ w=\

N

= 2 £ a_mdffiW(Tfl(,i -y) + x'-a{w'y))   (mod /).

iti=i

The result follows immediately.

2.3. Theorem. Let an integer x be a solution of the system (S). Then r(D¡(x))

<i(/)-

Proof. Consider the system of linear congruences

N

(*) £^(Ta("'>,) + T/-û(w'>')) = 0(mod/)      (l<y<N)

v=\

with unknowns (\, ... ,(n • The number of solutions of the system (*) is equal

to /" , where v = N- r(D(x)).

According to 2.2 for each a — Y^iais' e l the integers {a-indVv: 1 < v <

N} form a solution of the system (*).

The we get lN~W < V = /Ar-r(D(T» from Theorem 1.1 and the result follows.

2.4. Proposition. Let x e Z. We get from the matrix D(x) by a suitable

permutation of rows and columns the left circulant matrix C(c0, C\,... , cN-i),

where cm = xTm + xl~Km   (0 < m < N - 1 ).

Proof. For 0 < / < N - 1 put

()-[n for r,<N,

ni)~\l-ri   for r¡>N.

Then ip is a bijection from the set 0,1, ... , N-1 onto the set {1, 2, ..., N} .

Let D(x) = (Sxy)i<Xiy<N, C(c0, cu ..., cN-\) = (yij)o<ij<N-i be the left

circulant matrix, where cm = x'm + xl~'m   (0 < m < N - 1).

Then y¡j - cm , where m = i + j (mod N) and 0 < m < N - 1 . Hence

Then we get from 1.3.

2.5. Proposition. Let x e Z and let «i, n2 be the numbers of k 's integers

(0 < k < (I - 3)/2) with the properties

N

£(t' + xl-')t2kt2k = 0   (mod/),

t=\



SOLUTIONS OF THE KUMMER SYSTEM OF CONGRUENCES 593

/-I

£t/m = 0   (mod/),

t=\

respectively.

Then ni = n2 and

r(D)(x)) + m = r(D(t)) + n2 = N.

Acknowledgment. When discussing the volume of this paper with Andrew

Granville he drew my attention to the fact that the polynomials Ylt=l T't2k

in the indeterminate x (0 < k < (/ - 3)/2) are the Mirimanoff polynomials

<Pik+\ (_T) and then he suggested another proof of Theorem 2.3 based on noting

that «2 = card{l < j < l-^: (pi-2j(-t) = 0 (mod /)}. I would like to thank

him for his advice and also for his patience by the discussion of this article.

3. Special matrices P and Q

In this section we will assume / > 5 .

3.1.   Notation.   For 1 < x, y < N put

1    for a(x,y) <{ or ^ <a(x,y),

0   for | < a(x, y) < % ,

1    for L <a(x,y) < ¿ or \l<a(x,y) < f,

P(x,y)

Q(x,y) = I
0   otherwise.

Further put

P = (p(x,y))i<Xty<N,    Q = (q(x,y))i<x,y<N,

p(x)=    £    xind',     q(x)=      £      xind'.

l<i<[//4] [//6]<f<[//3]

Then P and Q are square matrices over Z of order N and p(x), q(x) e

Z[x].

3.2.   Proposition, (a) We get from the matrices P,Q by suitable permutations

of rows and columns left circulant matrices.

(b) r(P) = N- card I 0 < k < N- 1 :    £    tlk = 0 (mod /) 1 ,
l l<í<[//4] I

(c)      r«2) = /V-card^ {0^/t^A7- 1:       £      t2k = 0 (mod /) ^ ,

[//6]</<[//3]

Il ^(i2/c:(d) |detF|=   n^(i2")  >     ldetÖI
lfc=0 i:=0

w/jere C denotes a primitive I - 1st root of unity.

Proof. Put (as in the proof of 2.4)

( r, for r¡ < N
y/(i) = \ (0<i<N-V

w     I l-n   for r¡>N    K   -   -
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Further let yu =p(y/(i), y/(j)), Su = q(y/(i), y/(j)) and C = (y¡7)0<,j<;v-i,

D = (âij)o<i,j<N-l ■
Clearly, the matrices C and D are left circulant matrices. Since for 1 <

/ < N we have

1    for t < | ,

K0   for t > 4

and

*M,-fd,0-ii  *fi<.'<1'
( 0   otherwise.

We get assertions (b) and (c) from 1.3.

The polynomials

N-l N-l N-l N-\

£ 7ojXJ = £ P(l, yt/))*/   and    £ ¿0^ = £ ?(1, <"0'))xy

7=0 ;=0 7=0 7=0

are the associated polynomials of C, D (respectively), so we obtain assertion

(d) (1.3(h)).

3.3.   Theorem.  detF-detg^O.

Proof. Let £ denote a primitive /- 1st root of unity. Since p(l)q(l) ^ 0, it is

to be shown (according to 3.2(d)) p(Ç2k)-q(Ç2k) # 0 for each 1 < k < (l-3)/2.
Let 1 < k < (I - 3)2 .

For t e Z put

«« = »*w- (0       for///>

1 for t = 1 (mod 4),

¡  -1 for / = 3 (mod 4),

0 for 2/t,

1 for t = 1 (mod 3),

0 = {-l for r = 2 (mod 3),

0      for 3//,

y/i(t) = x\(t) ■ oj(t),    y2(t) = xi(t) • oj(t).

Then co, x\ > X2, W\, ¥2 are Dirichlet characters with conductors I, f =

4, f2 = 3, fl = 41, f2l — 3/ (respectively), co is an even character and

Xi, Xi, ¥1, ¥2 are odd.

For j = 1, 2 put

7) = £x^(x)       (l<x<fjl).
x

(Tj = fjlBx(ipj), where Bn(x) mean the generalized Bernoulli numbers defined

at the beginning of §4.)
The following relation is well known (e.g. [27, Theorem 4.9]):

(a) 7)#0.
For i6 Z put

ß(i) = Yda)(t)       (\<t<l-l, t = il (mod 4)),
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y(/) = £ta(0       (1 < í < / — 1, * = /7(mod6)).
í

Since to is an even character, we have for i eZ, ß(i) = ß(l-i), y (i) = y(l- i)

and since
ß(0) + ß(l) + ß(2) + ¿8(3) = 7(0) + ■ • • + y(5) = 0,

we get

(b)

ß(l) = ß(0),     ß(2) = ß(3) = -ß(0),

y(l) = y(0),     7(5) = y(2),     y(4) = y(3) =-y(0)-y(2).

We have

l-l    3

Ti = ¿2¿2(x + yi)xi(x + yi)co(x)
x=\ y=0

i-l 3 l-\ 3

= £ xco(x) £ Zi (x + y/) + / £ eo(x) £ Ml (x + y/)

x=\ y=0 x=\ y=0

l-l 3

= /£oj(x)£M!(x + y/)

= l[ß(l - 1) - ¿3(3/ - 1) + 2jf?(/ - 2) - 2/3(3/ - 2) + 3/J(/ - 3) - 3ß(3l - 3)]

= 8/(-l)/+1/2/3(0).

Hence, according to (a),

(c) 0(0)^0.
Further we have

l-l    2

Ti=¿Z¿Z^ + yl)X2(x + yl)co(x)
x=l>>=0

l-l 2 l-l 2

= £ xco(x) £ xi(x + y 1) + l £ co(x) £ yx2(x + y I)
x=l y=0 x=\ y=0

l-l 2

= /£w(x)£^2(x + y/)

x=l y=\

2

= i¿ZyW-y) + y(i-y + i)-yW-y)-y(2i-y + 3)]
v=l

6/7(2)      for / = 1 (mod 6),

-6/7(2)   for / = 5 (mod 6).

According to (a) we have

(d) 7(2) <0.
Since

ß(0)=    £    co(4t) = a>(4)    £    to(t) = co(4)p(C2k),

l<'<[//4] l<i<[//4]

(c) implies p(C2k)¿0.

-{
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Further we have

7(2)=£oj(?)    (1 <í</-l, i = 2/(mod6))
t

£ co(2l + 6h)

-[//3]<A<-[//6]-l

£ co(6h)
-[//3]<A<-[//6]-l

= a>(6) £ «(-A)

-[//3]<A<-[//6]-l

= ©(6)      £      œ(h)
[l/6]<h<[lß]

= co(6)q(ek)

and (d) implies q(Ç2k) / 0. This concludes the proof.

3.4.   Proposition.

detPI <
(/-l)/4

.    | det ßl
/+1 (/-l)/4

6

Proof. We use Hadamard's lemma [4, p. 260]: "Let D = det(ars)i<r:S<n be

a real determinant of order n and let ar (1 < r < n) be nonnegative real

numbers defined by the formula:

n

£ "I = a2.

Then \D\ < ax ■■ ■ a„ ."

According to 3.2(a) the matrices P, Q have the same number of l's in each

row, namely [|], [l-^-], respectively. The result follows.

4. The index of ^-irregularity

Let x be a Dirichlet character of conductor /. The generalized Bernoulli

numbers B"(x) (belonging to x) are defined by

/
X(a)teat     ^Dn/„Jn

£^T = £^(^-

These generalized Bernoulli numbers were defined by Leopoldt [14] in 1958.

If Xo is the principal character, then

B"(xo) = Bn       (n>0, n¿l),    Bx(Xo) = { = -Bx.

If Xi y X2 are the characters with conductors 4, 3 respectively, then for n > 1

B"(xi) = -2-nEn-l,    B"(X2) = -\nD„-1,

where En are the Euler numbers defined by the recursion formula:

(E+l)" + (E-l)n = 0       (n>l),     F0=l,
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and Dn are the Z)-numbers defined as follows:

(D+l)n + (D-l)n + D" = 0       (n>l),    Do=l.

In 1979, Ernvall [7, 3.1] defined the /-irregular pairs, and in 1985 [8] he
defined the index of /-irregularity of / as the number of these /-irregular pairs.

For x = Xi > X = X2 the /-irregular pair is called an F-irregular pair, as D-

irregular pair, respectively. Such pairs are just the pairs (/, 2k), 1 < k < ^ ,

I/E2k , l/Dik > respectively. The number iE(l), iD(l) of such pairs is called
the index of E-irregularity of I, the index of D-irregularity of I, respectively.

According to definition the (ordinary) index of irregularity i(/) of / is the index

of ^o-irregularity of / and

iE(l) = card11 < k < ~: l/E2k\ ,    iD(l) = cardjl < k < ¡-=^: l/D2k\.

The following theorem is due to Ernvall [7, 4.2, 4.5] but the statement (a)

follows immediately from the congruence (20) in Emma Lehmer's paper [13,
1938].

4.1. Theorem. Let 1 < k < ^ .

(a) A pair (1,2k) is E-irregular if and only if

£    t2k = 0   (mod/).

I<'<[//4]

(b) A pair (1,2k) is D-irregular if and only if

£    t2k = 0   (mod /).

l<i<[//3]

For 1 < k < ^ use the notations

a(k)=    £    t2k,    b(k)=     £     t2k,

l</<[//6] [//6]<K[//3]

c(k) =     £    t2k.

[//3]<r<[//2]

Then a(k) + b(k) + c(k) = 0 (mod /) and according to [6, §4.3] we have

4.2. Lemma.

22ka(k) = (22k + l)(a(k) + b(k))    (mod /).

This lemma and 4.1 (b) prove the following result:

4.3. Proposition. Let 1 < k < l-^ . Then the following assertions are equiva-

lent:
(a) (I, 2k) isa D-irregular pair,

(b) b(k) = 0 (mod /),
(c) a(k) = b(k) = c(k) = 0 (mod /),
(d) a(k) + b(k) = 2c(k) (mod /).

Similarly
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4.4. Proposition. The following assertions are equivalent for 1 < k < l-^ :

(a) a(k) = c(k) (modi),
(b) b(k) = 0 (mod/) or 22k+x +1 = 0 (mod /).

4.5. Theorem.

wxK'-âî) f°r,ï7'

i£(3) = iD(3) = io(5) = 0.

Frao/. According to 3.2(b), (c), Theorem 4.1(a) and 4.3 we have for / > 5 and

for the defined matrices P, Q

r(P) = N - iE(l),    r(Q) = N-iD(l).

We get from 1.4, 3.3 and 3.4

.   ...      / /,     log4\
l£(/) < 4 i1 - loi/J '

b(/) < K1 ~ lof/)    fOT/sl(mod6),

.   ...     /- 1 /log(/ + 1)     log6\ .
lß(/) < _ (-J^-2 - _j    for / = 5 (mod 6).

By means of the table of D-irregular pairs [7] we conclude the proof.

4.6. Remark. We get from results of Ernvall's paper [8, Theorem] for iE(l),

Íd(1) the upper bounds

/- 1     /- 1 (loglogZ + AQ

4    +    2 log/

where M is a constant dependent only on the sequences of Euler or D-numbers.

This bound is larger than that in Theorem 4.5.

4.7. Notation. Put

p(l) = card 11 < k < l-^- : 22k+x + 1=0 (mod /) j .

4.8. Proposition.

"(/) < 2taÉ7-
Proof. For an integer x, 3<x</-2,we have 2X + 1 =0 (mod /) if and only

if jcind2 = (/-l)/2(mod/-l). Let <5 = gcd(/-l, ind2) and let l-l =8-X,
ind2 = S • p. Then the congruence xind2 = (/ - l)/2 (mod / - 1) is soluble

if and only if 2/X. In this case it has S solutions and 2X/2 + 1=0 (mod /).

Since p(l) = 0 for a Fermât prime, we can assume 2XI2 > I, hence

...      .     l-l      /log 2
„(/)<* = _<_.

We get from Carlitz's bound for the first factor of the /th cyclotomic field

[4, 1961]:
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4.9.   Theorem.
....      / /       l+log4\     1
l(/) < 4 i1 - -iojr)+ r

Proof. According to (26) in [4] we have for the first factor h~  of the /th

cyclomic field
. (m- l)\ for I = 4m + I

h   <
((m-I)

lOi-l)(m-l)\mxl2   for / = 4m + 3.

Then m = [£] and

m-l . .m

log/7" < £logi + -logm< /   lo%tdt
t=2 2 h

+ -log- < -(log/-log4- l) + -log/.

The result follows by noting that /l(/) < h~ . we get from 4.5, 4.8 and 4.9

4.10.   Theorem. For I > 5 we have

i(/) + i£(/)<~,   i(i) + iD(i) + p(i)<L_l,

5. Solutions of order 3, 4 and 6 of (5)

5.1. Proposition. Let x be an integer with order 4 mod/ (i.e. integer x belongs

to exponent 4 with respect to modulo I). Then

r(D,(x))=l-^-iE(l).

Proof. We have / = 1 (mod 4), x2 = -1 (mod /), x3 = -x (mod /) and

T4 = 1 (mod /). According to 2.5 r(D¡(x)) = N - «i , where «i means the

number of integers k , 0 < k < (I - 3)/2 such that

N

£(t' + x'-')t2k = 0   (mod/).

¡=i

For t e Z put

Í 1      for t = 0 or t = 1 (mod 4),

C(/)     1-1    for t = 2 or t = 3 (mod 4).

Then
N N

£(rr + x'-')t2k = ( 1 + t) £ e(0?2Á:   (mod /).

t=i /=i

Since 2ji e(0 = 0 and j£, í2¿ = 0 (mod /) for 1 < k < (I - 3)/2, the
number n\ - 1 equals the number of integers k  (1 < k < (I - 3)/2) with

N

£ t2k(t = 0 or / = 1 (mod 4)) = 0   (mod /).

;=i
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Since

£í2^(í = 0orí= 1 (mod 4))

N N

= £ t2k(t = 0 (mod 4)) + £(/ - t)2k(t = 1 (mod 4)) (mod /)

N

t=l t=l

= 42k    £    t2k,

l<i<[//4]

we get the proposition from Theorem 4.1.

Then Theorems 2.3 and 4.10 give the following:

5.2. Theorem ("Morishima's" case). Any integer x with order 4 mod / is no

solution of the system (S).

5.3. Proposition. Let x be an integer with order 6 mod /. Then

r(D,(x))>l-^-iD(l)-p(l).

Proof. We have / = 1 (mod 6),   x2 = x - 1 (mod /),   t3 = -1 (mod /),

t4 = -t (mod /), t5 = 1 - t (mod /) and z6 = 1 (mod /). For t e Z put

{1 for t = 0 or t = 1 (mod 6),

0 for t = 2 or t = 5 (mod 6),

-1    for t = 3 or t = 4 (mod 6).

Then for an integer k, 0 < k < (I - 3)/2 , we have

N N

£(t' + xl-')t2k = (1 + t) £ e(x)t2k    (mod /).

/=1 r=l

Since 2~IíLi e(0 = 0> T(D(r)) = N — ni according to 2.5, where nx - 1 is the

number of Ac's, 1 < k < (I - 3)/2, with the property

N

£e(i)?2/c = 0   (mod/).

The following holds:

N

£ t2k(t = 0 or t = 1 (mod 6)) = £ t2k(t = 0 (mod 6))

t=\ t=i
N

+ £(/-/)2A(i= 1 (mod 6))    (mod/)

= £(6?)2/f (!</<(/- l)/6) = 62/cfl(/:)
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(definition of a(k) and c(k) behind 4.1),

N

£í2*(í = 3or/ = 4(mod6))

N N

= £ t2k(t = 3 (mod 6)) + £(/ - t)2k(t = 4 (mod 6)) (mod /)

í=i
N

(=1 t=\

l-l

= £r2fc(i = 3) (mod 6))

í=i

= £(6? + 3-6(/-l)/6)2/c(l<i<(/-l)/6)

= 62A:£(/-i-/V)2/:(l <t<(l- l)/6) (mod /) = 62kc(k).

t

Therefore «i - 1   equals the number of Ac's,   1 < Ac < (/ - 3)/2, with the

property a(k) = c(Ac) (mod /).

Using 4.3 and 4.4 we get «i - 1 < io(/) + p(l), and we are done.

5.4.   Proposition. Let x be an integer with order 3 mod /. Then

r(D,(x))=l-^--iD(l).

Proof. Let / = 1 (mod 6) and put for t e Z.

1      for t = 0 or t = 1 (mod 3),£(?) = { I
2   for t = 2 (mod 3).

Since t2 = -(1 + t) (mod /) and t3 = 1 (mod /), we have for an integer Ac,

0 < Ac < (/- 3)/2,

£(t' + xx-'t2k = (1 + t) £e(A)i2A:   (mod /).

/=i í=i

Similarly as in the proof of 5.3 r(D(x)) = N - n\, where «i is the number

of Ac's, 1 < k < (I - 3)/2 such that

N

£e(A)A2¿ = 0   (mod/).

í=i
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We have for 1 < Ac < (/ - 3)/2

£ t2k(t = 0 or t = 1 (mod 3)) = £ t2k(t = 0 (mod 3))

í=i t=i
N N

+ £ t2k(t = 1 (mod 3)) = £ t2k(t = 0 (mod 3))

í=i t=\
N

+ £(/ - t)2k(t = 1 (mod 3)) (mod /)

i=i
i-i

= £ t2k(t = 0 (mod 3)) = 32k(a(k) + b(k)),

t=i
N

£/2fc(i = 2 (mod 3))

t=i

= £(3i + 3(/-l)/3)2*  (\<t<1-^)  (modi)

= 32kc(k).

The result follows immediately from 4.3.

Theorems 2.3, 4.10 and Propositions 5.3, 5.4 give the following result:

5.5. Theorem ("Pollaczek's" case). Any integer x with order 3 or 6 mod / is

no solution of the system (S).

6. Solutions of (S) with "small" orders

6.1. Let n, k, x be integers, n > 5, Ac > 1, and let order of x mod / equals

n . Assume that there exist subsets Xx, ... , Xk , Yi, ... ,Yk of {1,2, ... , N}

with the following properties:

(a) the sets X¡, Yj form complete sets of residues modulo n  (1 < i, j < k),

(b) for 2< j <k the following holds: x e Xj, y eYj =*• / < xy < 2/,
(c) for 1 < j < i < k we have x e X,■, y e Yj => xy < I,

(d) x e Xi, y e Yi U ■ • • U Yk => xy < I.
Note that then the collections of sets {Xi, X2, ... , Xk} and {Yu Y2,...,Yk}

are pairwise disjoint.

6.1.1. Proposition. The columns cy (ye YiU---llYk) of the matrix D¡(x) are

linearly independent over the Galois field Z/IZ.

Proof. Let Y = Y\ U • • • U Yk and let ay eZ for each y e Y such that

Y,ayCy(yeY) = 0   (modi).
y

Then we have for each 1 < x < N

J2ayxa^x'y)(ye Y) + xY,ayxa{x>y](ye Y) = 0   (modi).
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Denote by / the bijection from Y onto Y defined by

y = Yj ( 1 < j < k) => f(y) e Yj,    f(y) = -y (mod n).

(This mapping is well defined because the sets Yj are complete sets of residues

(mod n) and they are pairwise disjoint.)

Since for each x e Xi and y e Y, a(x, y) = xy and (n - l)xy =

xf(y) (mod n), we have

0 = £^t^(^ e Y) + t£û>,t*/(% e Y) (mod /)

y y

= y£^y(ay + Tany))(yeY)
y

n-l

- £rXt £(^ + tam)(ye Y ' j' -? (mod ")) (mod o '
(=0 y

thus for each 0 < t < n - 1

(1) £(ay + xafly))(y eY ,y = t (mod «)) = 0 (mod /).
y

Let Ac = 1. Then ay + T<2/(y) = 0 (mod /) for each y e Y. For 0 < i < n-l

put b(i) = ay , where y = Y , i = y (mod «).
Then

¿(0)(l + T) = 0(mod/),

hence b(0) = 0 (mod /).
For 1 < /' < n — 1 we have />(/) = -xb(n - i) (mod /), therefore also

b(n - i) = -xb(i) (mod /).
It follows b(i) = x2b(i) (mod /), hence b(i) = 0 (mod /), which shows that

ay = 0 (mod /) for each y e Y.
Let Ac > 1. For 0 < t < n - 1 put

bt = £(fly + Tfl/M)(j; 6 F - Yk, y = t) (mod «))

y

ct = ay,    dt = ra/(>.),    where y eYk, y = t (mod «).

According to ( 1 ) we have for each 0 < t < n - 1 :

(2) ct + bt + dt = 0   (modi).

Let x e Xk . Then

y y

+ *Y,af(y)rXy(y ^Y~yk) + *Y,af(y)rXy+l(y€ Y¿ (mod ;)

n-t

E
(=0

-JCÍ-1 £ 1(0^ + xaf{y)) (yeY-Yk, y = t (mod /?))

+ £(«>' + ^af(y))(y G Ffc ,  j; = i (mod «))
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thus we have for each 0 < t < n - 1

(3) ct + xbt + x2d, = 0   (mod /).

Congruences (2) and (3) imply

ct = xdt(mod I)   for each 0 < t < n - 1.

Since do = xcq = x2do (mod /), we have Co = do = 0 (mod /).

For I < t < n - I the following holds

dt — xcn-t = x2dn-t   (mod /) = t3c, = x4dt   (mod /),

thus ct = dt = 0 (mod /).
It follows ay = 0 (mod /) for each y 6 Xk . Using mathematical induction

for Ac we obtain the proposition.

6.2.   Proposition. Let

5<«<^///2,  Ac = [-1/2« + Vn2 + 4/«/2«2] + 1.

Then there are subsets Xi, ... , Xk, Y{, ... , Yk  of {1,2, ... , N}  with the
properties (a)-(d) from 6.1.

Proof. Put Xi = Xi = Yi = {1, 2, ... , n}.  If Ac = 1 , then X{, Yx  possess
the given properties. Assume Ac > 1 .

For 1 < h < -1/2« + vV + 4/«/2«2 put

Xh+i = {xeZ: l/(hn + 1) < x < l/hn},

Yh+i = {y e Z: hn + 1 < y < (h + 1)«}.

It is only a technical matter to prove that the sets X_i, ... , Xk, Y{, ... ,Yk

fulfil the conditions (b)-(d) from 6.1. Since cardX, > n, the proposition

follows.

6.3.   Proposition. Let 5 < n < y 1/2 and let x be an integer of order n mod /.

Then r(D¡(x)) >[^Y[ñ].

Proof. According to 6.1.1 and 6.2 we have r(D¡(x)) > kn , where Ac = [-l/2n +

v"«2 + 4/«/2«2] + 1.

The result follows by noting that Ac« > \Jl/n - 1 .
Using Proposition 6.3 and Theorem 2.3 we get

6.4.   Theorem. Let 5 < « < ^ 1/2 and let x be a solution of the system (S) of

order « mod /. Then i(l) > [\JTjn].

1. Solutions of (S) with "large" orders and conclusion

7.1.   Proposition. Let 1 < m < i///2 and let x be an integer of order mod /

greater than 2m . Then r(D/(x)) > m .

Proof. We show that the first m columns Ci, ... , cm of the matrix D¡(x) are

linearly independent over the Galois field Z//Z.

Let ay e Z  (l < y < m) such that

£<3ycJ, = 0   (mod /).

y=l
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Then for each x (1 < x < 2m) we have

m m

£ ayxxy + £ ayxxxy = 0   (mod /)

y=l y=l

which is a system of 2m linear congruences with 2m unknowns ay, ayx (1 <

y < m) with the Vandermonde determinant (multiplied by factors xy ,xy)

d = det(xxy\xxy)       (l<x<2m,  l<y<m).

Since order of x mod / is greater than 2m, d =á 0 (mod /), hence ay =

0 (mod /) for each 1 < y < m , and we are done.

This proposition and Theorem 2.3 imply

7.2. Theorem. Let 1 < m < \JTJ2 and let x be a solution of the system (S)

of order mod / greater than 2m. Then i(l) > m .

7.3. Corollary. Let there exist a solution of the system (S) oforder I- 1 mod /

and I > 5. Then i(l) > [y/Tj2].

7.4. Corollary. Let there exist a solution of the system (S) of order mod /

greater than sJT/2. Then i(l)>{y/Tß\.

7.5. Remark. If x is a solution of the system (S) with x ^ 0 (mod /) and

x i£ -1 (mod /), then i(/) > 2, hence / > 157.

Proof. According to Theorems 5.3 and 5.5 we have for the order « of x mod /,

« > 5 and « # 6, hence / > 11 . According to 6.4 and 7.4 we have

i(/) > min |  yfl/S   ,   [v^7] | > 1

and therefore i(/) > 2 for / > 32 .

The result follows from the tables of irregular primes [1, Table 9].

7.6. Theorem. If there exists a solution x of the system (S), x ^ 0 (mod /),

t =á -1 (mod /), then i(l) > [f/Tjl].
Proof. We can assume according to 5.3 and 5.5 that « > 5, where « is order

of x mod /. Further, according to 7.5 assume I > 157.

It follows from 7.4  i(/) > [-JÏJQ > [i/TJl] for « > y/TJl.
If n < \Í4l, then « < y/T/2 and according to 6.4 i(/) > [y/T/n] > [{/T/2].

If \[4l < « < y/T/2 put m = [(« - l)/2]. Then we get from 7.2

i(/)>[(H-l)/2]>^-l>^///2-l,

hence i(l) > [1/7J2].

1.1.   Remark. Under assumptions of 7.6 we have / > 150,000 and i(/) > 42.

Proof. By the statement in Remark 7.5, / > 157, so according to Theorem 7.6,

i(/) > 4. Using again the tables of irregular primes (e.g. [1, Table 9]) we get

/ > 432, therefore by Theorem 7.6, i(/) > 6.

Since, according to the latest tables for the index of irregularity by Tanner

and Wagstaff [24, 1987] and Wagstaff [26, 1978], i(/) < 5 for /< 150,000,
Theorem 7.6 concludes the proof.
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Using quite recently made out tables of the index of irregularities by Buhler,

Crendall and Sompolski [3, 1991] (maxi(/) = 6 for / < 106) we get

/ > 106   and   i(/) > 62.

7.8. Remark. By Washington [27, Chapter 6, §6.5] probability arguments in-

dicate i(/) = 0(log//loglog/). Therefore we can conclude (1.8, 1.9(a), (c) and

7.6) that besides x = 0 (mod /) and x = ±1 (mod /) the Kummer system of

congruences has with great probability no solution.
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