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FRACTAL PROPERTIES OF INVARIANT SUBSETS FOR
PIECEWISE MONOTONIC MAPS ON THE INTERVAL

FRANZ HOFBAUER AND MARIUSZ URBANSKI

ABSTRACT. Let T be a piecewise monotonic transformation on [0, 1] and let
A be a T-invariant subset, which has positive topological entropy and satisfies
the Darboux property. A general existence theorem for conformal measures on
A is proved. This is then used to show equality of the dynamical dimension of
A and the minimal zero of a certain pressure function.

1. INTRODUCTION

A map T:[0, 1] — [0, 1] is called piecewise monotonic, if there is a finite
subset {ap, a;, ..., an} of [0, 1] with 0 =agyp < a; <--- <ay =1 such that
T|(a;-y, a;) is strictly monotone and continuous for 1 < i < N. The aim of
this paper is to investigate fractal dimensions, pressure functions and conformal
measures for invariant subsets of ([0, 1], T).

The dynamical system ([0, 1], 7) which we consider is allowed to have

discontinuities on the set P := {ap, a;,...,ay} of partition points. If
limyy, T(x)
# lim,, T(x) for some a € P then there is no natural choice for T'(a).
Therefore we introduce definitions which do not depend on the values of T at
its points of discontinuity. We say that a closed set 4 C [0, 1] is T-invariant, if
T(A\P) C A. This implies T(A4) C A if T is continuous. Let A be closed and
T-invariant. We consider the following definition of conformal measures. Set
Z ={(ap,a), (a1, a2), ..., (an-1, an)} andlet g be a nonnegative function
on A. A probability measure m on A is called almost g-conformal, if

(1.1) m(T(Y)) = / gdm for all Y C A4 contained in some Z € Z.
Y

According to [2], the measure m is called g-conformal, if (1.1) holds for all
Y, for which T|Y is strictly monotone. The difference is that Y in (1.1)
cannot contain points of P. Finally we consider the dynamical dimension as
introduced in [3 and 4]. The Hausdorff dimension HD(u) of a probability
measure u is defined as inf HD(B), where HD(B) denotes the Hausdorff di-
mension of the set B and where the infimum is taken over all Borel subsets
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B with u(B) = 1. The dynamical dimension dD(A4) of A is now defined as
sup HD(u), the supremum taken over all ergodic invariant measures x4 on A4
with positive entropy.

The first aim of this paper is to give a version of the definition of pressure
on A for a class of piecewise continuous functions f, denoted by ¢q(T'|4, f),
such that the minimum z4 of zeros of ¢ — ¢(T|4, —tlog|T'|) exists, and to
show existence of almost e?(T14./)=/_conformal measures. These are then the
prerequisites for the second aim of this paper, which is to show equality of z,,
of dD(4) and of the infimum of all ¢, for which an almost |7”|'-conformal
measure on A, whose support equals A, exists. The reader should think of
these three equalities as a version of the McCluskey-Manning-Bowen formula
stated for maps of the interval. He should be also aware that our real aim would
be to have this formula for HD(A) instead of dD(A4). Under certain additional
assumptions on 7 like inf|7”’| > 1 this is done in [13 and 8]. However the
problem, whether HD(A4) equals dD(A) in general, seems to be very difficult
and so far is open. Nevertheless the partial result proved in our paper seems
to be also of interest. For an additional discussion about pressure, Hausdorff
dimension and conformal measures the reader is referred to [3, 4, and 8].

In order to prove such results we need several assumptionson 7 and on 4.
As in [8], an open nonempty interval I C [0, 1] is called atomic, if 7"(I) is
contained in some element of Z for all n > 0. We say that the piecewise
monotonic map T is regular, if there are no atomic intervals, or if there are
finitely many intervals I, I, ..., I;, mapped monotonically to each other by
T, such that for each atomic interval I thereisan n anda k with T"(I) C I .
It is well known that all unimodal maps without stable periodic orbits and with
negative Schwarzian derivative are regular. Much weaker conditions, obtained
recently, for a piecewise monotonic map to be regular can be found for example
in [11] or [12]. Furthermore, we say that T is piecewise differentiable, if the
derivative of T'|Z exists for all Z € Z and can be extended to a continuous
function on the closure of Z .

A closed subset 4 of ([0, 1], T) is called a Darboux subset, if it satisfies
T(A\P) C A, if it is disjoint from atomic intervals and if the following holds

(1.2) T(ANZ)=ANT(Z) forall Z € Z

which sometimes is called Darboux property.

Darboux subsets occur in a natural way. Let T be a regular piecewise mono-
tonic map. Let G C [0, 1] be an invariant set which is a finite union of
intervals and which contains the intervals attracting all atomic intervals. Set
A= [0, INT-(G). Its complement is the set of all x, for which there is
a neighbourhood U and an i > 0 with T(U) c G. Clearly A4 is closed, has
empty intersection with all atomic intervals and satisfies 7(4\P) C A. Fur-
thermore, if x € ANT(Z) for some Z € Z , then (T|Z)"!(x) € Z and also
(T|Z)~'(x) € A by definition of 4. Hence x € T(4AN Z), which implies the
nonobvious part of (1.2). Therefore 4 is a Darboux subset. In [6], a decompo-
sition of the nonwandering set of a piecewise monotonic map into topologically
transitive components is given. Each component in this decomposition, which
has positive topological entropy, is of the above form and hence a Darboux
subset.

Throughout the paper we shall consider a regular piecewise monotonic map
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T, which is piecewise differentiable and a Darboux subset A4 of ([0, 1], T)
with Ap(7]A4) > 0. In §2 we develop a definition ¢q(7T'|4, f) of the pres-
sure for a class D(A) of piecewise continuous functions f containing /1 :=
—log|T’|, if T'|Z is nonzero for all Z € Z . We show that the map ¢ —
q(T|A, th) has a minimal zero z4 in [0, 1]. The definition of ¢(T|4, f)
is based on an approximation of (4, T|4) from below by dynamical sys-
tems, which behave like subshifts of finite type. This technique of approxi-
mation is studied further in §3 and used then in §4 to show existence of almost
e9(Tl4./)=/_conformal measures on A for f € D(4). We give also conditions,
under which conformal measures exist.

In §5 we assume additionally that 7’|Z is nonzero and of bounded variation
for each Z € Z, and that A is topologically transitive. Let &(A) be the
infimum of all ¢ for which an almost |7’|'-conformal measure exists on A,
whose support equals 4. Using the existence theorem for almost conformal
measures of §4 and results of [10], we show that dD(A4) = z4 = §(A4).

2. PRESSURE

In this section we develop a version of the definition of pressure, which is
suitable for later applications. Let 7 be a regular piecewise monotonic map
and let A be a Darboux subset of ([0, 1], 7). Let D(A) be the set of all
fiA— (-0, 00], such that f|ANZ has values in R and can be extended to
a continuous function from the closure of ANZ to (-co0, <] forall Z € 2,
where we use the obvious topology on (—oo, o0].

We introduce a definition of invariant measures which avoids discontinuities
of the considered mappings. For a closed invariant subset B of [0, 1] let
M7(B) be the set of all T-invariant probability measures on B, for which the
set of discontinuities of 7 is of measure zero, and let M7 (B, f) be the set
of those measures in Mr(B) for which the set of discontinuities of f is a
nullset. Remark that these sets of discontinuities are contained in the set P of
partition points and hence are finite. Furthermore, let E7(B) and Ep(B, f)
denote the sets of ergodic measures in M7(B) and in My (B, f) respectively.
For continuous 7 and f we get the usual definitions. If f € D(A), then f
is bounded from below and hence [ fdpu exists for 4 € Mr(A) allowing that
[fdu=cc.

The first step in the definition of pressure is to cut out partition points a €
P with infinite orbit. To this end set T*(a) = limy, T(x) and T~ (a) =
limyt, T(x). Furthermore define N* = {a € P: T'(T*(a)) ¢ P for i > 0}
and N~ ={a€ P:T(T (a)) ¢ P for i > 0}. Then let P* be the set
of elements of N* for which T*(a) has an infinite orbit. Similarly define
P~ . Let 2 denote the family of all open subsets of [0, 1], which contain a
neighbourhood of each a € P* N P~ and which contain an interval (a — ¢, a)
or (a,a+e¢) for some ¢ >0, if ae€ P~\P* orif a € P*\P~ respectively.
If T is continuous on [0, 1] then P* = P~ and the elements of 2 are just
neighbourhoods of P* = P~. Now let (V,),>; be a decreasing sequence in 2’
satisfying (oo, V, = P* NP~ . Set A, ={x€A:T(x) ¢ V, for i >1}. It
may happen that 4, = @. But if 4 contains a periodic orbit, which is disjoint
from P, then A, # @ for all large n. It is shown in §3 that this always
happens, if hop(A4) > 0. For f € D(A4) set f, = min(f, n), which is again in
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D(A). We define
(2.1) q(T|Ay, fn) = sup h,,+/f,,d,u.

UEET(An, fn)
If T|A, and f, are continuous, the variational principle implies that
q(T|An, fn) coincides with the usual definition of pressure (see [14]). Since
the sequences (A,)n>1 and (fy)n>1 are increasing also (¢(T|4n, fa))n>1 is
increasing and we can define

(2.2) 4(T\4, ) =supq(T|Ay, fo) = lim g(T|dn, 1)

which is the notion of pressure we use in this paper. The following lemma
shows that ¢(T'|4, f) does not depend on the sequences (A,),>1 and (fz)n>1
occurring in its definition.

Lemma 1. For f € D(A) let Er(A, f) be the set of all u € Er(A, f), such
that each a € P* is not a limit point from the right of supp u and such that
each a € P~ is not a limit point from the left of supp . Then

A4, f)= sup o+ [ fdu.
KEET(A,f)

Proof. Let (An)n>1 and (fn)n>1 be as in the definition of ¢(T|4, f). If
u € Er(A, f), then there is a k with suppu C A4, for n > k be defini-
tion of E7(A, f). If n is large enough , the points of discontinuity of f and
Jn are the same, and we get u € Ep(A4,, f,). Hence we get from (2.1) that
q(T\A4, f) > limy— hy + [ fudp, which equals h, + [ fdu by monotone
convergence. On the other hand, for any r < ¢(T|4, f), there is an n with
q(T\An, fu) > r. By (2.1) there is a u € Er(Ay, fp) with b, + [ fudu > r.
Since f > f,, weget h,+ [ fdu > r. Since f > f, have the same points
of discontinuity, if 7 is large enough, we get u € Er(4,, f) for all large n.
The definition of A4, implies that Er(A4,, f) C Er(A4, f), which finishes the
proof. O

We give a first application. We denote by / the restriction of the function
—log|T’| to A. If T is piecewise differentiable and if all zeros of 7’ are in
P, then h € D(A). For t >0 we can define

q(t) = q(T|4, th).

The proof of the next theorem uses results of §3, which are completely indepen-
dent of this section. If 7 has discontinuities, then h,(7]A4) can be defined as

SupMT(A) h# .

Theorem 1. Let T be a regular piecewise monotonic map, which is piecewise
differentiable and whose derivative is nonzero on [0, 1)\P. If A is a Darboux
subset of ([0, 1], T) with hy(T|A) > 0, then q:[0, 1] - (—o0, o] has the
Jollowing properties.

(i) ¢(0) >0 and q(1) <0,

(ii) g is convex and hence continuous,

(iii) 0< )y <, < 1= q(t) 2 q(t2).
Proof. Lemma 5 of the next section shows that 4, # @ for all large n. Hence
(2.1) and (2.2) imply that ¢(0) = g(T|4,0) > 0. If g(1) > 0, then Lemma
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1 implies that there is a 4 € Er(A, h) with h, + [hdpu > 0. By (ii) of
Lemma 6 we get 4, > 0. Now Theorem 2 of [7] implies that 4, < — [hdu,a
contradiction, finishing the proof of (i). By (2.1), the function ¢ — ¢q(T'|A4,, th,)
is a supremum of linear functions and therefore convex. By (2.2), the function
t— g(t) is a supremum of convex functions and therefore convex. Since every
convex function is continuous, (ii) is shown. ~Suppose that ¢; < ¢, and that
q(t) < q(t). By Lemma 1, there isa u € Er(A, h) with h, +¢; [hdu <
hy +t; [hdu. Remark that Er(A, th) does not depend on ¢ for > 0. We
get ) [hdu <t [ hdpu and hence [hdu > 0. This contradicts (ii) of Lemma
6 showing (iii). O

Theorem 1 implies that g is bounded on [0, 1] and that there is a unique
z4 €[0, 1] with g(z4) = 0, such that g(¢) >0 for ¢t € [0, z4) and ¢(¢t) <0
for te[zy, 1].

3. APPROXIMATION WITH SUBSHIFTS OF FINITE TYPE

In this section we again assume that T is a regular piecewise monotonic
map and that A4 is a Darboux subset of ([0, 1], 7). We exhaust (4, T|A)
by subshifts of finite type. To this end we have to modify ([0, 1], T) refining
the partition given by P and doubling all inverse images of the new partition
points.

We use the sets N*, N~ , P*, P~ defined in §2. If a € P\N™* then there
is a minimal j(a) > 0 with T/@(T*(a)) € P. Set Qf = {T*(T*(a)) :a €
P\N*,0 < i < j(a)}. If a € N*\P*, the orbit of T*(a) is finite. Set
Q7 ={T'(T*(a)) :a € N*\P*, i > 0}. In the same way define Q; and Q5 .
Since T is regular, there are finitely many intervals I, I, ..., I;, mapped
monotonically to each other, which attract all atomic intervals. Since T induces
a permutation of these intervals, there is a set Q3 consisting of finitely many
periodic orbits, such that the closure of each /; has nonempty intersection with
Q3. Set Q=PUQfUQ; UQyUQ; UQs. This set is finite and considered as
the set of new partition points. It is chosen such that

(3.1) acQ\P* & T*a)eQ and ae€Q\P~ & T (a)e Q.

Set R={x € (0,1): T'(x) € Q for some i > 0}. In the interval [0, 1]
substitute each x by two point x* and x~, which gives a totally ordered
compact set X . Consider (0, 1)\R, which is dense in X . As T is piecewise
monotonic with discontinuities in P C Q, we can extend 7 continuously from
(0, 1\R to all of X and get a continuous map 7: X — X . Define n: X —
[0,1] by n(x)=x if x ¢ Randby n(x*)=n(x")=x if x€e R. Then =
is continuous and

(3.2) T(n(x)) = n(]N"(x)) if T is continuous in 7(x).
If Q={by,by,...,bx} and 0=by < by <---<bg =1, set

%7 ={0,b1,[bf,b51,...,[bg_,, 11}

which is a partition of X into closed-open intervals, on each of which T is
strictly monotone.
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The set A’ := AN ((0, 1)\R) is contained in (0, 1)\R C X and satisfies
TAYcA, si~nce T(A\P)C A and T:‘(R) CR. Let A be the closure of A’
in X . Since T is continuous, we get 7(A4) C A and 7t(A) A. For f € D(A)

let f be the continuous extension of f]4’ to A. Then f: A — (—o0, 00] is
continuous and

(3.3) f(n(x)) = f(x) if f is continuous in 7(x).

Lemma 3. If A is a Darboux subset of ( (10, 11, 1), then % is a generator for
A, which means the following. If x, y € A with x #y, then there is an i such
that T'(x) and T'(y) are in different elements of % .

Proof. Fix x,y € A with x #y. If n(x) = n(y), then T/(n(x)) =1z € Q
for some j. Furthermore, 7/(x) = z+ and T7(y) = z~ (or vice versa). This
says that T/(x) and T/(y) are in different elements of % . Hence suppose
n(x) # n(y). Let J be the open interval in [0, 1] with endpoints n(x) and
n(y). If J is not atomic, then there is a minimal j with T/(J)NP # &,
which implies that T/(x) and T/(y) are in different elements of % . If J is
atomic, then T7(J) C I, forsome j > 0 and one of the intervals I, ) L,..., I
introduced above. Since 7r(A) A and ANI;, = @, the points n(Tf (x)) and
n(Tf (y)) are the endpoints of I, . Since the closure I, of I; contains a point
g of Q3 C Q, and since T/(x) and 7/(y) are limit points of A\n~!(T,), it
follows that either g* or g~ is between T/(x) and T/(y) which are therefore
in different elements of . O

Set 0 = n~'(Q) and S = Q\T-'(Q). Furthermore, let S* be the set of all
elements of S which are left endpoints of intervals in % and let S~ be the set
of all elements of S which are right endpoints of intervals in % . Now (3.1)
implies

(3.4) seSten(s)e Pt and se€ S™ e n(s) e P.
This gives
(3.5) s €S = {Ti(s): i >0} is infinite

since T|(X\7z“(R)) T|([0, 11\R) and since Ti(S )ﬂQ @ forall i>1.
Now we construct approximations of A. Set

n—1

7/,,=\/T-"?/={QT Ue?/}

i=0

a partition of X into closed-open intervals, on each of which T is monotone.
For x € X let U,,(x) be the unlque element of %, containing X. Set V, =
U 5 Un(s) and A, = {x € A:Ti(x) ¢ V, for i >0}. Clearly A, is closed

and T(A,,) C A

Lemma 4. Let A be a Darboux subset of ([0, 1], T).

W) If U e, and UNS =0 then 7~‘( U)e%,-_ l,where n>2.

(i) If U € % for k > 2 and UﬂS— @ then TUNA)=TWU)NA. If
n > k then we have also T(UnA )= T(U)N A,.
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(iii) The dynamical system (A, , T|Ay,) is topologically conjugate to a subshift

of finite type with a finite alphabet, if n > 2. In particular, TLZ,, is an open,
expansive map.
Proof. If U € %, then there areU; € Z and U, € %, with U = U; N
T-1(Uy). We have T(U) = T(U;)NU,. We show U, C T(U;). This is clear if
U has no common endpoint with U; . If s is a common endpoint of U and
U; then s € Q\S by assumption. By definition of S, the common endpoint
~(s) of T(U) and T(U,) is again in Q Since T(Ul)nUz # @ and since U,
can contain elements of Q only as endpoints, it follows that U, is at the same
side of T(s) as T (Uh). This proves U, C T(Ul) and (i) follows.

Since T(U N B) c T(U)N B holds for each B C X satisfying T(B) C B,
for (ii) it suffices to show the other inclusion. Fix y € T(U )N A . By definition
of A, there are yn € A\R with y, — y in X. Since T(U) is open by (i),
we can choose y, € T(U ). Furthermore, we can assume y, ¢ T(R), since
T(R)\R is finite. Let Z € Z be such that Z contains the interior of n(U).
Then y, € T(Z) for n> 1. Set x, = (T|Z)"'(yn) € Z . Since T|Z is strictly
monotone, we get from (1.2) thatx, € 4. Since y, ¢~T(R) we get x, ¢ R.

Let x be a limit point of (x,),>; in X. Then x € 4 and (T|U)"}(y) = x.
Hence x € AN U, which means that y € T(4N U) and the first part of (ii) is
shown. In order to show the second part, suppose that pAS T(U n ff,, Then
Y€ T(U n A. By the first part of (ii) there is an x € ANU with T(x)
Since U € %, with UNS = @ and since n > k we get that U N V,, = e
Therefore x ¢ V,. Also T’( )=T='(y) ¢ V, for i >1, asyeA We

have shown x € 4,. As T( )=y and as x € UN 4, we get yeT(UnA )
finishing the proof of (ii).

Set # = {Un A,, #@:U € %}, a finite partltlon of A, 1nto closed-
open sets. If U € %, has nonempty intersection with A,, ,then U nS @ by
deﬁmtlon of V,. By (1) we get T( )€ ?/,, 1 and by (ii) we get that T(UﬂA ) =

T(U)N A, . This shows that T(U N A,,) is a finite union of elements of % .
Hence the partltlon Z# has the Markov property and (iii) follows. 0O

Lemma 5. Let A be a Darboux subset of ([0,1], 7).

(i) Then T(UNA) is an interval in A forall Ue ¥ .
(i1) If hiop(A) > O then A contains a periodic orbit which is disjoint from P .

Proof. Fix U e Z . Then U \S is a union of finitely or countably many dlsjomt
intervals V' satisfying T(VﬂA) T( )nA by (11) of Lemma 4. Since T|U is
strictly monotone, we get that T (U \S)nA) T(U \S) NA.As S can contain
only endpoints of U, this implies that T(U N A) is an interval in 4 proving
(1).

In the notation of [6], (i) says that (A, T|A~) is a piecewise monotonic dy-
namical system. As 7 is bijective except on a countable set, we get hmp(ﬂff)
hiop(T)A) > 0. The results of [6] imply that A contains a topologically tran-

sitive subset L with Piop( T|L = hop( T |A), which contains a dense set of
periodic orbits. This set of periodic orbits has to be infinite and hence there is
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a periodic orbit in A disjoint from n~!(P). Its image under = is a periodic
orbit in A, which is disjoint from P. O

Now we compare the construction of this section with that in §2.

Lemma 6. Let A be a Darboux subset of ([0, 1], T). For f € D(A) let f be
the continuous extension of f|4' to A. Furthermore let p denote the pressure
of a continuous function on a topological dynamical system.

() If f € D(A) then q(T|A, f) = limp—op(T\Ay, fo), where f,
min(n, f).

(ii) Let T be piecewise differentiable with T' # 0 on [0, 1]\P. Set h =
—1log|T'| on A. Then [hdu <0 for u€ Er(A4, h).
Proof. Let V, be as in the definition of 4,. Let ¥, C [0, 1] be the interior
of m(V,). It follows from (3.4) that ¥, € 2. By Lemma 3 we get 22, V, =
PtNP~.Set A,={x€A:T'(x) ¢ V, for i > 0}. First we compare Er(A4,)
with the set E;(/f,,) of all T-invariant measures on A, . We show first

for each u € E7(A4,) thereis a ji € E= (A )
1

(3.6)

with lon™ = p and hy = hy.

If ue€ Er(A,) and u(R) =0 thenset ji = pon. Since g(z~'(R)) = u(R) =
m is a bijection almost everywhere and (3.6) is shown. If u(R) >0, then u is
concentrated on a periodic orbit L € RN A4, and T is continuous on L. There
are two copies L* and L~ of L in X with n(L*) =n(L”) = L. At least
one of L* and L~ isin A4,. Let i be the measure in E~(A,,) concentrated
on it and (3.6) holds by (3.2).

Now let N be the set of all i € Ex(4 ,,) with u(Q) >0. As Q is ﬁmte

also N is finite. If 4 € Ex(4 ,,)\N, then g(n~!(R)) =0. Set u = jion~
Then u(R) =0 and = is a bijection almost everywhere. Since discontinuities
of T and f € D(A) are contained in P C R, we get u € Er(A,, f). We have
shown

(37)  A€EfA)\N=pu:=jon '€ (| Er(4s, f)and hy=h,.
feD(4)

Let F;(,ff,,) be the set of all measures in E;()f,,) concentrated on periodic
orbits. Then

(3.8) i€ Ex(A ) = there are ji € Fx(4 ,,)\N with ji;, — i weakly.

By (iii) of Lemma 4, (A,, , T|A,,) decomposes into finitely many topologically
transitive subshifts of finite type. Using the specification property for subshifts
of finite type, it is shown in [1] that the measures concentrated on periodic orbits
are dense in the set of all invariant measures on each transitive component.
Since N is finite and since each fi € Ex(A4,) is concentrated on a transitive
component, (3.8) follows.

We show (i). Since the discontinuities of f are contained in P C Q, the
functions f: A - (—o0, o] and fu: A — R are continuous. Furthermore,
(3.3) says that f,(x) = fu(n(x)), if f, is continuous in m(x). Hence (3.6)
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implies that supg, 4, 7y fu+ [ fadu < sup,_ 7\ h;,+ff,, dji. Using (3.8), each
T n

[l € N can be approximated by a sequence of i, € F;(/f,,)\N and furthermore
hsy, = 0 = h;. Since f, has its discontinuities in P C Q for each n, we
get SUpg (4, ) Pu + [ fodp > SUPp_(j. h + [ fudit by (3.7). Now (2.1) and

Corollary 9.10.1 in [14] imply q(TlA,,, f,, =p(T |A,,, f») , which together with
(2.2) shows (i). B

In order to show (ii) suppose that thereisa u € Er(A4, h) with [hdu > 0. If
u is supported on a periodic orbit in A, this orbit is stable because [hdu > 0.
This contradicts the fact that 4 is a Darboux subset. Hence we can suppose that
u has no atoms. By definition of E7(A, h) thereisan n with u € Er(A4,, h).
By (3.6) thereisa ji € E;(A~,,) with jion~! = u. Since u has no atoms, we have
h =hon almost everywhere by (3.3) and [hdii= [hdu>0. Let k be such
that [hedji > 0, where b = min(h, k). By (3.8) there is a & € Fx(4,)\N
with [, do > 0 since h: A — R is continuous. Set v = ¥ o =", which is
concentrated on a periodic orbit L and is in E7(A4,, k) by (3.7). Therefore
Jhdv = [ hdv > f hid > 0, which implies that L is a stable periodic orbit
in A, C A. This contradicts the fact that 4 is a Darboux subset and (ii) is
shown. 0O

Remark. If f is continuous and sup f < p(T|4, f) then ¢(T|4, f) =
p(T|4, f), where p(T|A, f) is defined as sup,cg, 4 by + [ fdu, if T has
discontinuities. This follows from results in [13] and implies ¢(0)
hiop(T|A), if hiop(T|A4) > 0.

4. EXISTENCE OF CONFORMAL MEASURES
_In_this section we show existence of conformal measures. First we consider
(4, T\|A).
Lemma 7. Let T be a regular piecewise monotonic map and let A be a Dar-
boux subset of ([0, 11, T) with hop(A) > 0. Let f € D(A) and let f be the
continuous extension of f|A’' to A. We write q for q(T\A, f). Then there is
a probability measure m on A such that

@1 mEr) = / e Tdm ifY c (A\S)NU for some U € %
Y
and such that
(4.2) m({T(s)}) 2 e/ Win({s}) ifseSnA
Proof. Set f, = min(n, ). We write p, for p(T|dy, f,). Since T|d, is
an open and expansive map by (iii) of Lemma 4 and since f,: 4, — R is

continuous, it follows from Theorem 3.12 of [2] that there is a probability
measure m, on A, satisfying

(4.3) (T (Y)) = / eP=hdm, ifY c A,NU for some U € %.
Y

We consider #1, as a measureon X. If U € %, with k<n and U NS=o
then T(U nA,,) T () N Ay, by (i1) of Lemma 4. This implies that (4.3) holds
with Y =U.
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Now let 77 be a weak limit point of the sequence (#1,),>1. Suppose that
(m,,,),>1 converges to m. In particular, Az is concentrated on A. Since
f: A - (=00, 00] is continuous and since (p,),>1 converges to g by (i) of
Lemma 6, we get that (eP~/),5, converges uniformly to e~/ . If U € % for

some k > 2 then U = @. If additionally UNS = & thenalso d7(U) = @ by
(i) of Lemma 4 and (4.3) holds with Y = U for n > k. Because of m,, — m
we get from (4.3) that

(4.4) fn(T(U)):/e” Tdm itUe|)% andUnS=o.
k=2

The sets UN A with U € J}2,% and UNS = @ generate the Borel sets on

A\S by Lemma 3. As T is strictly monotone and continuous on each element
of #Z, (4.4) implies (4.1), using also (ii) of Lemma 4.

In order to show (4.2) fix s € SNA. Set Y, = AN Uy(s), where Ug(s) is
the unique element of %, which contains s. Now (4.3) implies

inn(F(Y)) > (T (Y 1 Ay) = / eI di, = / em=h diiny,.
Y NA, Yy

Since 8Y, = @, since eP»~/» converges uniformly to ¢4/, and since T( Y)
is closed, m, — /i implies

m(T(Y})) > /Y et dm.

By Lemma 3 we have (2, Y; = {s} and (4.2) follows with k - oc0. O

Lemma 8. Let T be a regular piecewise monotonic map, let A be~a Darboux
subset of ([0, 1], T) and let f € D(A). Let n be a measure on A satisfying
(4.1). If A is topologically transitive, then m is positive on open subsets of A.
Proof. In the notation of [8], (i) of Lemma 5 says that (ff R T|/f)~is a piecewise
monotonic dynamical system. Let / be an open interval in 4. Since A4 is
topologically transitive, Lemma 1 of [8] implies that |J] i=0 T’(I )= A for some
r. Suppose that m(I) = 0. By (4.1) we get that m(Ti(I \Uj lTJ(S ) =

for i > 1. Hence / is concentrated on szl (S). Since TJ(S)ﬂQ =g
for j > 1~ we have e~/ > 0 on Uz, Ti(S), since f € D(A).~Hence, for
X € U?Zn T/(S), we get from (4~.1), that m({x}) > 0 implies m({T(x)}) > 0.
Since the orbits of points in S are infinite, 7 cannot be concentrated on
U1 T/(S) . Therefore 7n(I) =0 is impossible. O

Now we go back to 4. We say that (4, T|A4) is topologically transitive, if
it contains a dense orbit, which is disjoint from the set P of partition points.

Theorem 2. Let T be a regular piecewise monotonic map and let A be a Dar-
boux subset of ([0, 1], T) with hop(A) > 0. If f € D(A), then there exists an
almost e9\T\4.1)~f _conformal measure m on A. If (A, T|A) is topologically
transitive, then there is such an m, which is positive on open subsets of A.
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Proof. Let i be as in Lemma 7 and set m = rinon~!. Since m(A) = A, m is
a measure on A. We write g for q(T|4, f). If YC ANZ forsome Z € Z
then (3.4) implies that 7~'(Y) NS = @ and hence n~!(Y) is a finite union
of disjoint sets, each of which is contained in (,;f\g) NU for some U e Z.
Furthermore T is strictly monotone on 7~!(Y), the definition of 7 and (3.4)
imply 7~ Y(T(Y)) = T(z~'(Y)) which gives m(T(Y)) = m(T(z~'(Y))), and
JyetTdm= [ _, ") e?=/ dm by (3.3) since discontinuities of f are contained
in P. Using these facts one sees that (1.1) follows from (4.1) showing that m
is an almost e9~/-conformal measure. B

If (4, T|A) is topologically transitive, it follows from n(A4) = A, that also
(}f , T|E) is topologically transitive. Lemma 8 implies that /# is positive on
open sets in A. This implies that the same holds for m = mon~! on A
finishing the proof. O

In order to explain our construction consider the following example. Define
T:[-1,1] —» [-1,1] by T(x) = —|sind4x| if x € [0,1] and by T(x) =
|sindx| if x € [-1,0]. We have P = {-1,-%,-%,%,%,1}. Let g be
a function on [-1, 1] with g(0) = 1. Then the measure J concentrated
on {0} is an almost g-conformal measure. This follows since 7-!({0}) C P
and since J({T(0)}) = g(0)d({0}). Although 4 = [—1, 1] is a topologically
transitive set, this measure J is supported on a single point. Such a measure
is useless for applications. In order to exclude such degenerate cases and to get
Theorem 2, the approximation procedure of §§2 and 3 leading to the definition
of q(T|A, f) and via Lemma 7 to Theorem 2 is chosen. The method of [4],
where it was sufficient to cut out only neighbourhoods of P, would not exclude
such degenerate cases.

Finally we give conditions under which conformal measures exist. The next
theorem is a generalization of Theorem 1 in [9].

Theorem 3. Let T be a regular piecewise monotonic map and let A be a Dar-
boux subset of ([0, 1], T) with hey(A) > 0. If f € D(A) satisfies sup f <
q(T|A, f) then there is an atomfree e T14./)~/-conformal measure m on A.
If A is topologically transitive, then m is positive on open subsets of A.
Proof. Let /m be as in Lemma 7 and set m = mon~!. Set g = q(T|4, f)
and «a = g -supf > 0. For x € A it follows from (4.1) and (4.2) that
rh({T(x)}) > e*m({x}). Since e~ > 1, one gets rh({Ti(x)}) > 1 for some i,
if m({x}) > 0. Hence /n and hence also m have no atoms. This implies that
(4.1) holds for all Y ¢ ANU with U € Z and that (1.1) holds for Y C 4,
for which T|Y is monotone, showing that m is e?~/-conformal. The last
statement follows as in the proof of Theorem 2. O

5. DYNAMICAL DIMENSION

In this section we investigate the dynamical dimension dD(A) of A using
conformal measures. Here almost |7”|'-conformal measures are of interest,
which we shall also call almost f-conformal. Hence a probability measure m
on A is almost t-conformal if
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(5.1) m(T(Y)) = / |T'|"dm for all Y C A contained in some Z € Z.
Y

Let d(A) be the infimum of all ¢ for which an almost z-conformal measure
exists on A, which is positive on open subsets of 4. We want to compare the
dynamical dimension dD(A4) defined in the introduction, the minimal zero z4
of ¢t — g(t) introduced in §2, and J(A4). In order to apply results of [10] we
define p-variation for p > 0. For g: [0, 1] - R and I a subinterval of [0, 1]
define

m
valfg=sup{2|g(x,~_1)—g(x,~)|”:meN,x,-eI,xo<x1 <~--<xm}.

i=1
Now we can show

Lemma 9. Let T be regular and piecewise differentiable with T'|\Z # 0 and
var, T' < oo forall Z € Z and some p > 0. Let A be a Darboux subset of
([0, 11, T) with hyp(T|4) > 0. Then dD(A) > z4.

Proof. The assumptions on 7" imply that 4 := —log|7”’| isin D(A). Theorem
1 shows the existence of z,4. Nothing is to show if z4, = 0. Hence suppose
that z, > 0. Choose 7 € (0, z4) arbitrary. Then ¢(¢) > 0. By Lemma
1 there is a u € Ep(A4, h) with h, +¢[hdu >0 and h,+ z4 [hdu < 0.
This implies (z4 —¢t) [hdu < 0 and x, := — [hdu > 0. Together with
vary, T' < oo for all Z € Z this gives the assumptions of Theorem 1 in [10],
which says that HD(u) = h,/x, . Since h,+t [hdu > 0, we get HD(u) > ¢
and h, > 0. Therefore dD(4) > HD(u) > t. Since t € (0, z,4) was arbitrary,
we get dD(4)>z,. O

Lemma 10. Let T be regular and piecewise differentiable with T'|Z # 0 for all
Z € Z. Let A be a Darboux subset of ([0, 1], T) with hp(T|A) >0, which
is topologically transitive. Then z4 > d6(A).

Proof. The assumptions on 7" imply that 4 := —log|7”’| isin D(A). Theorem
1 implies that g(T|4, z4h) = q(z4) = 0. Now Theorem 2 implies the existence
of an almost z4-conformal measure on A, which is positive on open subsets,
since A is topologically transitive. Hence d(4) <z,. O

Lemma 11. Let T be regular and piecewise differentiable with T'|Z # 0 and
vary T' < oo forall Z € Z and some p > 0. Let A be a Darboux subset of
([0, 1], T) with hp(T|A) > 0. Then §(A) > dD(A).

Proof. Suppose that §(A4) < dD(A4). By definition of dD(A) thereisa u €
Er(A) with h, > 0 and 6(4) < HD(u). By definition of J(A) there is a
t € [60(A4), HD(u)) such that an almost ¢-conformal measure m exists on A,
which is positive on open subsets. Set & = —log|T’| and x, = — [hdu. Since
T is piecewise differentiable, it follows from Theorem 2 in [7] that x, > O,
as h, > 0. Fix now s € (¢, HD(u)) and ¢ € (0, x,/2) such that s — ¢ >
2et/(xu — 2¢). By the assumptions on 7’ the function g defined by g = T’
on[0, 1]\P and g = 0 on P satisfies var‘l”o’”g < oo. Since u is ergodic
and since h, > 0 holds, x has no atoms and hence u(U;2,7~*(P)) = 0.
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Furthermore we have h € L, , since x, = — [hdu >0 and since infh > —co,
as T’ is bounded. We have checked the assumptions of Lemma 1 in [10] (see
also Lemma 1 in [7]), which implies that there exists a finite or countable family
% of open pairwise disjoint intervals refining 2, such that

(5.2) U ( U Y) =
Yey

(5.3) sup |A(x)—h(y)|<e forallY e Z,
x,y€eY
(5.4) - Z w(Y)logu(Y) < oc.
Yey

Set %, = Visg T7'% and L = N2 T (Uyey V) = NiZoUyeg, Y » which
has u-measure one by (5.2). For x € L let Y,(x) be the unique element of %,
which contains x. Using the technique of lifting x4 to the Markov extension
of ([0, 1], T) over %, which is possible by (5.4) and A, > 0, it is shown in
§4 of [10] (see also Lemma 2 of [7]) that there is a nonempty open interval J
with the following property. For u-almost every x € L there is an infinite set
I(x) C N with

(5.5) J =T"(Yy(x)) C T"(Y,(x)) forne I(x).

Since there is an x € LN A and an n with J = T"(Y,,(x)), we have T"(x) €
J and JNA # @. As m is positive on open subsets of A, we get m(J) =
m(JNA)>0. Since T(Y,(x)) is contained in some element of % and hence
in some element of .Z" for 0 < i < n—1, we get from (5.1) that m(T*(Y,(x))) >
lnfrz(yn(x) |T’| ’m(T'“( ( ))) Furthermore me. Y, (x)) |T’|_t = infTi(yn(x)) e”’
> eth(T'(X)~t¢ By (5.3). Together with (5.5) we get for u-almost all x

(5.6) m(Y,(x)) > m(J)e'Sh¥-nre if p e [(x)

where S,h(x) = Y070 h(T'(x)). Let |I| denote the length of the interval I.
In the same way as (5.6) we get using the mean value theorem and again (5.3)
that

(5.7) |Yy(x)| < e5hX)*ne for x € Land n > 1

as |[T"(Yn(x))| < 1. Since u is ergodic and since x, = — [hdu, we get
lim,_, %S,,h(x) = —y, for p-almost all x by the ergodic theorem. Hence
(5.7) implies that for u-almost all x there is an n(x) with

(5.8) |Yn(x)| < e~™u*2m¢ for all n > n(x).

Now let M C L be the set of all x for which (5.6) and (5.8) hold. Then
u(M)=1.Fix xe M and n € I(x) with n > n(x). Then we have
Y _ |Ya(x)" -t
< Y, §
(7 < it )

1 2nte ,—n(x,—2€)(s—1t)
< e by (5.6), (5.7) and (5.8)
1

——— by the choice of ¢
mJy

c<oo since m(J) > 0.
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Now fix d > 0 arbitrary. For x € M there is an n such that R(x) := Y,(x)
satisfies |R(x)| < ¢ and |R(x)|* < cm(R(x)) using (5.8) and the above estimate.
Since two elements of |J,-, %, are either disjoint or one contains the other,
there is a subset % of {R(x) : x € M} which consists of pairwise disjoint
intervals and which covers M. We get 3 5 |R[* < cY pcpm(R) <c. It
follows now from the definition of the s-dimensional Hausdorff measure v;
(see [5]), that vs(M) < c. This implies that the Hausdorff dimension HD(AM)
of M satisfies HD(M) < s. Since u(M) = 1, we get HD(u) < s, which
contradicts the choice of s. Hence d(4) >dD(4). G

We collect the results of the above three lemmas in the following theorem.

Theorem 5. Let T be regular and piecewise differentiable with T'|Z # 0 and
vary T' < oo forall Z € Z and some p > 0. Let A be a Darboux subset of
([0, 11, T) with hp(T|A) > 0, which is topologically transitive. Then dD(A) =
Zy= 5(/1) .

Remark. In [8] for a larger class of functions than D(A) a pressure p(T|A4, f)
is defined, for which the variational principle holds. Therefore it coincides
with the usual pressure, if 7|4 and f are continuous (see [14]). Set p(t) =
p(T|A, th), where h:= —1log|T’| € D(A). The problem here is to show p(1) <
0 (Theorem 1 of [8] proves that this holds, if T is continuous or if inf|7’| > 1,
but in general this question is open), which gives the existence of

v4 :=inf{t : p(t) = 0}.
We assume that y, exists. Because of q(T'|4, f) < p(T|A4, f), which follows
from (2.1), we get z4 < y4. Furthermore, the proof of Theorem 2 in [8], which

is essentially the same as that of Lemma 9, shows that y, < dD(A) . Therefore,
under the assumptions of Theorem 5, we get y4 = z4, provided that y, exists.
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