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THE ORDERS OF SOLUTIONS OF THE
KUMMER SYSTEM OF CONGRUENCES

LADISLAV SKULA

ABSTRACT. A new method concerning solutions of the Kummer system of con-
gruences (K) (modulo an odd prime /) is developed. This method is based
on the notion of the Stickelberger ideal. By means of this method a new proof
of Pollaczek’s and Morishima’s assertion on solutions of (K) of orders 3, 6
and 4 mod / is given. It is also shown that in case there is a solution of
(K) # 0, £1 (mod /), then for the index of irregularity i(/) of the prime /

we have i(/) > [{/1/2].

INTRODUCTION

In 1857, Kummer [12] introduced the following system of congruences (in
equivalent form) for an odd prime /

(K) Byjgr;=0(modl)  (1<j<(-3)/2),

where B,; means the Bernoulli number (By =1, B, = %, B, = %, B; =0,
By=—4,...) and ¢;(t) = XL (=) wiv1e (1< i <I-1) the Mirimanof
polynomial.

The system (K) will be called the Kummer system of congruences.

Kummer showed that if the First Case of Fermat’s Last Theorem for the
prime / fails and x, y, z are integers not divisible by / with x/+y/+ 2/ =0,
then each t € G = {x/y,y/x,x/z,z/x,y/z, z/y} is a solution of (K). It
is easy to see then also the congruence ¢;_,(¢) =0 (mod /) is satisfied for each
teG.

In 1917, Pollaczek [17] “proved” that if ¢t € G, then ¢ cannot have order 3
or 6 mod /, and in 1931, Morishima [16] “gave a proof” of the same for order
4. These “proofs” have not been accepted as correct mathematical proofs but
Gunderson [10, 1948] corrected them (for detail see [9]).

The aim of this paper is not an analysis of these proofs but rather to propose
a new proof (actually for any solution of (K)) using a quite different method.
This method allows us to extend these results to other orders mod / of a solution
for certain upper bounds of the index of irregularity of / (§§6 and 7).

The basic steps of this method are the following:
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(1) The Kummer system (K) of congruences is transferred to a new system
(S) depending on the Stickelberger ideal I~ ((1.7) and (1.8)), as in my paper
[20, 1982].

(2) For a solution 7 of (S) we introduce a matrix D;(t) which plays the
role of the matrix of coefficients of a system of linear equations over the Galois
field Z/IZ derived from the system (S). The elements of the Stickelberger
ideal I~ play here the role of solutions of this system (2.2).

(3) We use the formula giving the number of elements of the Stickelberger
ideal I=(/) (The Stickelberger ideal I~ considered mod /) proved in my paper
[22, 1986] (1.1):

card I~ (/) = [N-1D
where N = (/—1)/2 and i(/) denotes the index of irregularity of the prime /.

This implies r(D;(7)) < i(/), where r(D;(t)) means the rank of D;(t) over
the Galois field Z//Z (Theorem 2.3).

(4) The core of this method is to give some bounds for r(D;(z)) and i(/)
leading to a contradiction with the above inequality.

For the index of irregularity i(/) we use a bound (4.9) derived from Carlitz’s
bound for the first factor of the /th cyclotomic field [4, 1961].

(5) If 7 has order 4 mod / (Morishima’s case), then

r(Dy(7)) = (1 - 3)/2 -

(5.1), and if 7 has order 3 mod / (one of Pollaczek’s cases), then

r(Dy((1)) = (I = 3)/2 —ip(l)

(5.4). Here ig(l), ip(/) is the 1ndex of E-irregularity of /, the index of D-
irregularity of /, respectively. E symbolizes the Euler numbers and D the
D-numbers defined by Kleboth [11, 1955] by the recursion formula

(D+1)'"+(D-1)"+D"=0 (n>1), Dg=1.
These general indices of irregularity were introduced by Ernvall [8, 1985],
where he also obtained an upper bound for them. For our needs we have had
to improve Ernvall’s bound, which was done by using the special matrices P

and Q in §3 (3.4, Theorem 4.5).
In Pollaczek’s other case, T has order 6 mod /, we use the inequality

1(Dy)(t) > (1 = 3)/2 —ip(l) — u(l)
(5.3), where u(/) means a special function defined in 4.7 with an upper bound
in 4.8.

It seems that the depth of Pollaczek’s and Morishima’s Theorems consists
in the proof of nonvanishing of detP and detQ (Theorem 3.3). Here, the
theorem Za ; X(a)a # 0 for an odd Dirichlet character y of conductor f is
used.

At the conclusion we give a general theorem (7.6) on the existence of a non-
trivial solution of the system (S). In this case we get i(/) > [{/1/2].

Note that Eichler [5, 1965] proved: “If the First Case of Fermat’s Last The-
orem for the prime / (/ > 3) fails, then [ (r = [V/I] — 1) divides the first
factor A~ of the /th cyclotomic field.” It was observed by Briickner [2] (and
Oberwolfach Conference 1975), Iwasawa, and Skula [19] ([27, §6.5]) that the
statement /”/h~ can be substituted for i(/) > [VI] - 1.

Uehara [25] improved this result a little.
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1. PRELIMINARIES

Throughout this paper we will use the following notations:

/ an odd prime
-1

N==

r a primitive root mod /

ind x index of an integer x(/ 1 x) relative to the primitive root r
of /

Z the ring of integers; the small latin letters will usually
denote integers

ri the integer (i € Z), 0<r; <[, r;=r' (mod /)

) the integer with | <v </-1, v-v =1 (mod /), where
veZ,ltv

G a multiplicative cyclic group of order / — 1

s a generator of G, hence G = {1 =5%,5,s2,...,5' "%}

>0 = Zﬁzgéi for suitable symbols J;

R =7Z[G] the group ring of the group G over the ring Z, thus
R={Y,ais':a;€Z}; for j€Zputa, =aq,
0<i<l-2, j=i(mod!/-1))

R = {a =3 ,ais' € R: a; + a;, -1y, = 0 for each i € Z}
={aeR:(1+s""D/2).q =0}, asubring of the ring R

I= {a € R: thereexists pe R, p-Y ,r_;is' =la}, the Stickel-
berger ideal of the ring R

I"=R"nlI the Stickelberger ideal of the ring R~

fult) = S Gingo T € Z[1] for a = ¥ ,ai5' € R

i(l) = card{1 <i < (/- 3)/2:1/By;} the index of irregularity of /

(M) the rank of a matrix M, the elements of which are integers,
over Z/IZ

I=(l)= {3°;ais': a; € Z/IZ with the property : there exist b; € a;

such that 3°,b;s' € I"}, the Stickelberger ideal mod /.

In 1986, Skula [22, Consequence 2.2] proved

1.1. Theorem. '
card I~ (/) = [N710),

1.2. Definition. Let ¢y, ¢y, ..., c,—; be complex numbers (n a positive in-
teger). The left circulant matrix C(c, ¢y, ..., cs—) of order n is a square
matrix C = (y;;) (0<1i, j<n—1) oforder n,where y;;=c, (0<1i,j,m<
n—1)and m=i+j (modn).

If we use the proof of the Konig-Rados Theorem [15, 6.1] we get
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1.3. Theorem. Let C = C(cy, ¢y, ..., Ccn_1) bealeft circulant matrix of order
N over the ring 7.
(i) Let v be the number of integers k, 0 <k < (I —3)/2, with the property

Zcmdtt”( =0 (mod /).

Then :
r(C)+v=N,
(cij=cifori,jeZ, i=j(mod N), 0<i<N-1.)

Further we have
(ii) det C = [Tpn_ (X2 Cinarl").

1.4. Proposition. Let D be a square matrix of order N over Z with detD # 0.
Then

log | det D|
N —-r1(D e
f(D) < log!
Proof. Let ry, ..., r, be a maximal linearly independent system of rows of the

matrix D over Z//Z . For 1 < j < N —h there exist integers c,(-j) (1<i<h)
such that

h
Thej = Zc}”r,- (mod /),

where 1., ..., ry are the other rows of D. If we subtract from r,,; the
linear combmatlon S cYr;, we get all elements in rows h+j (1< j < N—h)

of the matrix D congruent to zero mod /. Hence detD = [N~"d ,where d € Z,
d # 0, and the result follows.

Further we will consider the system of congruences (S) depending on the
Stickelberger ideal I~ .

1.7. Definition. The following system of congruences will be denoted by (S):
(S) fo(t) =0 (mod /) foreachael.

The system (S) was introduced in a slightly different form in [20, 1.3]. The
following connection of the systems (K) and (S) was shown in [21, 2.6, 2.11].

1.8. Theorem. Let Tt be an integer, t # —1 (mod /). Then 1 is a solution of
the system (K) if and only if —1 is a solution of the system (S).

1.9. Remark. (a) Each integer 7 = —1 (mod /) is a solution of the system (K),
since the Mirimanoff polynomial ¢;(¢) is divisible by the polynomial ¢+ 1 (2 <
i <Il-1) in the ring Z[¢].

On the other hand we get from [20, 1.5]:

(b) Any integer ¢ = 1 (mod /) is not a solution of the system (S).

(c) Let 7,0 be integers, 7 =1 (mod /), 0 = —1 (mod /). Then 7 isa
solution of the system (K) and o is a solution of the system (S).

Proof. Foreven m, 2 < m <[/ -3, we have ¢, (1) = —Z[:' (—1)o™ =
0 (mod /). The result follows from 1.8.
Further for the Mirimanoff polynomial ¢;_,(¢) the following assertion holds:

v=1
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(d) We have for an integer 1 =1 (mod /)
¢1-1(1) =0 (mod /)
if and only if
/(2)=0 (mod /).
Here, ¢;(2) = (2/~! — 1)/l means the Fermat quotient of the prime / with
base 2.

Proof. We have

-1
p1(7) = Z(—l)”-‘v (mod /)
N
+ 2 0=

(mod /) = 2¢;(2) (mod /)

N|

5
2

according to Eisenstein’s Theorem [6, 1850].
2. THE THEOREM CONCERNING A SOLUTION OF (S)

2.1. Definition. For 1 <x,y </-1 let a(x, y) be the least positive residue
of xy (mod /), hence a(x,y)€Z, 1</-1 and a(x, y)=xy (mod /).
We also have
a(x,y) =xy —llxy/l]=l{xy/l),
where (u) is the fractional part of a real number u.
For t € Z put

D(t) = Dy(t) = (18%9) 4 fI=ax 3y, o

D(t) is a square matrix of order N over Z.

In the paper [23, 4.13] a matrix Dy(¢) (N means here an integer > 3) was
defined which for N =/ differs from this matrix D(¢) only by multiplication
by ¢! and a suitable permutation of rows.

2.2. Proposition. Let an integer t be a solution of the system (S). Then for
each 1 <y < N andeach a=3,a;s' € I~ we have

Za—mdvv(T V) 4 gl-alv, y))EO (mod l)

Proof. Let 1 <y 5 N and a=Y,a;s' € I~. Then
s"‘“‘“dya=2bisiel‘ and b =a;nay, (0<i<I-2).

Thus

0= b inao¥t’ (mod /)

-1
— oy
= Za—indv;UT >
v=1
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from which
z A_indyV - T' =0 (mod /)

follows.
If we put wzv_(modl) 1<w< -1, weget

Z —mdwa a(w,y) (mOd [)

N N
Za—mdwa a(w.y) + za ind(/—w) (1_ ) all=w.»)
=1 w=1

N
Z A—ing W (T4 Y) 4 l=aw.9)y " (mod 1).

The result follows immediately.
2.3. Theorem. Let an integer T be a solution of the system (S). Then t(D(7))
<i(l).
Proof. Consider the system of linear congruences

(¥) Zé a@.y) 4 gl=a.9)y = 0 (mod /) (1 <y < N)

with unknowns &1, ..., & . The number of solutions of the system (x) is equal
to /Y, where v = N —r(D(1)).

According to 2.2 for each a = 3", a;s' € I~ the integers {a_jpq,0: 1 < v <
N} form a solution of the system (x).

The we get [V-i) < [v = [N=rD(®)) from Theorem 1.1 and the result follows.

2.4. Proposition. Let T € Z. We get from the matrix D(t) by a suitable
permutation of rows and columns the left circulant matrix C(cg, ¢y, ..., CN—1),
where cpy =t + i7" (0<m<N-1).
Proof. For 0<i<N-1 put
) {r,— forr; <N,
l) =
[ —r; forri>N.

Then y is abijection from theset 0,1,..., N—1 ontotheset {1,2,...,N}.
Let D(7) = (5xy)15x,y5N , Cleo,cry ..., enm1) = ()’ij)ogi,,g[v_] be the left
circulant matrix, where ¢, = " + 1t/ (0<m <N —1).

Then y;j =c¢p,, where m=i+j (mod N) and 0<m < N - 1. Hence

Vij =T T = By

Then we get from 1.3.

2.5. Proposition. Let T € Z and let n,, n, be the numbers of k ’s integers
(0 < k <(1—3)/2) with the properties

N
Y (e + )k =0 (mod /),
t=1
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-1
d t'* =0 (mod/),
t=1

respectively.
Then n, = ny and

r(D)(1)) + ny =r(D(t)) + ny = N.

Acknowledgment. When discussing the volume of this paper with Andrew
Granville he drew my attention to the fact that the polynomials Zf;ll Tk
in the indeterminate 7 (0 < k < (/ — 3)/2) are the Mirimanoff polynomials
¢2x+1(—7) and then he suggested another proof of Theorem 2.3 based on noting
that n, = card{1 < j < 53: ¢;_»;(~1) = 0 (mod /)} . I would like to thank
him for his advice and also for his patience by the discussion of this article.

3. SPECIAL MATRICES P AND Q

In this section we will assume /> 5.
3.1. Notation. For 1 <x,y <N put

x. 7) I fora(x,y)<tord<a(x,y),
pix,y)=

0 forfi<a(x,y)<3,
I fori<a(x,y)<foril<a(x,y) <3,

b ={
Further put

0 otherwise.

P=(p(x,y)i<x,y<n, Q=(4(X,))i<x,y<N >
p(X) — Z xindt’ q(x) — Z xindt.
1<e<[//4] [1/6]<t<[!/3]
Then P and Q are square matrices over Z of order N and p(x), q(x) €
Z[x].

3.2. Proposition. (a) We get from the matrices P, Q by suitable permutations
of rows and columns left circulant matrices.

2%
(b) r(P)=N—card{0§k§N—l: > tzkEO(modl)},

1<1<[1/4)

(c) r(Q)=N—card{{0§k§N—1: Z leEO(mOd[)},

[1/61<t<[{/3]

(d) |det P| = , ldetQ| =

bl

N-1
| J (%)
k=0

where { denotes a primitive | — 1st root of unity.
Proof. Put (as in the proof of 2.4)

N—-1
IT a(¢®)
k=0

o (n forr, < N .
= 0<i<N-1).
w(i) {l—r,» forr, > N O<is )
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Furtherlet y;; = p(w (i), w())), di; = q(w (i), w())) and C=(yij)o<i,j<n-1,
D = (dij)o<i, j<N~-1-

Clearly, the matrices C and D are left circulant matrices. Since for 1 <
t < N we have
1 fort< é,

Yoind: = P(1, 1) = {

0 fort>14,

ort<t<t
S0 =q(l. 1) = 3 3s
0inar = (1, 1) { 0 otherwise.
We get assertions (b) and (c) from 1.3.
The polynomials
N-1  N-l . N-l N ,
Yovox =) p(1w()x! and Yyt =) (1, w(i))x’
j=0 j=0 j=0 J=0

are the associated polynomials of C, D (respectively), so we obtain assertion
(d) (1.3(ii)).
3.3, Theorem. detP - -detQ #0.
Proof. Let & denote a primitive /— Ist root of unity. Since p(1)q(1) #0, it is
to be shown (according to 3.2(d)) p({?*)-q(¢{*) # 0 foreach 1 <k < (/-3)/2.
Let 1<k<(/-3)2.
For t € Z put
CZk ind ¢ forlj(l,
1) =w(t) =
(1) = (1) {o for I/t

{1 fort =1 (mod 4),

x1(t) =< —1 fort=3(mod4),
0 for2/t,
1  fort=1 (mod 3),
x2(t) = { —1 fort=2 (mod 3),
0 for3/t,

wi(t) = x1(t) - (1), wa(t) = x2(1) - @(1).
Then w, xi, X2, W1, wo are Dirichlet characters with conductors [/, f; =
4, =13, fil =4l, f,l = 3] (respectively), w is an even character and

Xis X2, Vi1, Yp are Odd.
For j=1,2 put

Ti=Yxwx)  (1<x<fl).

(T; = f;IB'(y;), where B"(x) mean the generalized Bernoulli numbers defined
at the beginning of §4.)

The following relation is well known (e.g. [27, Theorem 4.9]):

(a) Tj #0.

For i € Z put

By =Y w(t) (1<t<l-1, t=il (mod 4)),
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y(i)=Y o@) (1<t<I-1, t=il (mod 6)).
t

Since w is an even character, we have for i € Z, B(i) = f(1-i), y(i) = y(1-1i)
and since
B(0) + B(1) + B(2) + B(3) =»(0) +---+7(5) =0,

we get

We have
-1 3
Ti= )Y (x+yDhn(x +yho(x)
x=1y=0
-1 3 -1 3
=Y xox)Y nx+y)+1Y ox)> ya(x+yl)
x=1 y=0 x=1 y=0
-1 3
=1 (X)) yu(x+yl)
x=1 y=1

=B -1)=-BBI-1)+2p(—-2)-283]-2)+3B8(-3)-38(3]-3)]
= 81(—1)*12(0).
Hence, according to (a),

(c) B(0)#0.
Further we have
-1 2
=YY (x+yhxx+yho(x)
x=1y=0
-1 2 -1 2
=Y x0(xX) Y p(x+y)+1Y ox) Y yxa(x +yl)
x=1 y=0 x=1 y=0
1-1 2
=1 (X)) yra(x +yl)
x=1 y=I

=1

6/y(2) forl/=1 (mod 6),
—6ly(2) for /=5 (mod 6).
According to (a) we have

(d) »(2) <0.
Since

BO= S w@dn=w@d) Y o) =w@pl),

1<1<[1/4] 1<e<[1/4]

(c) implies p({%%) #0.
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Further we have

72) =Y () (1<1<l-1, t=2l (mod 6))

= > (2l + 6h)
=[1/3]1<h<—[1/6]-1
= > w(6h)
—[//31<h<~[I/6]-1
= w(6) > w(—h)
—[1/31<h<—[1/6]-1
=w(6) Y. )
[1/61<h<[!/3]
= w(6)q({*)

and (d) implies g({%*) # 0. This concludes the proof.

3.4. Proposition.

:|(l-l)/4 I/ + 1](/-1)/4

derg) < |1
Proof. We use Hadamard’s lemma [4, p. 260]: “Let D = det(a,s)i<r,s<n be
a real determinant of order n and let a, (1 < r < n) be nonnegative real
numbers defined by the formula:

< | =
|det P| < [4

n

2 _ 2
> al =al.
s=1

Then |D|<a;---a,.”
According to 3.2(a) the matrices P, Q have the same number of I's in each
row, namely [4], [£L], respectively. The result follows.
4. THE INDEX OF X-IRREGULARITY

Let y be a Dirichlet character of conductor f. The generalized Bernoulli
numbers B"(x) (belonging to y) are defined by

f t o n
x(a)te? t

e(ft_l =D B"(xX)5
a=1 n=0 )

These generalized Bernoulli numbers were defined by Leopoldt [14] in 1958.
If xo is the principal character, then

B"(x0)=B, (n>0, n#1), B'(x)=3=-B.
If x,, x» are the characters with conductors 4, 3 respectively, then for n > 1
B"(x1) = —%’lEn—l , B"(x2) = —%nDn—l ,

where E, are the Euler numbers defined by the recursion formula:

(E+1)"+(E-1)"=0 (n>1), Ey=1,
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and D, are the D-numbers defined as follows:
D+1)"+D-1)"+D"=0 (n>1), Dy=1.

In 1979, Ernvall [7, 3.1] defined the y-irregular pairs, and in 1985 [8] he
defined the index of y-irregularity of / as the number of these y-irregular pairs.
For y = x1, x = yx» the x-irregular pair is called an FE-irregular pair, as D-
irregular pair, respectively. Such pairs are just the pairs (/, 2k), 1 <k < [_73 ,
l/Ey, 1/ Dy, respectively. The number ig(/), ip(/) of such pairs is called
the index of E-irregularity of [, the index of D-irregularity of |, respectively.
According to definition the (ordinary) index of irregularity i(/) of / is the index
of yo-irregularity of / and

ig(]) =card{1 <k< -1_73: l/Ezk} , ip(!) =card{l <k< 1;23-: l/Dzk}.

The following theorem is due to Ernvall [7, 4.2, 4.5] but the statement (a)
follows immediately from the congruence (20) in Emma Lehmer’s paper [13,
1938].

4.1. Theorem. Let 1 <k < [‘73
(a) 4 pair (I, 2k) is E-irregular if and only if
Y *=0 (mod/).
1<1<[1/4)
(b) 4 pair (I, 2k) is D-irregular if and only if
Y =0 (modl).
1<e<[1/3]
For 1 <k <53 use the notations

atky=">_ 2, bky= >,

1<e<[l/6) [/6]1<t<[l/3]

cky=" >

[1/31<e<11/2]
Then a(k)+ b(k)+ c(k) =0 (mod /) and according to [6, §4.3] we have
4.2. Lemma.
2% a(k) = (2% + 1)(a(k) + b(k)) (mod /).
This lemma and 4.1(b) prove the following result:

4.3. Proposition. Ler 1 < k < '53. Then the following assertions are equiva-
lent:

(a) (I, 2k) is a D-irregular pair,

(b) b(k) =0 (mod /),

(c) a(k) =b(k) =c(k)=0 (mod /),

(d) a(k)+ b(k) = 2c(k) (mod 1).

Similarly
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4.4. Proposition. The following assertions are equivalent for 1 < k < "73 :
(a) a(k) = c(k) (mod /),
(b) b(k) =0 (mod/) or 2%+! 4+ [ =0 (mod /).

4.5. Theorem.

. 1 log 4
lE(l)< (1—@) fOI'[ZS,

4
. 1 log 6
1D(1)<Z(l—w) for/>7,

1g(3) =1ip(3) = 1p(5) = 0.
Proof. According to 3.2(b), (c), Theorem 4.1(a) and 4.3 we have for / > 5 and
for the defined matrices P, Q

r(P)=N—ig(l), 1(Q)=N—ip().
We get from 1.4, 3.3 and 3.4

. [ log4
o< 3 (1-Tg7)

. [ log 6 _
ip(l) < i (1 - @> for /=1 (mod 6),

-1 <log(l+ 1) log6
4 log !/ log !/

ip(l) < ) for / = 5 (mod 6).

By means of the table of D-irregular pairs [7] we conclude the proof.

4.6. Remark. We get from results of Ernvall’s paper [8, Theorem] for ig(/),
ip(/) the upper bounds

/-1 N [ -1 (loglog! + M)
4 2 log!/ ’

where M is a constant dependent only on the sequences of Euler or D-numbers.
This bound is larger than that in Theorem 4.5.

4.7. Notation. Put
/-3

y(l)=card{l <k< = 2%+l 4 1 =0 (mod l)}.

4.8. Proposition.
llog?2

Proof. For an integer x, 3<x </-2,wehave 2*+1 =0 (mod/) if and only
if xind2=(/-1)/2(mod/-1). Let 6 =gcd(/—1, ind2) andlet /[-1=46-4,
ind2 = 6 - p. Then the congruence xind2 = (/ — 1)/2 (mod / — 1) is soluble
if and only if 2/A. In this case it has J solutions and 2*/? + 1 = 0 (mod /).
Since u(/) =0 for a Fermat prime, we can assume 2*/2 > [, hence

[—1 llog2

ul)y<é = 1 <m-

We get from Carlitz’s bound for the first factor of the /th cyclotomic field
[4, 19611:
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4.9. Theorem. /

. 1 + log4 1

1(1)<2<1— logl >+§
Proof. According to (26) in [4] we have for the first factor A~ of the [th
cyclomic field

h_<{(m—l)! for/l=4m+1,
“ L (m-1)!m'? forl=4m+3.

Then m =[%] and

m—1 1 m
- < 1
logh™ < glogt+210gm</2 logtdt

1 [
2log4 < (logl—-log4— 1) +

log l.
The result follows by noting that /i) < 4~

2

. we get from 4.5, 4.8 and 4.9
4.10. Theorem. For | > 5 we have

() +ie(l) < {-—;—3, i(l) +1ip(/) + u(l) < I—T3

5. SOLUTIONS OF ORDER 3, 4 AND 6 OF (S)

5.1. Proposition. Let T be an integer with order 4 mod [ (i.e. integer T belongs
to exponent 4 with respect to modulo ). Then

/-3 .
1(Dy(1)) = — - ig(0).
Proof. We have [ = 1 (mod 4), 72

7 = 1 (mod /). According to 2.5 r(
number of integers k, 0 < k < (/- 3)

—1 (mod /), = —7 (mod /) and
(1) =

D, N —ny, where n; means the
/2 such that

N
Zr + 779k =0 (mod /).

For t € Z put

1 fort=0o0rf=1(mod4),
e(t)={—1 (

fort=2or¢=3(mod 4).
Then
N N
Yo'+ = (14 1) Z Nt (mod /)
(=1 =1
Since YN, &(t) =0 and YN, 12 = 0 (mod /) for 1 < k 5 (I-3)/2, the
number 7n; — 1 equals the number of integers k (1 <k < (/- 3)/2) with

> k(t=0o0rt=1(mod4))=0 (mod /).
t=1
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Since

N
> *(r=0orr=1(mod 4))
=1

N N

> i (mod 4)) + Y (I - 1)*(1 =1 (mod 4)) (mod /)
=1 t=1

42k

t2k

bl

1<i<[i/4]

we get the proposition from Theorem 4.1.
Then Theorems 2.3 and 4.10 give the following:

5.2. Theorem (“Morishima’s” case). Any integer 1 with order 4 mod [ is no
solution of the system (S).

5.3. Proposition. Let © be an integer with order 6 mod /. Then

(D) 2 52 —in() - u)

Proof. We have [ = 1 (mod 6), 72 = 71— 1 (mod /), 73 = -1 (mod ),
t*=—-t(mod!/), ¥”=1-1(mod/) andt® =1 (mod /). For ¢t € Z put

e(t)=¢ 0 fort=2o0rt=5 (mod6),

{1 fort=0o0rt=1 (mod 6),
—1 fort=3o0rt=4(mod6).

Then for an integer k, 0 < k < (/—3)/2, we have

N N

e+ =(1+1)) e(r)* (mod ).

t=1 t=1

Since ZA; =0, r(D(t)) = N —n; according to 2.5, where n; — 1 is the
number of ks 5 k < (I - 3)/2, with the property

N
Zs Nk =0 (mod /).

=1
The following holds:

N

> *(t=0ort=1 (mod 6) EZZ"(I— (mod 6))

t=1 t=1

Z

N
Zl—tz"t—l (mod 6)) (mod /)
(

n* (1<t <(I-1)/6) = 6™a(k)
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(definition of a(k) and c(k) behind 4.1),

N
ZtZk(t =3or¢=4 (mod 6))
N
—Zﬂkz—3 mod 6)) + Y (I - 1)*(1 = 4 (mod 6)) (mod /)
t=1 t=1

= Zﬂk t =3) (mod 6))

_Z6t+36 1)/6)*(1 <t < (1-1)/6)

= 62'<Z 1<t<(I-1)/6) (mod /) = 6%c(k).

Therefore n; — 1 equals the number of k’s, 1 < k < (/ — 3)/2, with the
property a(k) = c(k) (mod /).
Using 4.3 and 4.4 we get n; — 1 <ip(/) + u(!/), and we are done.

5.4. Proposition. Let T be an integer with order 3 mod /. Then

(D) = 152~ in(0).

Proof. Let [ =1 (mod 6) and put for t € Z.

a(t)—{l fort=0or¢t=1 (mod 3),
| =2 fort=2 (mod 3).

Since 2= —(1+1) (mod /) and 73 =1 (mod /), we have for an integer k,
0<k<(l1-3)2,

N

N
S+ =(1+1)> e(n)* (mod /).

=1 =1

Similarly as in the proof of 5.3 r(D(7)) = N — n;, where n; is the number
of k’s, 1 <k <(l-3)/2 such that

N
> ek =0 (mod /).

=1




602 LADISLAV SKULA

We have for 1 <k <(/-3)/2
N N
Y *(t=0ort=1(mod 3)) Zt”‘t" (mod 3))
“

t=1

N
+> (1 =1 (mod 3)) zzlkz— (mod 3))
t=1

N
+> (I-1*( =1 (mod 3)) (mod /)
t=1
-1
=5 %(t = 0 (mod 3)) = 3%(a(k) + b(k)),
t=1

Z £?*(t = 2 (mod 3))

=) (3r+3(-1)/3)* (1 <t< [—;1> (mod /)

t

= 3%c(k).
The result follows immediately from 4.3.
Theorems 2.3, 4.10 and Propositions 5.3, 5.4 give the following result:

5.5. Theorem (“Pollaczek’s” case). Any integer T with order 3 or 6 mod [ is
no solution of the system (S).

6. SOLUTIONS OF (S) WITH “SMALL” ORDERS

6.1. Let n, k, T beintegers, n > 5, k> 1, and let order of 7 mod / equals
n . Assume that there exist subsets X;, ..., Xy, Y;,..., Yy of {1,2,..., N}
with the following properties:

(a) the sets X;, Y; form complete sets of residues modulo n (1 <14, j<k),

(b) for 2<]<k the following holds: x € X;, y€Y,=>l<xy<21

(c)for 1<j<i<k wehave x€ X;, yeY;=>xy<I,

d xeX,yehu---UYy=>xy<l.

Note that then the collections of sets {Xi, Xy, ..., Xx} and {Y;, Y>,..., Yy}
are pairwise disjoint.

6.1.1. Propesition. The columns ¢, (y € Y\U---UYy) of the matrix Di(t) are
linearly independent over the Galois field Z7/IZ.

Proof. Let Y =Y, U---UY, and let a, € Z for each y € Y such that

> aye,(yeY)=0 (mod ).

y

Then we have foreach 1 < x < N

Y g V(yeY)+1) a7 (yeY)=0 (modl).
y
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Denote by f the bijection from Y onto Y defined by

y=Y;(1<j<k)=f(y)eY;, f(y)=-y (modn).

(This mapping is well defined because the sets Y; are complete sets of residues
(mod n) and they are pairwise disjoint.)

Since for each x € X, and y € Y, a(x,y) = xy and (n — l)xy =
xf(y) (mod n), we have

0= ar¥(yeY)+t) ar/Y(yeY) (mod)
y y

=) t7(ay+1a5,)(yEY)
y

n—1
= Zt"’Z(ay +1as,))(y €Y, y =t (mod n)) (mod /),
=0 y

thus foreach 0<tr<n-1
(1) > (ay+1ag,)(y €Y,y =t (mod n)) =0 (mod /).
y

Let k = 1. Then a,+1as,) =0 (mod /) foreach ye Y. For 0<i<n-1
put b(i) =a,,where y=Y, i=y (mod n).

Then

b(0)(1 +1)=0 (mod /),

hence b(0) =0 (mod /).

For 1 < i < n-1 we have b(i) = —1b(n — i) (mod /), therefore also
b(n—i)=—-1b(i) (mod /).

It follows b(i) = t2b(i) (mod /), hence b(i) =0 (mod /), which shows that
ay, =0 (mod /) foreach yeY.

Let k>1.For 0<t<n-1 put

b = z(ay +ta5,))(y €Y =Y, y=t) (mod n))
y
¢ =ay, dy=rtasy, whereyeY,, y=t(modn).
According to (1) we have foreach 0 <¢t<n-1:
(2) ¢+b+d, =0 (mod ).
Let x € X, . Then

0= Zayr"y(y €Y - Yk)+2ay1"y"(y €Yy
y

y
+ ‘tZaf(y)z"y(y €Y -Y,)+ tZaf(y)txy“(y € Yy) (mod /)
y y

|
—_

n
= ‘(x'_l Zr(ay +taf(y)) (y €Y - Yk, Y=t (mOd n))
y

~
1]
(=]

+3 (ay+Tagy))(y € Ye, y=t (mod n))| ,
y
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thus we have foreach 0 <t <n-—1
(3) c+th+12d, =0 (mod /).
Congruences (2) and (3) imply
¢ =1di(mod /) foreach0<t<n-—1.
Since dy = 1 = 12dy (mod /), we have ¢ =dy =0 (mod /).
For / <i<n -1 the following holds
dy=1ch_y = 2dy_; (mod!)=1c,=1*d, (mod]),

thus ¢, =d; =0 (mod /).
It follows a, = 0 (mod /) for each y € X . Using mathematical induction
for k we obtain the proposition.

6.2. Proposition. Let

S5<n<y/l]2, k=[-1/2n+Vn?+4ln/2n*] + 1.
Then there are subsets Xy, ..., Xy, Y1,..., Y of {1,2,..., N} with the
properties (a)-(d) from 6.1.
Proof. Put X, =X, =Y, ={1,2,...,n}. If k=1, then X;, Y, possess
the given properties. Assume k > 1.
For 1 <h< —1/2n+ Vn? +4In/2n* put
Xy ={xeZ:l/(hn+1)<x<[/hn},
Yvq={yeZ:hn+1<y<(h+1)n}.

It is only a technical matter to prove that the sets Xl s Xk, Y, Y
fulfil the conditions (b)-(d) from 6.1. Since card X; > n, the proposition
follows.

6.3. Proposition. Let 5 < n < /[/2 and let T be an integer of order n mod [ .
Then r(D)(1)) > [/1/n].

Proof. According to 6.1.1 and 6.2 we have r(D;(t)) > kn, where k =[—1/2n+
Vvn2+4ln/2n*]+ 1.

The result follows by noting that kn > /[/n—1.

Using Proposition 6.3 and Theorem 2.3 we get
6.4. Theorem. Let 5 <n < +/l/2 and let T be a solution of the system (S) of
order n mod [. Then i(l) > [\/I/n].

7. SOLUTIONS OF (S) WITH “LARGE” ORDERS AND CONCLUSION

7.1. Proposition. Let 1 < m < /[/2 and let © be an integer of order mod [
greater than 2m . Then t(D)(t)) > m.
Proof. We show that the first m columns c,, ..., ¢, of the matrix D;(t) are
linearly independent over the Galois field Z//Z.

Let a, € Z (1 <y < m) such that

> ay¢, =0 (mod /).

y=1
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Then for each x (1 < x < 2m) we have

m m

Zayr"y + Zayt?"y =0 (mod/)

y=l1 y=lI
which is a system of 2m linear congruences with 2m unknowns ay, a,7 (1
y < m) with the Vandermonde determinant (multiplied by factors 7, 7)

d = det(t¥|77) (1<x<2m, 1<y<m).
Since order of 7 mod / is greater than 2m, d # 0 (mod /), hence a,

0 (mod /) for each 1 <y < m, and we are done.

IN

This proposition and Theorem 2.3 imply

7.2. Theorem. Let 1 < m < /l/2 and let t be a solution of the system (S)
of order mod [ greater than 2m. Then i(l) > m.

7.3. Corollary. Let there exist a solution of the system (S) of order | —1 mod /
and | > 5. Then i(l) > [/1/2].

7.4. Corollary. Let there exist a solution of the system (S) of order mod [
greater than /1/2. Then i(l) > [+/1/8].

7.5. Remark. If 7 is a solution of the system (S) with 7 # 0 (mod /) and
T# —1 (mod /), then i(/) > 2, hence / > 157.

Proof. According to Theorems 5.3 and 5.5 we have for the order n of t mod/,
n>5 and n#6, hence / > 11. According to 6.4 and 7.4 we have

i(/)zmin{[ 1/8] : [“21]} > 1
and therefore i(/) > 2 for / > 32.

The result follows from the tables of irregular primes [1, Table 9].

7.6. Theorem. If there exists a solution 1 of the system (S), t # 0 (mod /),
12 —1 (mod /), then i(l) > [¥/1/2].

Proof. We can assume according to 5.3 and 5.5 that n > 5, where n is order
of 7 mod /. Further, according to 7.5 assume / > 157.

It follows from 7.4 i(/) > [/I/8] > [+/1/2] for n > /1/2.
If n < V4l,then n < /I/2 and according to 6.4 i(/) > [/I/n] > [/1/2].
If V4l <n< /I/2 put m=[(n—1)/2]. Then we get from 7.2

i() 2 [(n- /225 - 1> /12— 1,
hence i(/) > [///2].
7.7. Remark. Under assumptions of 7.6 we have / > 150,000 and i(/) > 42.

Proof. By the statement in Remark 7.5, / > 157, so according to Theorem 7.6,
i(/) > 4. Using again the tables of irregular primes (e.g. [1, Table 9]) we get
| > 432, therefore by Theorem 7.6, i(/) > 6.

Since, according to the latest tables for the index of irregularity by Tanner
and Wagstaff [24, 1987] and Wagstaff [26, 1978], i(/) < 5 for [/ < 150,000,
Theorem 7.6 concludes the proof.
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Using quite recently made out tables of the index of irregularities by Buhler,
Crendall and Sompolski [3, 1991] (maxi(/) = 6 for / < 10°) we get

7.8.

[>10° and i(/)> 62.
Remark. By Washington [27, Chapter 6, §6.5] probability arguments in-

dicate i(/) = O(log!/loglog!/) . Therefore we can conclude (1.8, 1.9(a), (c) and
7.6) that besides 7 = 0 (mod /) and 7 = +1 (mod /) the Kummer system of
congruences has with great probability no solution.
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