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WEAK SOLUTIONS OF HYPERBOLIC-PARABOLIC
VOLTERRA EQUATIONS

GUSTAF GRIPENBERG

ABSTRACT. The existence of a global weak solution, satisfying certain a priori
L*°-bounds, of the equation u(¢, x) = f(; k(t —s)(a(ux))x(s, x)ds + f(t, x)
is established. The kernel k is locally integrable and log-convex, and ¢’ has
only one local minimum which is positive.

INTRODUCTION

The purpose of this paper is to establish the existence of a global weak solu-
tion of the equation

(1)
ui(t, x) =/ k(t - 5)(o(uy)) (s, X)ds + f(t, x), 120, xe (0, 1),
0

u(O,X)=u0(X), xe[OaI]a
u(t,0)=u(t,1)=0, t>0

(where the subscripts denote differentiation with respect to the corresponding
variables), and to show that this weak solution satisfies certain a priori L*-
bounds.

Equation (1) is of interest because it appears in mathematical models of
viscoelasticity (see [18 and 31]), but also because it is of a form somewhere
between a parabolic and a hyperbolic equation. This is due to the fact that
when k =1 we get the nonlinear wave equation

Uy(t, x) = (a(uX))x(t’ X) +f;(ts x),

and if, on the other hand, k is replaced by the delta functional, then we get the
nonlinear diffusion equation

u(t, x) = (0(ux)) (¢, x) + f(t, x).

The nonlinear wave equation (that corresponds to the completely elastic case
in mechanics) has a weak solution with both u, and u, bounded and initially
smooth solutions develop singularities (in the derivatives) in finite time. The
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same results hold for (1) at least in the case where k’ is locally of bounded
variation on R*, see [27] for the global existence of a weak solution and see
[2, 9, 15, 26] for the breakdown of smooth solutions.

The diffusion equation (that corresponds to the completely viscous case) has
always (under reasonable assumptions on ¢ ) a strong solution and using the
maximum principle it is easy to show that u, remains bounded. But in contrast
to the wave equation, the variables ¢ and x are no longer symmetrical and
boundedness of u#;, would for the diffusion equation imply that u,, is bounded
as well. It may therefore be interesting to see in greater detail how the symmetry
between the variables breaks down when one goes from the wave equation to
the diffusion equation.

In [11] the existence of a strong solution of (1) is established for kernels k
that satisfy

(2) Ri(z) > k|Sk(z)], Rz>0,

(a typical example is k(¢) = ¢~ in which case k¥ = tan(an/2)) but then the
nonlinearity is quantitatively restricted by the positive constant k. Condition
(2) is also used in [29 and 30], and it seems to be a very natural assumption. In
[12] strong solutions are furthermore shown to exist under the assumption that
that k is nonincreasing and convex, and liminf,o/k(?) > 0, i.e., k is more
singular at 0 than ¢~1/2.

In [5 and 22] weak solutions of equations that contain (1) as a special case
are studied. For equation (1) it is required that £(0) = 1 and k’(0+) = —©
and less is assumed of the nonlinearity ¢ than in this paper. In [23] a weak
solution is found when k satisfies a (rather complicated but not very restrictive)
frequency domain condition and there is no requirement that k(0) = 1.

The purpose of this paper is to show how one can find weak solutions of
all equations between the wave and diffusion equations such that u, remains
bounded but the boundedness of u; in the wave equation turns into the bound-

edness of % fot (t — $)~"2(u(s, x) — ug(x))ds for the diffusion equation (that

is not formally included in (1) although it would be easy to add a term o (uy)x
outside the integral). But note that at the moment a major weakness in the
theory is the lack of reasonable uniqueness results.

The argument used here is not able to capture the fact that weak solutions
at some point turn into strong ones and therefore one of the main points of
this paper is that we get a priori L*°-bounds on the weak solution, something
that is not achieved in, e.g., [5, 22], or [23], nor for the strong solutions found
in [11 and 12]. In the case where |k’(0+)| < oo this paper does not offer any
significantly better results than those that can to be found in [27]. ‘

Another approach to studying (1) and related equations is to try to find
smooth solutions for sufficiently small initial data (or for a finite time only).
There is a wealth of results in this direction, see, e.g., [1, 3, 17, 20, 21, 24, 25,
29, 30, 32]. In many of these papers the equation studied is

ilt, ) = B(us(t, %)), + [ ale =) (uels, x)), ds + (e, ),

which is the same as (1) if ¢ = w =g, k(0) = 1, and a = k’. In the case
where ¢ is a linear function, the existence of global solutions for arbitrary data
is established in [16].




WEAK SOLUTIONS OF VOLTERRA EQUATIONS 677

For linear equations, one difference between the hyperbolic wave equation
and the parabolic diffusion equation is that in the hyperbolic case the solutions
have a finite speed of propagation and discontinuities are not smoothed out.
For Volterra equations one can prove (see [4, 19, 28]) that the finite speed of
propagation is related to the assumption that k(0+) < oo and that disconti-
nuities are smoothed out if k'(0+) = —oco. In the special case k(t) = t7*,
a € (0, 1), one gets a more detailed interpolation result, see [6 and 7].

STATEMENT OF RESULTS

In order to be able to formulate our result, we first have to describe how to
rewrite (1) in a form better suited for the analysis. This reformulation of the
equation is, of course, the crucial idea in this paper.

We replace the boundary conditions u(¢, 0) = u(t, 1) = 0 by the require-
ment that u(z, ) should be an odd periodic function with period 2 and there-
fore we have to extend uy, and f(¢, ) to be of this type. Let us proceed quite
formally, without worrying about differentiability, etc., and take y = u, and
w = u, . Then (1) becomes

wl(ta X) = .Vx(t, X),
y(t, x) = /0 k(t=s)(o(w)) (s, x)ds+ f(t, x).

Let a be the solution of the equation

1 t
(3) 7(—(—0:—)k(l) +/0 a(t—s)k(s)ds =1, t>0.

It follows that the system of equations can be rewritten as
wy(t, x) = yx(t, X),
0 1 !

@ (g0 - S0 + [ alt-90is. ) - S5, x) ds)

= (a(w)), (¢, x).
Take y = 1/4/k(0) and let b be the solution of the equation

t
(5) 2yb(t) +/ b(t—s)b(s)ds =a(t), t>0,
0

in other words, yd + b is the convolution square root of y2§ + a (where &
denotes the unit point mass a zero). Moreover, we define the function v to be

v(t, x)=yy(t, x)+ /Ot b(t—s)y(s, x)ds.

When we take the convolution of both sides of (4) with yd + b, the system of
equations thus becomes

(6)
3 t
E(y(w(t,x)—w(o,x))-l—/o b(l—s)(w(s,x)—w(O,x))ds) =u,(t, X),

% (y(v(t, x)—g(t, x)) +/0 b(t—s)(v(s, x) — g(s, x)) ds) = (o(w)) (¢, x)
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where .
(7 g(t, x) = (1, x) + /0 bt - $)f(s, x)ds.

This is the system we shall primarily solve, or more precisely, we will replace this
system of equations with the following reguiarized version involving a parameter
€ and then welet € | O:

%(( “(t, x) /bt—s x) - B(x))dS)

Ui, X) + €wg (¢, w(0, x) = wp(x),

X)
%(y(vf(t,x) “(t, x)) /bt—s x)——gf(s,x))ds>
= (a(w)) (¢, x) + €vg,(t, x), v°(0, x) = g0, x),

where t > 0, x € R, we is an even and v¢ an odd function in the variable
X, both periodic with period 2. Here we have replaced w(0, o) = up, and
g by a more regular functions wg and g€, respectively, in order to avoid
unnecessary technical difficulties in establishing the existence of a sufficiently
smooth solution of (8).

We need the following results about the kernels a, b, and the solution ¢ of
the equation

9) ye(t) + /Otb(t -s)c(s)ds=1, t>0.

Lemma 1. Assume that k € L. (R"; R) is positive, nonincreasing, and log-
convex on (0, o). Then there are solutions a, b, and ¢ € LL (R*;R) of
(3), (5), and (9), respectively, and they are nonnegative and nonincreasing on
(0, 00). Moreover, b(0+) = oo if and only if |k'(0+)| = 0o, c(0+) = /k(0+)
and

(10) /Otc(t—s)c(s)ds=/otk(s)ds, £>0.

We may, without loss of generality, assume that b is left-continuous on
(0, o0) so that we have b(t) = b(oo) + B([t, 00)), where S is a nonnegative
measure.

By W™:P(I'; X) we denote the space of functions: I — X that are m times
differentiable (i.e., the function is the integral of its derivative) and are such
that the function and the m first derivatives belong to L?(I; X). These spaces
are used for notational convenience and no results from the more advanced
theory of Sobolev spaces are used. Furthermore, we use the convention that
a subindex e indicates that the function is even and the subindex o that it
is odd. Furthermore, T denotes the real axis with the points x and x + 2
identified. Thus a function T — R can be identified with a function R — R
which is periodic with period 2.

First we state a technical result that says that there is a sufficiently nice solu-
tion of (8).
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Lemma 2. Let € > 0 and assume that
(i) k € L} (R*;R) is positive and nonincreasing on (0, co) and log(k) is
convex on this interval;
(i) 0 € CY(R; R) and 0 < infcg 0/(5) < supgeg 07(s) < 00;
(iil) &° € W' (RY5 LEP(T;R)) N W (R LY(T; R)) and g°(0,9) €
W X(T; R);
(iv) w§ e W2(T; R).
Then there exists a solution (w€, v¢) of (8) such that

we € L (R*; W2 3(T; R)) N BV (RY; LZ(T; R)) N LR(RY; W,X(T; R)),
and
vé € LL(R*; W2X(T; R)) N BVoe(R*; L3(T; R)) N LX(R; W,(T; R)).

The assumptions above are unnecessarily strong for the claim of Lemma 2
but are needed for the crucial estimates which are obtained in the following
result.

Lemma 3. Let the assumptions of Lemma 2 hold and assume in addition that
there exists a point w, € R such that ¢’ is nonincreasing on (—oo, w,) and
nondecreasing on (w,, o). Then the solution (w¢, v¢) of (8) that exists ac-
cording to Lemma 2 satisfies for almost every t > 0 the inequalities

esssup |[ve(t, x)| < B(1),

x€[—1,1]
(11) wé(t, x)
€ss sup / Va'(s)ds| <2B(1),
xel-1,1] [Jw,
where
t
B¢(1) =/ esssup |g; (s, x)|ds + esssup|g€(0, x)|
0 x€g[-1,1] x€[-1,1]
(12) w§(x)
+ esssup Va'(s)ds|, t>0,
x€[—1,1] [ Jws

and for each T > O there is a constant C that depends on T, ||w§llLe(T),
l&f | 2o, 77; L2(Ty) » and 11&°(0, @)l Lo(ry only, such that

(13) e/OT/_ll (lws(e, )P +vs(e, 2)P) dxde < C,

and

(14) /OT/ot /jl('w‘(z -5, x)—w(t, x)|2

+ v =5, x) —ve(t, x)|2) dx B(ds)dt < C.

We could now prove that there is a weak solution of (6) but we only state the
result about the weak solution of (1), and we have the following result.
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Theorem 4. Assume that
(v) ke L} (R";R) is positive and nonincreasing on (0, co) and log(k) is
convex on this interval
(vi) ¢ € CY(R; R) and there exists a point w, € R such that &' is nonin-
creasing on (—oo, W,), nondecreasing on (W, , o), and ¢'(w,) > 0;
(vii) If |k'(0+)| < oo, then the point w, in (vi) is unique, ¢ € C*(R; R),
and (w — w,)a”(w) > 0 on the interval (w,, w, + ) or on the interval
(wo — &, w,) for some 6 >0;
(viii) f € WL R L=(0, 11; R) N WLAR" s L0, 1]; R);
(ix) uo € Wy ([0, 1]; R). ‘
Then there exists a function u € L2 (R"; Wl ([0, 1]; R)) such that (1) holds
in the following weak sense: For each smooth function ¢ € C°(R%*; R) with
compact support contained in R x (0, 1) we have

0o 1 1
/0 / u(t,x)(p,(t,x)dxa’t—i—/0 up(x)p(0, x)dx
(15) / /kt—s/ (ux(s, x))ox(t, x)dxdsdt

—/0 /Of(t,x)(o(t,x)dxdt.

Moreover, there is a function v € L2 (R*; L>([0, 1]; R)) so that

loc
(16) u(t,x)=u0(x)+/tc(t—s)v(s,x)ds, t>0, xe[0, 1],
0

in particular, u € W,.;*(R*; L®([0, 1]; R)) if k(0+) < oo, and the following
inequalities hold for almost every t > 0.

x(t,x)
Va'(s)ds

€ss sup < 2B(1),

x€[0,1]
(17) esssup|u,(t, x)| < 24/k(0+)B(1),

x€[0,1]

esssup|v(t, x)| < B(?),

x€[0,1]
where

t
B(t)=/ esssuplg, s, x)|ds + esssup|g(0, x)|

(18) 0 x€[0,1 x€[0, 1]

+ ess sup
x€[0,1]

/wuo,( Va'(s)ds|,

and g is given in (7).
The function u is obtained as the limit of a sequence

up(x) + /Otc(t —s)vé(s, x)ds
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when €; | 0 where (wff v%) is a solution of (8) with € = €; and the sequence
{v} convergesin L2 (R*; L([0, 1]; R)) when |k(0+)| = oo

We will need the following lemma that is essentially [5, Lemma A2]. The
proof in [5] is quite abstract (and I cannot follow the arguments in all details)
and does not cover exactly the case that we for technical reasons need here, so
a proof will be given below.

Lemma 5. Let X be a Hilbert space with norm ||, let T > 0, and assume
that a is a nonnegative measure on [0, T] such that o([e, T]) < oo for all
€ >0 but a((0, T)) = oo, and « is such that if ¢ is a smooth function with
support in (0, T) and «, E) fEn(o ) @b (dt) for every Borel set E, then

lim| |00 0 (@) = 0 (where  denotes the Fourier transform).
Let u e L3([0, T); X) be such that for some constant T

T T
—5) — 2 2
/0 /Ollu(l s) —u()|| a(dS)dt+/0 lu()l"dt < T,

and for some continuous function p on [0, T] with p(0) = 0 one has

h
/0 lu(@)|Pdr < ph),  helo, T].

Then there exists a continuous function n on [0, T] with n(0) = 0, which
depends on o, T, and p only, such that

T-1
/ llu(t + 1) — u(t)||*dt < n(7), 1€]0, T).
0

It is clear that if a(E) = [; A(s)ds for some nonnegative measurable func-
tion A, then the assumption on the Fourier transform is automatically satisfied,
and in this case X can be a Banach space. '

PROOFSs

Proof of Lemma 1. The statements about a follow essentially from [8, Theorem
3] since the case where k(0+) < co can be handled in the same manner as the
one where k(0+) = oo. Concerning b we see that the Laplace transform

(denoted by “ *”) of yd + b must be 1/ ok(e). Following [28] we use a
standard result from complex analysis to get

1 1 [ 1
= — ——di
‘/zf((z) n /0 (A + zk(2))V2

(19)
Rz>0.

-/ L di,
mJo z(A)z+k(z))VA
Since k is assumed to be nonincreasing and log-convex, it follows that the
function A + k(e) is nonincreasing and log-convex as well. Hence there exists
(again by [8, Theorem 3]) a nonnegative and nonincreasing solution b; of the
equation

1
A+ k(01)

(A+k(l))+/tb,1(t—s)(l+k(s))ds=1, t>0,
0
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for each 4 > 0, and it is clear that

/b,ls _/1+k() t>0.
Thus we easily see from (19) that b is glven by

- /b,l ——d/l

and it follows that b is nonnegative and nonmcreasing as well. If k(0+) =
oo it follows directly from (5) that b(0+) = oo because otherwise one would
have a(0+) = 0. If k(0+) < oo but |k'(0+)] = oo it follows from (3) by
differentiating both sides that we have a(0+) = oo and thus we again get that
b(0+) = oo from (5).

If y > 0 it is clear that there is a solution ¢ of (9) and if y = 0 one can
use [8, Theorem 1] to show that a solution ¢ exists, but in this case one must
show that ¢ is a function and not a measure. We do this by first showing that
if y >0, so that k(0+) < oo, then ¢ must be nonincreasing, and having done
this we can invoke a straightforward approximation argument (e.g., replace k
by k(e + 1/n)) to show that ¢ must be nonincreasing in the case where y =0
as well.

Suppose that k(0+) < oo so that y > 0. Equation (10) is an immediate

consequence of the fact that ¢(z) = \/fc(z)/ z, and from (9) we see that ¢ €
AC(R*; R). If we differentiate both sides of (10) twice we get

2c(0)c'(t)=k’(t)—/0t d(t-s)c(s)ds, t>0,

and because c(0) = 1/y > 0 and k' is nonpositive we see that ¢ must be
nonincreasing. Since it is now easy to see that ¢ must be nonnegative, we have
obtained the desired result. O

Proof of Lemma 2. In order to show that there exists a solution of (8) we in-
voke [10, Theorem 4] where X is the Hilbert space L2(T; R) x L2(T; R), the
operator A is defined by

A(Y) = —€Wxy — Ux + KW
v ) \ —€Uxx— (0(w)), +Kv )
with D(4) = W2*(T; R) x W2%(T; R), and

w _ Kw(t>.)
G(v>(’)‘ (xv(t, o) +78E(t, o) + [ bt - )8t (s, -)ds)'

It is straightforward to check that if x is chosen to be sufficiently large (de-
pending on € ) then A4 is me-accretive, i.e., maximal monotone, because & is
Lipschitz-continuous and for the the study of the linear part one can use Fourier
series (a cosine series for the even component and a sine series for the odd
component). Thus we get the existence of a strong solution (w¢, v¢) from [10,
Theorem 4]. We must, however, establish some additional regularity properties
of the solution as well, in particular we must show that w® and v¢ belong to
Lﬁ,‘;(R*; L>(T; R)). To do this we define the operator 4y by

4 (W = (€W
0\ v ) T\ —evy )




WEAK SOLUTIONS OF VOLTERRA EQUATIONS 683

with D(A4y) = D(A) and note that Ay is the subdifferential of the convex
function u — ¢(u) = 27 '€ f_11(|wx(x)|2 + |ux(x)]?)dx where u = (w, v).
By definition this means that ¢(u;) — ¢(uy) > (4p(uy), u; — wz)x . Another
important point is that

(20) (o(w), A(w)), > Il 4o(w)l1%/2,
if x islarge enough. In the notation of [10] we have the approximating equation
21)  Ly(w(e) —wm(0))(t) + A(wi(1)) = Gw)(?), t>0, A>0,

where L;(y)=A"1(y () - fot r(s)y(t—s)ds) and Ary(t) + f(; r(t=s)c(s)ds =
c(t). In particular, the fact that b is nonincreasing implies that r; is nonneg-
ative. This in turn implies since A is the subdifferential of ¢ that

(Ao(wx(0) , L (ws(®) = us(0)) ()
_ % (1 _ /0 r,l(s)ds) (Ao(ws(0)), wi(1) - w;(0))
N }1/0: m(s)<A0(“‘(t)) , wy(1) —ul(t—s)>de

1 r

(1 _ /0 m(s)czs) (p(u(t)) — p(w(0)))

X

X

2

>

+ %/0 ra() (p(wi(0)) — 9wyt - 5))) ds

= L;(p(uz(e)) — ¢(uy(0))).

Since L;‘(z//)(t) = Ay(t) + fol c(t —s)y(s)ds and c is nonnegative, we can
deduce from the preceding inequality combined with (20) and (21) that ¢(u,(¢))
is uniformly bounded for ¢ in a compact interval [0, 7] and A € (0, 1). But
then this result holds for the limit function u¢ as well, and this was what we
had to prove. O

Proof of Lemma 3. Recall that a continuously differentiable function 7 : R> — R
is an entropy for the conservation law
(22) wy(t, x) = vx(t, X), v (t, x) = (a(w)) (¢, x),

with corresponding entropy flux g if

% (w(t, x), v(t, x)) + —;—xq(w(t, x),v(t, x)) =0,

for every smooth solution (w, v) of (22). Such pairs (7, g) are obtained as
solutions of the system of equations

(23) qw(w > ’U) = _al(w)”'u(w s ’U) > QU(w s U) = —ﬂw(w > ’U).

Thus it is easy to see that in order to be able to find a solution of this system it
suffices to find a function 7 that satisfies

(24) Mow(W, V) = o' (W)(w,v),  (w,v)€R™

Now the main idea in this proof is to choose a suitable entropy function 7
and multiply both sides of the equations in (8) by n,(w¢(¢, x), v¢(¢, x)) and
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no(we(t, x), ve(t, x)), respectively, add the results and integrate both sides of
the equality so obtained over [—1, 1]. We have to consider the resulting terms
separately.

We use the notation

ue(ta X) = (we(t’ X), ’Ue(ta X)), llf)(X) = (’LUS(X), ge(o’ X)),

denote by 97 the gradient (7, (w®, v¢), n,(w¢, v¢)) of n, and by (e, e) the
standard inner product in R?. Furthermore, we recall that if y is a function
that is locally of bounded variation on R* | then

;f—,/o b(t—s)(w(s)-w(0)) ds = b(t)(v/(t)—w(O))—/ (w(t—s5)-w(2)B(ds),

(U

and we shall apply this result to the functions ¢ — we(¢, o) and ¢ — v¢(¢, o).
Thus it follows from the convexity of the function 5 and the fact that § is

nonnegative that

(25)

N (W€ (2, x))% (y(wf(t, x) - uf,(x)) + /Ot b(t —s)(w(s, x) — w§(x)) ds)
+ 7y (2, m)g;(y(vf(t, x) - &0, x))
+/0 b(t—s)(ve(s, x) — g°(0, x)) ds)
=y 20 (6, ) + b0 (n(u (1, x) — (w5 (x))

—/(0 \ (n(ue(t—s, x)) —n(u(s, x))) B(ds)
+b(t) (n(u§(x)) — n(u(z, x)) — (An(ue(t, x)), u§(x) —u(z, x)))
+ /(O’t)(n(u (t—s,x))—n(u(, x))

—{on(u(t, x)), w(t—s, x) —u(t, x)))ﬂ(a’s)

> 2 (rla (. 0) - n(w5()

+ /Ot b(t—s) (n(u(s, x)) — n(u§(x))) ds)-

Because 7 is an entropy there is an entropy flux g satisfying (23) and there-
fore we get

/_ll (n,,, (W (e, X))0S(, %) + 1o (U (£, X))o’ (we (¢, X)) wi(z, x)) dx

1
(26) = /_1 (—qv (ue(z, x))vi(t, x) — qu (ue(2, x))w(t, x)) dx

1
_ox?

(u(¢, x))dx =0,

by the periodicity.
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Moreover, by the convexity of n we have
(27)

1
/_] (nw (ue (2, x))we, (¢, x) + ny (u (2, x))VE(2, x)) dx

[ (8 (o)

- /ll ('Iww (u(t, x))we(t, x)? + My (u(2, X))VE(2, X)?

+ 210 (W€ (2, X)) WE(E, X)VE(E, x)) dx
=- /_ll <r]ww (ue (1, X))wi(t, x)* + noy (W, x))VE(2, X)?
+ 20wy (0 (2, x))ws(2, x)vE(t, x)) dx <0.
First let us choose the entropy to be
nw, v) = /Owa(s)ds+ %vz,
in which case we have g(w, v) = —va(w). (If a(0) =0, then 5 is nonnega-

tive, but in any case we have inf,, ,er 7(w, v) > —o0c.) We define the functions
& and h by

1
£(t) = / (¢, ) = n(wi()) dx

Bt ) = 37 (160, 0~ 80, 0) + [ bl =5)(e(e, %)~ £(0, %) ds)

where ¢t >0 and x € T. Now we deduce from (8) and (25)-(27) that
(28)

t 1
% (yé(t) +[ b —s)é(s)ds)+6 / (o (w(r, ) wi(t, x)2 +v5(t, x)?) dx
0 -1
1 1 1
< [ o 0he, xax < [ e dx+ s [ e opdx.
-1 -1 -1
Next we recall that the second term on the left-hand side is nonnegative and

therefore we get, when we convolve both sides of the inequality with the non-
negative function ¢ and use the fact that £(0) = 0 that

£ < /0 (1 —s>(/_ll nue (1, x)dx + 5 /_ll|h<z, x):zdx) ,

or equivalently

1 1
/ N (t, x))dx < / P (0, x))dx
-1 -1

+/Otc(t—s)</_l1 n(u‘(z,x))dx+%/_ll|h(t,x)|2dx).
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It follows from this inequality by standard results for Volterra equations that
fo f  n(ué(z, x))dxdt is, foreach T > 0, bounded by a constant that depends
on T, k, o, g lli2qo. 1120ty » I1w§llz=m), and [g€(0, ®)|lreo(r) only. But
this means that if we integrate both sides of (28) over (0, T), then we get (13),
because infega’(s) > 0.

In the same way we conclude from (25) that for each T

//(0 ) (=5, x)) = n(u(z, x))

—(an(u(z, x)), u(t—s, x) — (¢, x)))ﬁ(ds)dt <C,

where C is again a constant that depends on T, k, o, |gfllr2qo,7y;2(T) >
lwgllLeo(T) » and ||g€(0, ®)||z= (1) only. Thus we get (14) because

/wza(s)ds—a(wl)(wz—wl) % |'w2—w1|

wy

and
1

5(
2

Next we consider the following standard family of entropies. Let k£ be an
arbitrary positive number (that we eventually have to choose to be arbitrarily
large) and let

1
v — v = 201(v, —vy)) = 3lv2 — v

k" ds+k
nk(w, ’U) =e fwo Wi (s)ds+ v,

in which case the corresponding entropy fluxes are

a(w, v) = —y(w)m(w, v).

In order for (23) to be satisfied, the function y; must be a solution of the
differential equation

(29) vi(w) + kyF(w) = ko' (w).

We require that y; satisfy the initial condition y;(w,) = 0. The assumptions
on ¢ will then guarantee that y, is nondecreasing and this implies in turn
that the function 7, is convex, as one can easily check. Moreover, it is easy to
prove with the aid of (29) that

w

(30) hm s)ds =

k—o0 Wo

\/_ds

w € R.

Let .
Gi(t)=/ esssup g/ (s, x)ds, t>0.
0 x€[-1,1]
In (8) we can now replace v¢ by the function vS(¢, x) = ve(¢, x) — G%(¢)
provided we replace g¢ by the function g<(¢, x) = g°(¢, x) — G(¢), because
the function G¢ does not depend on x and therefore the terms v$ and ev,
are not affected by this change. Note that the reason for doing this is that
now g<(¢, x) is for almost every x a nonincreasing function and it follows in
particular that for almost every x € [-1, 1] and ¢ > 0 one has

gt (yg+t X) /bt—sg+(t x)ds)<0
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If we combine this result with the fact that the entropy 7, is now increasing
in its second argument, i.e., g, (w, v) > 0, we conclude from (25), (26), and
(27) that

1 1
/ e (u(z, x)) dx < / i (u§(x)) dx,
-1 -1

where ¢ > 0. Taking the kth root of both sides of this equation and letting
k — oo we deduce with the aid of (30) that

w(t,x)
/ Va'(s)ds

esssup
xe[=1,11 \|Jw

< esssup
x€[-1,1]

+o(t, x) - Gi(t))
(31)

w(0, x)

Va'(s)ds

+v(0,x)).

Wo

Thus we conclude that

t
esssup v(t, x) < / esssup g(s, x)ds
x€[-1,1] 0 x€[-1,1]

(32) w(0.%)
+esssup( Va'(s)ds| +v(0, x)
x€l=1,11 \|Jws,
. . kfw Wi (s)ds—kv
In the same way, by choosing as entropy the function e o , We can
get a lower bound of the form
t
essmf v(t, x) > / ess 1nf g(s, x)ds
x€[— 0 X€[-
(33) ©0,x)
+ essinf (— / Va'(s)ds| +v(0, x)).
x€[-1,1] we

Combining (32) and (33) we get the first part of (11). Finally, if we insert (33)
in (31) then we get the following upper bound for the function w ;

w(t,x) w(0, x)
/ Va'(s)ds / Va'(s)ds
Wo Wo

t
+ 2 esssup|v(0, x)| + 2/ esssup |g(s, x)|ds,
x€[-1,1] 0 xe[-1,1]

< 2 esssup
x€[—-1,1]

€ss sup
x€[—-1,1]

(34)

and thus we have obtained the second part of (11). O

Proof of Lemma 5. It follows from the assumptions that for each 4 € (0, T]
there exists a nonnegative smooth function ¢, with support contained in (0, /)
such that 0 < ¢,(t) <1, teR, but

(35) h on(s)a(ds) = 1.
(0,h)

Define the measure «; by

ap = hgy(e)a(de).
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We pick some smooth function e, with support contained in (0, 7) such that

sup|éy(@) - ap(w)| <h,  he(0, T,
w€ER

This is possible precisely because we have limj,|_ a;(w) =0 by assumption.
Denote by u,, t > 0, the function u(e + 7) on [0, T — 7] and by * the
convolution product, i.e.,

f*v=/ f(e—s)v(s)ds and ah*v=/ v(e — 8)ay(ds).

0 (0,9)

By the triangle inequality we have
lue — ull 2o, 7—) < lltbe — €n * uell 20, T—1))
(36)
+ lu — en * ullp2q0, 7—1p) + ll€n * (Ue — W)l 20, 7—1))-

Because X is a Hilbert space the norm of the operator v € L*(I; X) — f*v €
L2(I; X) is at most sup,cg|f(®)| (and this is exactly the norm in case  =R)
and we conclude that

lue — en * uzll 2o, 7—a) < Ntte — i * el 20, 7—1))
(37) + sup|e,(w) — ap(w))|| |Iur||L2([0,T—r])
weR

< llue = an * el 2go, 7—xp) + AVT.

We have
(38)
luc — ap * u1”2LZ([0, T—1))
T—1 2
- / (1= ax((0, 1)) uslt) - / (uelt = 5) — us(0)) an(ds)|| dt
0 0,1

T-1
< 2/0 (1 = (0, 1)) lue(r)|? dt

T—-1
+2 / / et = ) = e (0)]12 cn(ds) dt,
0 0,1)

where we used Holder’s inequality and the fact that f(o 7 ay(ds) = 1. Because

T-1 2 h
/ (1— / ah<ds>) ()| dit < / lue(0)2dt < plh + 1),
0 0,?) 0

“and because we get for the second term by changing variables and using the
definition of «a; that

T-1
/ / et = 5) — e (0)| cp(dls) dt
0 0,1)

T
- / / lu(t — ) — u(@)|]? an(ds) dt
T 0,t-1)

T
Sh// lu(t ) — u(t)|? o(ds)dt < Th,
0 0,2)
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we conclude from (38) that
(39) lue — ap = ur“iZ([o, T—-1)) <2p(t+h)+2IA

Note that this inequality holds for 7 =0 as well.
For every ¢t € [0, T — 7] we have

/Ot en(t —s)(u(s) —u(s + 1)) ds
= /t ep(t —s)u(s)ds — /m ep(t+1—s)u(s)ds
0 T
= / ep(t —s)u(s)ds + / (en(t—s) —en(t + 7 —5))u(s)ds
0 T

t+1
- / ep(t+1—s)u(s)ds,
t
and therefore we get, because |e, (1 —5) — €,(t + 7 — 5)| < Tmax.e, 1yle,(2)]

llen * (ue — W)l 20, 7))
< lleallziqo, mpllell 2o, )
+ (llen — nellio, 7—7) + ”eh”L'([O,t])) llull 20, )

< lewlusgo, V200 + (€7 max les (0] + lenluigo, o ) V.

If we combine this result with (36), (37), and (39) (with 7 =0 as well) we get
the desired conclusion by choosing 4 appropriately. O

Proof of Theorem 4. Since we will prove that u, is bounded we may, without
loss of generality, assume that ¢’ is bounded from above. We need this as-
sumption if we want to apply Lemma 2 and it will not, of course, affect the
bounds that we get. (For more details on this kind of argument, see [27, p.
116).

It is easy to see that one can find functions g¢ and w§ that satsify (iii) and
(iv) and are such that
g — g in W' (RY; L=(T; R)) n W . (RY; LX(T; R)),

loc loc

(40) ) ol
w§ — ug, in L®(T;R)ase 0.

In the case where |k'(0+)] < oo we proceed in exactly the same manner
as in [27], the only exception being that one must apply the results in [13] to
obtain [27, Proposition 4.1] under the assumptions used here. Hence, we shall
concentrate on the case where |k'(0+)| = co.

By Lemma 3 we know that the functions w¢ and v¢ are uniformly bounded
(at least on compact z-intervals) and therefore there exist functions w and v
that belong to L°(R™ x T; R) such that w® — w and v% — v in the weak-
sense for some sequence €; | 0. Furthermore, there exists a function W so that
o(w®) — W in the weak-* sense as well, and we must show that W = ag(w).
We shall do this by proving that we actually have strong convergence; that is,
we are going to prove that for each 7 > 0 we have
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w9 - w, o(w9)—-g(w), and v; - v

(41) in L*([0, T]; L*(T; R)) as j — oo.

Let T > 0 be fixed for the moment. We want to apply Lemma 5 and use
(14) and therefore we must check that the measure B satisfies the necessary
conditions.

Since b is nonincreasing and b(0+) = oo (because we assume that |k’(0+)| =
oo ) we automatically get that ([0, 1]) = oo so it remains to check the require-
ment on the Fourier transform. (If we knew that b is locally absolutely con-
tinuous, e.g., convex, then this requirement would be automatically satisfied.)
If k(0+) < oo one can easily deduce directly from (3) that the function ea(e)
is locally absolutely continuous and then it follows from (5) that the function
eb(e) is locally absolutely continuous as well and this gives the desired conclu-
sion by the Riemann-Lebesgue lemma. It remains to consider the case where
k(0+) = oo and we show that

lim wb'(iw) =0,

|w]—o0

and this is sufficient as is easy to see. By (19) we have

iwb'(iw) =

1 /°° iwk(iw) + iw*k' (iw)

mJo  (A+ iwk(io)Vi
and since the fact that k is nonincreasing implies that R(iwk(iw)) > 0 so that
|A+iwk(iw)| > |iok(io)|, @ € R, and sup, |0k’ (io)|/|k(io)| < 5v2 by [14,
Lemma 6.2.2], we get the desired conclusion because lim|w|_.oo|w12:(iw)| =00

Thus we can apply Lemma 5 and since we assumed that ¢’ is bounded, we

conclude that there exists a continuous function n with 5(0) = 0 such that for
all T€[0,T]

(42) / lo(w(t+7, ) = 0 (w2, 0)|22g dt < n(2).
Define the functions W* and W"./ by

+
wht, x) = ;12—/ W(s, x)ds,

whi(t, x) = h/ (wé(s, x))ds.

It is clear that W*-/ — W" in the weak-x sense as j — oo, but we claim that
we actually have convergence in L2([0, T]; L3(T; R)). To see that this is the
case we note that if we integrate both sides of the second equation in (8) with
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respect to ¢ and x over the rectangle [t, ¢+ 4] x [x, x + 7], then we get
43
(1 ) X+T
[ (e - g h )
X
t+h
+/ b(t+h—s)(vi(s, &) —gY(s, &))ds
0
t
(v, &) - g9(t, &) - /0 b(t—s)(vi(s, &) — g%(s, &) dS) d¢
=Whit, x+1)- Wi, x)
1 t+h ‘ ‘
+e€ig / (vi’(s, X+1)—v(s, x))ds.
t
It follows from Holder’s inequality and (13) that
1
,

t+h ) 2
e;/‘;/, (v (s, x + 1) —vd(s, x)) ds| dx

€: T+h 1 €:
54—}116,-/ / |v§(t,x)[2dxdt§C—hi,
0 -1

where C is some constant that does not depend on €¢; or 7. Thus if follows
from (43) and from the fact that v¢ and g¢ are bounded that

1
limlimsup/ |Whi(t, x + 1) - whi, x)|2dx =0, te[0, T)
7]0 j—oo -1

Since the functions W":/ are clearly equicontinuous as functions of ¢ as well,
we now get the desired claim that

(44) Hm IWh = W o, 1y ey = 0,

from the Arzela-Ascoli theorem.
It is clear that we can choose # in such a way that we also have

r 2
(45) /0 |W(t+1,e)—W(t, .)||L2(T) dt < n(1).

Now it follows from (42) and (45) (because we may assume that # is non-
decreasing) that

W™ — o ()llago, rys ey < k), 21,

IW" = Wll2q0. 1y: 1201y < V1R,
hence we have by (44) that

limsupllo(w®) — Wil 20, 17: L2(T))

J—o0

< limsupllo(w®) = W*J|| 20, 19: 1201y

Jj—o0

+ lim sup|| "/ — Wh”LZ([o,T];LZ(T)) + limsup|| wh - Wiz o, 1, 2my)
J—oo

Jj—oo

< 2\/n(h),
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and we get the desired result that o(w%) — W in L2%([0, T]; L*(T; R)).
Because inficg 0'(s) > 0 we conclude that the sequence w¢ must converge
strongly as well and it follows that W = g(w). Thus we have obtained the
first and second claims of (41). The third part is obtained by almost exactly the
same argument as the one used for g(w¢®), the only difference is that in this
case we integrate both sides of the first equation in (8).

It follows directly from Lemma 3 and (40) that the third inequality in (17)
holds and that for almost every ¢

w(t,x)
Va'(s)ds

Wo

(46) ess sup
x€[0,1]

< 2B(1).

Let us define the function u by (16) and u® by

X t
(47) usi(t, x) = / wy' (&) dé +/ c(t—s)v(s, x)ds.
0 0
If we take the convolution of both sides of the first eqution in (8) with ¢, then
we conclude that

t t
w‘f(t,x)=wf,’(x)+/ c(t—s)vi’(s,x)ds+e/ c(t — s)we(s, x)ds.
0 0

If we integrate both sides of this equation over [0, x], use the fact that v (¢, 0)
= wy(t,0) = 0 (because v& and wy’ are odd functions of the second vari-
able), then we conclude with the aid of (13), (40), and (41) that

/xw(t, &) dE = ug(x) +/tc(t—s)v(s, x)ds = u(t, x).
0 0

From this equation together with (46) we see that u € L (R*; WOl ([0, 1]; R))
and that w = u,, so that (46) is in fact the first inequality in (17).
If we twice take the convolution of the both sides of the second equation in

(8) with ¢ and use (10), then we get
t t
/ c(t—s)vo(s, x)dx = / c(t—s)g(s, x)dx
0 0

+ /Ot /Ofk(z —5) ((a(w)) (s, X) + €vik(s, x)) dsdr,

and it follows from (40), (41), the fact that w = u, , and from our definitions
of u, g,and g¢ that (15) holds. The remaining claims of Theorem 4 follow
easily and the proof is completed. O
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