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RADIALLY SYMMETRIC SOLUTIONS TO
A DIRICHLET PROBLEM INVOLVING CRITICAL EXPONENTS

ALFONSO CASTRO AND ALEXANDRA KUREPA

ABSTRACT. In this paper we answer, for N = 3, 4, the question raised in [1]
on the number of radially symmetric solutions to the boundary value problem
—Au(x) = Au(x) + u(x)ux)|YWN=-2 x e B:={x € RV: ||Ix|| < 1}, u(x) =
0, x € B, where A is the Laplacean operator and A > 0. Indeed, we prove
that if N =3, 4, then for any 4 > 0 this problem has only finitely many radial
solutions. For N = 3, 4, 5 we show that, for each 1 > 0, the set of radially
symmetric solutions is bounded. Moreover, we establish geometric properties
of the branches of solutions bifurcating from zero and from infinity.

1. INTRODUCTION
We consider the boundary value problem
~Au(x) = Au(x) + u(x)|lu(x)lF, xe€B:={xeRV:|x|| <1},
(1.1) u(x) =0, X €0B,

where A denotes the Laplacean operator and p = ﬁ“Zi . The following theorem
answers, for N = 3, 4, the question raised in [1] on the existence of only
finitely many radially symmetric solutions to (1.1). Indeed, we prove:

Theorem 1.1. (a) If N =3,4,5, then for each 2 > 0 there exist positive real
numbers j := j(A) and D := D(A) such that if u is a solution to (1.1) then
lull, <D, and u has at the most j nodal curves.

(b) Given j there exists D\(j) such that if (A, u,) and (X, uy) are radial
solutions to (1.1) with the property that u, and u, have j nodal surfaces,
u1(0) > Dy(j) and uy(0) > Dy(j) then Ay < Ay if and only if u;(0) > u3(0).

(c) For N=3,4, and A > 0, the boundary value problem (1.1) has finitely
many radially symmetric solutions.

Parts (a) and (b) also hold for N = 6. Since for N = 6 and 1 fixed the
solutions to (1.1) do not tend to zero in compact sets as #(0) — oo, the proof
of this case requires different arguments and we defer it to a separate paper.

If N> 7 then for any A > 0 it has been proven by Solimini in [12] (see also
[6]) that (1.1) has infinitely many radially symmetric solutions. Motivated by
this result Atkinson, Brezis and Peletier in [1] studied the case N =3,4,5,6
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and conjectured that problem (1.1) has only finitely many radially symmetric
solutions.

Problems like (1.1) have attracted a great deal of attention in recent years,
mainly due to the fact that the well-developed variational techniques do not
apply because the imbedding of the Sobolev space HJ(B) in L*N/N-2)(B) is
not compact. Since 1965 it has been known (see Pohozaev [9]) that for A <0
the problem (1.1) has no nontrivial solutions. In 1982 Brezis and Nirenberg (see
[2]) proved that for certain values of 4 > 0 the problem (1.1) has a positive
solution. Pursuing the ideas of [2] a number of results have been derived in an
attempt to understand why the so-called Palais-Smale condition fails (see [5, 6]
and the references therein).

The proof of Theorem 1.1 is based on the phase-plane analysis of the solution
corresponding to a singular ordinary differential equation. We consider the
initial value problem

N —

Lor(ey + a0(0) + v =0,  1€(0, 1],
v(0)=d, v'(0)=0,

v"(t) +

where d € R. Arguments based on the contraction mapping principle show
that for every (4, d) problem (1.2) has a unique solution v(t) := v(t, 4, d)
on the interval [0, o) depending continuously on (4, d). Of course, radially
symmetric solutions to (1.1) are solutions to (1.2) satisfying v(1,4,d) = 0.
Because v is odd in d, we consider only the case d > 0. Thus, we concentrate
our analysis on the study of the level set M = {(4,d): v(1, 4, d) =0}. Using
the fact that the solution to (1.2) does not degenerate and some rescaling proper-
ties of v(z) (see (3.5)) we show that (v,(1, -, :), vi(1, +, -)) never vanishes on
M , where v, v; denote the partial derivatives of v with respect to d and 4.
Hence, M is a differentiable manifold. Moreover, using variants of the Sturm
comparison theorem we prove that for d large v;(1,4,d)-v'(1,4,d) > 0.
Thus if T is a connected component of M then there exists a strictly decreasing
function s: (D, co) — R such that v(1,4,d) e I' iff d = s(4). We combine
this result with those of [1] to provide a detailed description of the branches of
solutions to (1.1) bifurcating from zero and from infinity.,

Our proof of the case N = 3, 4, relies on the fact that v(1, 4, ) is an
analytic function on (0, oc) (see Appendix), and that solutions to v(1, 4, d) =
0 do not accumulate near d = +oo for fixed A.

2. ANALYSIS OF v

The following lemma is based on Pohozaev’s identity. In [3] and [4] this iden-
tity was extensively used in the study of subcritical boundary value problems
(see also [10]).

Lemma 2.1. If 0< i<t then

NTUH() — (HVVH(E) = /f PN 02 (r) dr,

t
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where
W' (0)? | P v N-2 /
H(t):=1t + +4 + v(t)v'(¢)
(2.1) ( 2 Vo p+2 2 ) 2
= tE(t) + 2’ v(t)'(1).

Proof. Multiplying the equation in (1.2) by rNv'(r) and integrating over [7, ],
0 <7<t,we obtain :
(2.2)

tVE(t) = ())VE(D)

B L e LN |

Similarly, multiplying the equation in (1.2) by r¥~'v(r) and integrating over
[Z, t] we infer

/t PN ' ()2 dr = o' (v = v (e V!
(2.3) ! ‘
+ / PN A (r) + Jo(r) P dr.

By replacing (2.3) in (2.2), and using the fact that p = 4/(N — 2) the lemma
follows. From Lemma 2.1 using the quadratic equation formula we see that

(2.4)
' (1) + N2— 2v(z)

| 812
- 4 —2)202(1) —
12\/(1\7 2)202(t) 7

t
vPH2(t) — 4Ar202(t) + 8t2—Nl/ rN=lv2(r)dr
0

1
= :t'z-R(t)

Now we define function 4 by the equation
tv'(t)

(2.5) h(t) = —

v(t)
Using (1.2) and Lemma 2.1 we obtain
(2.6)
W) = —v(v' (1) + tw(O{((N = 1)/0)v' (1) + Av(e) + [v(@)Pv(2)} + (0" (2))?
v2(1)
(N =2)v()v'(t) + tAv2(2) + tlu(1)|P+* + t(v'(1))?

V(1)

200N [LarV=1u2(r)dr — 2O gy (g)[p+2
B (

t)
2
— p

Slo@pe> 0.

V2
2
__c Py —
> (1- 25 iope
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Let ¢, denote the first zero of v . Since the left-hand side in (2.4) is positive at
0, negative at ¢; and continuous, there exists 7 € (0, ) such that R(f) = 0. The
uniqueness of 7 follows from (2.6). Since v'(0, A, d) =0 and v(0, 4,d)=d,
we have

(2.7) w'(t) + Nz_ 21)([) = %R(z), for t € [0, 1],
and
(2.8) t'(t) + N- 2’0(1) = —lR(t), for ¢ > 1.

2 2
Lemma 2.2. Give;’n i€ (0, o0o), there exist K,, K, and cf(;l) :=d such that if
A<Aand d>d then Kid P2 <i{<K,d P2,

Proof. First we show that K| exists. Let 0 < ¢ < 1 be such that v(f) = cd.
Since

(2.9) V(1) = N1 /ISN"(—MJ(S) — [v(s)|Pu(s))ds
0

we have

(2.10) V()2 2t

for d sufficiently large, and all ¢ € (0, ¢;).
If ¢ < 0.9, then integrating (2.10) over [0, {] we obtain

(2.11) i>/N1-c)d*?> \/l—]\gd—!'/z.

On the other hand, from (2.9) we have

(2.12) (1) < —%cl’“d!’ﬂ
Thus, integrating (2.12) on [0, 7] we infer

22 p+1 Jp+1
(2.13) cd + ’—-C-Wd— <

In particular, 2cP*'dP+!/N < d . Hence, if ¢ > .9 then

(2-14) = cptl — (_9)p+1

-0

as d — oo. From the definition of 7 and (2.4) we have

82 B - adi +
p+2

(2.15) (N-2)2-

2—-N i
8 A/ rNl2(rydr = 0.
v2(t) Jo

Using (2.14) we can assume that 4if < ‘f—filv(i)V’ , thus

A

872
+2

. . 168
P4 4)f< dr.
()P + 44t < b2

92
(2.16) (N-2) <~




RADIALLY SYMMETRIC SOLUTIONS TO A DIRICHLET PROBLEM 911

Hence

N(N -2)
8
Therefore from (2.11) and (2.17) we see that

(2.18) K, = mm{\/ (N -2) \/7}

Now we show that K, exists. Integrating (2.10) over [0, d~?/?] we obtain

d=rl2.

~>

(2.17) >

1
(2.19) v(t)zd(l—ﬁ>.
Suppose 7 > d~P/?. For t € [d?/2, {] using (2.4) we see that
tv'(t) N-2
(2.20) R

Integrating (2.20) for ¢ € [d—?/2, {] we infer
N=2
U(t) d-ri2\ T
_ 2\ ) s i
n (i) 2 ()

(2.21) v(t) > v(d P 2rd=t > (1 - -]1\—,) t~2p

Hence

where we have also used (2.19).
From (2.6) and (2.21) we see that

h(i)>h(d"’/2)+/i 2 (1-l>p -1g
> N N ) s7'ds.

Since A is increasing and A(f) = Y52 we have

N-2_2 1\’ i
Thus
(2.23) f < max {1 , eﬂ%’”“-#)“’} d"? = Kpd—?/?

which together with (2.18) proves the lemma. Now we define
(2.24) m(t, A, d):=m(t) =v(t)t*?.

Corollary 2.3. (a) If t € (0,7) then m'(t) > 0, and if t € (f,t;) then
m'(t) < 0. In particular, m attains its maximum on [0, t,] at {.
(b) For each >0

lim m(f) =

d—o0

()"




912 ALFONSO CASTRO AND ALEXANDRA KUREPA
Proof. Since m(t) = t*/Pv(t), we have
2 N-2
m'(t) = ;tz/”“v(t) + 2Py’ (1) = ¢3/P-! (Tv(t) + tv’(t)) )

Thus (a) follows directly from (2.7)-(2.8). From (2.15) and the fact that 7 — 0
as d — oo we see that v(f) > cd with ¢ independent of d. Therefore,

8i2~N2
V(1)

This and (2.15) prove part (b). Hence, the corollary is proven.

/r” W2(r)dr -0 asd — .
0

Lemma 2.4. Let 7> i be such that v(f) = yi 2", where y = (NT) . There
exists K3 >0 such that T < K3d~?/?.

Proof. For t € [f, I] we have
(2.25) v(t) >yt e,
Hence, using (2.6) we infer
R 2y1’ t
> =
h(t) 2 h(i) + S=1n <t
Using the definition of /() and the fact that A(f) = Y32 = 2 we see that

p
v'(t) 2 2971 t

Integrating (2.26) over [/, t] and using that / < 1 for d large we obtain

v(f) NP yp 2
—2)>In| = . - )
In (v(t)) > In (t) + % (Int—Inf)
Hence

2/
(2.27) Eli <_) ’ eV IN)(In(t/D))*

From (2.25) and (2.27) and the definition of m(¢) (see (2.24)) we have
(2.28) y <v(D)PP < m(i)e o~ (P /N)(In(t/1)?

Now, from (2.28) we see that e(?’/Nn(/0)* < m(7)/y . Hence

(2.29) In (’) < <§; In (@))m = K.

Therefore, from (2.29) and Lemma 2.2 we obtain

t < ieXs < Kyd P2

for every ¢ € [, 7], which concludes the proof of the lemma.
Next, we estimate the decay of m(¢).
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Lemma 2.5. Let A€ (0, (N —2)/V2N). Given 1> 0 there exists dy := do(4)
such that

m(t) = m(t, 4, d) < m(D (f_)A ,

for te[f,s1:=((N-2)?/2N —42) /2] ,A€(0,4) and d > d;.

Proof. Let R(t) be as in (2.4). Since 7 <t < 51, we have that R(¢) > 24v(¢).
From (2.8) using the definition of m(t) we obtain

(2.30) m'(t) = —%tz%“R(t) < —A%.

Integrating (2.30) on [7, ¢] and using the fact that m is decreasing we have

mi(t) < m(D) (j)A ,

which proves the lemma.

Corollary 2.6. If N =3,4,5, then v(-, A, d) converges uniformly to zero in
compact subset of (0, o) when d — .

Proof. For N =4,5 see [1]. If N =3 and d sufficiently large from [1] we
know that v(-, 4,d) >0 on [O, 1/\/1] . Thus for 1 > T > 0 given we have

o(T) < m@D@O*(T)~*71/2.

Hence, v(T) converges to zero as d — oo. Also, from (2.4) it follows that
v'(T) - 0 as d — co. Since

+2
% ((v'(t))2 + A1) + %> <0

we see that v — 0 on [T, o) as d — oo, which proves the corollary.

3. ANALYSIS OF U; AND Uy

Let v; and v,; denote derivatives of v with respect to 4 and d . Defining,
for p>0 and d >0,

(3.1) w(t) =v(pt, A, d)

we see that

" (t) + —]Y—l_—lw’(t) + pHa(t) + pHo(t)Po(t) =0
w0)=d, o'(0)=

(3.2)

Multiplying by p%? and letting (1) := p*Pw(t) we infer

&)+ TR + R0 + P =

£(0) = p*rd, &'(0)=0.

(3.3)

Hence
(3.4) &(1) = v(t, pzla pZ/pd)
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Thus, from the definition of £, w and (3.4) we obtain
(3.5) pHPu(pt, A, d) =v(t, Ap*, p*Pd).

Differentiating (3.5) with respect to p we see that
;—pz/"“v(pt, A, d)+ p*Pe’(pt, 2, d)

= 24puy(t, Ap?, pHPd) + f,dpw-lvd(z, 202, pP).

Hence, for p =1 we have
N-2
2

Throughout the rest of the paper we assume A to be in a bounded set. Now,
we analyze some properties of v; and v, .

(3.6) 20v,(t, A, d) + I%dvd(t, A, d)=t'(t, A, d)+ u(t, A, d).

Lemma 3.1. For t € [0, t,] we have

. 2
(W) + AMus(0)? + (0 + Do ()P (0,(0))? < ( /0 v(s)ds) ,

where t| is the first zero of v.
Proof. We define
(vi(0)* | A1) + (p+ 1)|v(t)|p(v,1(t))2'

(3.7) E\(f) = 55—+ =4 5

Hence

(P + Dplv ()P~ (va(1)*v'(1)
2

Ej(1) = v3(0)v7 (1) + Ava(t)vy +

+(@ + D0v(0)Pua(2)v;(2)
N -1

= ——— (1) —v(tvi(D) +

<v(O)uy()] < V(1) VZE D).

(p+ Dplo ()P~ v () (a(1))
2

Thus
Ei(1)

Hence, integrating on [0, ¢] the lemma follows. Let &; € (0, y?) be such that
if £€(0,¢&,), then

—2)? -
WA N2 JN-22-B ¢ N )
(3.9) g(&) = : — .
BV =22 - 2%
Such a &, exists because g(0) = 1—V2‘—2 and g'(0) < 0. Let
é € (O, min{él ) m(i)})
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Since m(t) is a continuous function there exists s, € (0, ¢;) such that

(3.10) lu(s2)lP =

Note that by Lemma 2.5 for d sufficiently large we have
(3.11) 52 <&V + m(D) M.
This and Lemma 2.4 show that

4Asy + Bs; (t)A/ N=2(r)dr - 0 asd — .
0

Let u(&):= u > 0 be such that *

—2)? _
Pt BN 22 -l N

p+2
LN =22 - % - 2

By Lemma 3.1 and (3.11) there exists d, such that for d > d(&)

2—-N S
85 '1/ PN=ly2(r) dr
v 0

(3.12)

2S2/1'U}{ (Sz)

v(s2)

Now, we prove the following lemma.

(3.13)

<.

Lemma 3.2. If ¢ and s, are as above, then

$20(52) N-=-2
v4(s2) 2
Proof. Differentiating (3.6) with respect to ¢ and using (1.2) and (2.4) we obtain
2d N - 2 ,
22v5(1) + ) —uvy(t) = 3 v'(t) + "
(3.14) _2 _sz'(t) — ()t = tv()Pv(t)
_(N=-2)? N-2 B B »
= v(t) + 47 R(t) — Av(t)t — t|lv(0)]Pv(2).
Hence
(3.15)
$20(52) _ 25,Av)(s2) — LN—;Zﬁv(sz) — ¥22R(s57) + As3u(s2) + s3|v(s2)[Pu(s2)
’Ud(Sz) —2Av; — %R(Sz)

u+iN_;2L2+N_—2\/7N_22_ﬁ_+‘u_é N -2
24 2
__ | 2Aua(s2) \/(N 2)2 p+2 —u

“u(s)

where we have used (3.12) and (3.13). Thus, the lemma is proven.
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Now we show that for d large

(3.16) va(t) <0, vy(t)>0
for all ¢ € (7, 5;) . In fact, from (2.8) and (3.6) we have
2d 1

71}‘1([) = —2Au;(t) — ER(I)

(3.17) < —24v,(t) - %\/ [(N —2)2—41h - ffﬁ;} m2(1)(2)- 47

<kd'™? —km(s;)d <0,
where we have also used Lemma 3.1. Hence v,(¢f) < 0.
On the other hand, from (3.14) and Lemma 3.1 we have

018 Ly s karn s WO o upp).

Since |m(f)|P < SN;—Z)Z for d sufficiently large from (3.18) we obtain

(3.19) 2’Tdvd(t_) > _kd! P2 4 kd'+P/2 > 0,

Thus, for ¢ € (£, 5;) we have

t
(3.20) M ly(e) = / rNH A+ (0 + Do (n)P)va(r) dr + (N g (6).
i
Therefore, using (3.17), (3.19), and (3.20) we see that v(¢) > 0 which proves
(3.16).

4. OSCILLATIONS OF ¥; FOR d LARGE

Let t; <t <---<t; =1 be the zeroes of v(-, 4, d) in (0,1]. Let 7 be as
in Lemma 2.4. By (3.16) we know that v;(f) <0. Let 71, <17, <---<7; <
be the zeroes of vy(+, A, d) on (f, 1]. In this section (see Lemma 4.2 below)
we show that the zeroes of v separate the zeroes of v, . In the proof of our
next lemma we compare the equation

N-1
(4.1) vg (1) + vy() + A+ (p+ Dv(0)P)va(t) =0
with the Cauchy-Euler equation
" N-1 i (N— 2)2 _
(4.2) z"(t) + —Z (1) + a7 z(t) =0.

Since z(r) = r—"7* is a solution to (4.2) and z(r) # 0; by the Sturm compar-
Ya(r0)

ison theorem if there exist ro and r;, such that ro < ry, ) fz—'(%l and

A+(p+ Du(nP < ﬂ—”}ﬁ on (ro, r1), then v; cannot have zeroes in (ro, r1)
(see [8]).
to estimate 7, .

ZJ(IJ for all ¢ € [rg, r;]. Now we are ready

) <
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Lemma 4.1. For d sufficiently large

0.49(N - 2)
4.3 > =
( ) T 2 \/I
Moreover, for N =3,
1.7
4.4 > —.
( ) T \/I

Proof. Let &, and s, be as in (3.9)-(3.10), and let & € (0, min{&;, m(f)) be
such that

(4.5) V(N =22 —4(p + )& 2 99(N - 2).

Since v(t) < m(sy)t~2/? for t € (sp, ;) and v converges to zero on (f;, oo)
as d — oo, we see that for d sufficiently large

2
(4.6) it 0+ DOP < (NT‘2> -2

if t € [sz , §3:= ﬁ (N—2)22—4(p HK] . Thus, by Lemma 3.2 and the Sturm com-

parison theorem (see (4.1)-(4.2)) we have

AQIIELD)
va(s)| ™ | z(s)
for all s € [s;, s3]. Hence v; < 0 on [s;, s3]. Therefore, (4.3) follows from
(4.5) and (4.7).

Now, we consider the case N = 3. Let, v be the argument function such
that

_N-2
2s

(4.7)

va(t) = —r(t)cos y(), vj(r) =r(t)siny(1),
(4.8) () = v(t) + (vy(1)*,  w(w) =0,
where 1o = inf{z < 7; v)(z) > 0} . Because v}(f) < 0 in a neighborhood of 0
we see that 79 > 0. From (4.8) we have
1+ 2(—tany(r)) + Slv(1)[*

(49 Vi = 1 + tan? y(1)

Let s4 := inf{s > s3; tan(s) > 1.02v/2}. From the definition of s3 and (4.5) we
have that tans; < NTs‘f < ‘9/—5 < 1.02v/Z. Hence y'(s4) > 0. Thus, from (4.9)
we infer

-21.02V2+ Su(se)|* + 4 1

L+ [+ (1.02)2% =0
Since v converges to zero on compact subsets of (0, o) we have
(4.10) 2.04V2 L

S4 2 T L0025+ St = Vi,
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Let now
t
4.11 Y(t)=v; | —
(4.11) 0 =v ()
and let a be such that
\/ Y2(t 2cosa(t),
\/ Y2(t 2sin a(1).

It can easily be shown that Y satisfies the equation

4
(4.12) Y"'(t) + gY’(t) + (1 + 5%) Y(t)=0
and that

$(=tana(?) + v ()|*

1 + tan? a(2) '
Since Y(s4VA) = v (s4) and Y'(s4(VA) = J=04(s4) , we have
Y'(s4V2) v;(S4)

S4\/— (34)

Because a(s4v/A) = arctan 1.02 < 0.796 and o/(¢) < 1+ 2|v(sq)|* (see (4.10)
and (4.12)) we obtain

(4.13) Q) =1+

(4.14) = 1.02.

a(1.7) <.796 + (1 + %lv(&;)l") (1.7-.99) <.796 +.72 < 1.512 < g

Hence Y < 0 on (s4v4, 1.7). Thus vy < 0 on [s4, ‘7] which proves (4.4),

Vi
and therefore concludes the proof of the lemma.
Let 7o be as in (4.8).

Lemma 4.2. For d sufficiently large the zeros of v separate the zeroes of vy on
[to0, 1]. Moreover, v'(1,4,d)-vy(1,4,d)>0.
Proof. Let T, be the zero of v’ on [t;, t;]. Suppose 7, < T;. We show
inductively that 7; € (¢;, t;+). From [1] we know that ¢;(4,d) — 0 as d -
for N =4,5 and that #,(1,d) — 2—”ﬁ as d - oo for N =3 (see [1]). This
and Lemma 4.1 show that t; > f; for d large. By the Sturm comparison
theorem it follows that 1, < t,. Hence 1, € (1;, t3).

Suppose 7; € (t;, tiy1). Now we show that 7,,; € (tjs1, ti+2). Suppose
Tis1 < tiy1 . Multiplying (1.2) by r¥~lv,(r) and (4.1) by r¥~lv(r), integrating
by parts on [7y, 7;;;] and subtracting we obtain

- N-1
N o (tie)o(Tign) — 1) o (t)v(Ty)

=-p /Tm rN =Y (r)Pug(r)v(r)dr.

(4.15)
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Without loss of generality we can assume i to be even, thus v;(7;41) > 0
and v >0 on [¢;, t;;1]. Also, since

((vg(1)* + (Ava())?) < =2(p + Dv(0)Pva(t)vy()
(p+ Do(t ,
< &2 DROP (o0 + a0
and |v| converges to zero on [¢;, 1] (see Corollary 2.6), we infer
€ !
(4.16) a0 < Loy (e0)
On the other hand since v is convex on (¢;, T;) we have
v(T;
v(t1) < T](—_-l-t)—l(fl - t).
Therefore (see Lemma 4.1)
v(T;
(@.17) el 2 ey - ) 2 kfo(ri)

Thus, from (4.15)-(4.17) we have

7 v (T)vg(n)] < /Ii+l PN plu (NPl (r)| [va(r) dr

(4.18) °
< %pwm)l"“lv;(ml-
Hence
fo(r)l < flv( TP+,

Combining (4.17) and (4.18) we see that there exists M > 0 such that |v(T7)|?
> M which is a contradiction since v — 0 as d — oo. Hence 7,4 > tiy -
On the other hand, if 7, € [T}, t;] we let @ be the solution to

(4.19) w%n+N‘l

w'(r)+ A+ (p+ Dv(r)P)e(r) =0,

(4.20) w(T))=0, o' (T)=1.
Let T\ =0, <0y<---<0, <--- be the zeroes of w. We claim that
(421) o1<thh<o< - <ti<0 <l <---<0j1<1=tj<a0;

In fact, cross-multiplying equations (4.19) and (1.2), integrating by parts on
[71, 7j+1] and arguing as above, we see that the zeroes of v separate the zeroes
of w, hence (4.21) holds. Now, since @ and v, satisfy the same linear equa-
tion by the Sturm comparison theorem we know that the zeroes of w separate
the zeroes of v; and conversely. Hence we have

(4.22) LGOI T <tigp <-ee

which proves that the zeroes of v separate the zeroes of v, .
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From the above discussion it follows that because v)(7;) > 0, we have
sgnv)y(;) = (—1)"*! and because v(1y) <0, we have sgnv(t;) = (—1)’, hence
vj(t;)v(r;) < 0. Finally, if v’(1) > 0, then v <0 on (¢;-1,t; = 1). Thus,
vy(tj=1) > 0. Hence, vy(1) > 0. Similarly, if v'(1) < 0 then v4(1) <0,
which concludes the proof of the lemma.

5. BIFURCATION ANALYSIS

In this section we summarize qualitative properties of the solution set to
equation (1.1). We make extensive use of the results in [1] as well as of the
properties of the solution to

(5.1) y'()+ X2+ 200 + (P () = 0,
(52) y0)=d, ¥(0)=0,
(5.3) (1) = 0.

We will denote by y(r, A, d) the solution to the initial value problem (5.1)-
(5.2). In order to state the following lemma we denote by u; < u; < ---
the eigenvalues of —A restricted to the space of radial functions with a zero
Dirichlet boundary condition on B.

Lemma 5.1. (a) G C (0, 00) x (0, 00) is a connected component of {(A,d);
y(1, A, d) = 0} ifand only if there exists a differentiable function B: (0, o) —
(0, o), and a positive integer k such that G = {(f(d),d); d > 0}, and
y(-, B(d), d) has k zeroes in (0, 1] for each d > 0. In addition, we have:

(i) If N =3 then B(d) — (kn)? asd — 0 and B(d) — (k — (1/2))*n?

asd — .

(i) If N=4,5 then B(d) — u asd — 0, and B(d) — uy_, asd — oo,

where uy=20.

(b) Conversely, for each positive integer k there exists a unique differentiable
Sfunction By = B: (0, c0) — (0, 00) such that y(-, B(d), d) is a solution to
(5.1)-(5.3), y(-, B(d), d) had k zeroes in (0, 1], and satisfies (i) and (ii).

Proof. (a) From the definition of y we have

(5.4) ypr, A, d)=y(r, 2p*, d).
Therefore, differentiating with respect to p and replacing p by 1, we have
(5.5) Y'(1, 4, d)=2Ay,(r, A, d).

Since, by uniqueness of solutions to the initial value problem (5.1)-(5.2), we
know that y(-, 4, d) cannot have degenerate zeroes we see that if y(r, A, d) =
0 then y'(r,A,d) # 0. Thus, by the implicit function theorem, if G
C (0, o) x (0, co) is a connected component of {(A,d); A >0, d > 0,
y(1,4,d) = 0}, then G = {(B(d),d); d € (a,b)}, with f continuous.
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Again, by the nondegeneracy of the zeroes of y(-, A, d) we have that the num-
ber of zeroes of v(-, f(d), d) is a constant k. Hence, by the Sturm com-
parison theorem, fB(d) < y; for all d € (a, b). Suppose b < co. Let {d,}
be a sequence converging to b. Since B is bounded, without loss of gener-
ality we can assume that {f(d,)} converges, say to c¢. By the continuity of
y we see that y(1,c,b) = 0. Since b # 0 we know that ¢ # 0. Thus
(c, b) € G, which contradicts that G is a connected component. This con-
tradiction shows that b = +oco. A similar argument shows that a = 0. Thus
G = {(p(d), d);d > 0}. Since, by standard bifurcation arguments, the only
solutions to (5.1)-(5.3) having k zeroes in (0, 1] are those bifurcating from
(ur , 0) we see that B(d) — ux as d — 0. Also from [1], it follows that the
only solutions to (5.1)-(5.3) with d large and k zeroes in (0,1] with d near
0, are those bifurcating from (uy_;, 00) if N =4,5 ((0,00) if k = 1) or
((k = (1))*n?, 00) if N =3. Thus B satisfies (i), (ii). This proves part (a).

(b) By the local bifurcation theory for simple eigenvalues (see [7]), for each
k =1,2,... there exists ¥ > 0 and a continuous function S;: (0, v) —
(0, 00) such that y(-, Bi(d),d) is a solution to (5.1)-(5.3). Moreover,
(-, Bx(d), d) has k zeroes in (0, 1]. Letting G denote the connected com-
ponent of {(A,d);2A>0,d >0, y(l,4,d)=0} containing {(B(d),d);d €
(0, v)}, by part (a) we see that f; can be extended to (0, o). Since the zeroes
of solutions to (5.1)-(5.3) are nondegenerate we see that each y(-, fi(d), d)
has k zeroes in (0, 1].

In order to prove uniqueness we let 8, and B; be continuous functions such
that v(l, Bi(d),d) =0, v(l, B;(d),d) =0, and v(-, Br(d), d), as well as
v(, Bi(d), d) has k zeroes. Then Bi(d) — w as d — 0 and g (d) —
U, as d — 0. Since u; is a simple eigenvalue, for 4 small enough we see
that Bi(d) = B, (d). Furthermore, because {(fx(d),d);d € (0, )} and
{(B;(d),d);d € (0, 00)} are connected components of solutions then they are
equal, which proves that f; = f; . Hence, the lemma is proven.

From the definition of y and v we have

(5.6) AVPy(r, A, dAVP) = y(r, A, d).

This relation allows us to transfer the bifurcation properties to y to v . Indeed
we have

Lemma 5.2. (a) T isa connected component of {(4,d);v(1, A, d) =0} ifand
only if there exists a positive integer k such that T = {(Bc(d), Bx(d)'/?d); d €
(0, 00)} :=Tx. (b) If {(An,dn)} is a sequence in T with d, — oo, then
{An} converges to uy_,, where as if {d,} converges to zero, then {i,} con-
verges to W . (When N =3, then p._, is to be replaced by (k — (3))*n%.)
() If (A,d) € Ty then A < . (d) For each k > 1 there exists q(k)
such that if (A,d) € Ty, then A > q(k) and q(k) - oo as k — oo. (e)
{(A,d);v(1,A,d) = 0,v(-,4,d) has exactly k zeroes in (0, 1]} is con-
nected.

Proof. Part (a) follows directly from (5.6), Lemma 5.1, and the fact that the
map (A, d) — (A, dA'/P) defines a homeomorphism of (0, o0) x (0, co) into
itself.

Part (b) follows from part (a) and Lemma 5.1.
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In order to prove part (c) first we note that if I' is a connected component
of {(4,d);v(l, A, d) =0}, then there exists a positive integer k such that if
(4,d) eT, then v(-, 4, d) has k zeroes in (0, 1]. By the Sturm comparison
theorem we know that if A > u; , then v(-, A, d) has at least k zeroes in (0,1).
Hence, A ¢ I', and this proves part (c).

Since y(r, A, d) converges uniformly to zero on compact subsets of (0, 00),
then for each 4 > 0 there exists Q(A) such that v(r,1,d) > Q(4) for
all d € (t,, 1], where t,(d) := t; is the first zero of v(-, 4, d). Because
E(-, A, d) is a decreasing function (see the definition of E in (2.1)) we have
A+|v(r,A,d)|P <Q(A) forall re[t;,1] andall 4 >0. Let j be such that
& > Q(4) . By the Sturm comparison theorem it follows that y(-, 4, d) has at
most j + 1 zeroesin (0, 1]. Hence S (d) > A forall d > 0. Since Q(4) — o©
as A — oo, we see that min 8, — oo as k — oo, which proves part (d).

The proof of part (e) follows from the uniqueness of S , and that completes
the proof of the lemma.

6. PROOF OF THEOREM 1.1.

(a) Let {d,} be such that v(1, 4, d,) =0 for some 4 > 0. By part (d) of
Lemma 5.2 there exists a positive integer j such that v(-, A, d,) has at most j
zeroes in (0,1]. Thus, without loss of generality, we can assume that v(-, 4, d,)
has k zeroes for each n = 1,2,.... By part b) of Lemma 5.2 we see that
{d,} is a bounded sequence, unless 1 = p; with p, = (k =1,2,...) if
N=4,5 and p; = (k- )?n? if N =3. This proves part (a) if 1 # py .

Suppose A = p; . By Lemma 5.2 there exists D > 0 such that if v(1, 49, d)
=0,d>D and |4 —4| < i, then (4o, d) € T4, . From Lemma 4.2 without
loss of generality, we can assume that v,(1, A9, d) >0 and v'(1, 49, d) > 0.
Hence, by the implicit function theorem there exists a differentiable function
s:(D,00) = (A—1%, 4+ %) such that v(1, A9, d) = 0 iff d = s(4p). Since
v,(1,5(d), d) - s'(d) +vy(1,s(d),d) = 0 and vy(1, s(d),d) # 0, we see
that s is strictly monotone. Thus, there exists at most one n such d, > D.
Therefore, {d,} is bounded, which proves part (a).

(b) In order to prove part (b) it is sufficient to show that s is a decreasing
function. Let 6(r) := 6(r, 1, d) denote the argument function such that

v(r) = —\/v2(r) + (v'(r))? cosO(r), v'(r)=4/vi(r)+ (v'(r))? sin O(r).

Differentiating with respect to d and replacing r by 1 we obtain
va(1,4,d)=v'(1,A,d)-6,(1,4,d).

Hence by Lemma 4.2 we see that 6;(1) > 0. Suppose that s is not a decreasing
function. Since v(-, s(d), d) has k zeroesin (0, 1], we have 0(1, s(d), d) =
(k —1)m + % . On the other hand, because 6,(1, s(d), d) >0 and s is an in-
creasing function we see that there exists d’ > d such that 6(1, s(d), d’) >
(k—1)m+ % . Since Pohozaev’s identity (see Lemma 2.1) implies that 6(¢, 0, d)
< % forall ¢ € [0, 1], by continuous dependence on parameters we see that
for A small enough 6(1, 4, d) < 5. Therefore, by the intermediate value the-
orem, there exists A’ < s(d) such that 6(1,4,d") = (k — 1)n + 5. Thus,
if {d,} — oo as n — oo, then there exists a sequence {(4;, d,)} such that
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0(2,,d,) = (k- 1)m + 5. Hence, by Lemma 5.2 we see that (4, d;) is in the
connected component containing (s(d), d). Thus, 4, = s(d,) < s(d),) = A,
which contradicts that 4}, < s(d},). Therefore, s is a strictly decreasing func-
tion.

(c) Let 49 > 0. Suppose that v(1, Ay, d) = 0 has infinitely many solutions
dy,d, .... By part (a) we know that {d,} is bounded. Since v(1, 4p,d) #0
for d large we see that v(1, 49, +) is not constant. Hence, because v(1, A, *)
is an analytic function (see Lemma 7.1) we have that d, converges to 0. Thus
Ao = ui for some k and v(-, 49, d,) has k zeroes in [0, 1]. On the other
hand, since Ao + |v|” > u; a.e., by the Sturm comparison theorem v(-, 49, d,)
has k zeroesin (0, 1), hence k + 1 zeroes in (0, 1], which is a contradiction.
Hence, v(1, Ag, -) has finitely many zeroes. Thus, the theorem is proven.

7. APPENDIX

Our next lemma, to be used for the case N = 3,4, can be viewed as a
version of the classical Cauchy-Kowalewskaya theorem (see [11]) for singular
equations. For the sake of completeness we include a sketch of the proof.

Lemma 7.1. For N =3, 4, the function v(t, A, -) is real analytic on (—c, 0)
U (0, 00).
Proof. Since v(t, A, +) is an odd function it is sufficient to show that for each

d € (0, o) there exists # > 0 and a sequence {v;(t, 4)} such thatif |d -8 <n
then

(7.1) v(t,/l,d)=ivj(t,l)(d—3)f/j!.
j=0

Let vo(t, A) = v(t, A, 3). Since %’Ii < 0, we have that |vo(¢, 4)] < 5. We
define v,(t) := v((¢, A) as the solution to

vy (r) +

v1(r) + Avi(r) + (p + Dlvo(r)lPvi(r) = 0,

v(0)=1, v(0)=0

(if N =3,4 then p = 4, 2 respectively). Inductively for kK > 1 we define
Ur41(t) as the solution to

" N-1 1
(72) vk+l(r)+ r Uk+l(r)
+ AUy 1 (r) + (P + Do (r)[Pvk41(r) + @14 (r) =0,
vk+l(0) = O’ UI/(+1(O) = Oa
where
k+1\[(k+1-i k+1—ipg—-—ip_
Y= 2 ( lo )( I 0)...( (;p—l ’ 2)vi°"'vi”'

iotr+ip=k+1
k>ig,... ,ip>0
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Since vy, is given by
(7.3)
t r
vent() = = [ Y [+ 0+ D) P I 5) + 0ra(5)} s,

we see that if ¢ € [0, a := (N/(A + (p + 1)§7))!/2], then

t r
max |1 (£, A)] = v (10)] < 2 / PN / SNV wg ()] dsdr,
0<t<a 0 0

where, of course 0 € [0, a] depending on k. Now, imitating the arguments
of [11, Lemmas 2.2, 2.3, and 2.4] it can be shown that

Ck+(k + 1)!

(7.4) [Vk1 (2, A + |0 (2, )] < TSR

where C is a constant independent of k. Hence, the series in (7.1) defines an
analytic function in d. In order to prove the validity of (7.1) we show that the
power series in (7.1) is twice differentiable with respect to ¢, and satisfies (1.2).
Indeed, from (7.3) we have

Ve (D] = ‘—t'"N/o SYTUA+ (2 + DIvo(8)P1vks1(5) + @iy () ds

k+1 (k+ 1)!
ST DT

From (7.2), (7.4), and (7.5) we obtain

(1.5)

|’U//c/+1(l)l <(N+A+(p+ 1)511)Ck+1ﬁ

Thus
S, Ad =8/, Y v, Ad =8/, D vjt, A)d -8 /1),
j=0 Jj=0 J=0

converge. Since

(iv;(t,l)(d—t?)’/j!) Zv 2)(d =8V /jt,

j=0

and similarly for the second derivative with respect to ¢, from (7.2) we obtain

o]

> v ()

(1)(d — &) Jv+z/w, )d — ) /]!

j=0 j =0

p+1
+ (Z v(t)(d - é)f/ﬂ)
j=0
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oo

=Y /(1) - 38)/ /! (H(d - 6ﬂ+ZM,d 8)/j!

Jj=0 j=0

+ np+nm0me+wAmw—&vﬂ
=0

‘lqm+mmn+w+nwwmmn+@aﬂu—&vﬂ

Also, forall d € (6 —n, 8 + 1) we have

> vi(0)d-0)/jt=6+d-6=d
Jj=0
and

zv 0)(d —8)/j! =

Hence (7.1) holds. Since the differential equation in (1.2) is regular and
analytic on [a, 1] we see that the transformation (v(a, 4, d), v'(a, 4, d)) —
(v(l,4,d),v'(1,4,d)) is an analytic function of d. Thus, the map d —
(v(l,A,d),v'(1, A, d)) is analytic, which proves the lemma.
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