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GEOMETRY OF 2-STEP NILPOTENT GROUPS
WITH A LEFT INVARIANT METRIC. II

PATRICK EBERLEIN

ABSTRACT. We obtain a partial description of the totally geodesic submanifolds
of a 2-step, simply connected nilpotent Lie group with a left invariant metric.
We consider only the case that N is nonsingular; that is, ad¢: /" — Z is
surjective for all elements & € 4" — 2, where .#* denotes the Lie algebra of
N and Z denotes the center of .#". Among other results we show that if H
is a totally geodesic submanifold of N with dimH > 1 +dim.Z", then H is
an open subset of gN*, where g is an element of H and N* is a totally
geodesic subgroup of N . We find simple and useful criteria that are necessary
and sufficient for a subalgebra .#/* of .#° to be the Lie algebra of a totally
geodesic subgroup N* . We define and study the properties of a Gauss map of
a totally geodesic submanifold H of N . We conclude with a characterization
of 2-step nilpotent Lie groups N of Heisenberg type in terms of the abundance
of totally geodesic submanifolds of N .

INTRODUCTION

Let N denote a simply-connected, 2-step nilpotent Lie group with a left
invariant metric (, ), and let .#" = T,N denote the Lie algebra of N. Let
Z denote the center of .#° and 7” the orthogonal complement of 2" in
W . The geometry of N is determined by the properties of the linear map
Jj: Z —50(7) defined by ([X, Y], Z)=(j(Z)X,Y) forall X, Y €7 and
Z € Z ;see [E, K1, 2].

In [E] we studied geodesic behavior in N and its quotient manifolds I'\N,
where I' is a discrete cocompact subgroup of N . In this sequel we attempt
to describe the totally geodesic submanifolds of N . We consider only the case
that ./ is nonsingular; that is, the map ad&: ./ — Z is surjective for all
elements ¢ € /" —.Z . The simplest examples of totally geodesic submanifolds
of N are the open subsets of gN*, where N* is a totally geodesic subgroup of
N and g is an arbitrary element of N . Our efforts here are directed mainly
at the converse problem:

Under what conditions is a totally geodesic submanifold H of
(%) N an open subset of gN* for some totally geodesic subgroup
N* of N and some element g of N?
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If H is a 1-dimensional totally geodesic submanifold (i.e. a geodesic), then H
in general does not arise as in (x), but the answer is unknown if dimH > 2
and N is nonsingular. In Corollary 5.6 we show that H is an open subset of
gN* as above if dimH > 1 +dim.Z and N is nonsingular. From this fact it
follows that N adm:ts no totally geodesic hypersurfaces.

Corollary 5.6 is a special case of something more general that we now de-
scribe. Let 77, .Z also denote the left invariant distributions in N determined
by the subspaces of .#" = T, N. We say that a totally geodesic submanifold H
of N is well positioned at a point g of H if TeH = {T,HN7 (g)}®{T,HN
Z(g)}. In Theorem 5.5 we show that if N is nonsingular and H is a totally
geodesic submanifold of N that is well positioned at every point of an open
subset of H, then H is an open subset of gN*, where g is an element of H
and N* is a totally geodesic subgroup of N. From Lemma 2.2 it follows that
H is well positioned at every point if dim H > 1 + dim.Z", and Corollary 5.6
now follows immediately.

If N is of Heisenberg type, a model space for the class of 2-step nilpotent
groups with a left invariant metric (see §1), then every geodesic y of N that
begins at the identity e is contained in a 3-dimensional totally geodesic sub-
group N*. Moreover, N* is isometric to the standard Heisenberg group after
multiplying the metric of N* by a suitable positive constant that depends on the
geodesic y. The second main result of this paper is the following converse of
the fact just stated: (Theorem 6.1). Let N be a simply-connected, nonsingular,
2-step nilpotent Lie group with a left invariant metric. Assume that for every
geodesic y of N with y(0) = e there exists a connected, 3-dimensional, totally
geodesic submanifold H such that y'(0) e # = T,H and #NZ # {0}. Then
N is of Heisenberg type.

In the result above the hypothesis that # N.Z  be nonzero is probably un-
necessary. If dim.Z =1 and dim H > 2, then we show in Theorem 6.2 that
Z NZ # {0} unless # is an abelian subspace of 7. (In this case H is an
open subset of the flat, totally geodesic subgroup H* = exp(%Z).)

We now describe the organization and some of the main ideas of the paper.
In §1 we provide definitions, examples and statements of some results from [E].
In §2 we discuss some applications of the Gauss submanifold equations, which
provide necessary conditions for the existence of totally geodesic submanifolds
of N . A systematic use of the Gauss equations that exploits the special nature
of the curvature tensor of N is one of the main tools of this paper. In §3
we obtain some useful results about totally geodesic subgroups of N and the
corresponding totally geodesic subalgebras of .#" . In particular, Proposition 3.7
shows that a subalgebra # of .7 is totally geodesic if and only if one of the
following three cases arises: (1) # is an abelian subspace of 77. (2) # isa
subspace of Z . (3) #Z is a nontrivial direct sum Z = (ZNZ)d(#Z N7)
and j(Z) leaves invariant Z N7 forall Z € Z N.Z . In cases (1) and (2)
the corresponding totally geodesic subgroup H = exp(#) is flat. In case (3)
# is nonabelian and H is nonflat.

In §4 we study the Gauss map of a totally geodesic submanifold H of N. If
H, N have dimensions k, n respectively, then G: H — G(k, n) is defined
by G(g) =dL,-(TgH) forall g € H. Here G(k, n) denotes the Grassmann
manifold of k-dimensional subspaces of .#" = T,N . If H is an open subset of
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gN*, where N* is a totally geodesic subgroup of N and g is an element of
N, then G: H — G(k, n) is a constant map. The main result of §4, Theorem
4.2, is that for any connected totally geodesic submanifold H of N either G
is nonsingular at every point of H or G is constant on H and H is an open
subset of gN* as above.

In §5 we obtain sufficient criteria for a totally geodesic submanifold H that
contains the identity to be an open subset of a totally geodesic subgroup N*.
The main result is Theorem 5.5, which we stated earlier. In §6 we obtain
characterizations of groups N of Heisenberg type that we described above.

1. PRELIMINARIES

(1.1) Definition. A Lie algebra ./ is 2-step nilpotent if [.#", .#"] is nonzero
and lies in the center of /.

We introduce some notation that will be used throughout this paper.

(1.2) Notation. Let .#* denote a 2-step nilpotent Lie algebra, and let N de-
note the simply-connected, 2-step nilpotent Lie group with Lie algebra .#". Let
(,) denote an inner product on ./, and let {#", (, )} denote the correspond-
ing metric Lie algebra. Let {N, (, )} denote the group N equipped with the
corresponding left invariant inner product. Let .2 denote the center of ./,
and let 7" = Z1 denote the orthogonal complement of .Z in ./ relative to
(, ). For each nonzero element of Z of Z we let j(Z): 7 — 7" denote the
skew symmetric linear transformation that satisfies

(X,Y],Z)={(j(Z)X,Y) foralX,Ye¥

(1.3) Definition. A 2-step nilpotent Lie algebra .#" is nonsingular if ad X: 4
— Z is surjective for each X € /" —Z . A simply-connected, 2-step nilpotent
Lie group N is nonsingular if its Lie algebra .#" is nonsingular.

(1.4) Remark. Let {/,(,)} be a nonsingular, 2-step nilpotent metric Lie
algebra. Then

1) W, =2,

(2) j(Z): 7 — 7 is nonsingular for any nonzero Z in .2,

(3) dim?7 > 1+dim.Z .

The first assertion follows since Z =adX(/#/)C A, A if X etV - Z .
The second assertion follows routinely from the definitions. To prove (3) we
let X be any nonzero vector of 7 and consider the subspace Zy of 7 given
by Zx = {j(Z)X: Z € Z}. The map Z — j(Z)X is an isomorphism of Z
onto Zx by (2). Assertion (3) now follows since X is orthogonal to Zx by
the skew symmetry of j(Z), Z € Z .

It is routine to prove the converse of (1.4).

(1.5) Lemma. Let {4, (,)} be a 2-step nilpotent metric Lie algebra such that
J(Z): 7 — 7 is nonsingular for any nonzero Z in Z . Then /¥ is nonsingu-
lar.

(1.6) Definition. A 2-step nilpotent metric Lie algebra {7, (, )} is of Heisen-
berg type if there exists a positive constant A such that j(Z)? =
every Z € Z .

—-A|Z|*1d for
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(1.7) Example. The standard metric Heisenberg algebras and groups. For a
fixed integer n > 1 let {X,,Y,,..., X,,Y,,Z} be a basis of a (2n + 1)-
dimensional real vector space .# . Equip .#° with a Lie algebra structure de-
fined by the bracket relations

[X;, Y= [V, X]=Z fori<i<n,
[X;, Z]=[Y:, Z]=0 forl<i<n,
[Y:, Y] = [Xi, X;[= [X;, Y1 =0 fori#j.

If (,) is the inner product on .#° for which {X,,Y;,..., X,,Y,,Z} is
an orthonormal basis of /", then {/", (,)} is a 2-step nilpotent metric Lie
algebra with 1-dimensional center spanned by Z. One computes easily that
j(Z)? = —1d. The metric Lie algebra {.#", (, )} is called the standard metric
(2n + 1)-dimensional Heisenberg algebra. The corresponding simply connected
metric Lie group {N, (,)} is called a standard metric (2n + 1)-dimensional
Heisenberg group.

Conversely, let {#, (,)} be a 2-step nilpotent Lie algebra of Heisenberg
type with 1-dimensional center .Z . If one multiplies the inner product (, ) by
a suitable positive constant, then the resulting metric Lie algebra is isometric and
Lie algebra isomorphic to a standard metric Heisenberg algebra of dimension
2n + 1 for some positive integer 7.

To verify the assertion above let 4 > 0 be the constant such that j(Z)? =
—-A|Z|?1d for all Z € Z . Define the inner product (,)* = A(,) on .# and
let | |* and j*(Z) define respectively the norm and linear transformation from
(1.2) determined by (, )*. It is routine to check that j*(Z) = j(Z) for all
Z € Z and hence j*(Z)?> = —(|Z|*)?1d forall Z € Z .

Let Z* be a vector in .Z with |Z*|* = 1. Since j*(Z*) is a nonsingular,
skew symmetric linear transformation we can decompose 7~ into an orthogonal
direct sum 7" = 7/ & --- ® 7, for some integer n > 1, where dimZ; = 2
and 77 is invariant under j*(Z*) for every i. If X is a unit vector in 77,

then Y = j*(Z*)X} is a vector in 7; orthogonal to X; and |Y;|* = 1 since
Jj*(Z*)*=-1d. Hence {X}, Y,..., X;, Yy, Z*} is an orthonormal basis of
A relative to (, )*. It is straightforward to check that the linear isomorphism
of ./ onto the Heisenberg algebra of dimension 2n + 1 which sends X; to

Xi, Y* to Y; and Z* to Z is also an isometry and a Lie algebra isomorphism.

(1.8) Example. The standard 3-dimensional metric Heisenberg algebra and
group. If {/", (, )} is anonabelian, 3-dimensional nilpotent metric Lie algebra,
then .#° has 1-dimensional center .2 and 2-dimensional orthogonal comple-
ment 7. It is easy to see that .#" is of Heisenberg type. Hence {/", A(, )}
is a standard 3-dimensional metric Heisenberg algebra for some A > 0 by the
discussion in (1.7).

The 3-dimensional Heisenberg algebra is Lie algebra isomorphic to the set
of real 3 x 3 upper triangular matrices with zeros on the diagonal, where the
matrix bracket operation is the usual one: [4, B] = AB—BA for 3x3 matrices
A, B. The natural isomorphism maps the basis X, Y, Z for .#* onto those
upper triangular matrices with zero entries except for a 1 in positions 12, 23,
13 respectively. Relative to the 3 x 3 matrix realization of the 3-dimensional
Heisenberg algebra .#" the corresponding simply-connected nilpotent group N
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is the set of real 3 x 3 upper triangular matrices with ones on the diagonal,
where the group multiplication is the usual one for 3 x 3 matrices.

For other examples of Lie algebras of Heisenberg type see [K1, 2] and (1.3)
of [E].

(1.9) Exponential map. We let exp: .#" — N denote the Lie group exponen-
tial map. It is known that exp is a diffeomorphism since N is simply connected
and nilpotent. See for example [R, p. 6].
For 2-step nilpotent Lie algebras the Campbell-Baker-Hausdorff formula be-
comes
exp(X)-exp(Y)=exp(X + Y +(1/2)[X, Y]).

(1.10) Covariant derivative (cf. §2.1 of [E]). We may identify an element of
A with a left invariant vector field on N since T,N may be identified with
A I &y, & are left invariant vector fields on N, then Vg &, is left invariant
also. One has the following formulas:

(a) VyY = %[X, Y] forall X, Ye7,

(b) VxZ =-3j(Z)X forall Xe 7, Ze Z,

(c) VzZ*=0 forall Z, Z* e Z.

(1.11) Curvature tensor (cf. §2.1 of [E]). If &, &, & are left invariant vector
fields on N, then R(&,, &)& = _V[fl ,52153 + Vél(VQéj,) - V{z(Vij;) is also
left invariant. One computes

(@) R(X, Y)X* = (X, YDX* - 3j([Y, X*DX + {j([X, X*])Y for all
X, Y, Xte7,

RX,Y)X = 3j([X, YDX forallX,Ye?,

(b) R(X, Z)Z* = -4j(Z)j(Z*)X forall X €7 ,Z,Z* € Z,
(€) R(X,Z)Y =-L[X, j(Z)Y] forall X, Ye¥ , ZeZ,
(d) R(Z;,Zy)Z3=0 forall Z,, Z,, Zy € Z.

(1.12) Curvature transformations R;. For each element ¢ of /" let %; be
the curvature transformation defined by R:(n) = R(n, £)¢. The transformation
R; is symmetric for each £ € .#° by the Bianchi identities for the Riemann
curvature tensor. The next result is useful.

Lemma A. Let {#, (,)} be a nonsingular, 2-step nilpotent metric Lie algebra.
Then

(a) If ¢ € 77 is nonzero, then 77 and Z are invariant subspaces for R; .
Moreover R; is negative semidefinite on 7" and positive definite on Z .

(b) If ¢ € Z is nonzero, then 77 and Z are invariant subspaces for R;.
Moreover R; is positive definite on 7" and zero on Z .

(c) Let & liein 77 or Z . If n is an eigenvector of Ry, then n lies in 7"
or Z .

Proof. Let £ = X € 7" be nonzero. By (1.11) we see that
RX(Y)=—%j([X, YNDXe? and (Rx(Y), Y)=-3|[X, Y]*<0.

If Z is a nonzero element of 2" then by (1.11) Rx(Z) = %[X, J(Z)X1e Z&
and (Rx(Z), Z) = %l J(Z)X|* > 0 since j(Z) is nonsingular. This completes
the proof of (a), and we omit the proof of (b), which is similar. Assertion (c)
follows immediately from (a) and (b). O
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The next result gives a description of Lie algebras of Heisenberg type in terms
of curvature transformations.

Lemma B. Let {/, (,)} be a nonsingular, 2-step nilpotent metric Lie algebra.
Then

(@) {4, (,)} is of Heisenberg type if and only if there exists a positive con-
stant u such that the restriction of Rz to 7" equals u|Z|*1d forall Z € & .

() If {#,(,)} is of Heisenberg type with j(Z)? = —A|Z|*1d for some
positive constant A and all Z € Z , then [X, j(Z)X]=A|X|*Z forall X € ¥
and all Z € Z . In particular the restriction of Rx to Z equals $A|X|*1d for
every X e 7 .

Proof. Assertion (a) follows from (1.11) since the restriction of Rz to 7~
equals —1j(Z)? forall Z € Z. Now let {/#,(,)} be a 2-step nilpotent,
metric Lie algebra of Heisenberg type, and let A be a positive constant such
that j(Z)2 = -A|Z|?’ld on 7 forall Z€ Z. If X €7 and Z € & are
arbitrary elements, then [X, j(Z)X] = A|X|*Z by the lemma in Example 4
of (2.11) of [E]. Hence Rx(Z) = %[X,j(Z)X] = %|X|ZZ by (1.11), which
completes the proof of (b). O

2. USING THE GAUSS EQUATIONS

If X* is a totally geodesic submanifold of a Riemannian manifold X, then
the Gauss submanifold equations imply that the curvature tensor of X* is the
restriction of the curvature tensor of X to the tangent spaces of X*. In the
present case we obtain

(2.1) Lemma. Let {N, (,)} be a simply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric. Let H be a totally geodesic subman-
ifold of N that contains the identity, and let # = T,H C T,N = 4. If &,
&, & are arbitrary elements of # then R(&,, &)E € #, where R is the
curvature tensor of N .

We will use the result above frequently. We note that when studying totally
geodesic submanifolds of N it suffices to consider those that contain the iden-
tity since the left translations by elements of N form a transitive subgroup of
isometries of N .

We give a useful application of the result above.

(2.2) Lemma. Let H be a totally geodesic submanifold of N that contains the
identity e, andlet Z =T, HC N . If N7 #0 or ZNZ #0, then

(a) Z=(ZnN7)o (Z NZ) (orthogonal direct sum),

(b) Z N is invariant under j(Z)? forevery Z e # NZ,

(c) [X, j(Z)Y)e ZNZ foranyelements X, Y e #N? and Z € N7,

(d) If j(Z) leaves invariant Z N7~ for some nonzero element Z of # NZ ,
then # is a totally geodesic subalgebra of /¥ . (See (3.2) below.)

Proof. (a) Let & be a nonzero element of Z N7 or #NZ and consider the
curvature transformation R; given by R:(&*) = R(*, ¢)¢. By (2.1) R, leaves
A# invariant and by (a), (b) of Lemma A in (1.12) R; leaves both #NZ" and
# NZ invariant. Since R; is symmetric there exists an orthonormal basis of
A# that consists of eigenvalues of R;. By (c) of (1.12) each eigenvector of R,
in #Z must liein Z N7 or #N.Z . This proves (a).
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(b) If Z is any element of # N.Z, then j(Z)? is the restriction of —4R;
to 77 by (1.11). The assertion follows since Rz leaves /# N7  invariant by
(b) of (1.12) and (2.1).

If X, YeZNZ and Z € #NZ are given arbitrarily, then by (1.11)
and (2.1) # contains —4R(X, Z)Y =[X, j(Z2)Y].

(d) We may assume that Z N7 # {0} for otherwise Z is a totally geodesic
subalgebra of .Z" by (a) and (1.10) (see (3.2) below for the definition of a totally
geodesic subalgebra). Given elements X, Y of N7 let Y* = j(Z)"'Y €
N7 . Then [X,Y]=[X, j(Z)Y*] e ZNZ by (c), and from (a) it follows
that [Z, Z)=[Z N7 ,#ZNn7C# . Hence Z is a subalgebra.

Let elements X* € N7 and Z* € #Z NZ be given. To prove that # is
totally geodesic it suffices by (3.7) below to prove that j(Z*)X* e #Z . If X' =
J(Z)'X* e N7, then by (1.11) and (2.1) # contains —4R(X', Z*)Z =
J(ZN(Z)X' = j(Z*)X*. DO

3. TOTALLY GEODESIC SUBALGEBRAS AND SUBGROUPS

Let {N, (, )} be asimply-connected, nonsingular, 2-step nilpotent Lie group
with a left invariant metric. Let .#" denote the Lie algebra of N.

(3.1) Definition. A totally geodesic subgroup of N is a connected Lie subgroup
N* such that N* is totally geodesic as a Riemannian submanifold of N .

(3.2) Definition. A subalgebra .#/* of ./ is totally geodesic if Vy& € N
whenever &, & e /7.

(3.3) Definition. A subalgebra .#™* of ./ is flat if the corresponding Lie sub-
group N* =exp(/™*) is flat as a Riemannian submanifold of N.

It is routine to check that a connected Lie subgroup N* is totally geodesic
if and only if its Lie algebra .#™* is totally geodesic. If N* is a totally geodesic
subgroup with Lie algebra .#™* = T,N*, then N* is closed as a subset of
N and hence complete as a Riemannian manifold since N* = exp(/#™) and
exp: 4 — N is a diffeomorphism.

(3.4) Examples. (1) Let # be a vector subspace of .Z. Then # is an
abelian, flat, totally geodesic subalgebra of .#" by (1.10) and (1.11). The group
H = exp(#) is an abelian, flat, totally geodesic subgroup of N.

(2) Let #Z be an abelian subspace of 77 ; thatis, [X, Y] = 0 for all X,
Y € #. Then # is an abelian, flat, totally geodesic subalgebra of .#° by
(1.10) and (1.11). The group H = exp(H) is an abelian, flat, totally geodesic
subgroup of N.

If dim?7” > 2 + dim.Z", then every nonzero element X of 7 lies in an
abelian subspace of 7Z° of dimension at least 2 since ad X: 7~ — Z is sur-
jective; recall that dim?” > 1 + dim.Z by (3) of (1.4). More generally, if
dim? >1+r+rdim.Z for some integer r > 2, then every nonzero element
X of 7 lies in an abelian subspace of 7” of dimension r + 1. See (2.11) of
[E] for details.

We shall see below in (3.6) that the examples (1) and (2) above are the only
examples of flat, totally geodesic subalgebras of ..

(3) Let {4, (,)} be a 2-step, nilpotent metric Lie algebra of Heisenberg
type. If X € 7 and Z € Z are arbitrary nonzero vectors, then #Z =
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span{X , Z, j(Z)X} is a 3-dimensional totally geodesic subalgebra of .#". If
the metric (,) on /# is multiplied by a suitable positive constant A, then
the subgroup H = exp(#) is isometric to the standard metric 3-dimensional
Heisenberg group. See (1.7) above and (2.11) of [E] for further details.

Next we consider some necessary and sufficient criteria for a subalgebra #
of ./ to be totally geodesic.

(3.5) Proposition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group with a left invariant metric. Let # be a totally geodesic
subalgebra of V" . Then exactly one of the following occurs:
(1) Z is an abelian subspace of 7" and Z is flat.
(2) Z is a subspace of Z and Z is flat.
(3) (a) Z is the direct sum of the nonzero subspaces # N7~ and # NZ ,
(b) Z N7 isinvariant under j(Z) forevery Z e # NZ .

Remark. Compare (3) above with Lemma (2.2).

(3.6) Corollary. If Z is an abelian, totally geodesic subalgebra of /", then
either # CZ or # is an abelian subspace of 7" .

For the moment we assume the result of (3.5) and prove the corollary. It
suffices to show that if # satisfies case (3) of (3.5), then # is nonabelian. Let
Z be a totally geodesic subalgebra of .#" that satisfies case (3) of (3.5), and let
X eZN7 and Z € #NZ be arbitrary nonzero elements. By (b) of (3.5) Z
contains j(Z)X and hence # contains [X, j(Z)X] since # is a subalgebra.
However, [X, j(Z)X] is nonzero since ([X, j(Z)X], Z) =|j(Z)X|* >0, and
this shows that /# is nonabelian. O

We now prove (3.5). Let # be a totally geodesic subalgebra of .#", and let
¢ be an element of # . Write ¢ = X +Z, where X € 7 and Z € Z . By
(3.2) & contains V£ = —j(Z)X, and hence # also contains [, j(Z)X] =
[X, j(Z)X]. We consider separately two cases: (1) [X, j(Z)X]# O for some
element E=X+Z e Z.(2) [X, j(Z)X]=0 foreveryelement £ =X+ Z €
Z .

If case (1) occurs, then # is nonabelian and # N.Z # {0}. By (2.2)
X =NV o NZ,and N7 # {0} since Z is nonabelian. If
XeZN7 and Z € Z NZ are arbitrary vectors, then by (3.2) # contains
VxZ = —%j(Z)X. Hence case (3) of (3.5) occurs.

Suppose now that [X, j(Z)X] = O for every element & = X + Z € Z.
Then 0 = ([X, j(Z)X], Z) = |j(Z)X|* for every element ¢ = X + Z € # .
We conclude that either X =0 or Z =0 for every element ¢ = X +Z € #
since j(Z) is nonsingular if Z # 0 by (1.4). It follows that either # C 77
or # C.Z since # cannot be the set union of the subspaces 7 and .2 if
both subspaces are nonzero. If # C .Z then # is clearly abelian and flat by
(L.11). If Z C 7 then [#,Z)C #NZ = {0} since Z is a subalgebra,
and hence /#Z is abelian in this case also. By (1.11) # isflat. O

We now derive a converse of (3.5).

(3.7) Proposition. Let 77 be a subalgebra of V" that satisfies one of the three
conditions of (3.5). Then Z is totally geodesic.

Proof. If Z is an abelian subalgebra of 77 or .2 then # is totally geodesic
by (1.10). Suppose now that # satisfies case (3) of (3.5). Let &, & be
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arbitrary elements of # and write &; = X; + Z;, where X; € 7" and Z, € Z
for i =1, 2. By 3(a) of (3.5) we see that X; e N7 and Z, e #NZ for
i=1,2. By3(b), (1.10) and the fact that /# is a subalgebra of .#" we see that
A contains $[X,, Xo] — 3j(Z2) X\ — $j(Z\)X, = V¢ & . Hence Z is totally
geodesic. O

The next result will be useful later.

(3.8) Corollary. Let X, Z be nonzero elements of 7°, Z respectively such
that

(a) [X, j(Z)X]=AZ for some A€R,

(b) j(Z)?’X = uX for some ueR.
Then # = span{X, j(Z)X, Z} is a nonabelian totally geodesic subalgebra of
N

Proof. The vector subspace # is a subalgebra by (a). From (b) we see that
A N7 =span{X, j(Z)X} isinvariant under j(Z). Since Z spans ZNZ it
follows from (3.7) that # is totally geodesic. The subalgebra # is nonabelian
by (a) since A|Z|?> = ([X, j(Z)X], Z) = |j(Z)X|* > 0, which implies that
A>0. O

We conclude this section with some elementary results that will be useful
later.

(3.9) Lemma. Let X be a Riemannian manifold, and let H,, H, be totally
geodesic submanifolds that contain a point x*. Let V = Ty.H; N Tx-H, and
suppose that dimV = k > 1. Then there exists a positive number & such that
B.(x*) N Hy N H, contains an arc connected, k-dimensional, totally geodesic
submanifold H, of X, where Bi(x*) denotes the open metric ball in X of
center x* and radius ¢. Moreover, T,H, = T,H N T, H, for all x € H,.

(3.10) Corollary. Let X be a Riemannian manifold and let H,, H, be totally
geodesic submanifolds that contain a point x*. Let H,, H, be connected and
let H, be closed as a subset of X. If Tx-H, C Ty-H,, then H C H,. If
T.-Hy = Ty.H,, then H, is an open subset of H, .

Before proving these two results we apply them to get the following useful
fact.

(3.11) Proposition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group with a left invariant metric. Let H be a totally geodesic
submanifold of N that contains the identity e, and let # = T,H. Then the
following are equivalent:.

(1) Z is a totally geodesic subalgebra of /",

(2) H = exp(#) is a totally geodesic subgroup and H is an open subset of

H

We prove (3.11). Clearly (2) implies (1). If (1) holds, then H =exp(#) is
a totally geodesic subgroup, and H is an open subset of H by (3.10). O

We assume for the moment that (3.9) has been proved, and we prove (3.10).
Let A={x € H:x€e HNH, and T,H, C TyH,}. Clearly A4 is a closed
subset of H, since H, is a closed subset of X . Moreover, 4 is nonempty since
it contains x* by hypothesis. By (3.9) 4 is open in H;, and hence H; C H,.
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If T.«H, = Ty« H, it follows that H; is an open subset of H, since H;, H,
have the same dimension. O

We now prove (3.9). For a small positive number ¢ let B;(0) = {v €
T+ X:|v|<e} and By(x*)={x € N:d(x, x*) <e}. Let V, = B,(0)nTy- H N
TyH, and H; = Exp,.(V;) C B.(x*) N Hy N H, where Exp,.: Txx X — X
denotes the Riemannian exponential map of X . Clearly H, is an arc con-
nected submanifold of dimension k = dim V. If ¢ is sufficiently small and
O; = Exp,.(B:(0) N T~ H;), then O, is an open subset of H; for i =1, 2,
OonNnG, =H, and T,H, = T,H N T,H, for all x € H,. Given x € H, and
v € TyH, = TyH, N T H, it follows that Exp,(tv) € H, = O, N O, for small
t since H,, H, are totally geodesic, and O;, O, are open in H;, H,. We
conclude that H, is totally geodesic. O

4. GAUSS MAP OF A TOTALLY GEODESIC SUBMANIFOLD

Let {N, (, )} be a simply-connected, nonsingular, 2-step nilpotent Lie group
of dimension n > 3 with a left invariant metric. Let H be a totally geodesic
submanifold of N, not necessarily complete, of dimension k& > 2. Let G(k, n)
denote the Grassmann manifold of k-dimensional subspaces of ./ = T,N.
We define a Gauss map G: H — G(k, n) byG(g) = dLg-1(TgH) = T, Hyg,
where Hy = L,-1(H), a totally geodesic submanifold of dimension k that con-
tains the identity.

If H is an open subset of L,(H) for some g € H, where H is a totally
geodesic subgroup of N, then it is easy to see from the definition that the Gauss
map is constant on H . The main result of this section, Theorem (4.2), is that
if G: H— G(k, n) fails to have maximal rank at some point g of H, then
H is an open subset of L (H), where H is a totally geodesic subgroup of N .
It follows that either G has maximal rank at every point g of H or G is
constant on H .

We use (4.2) to obtain in (4.3) some necessary and sufficient conditions for
# = T,H to be a totally geodesic subalgebra of .#", where H is a totally
geodesic submanifold of N that contains the identity.

We begin by considering totally geodesic submanifolds H that contain the
identity.

(4.1) Proposition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group of dimension n > 3 with a left invariant metric. Let H
be a totally geodesic submanifold of N of dimension k > 2 that contains the
identity, and let # = T,H C W . let G: H — G(k, n) denote the Gauss map
of H. Then dG(&*) =0 for &* € Z ifand only if Ve.& € # for every element
e .

We shall need the following:

Lemma. Let &, &* be nonzero elements of # , and let y(t) be the geodesic of
N such that y(0) =e and y'(0) =¢&*. Let P,: TN — T, N denote parallel
translation along y . Let {(t) = dL,,)-1(P&) for every t, and let Z = G(yt) =
dLy(t)—l(Ty(,)H) . Then

(a) &(t) € A for every t,
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(b) &(1) =& — 1(Ve &) + O(t2) for every t, where O(t?) denotes a vector in
N such that |0(£%)| < M|t)* for some M >0 and all small t.

Proof of the lemma. We note that y(—¢, ¢) C H for a small positive number &
since H is totally geodesic. In particular / makes sense for |f] < €.

In the discussion below we sometimes identify an element & of 4/ = T,N
with the unique left invariant vector field on N determined by &.

Let V', W be C> vector fields in N such that V(e) =v # 0. Let y(¢) be
the geodesic in N with y(0) =e, y'(0) =v, andlet P;: T,N — T,z N denote
parallel translation along y. A straightforward power series expansion shows

(1) W(yt) = P{W(e) + t(VyW)(e) + O())} .

Let &, &* be nonzero left invariant vector fields on N such that &(e) and &*(e)
liein # = T,H. If y(t) is the geodesic in N with y(0) =e, y'(0) =¢&*, then
by applying (1) to the vector fields V' =¢* and W =&, Ve.& we obtain

(2) Pé(e) = &(yt) — U(Ve L) (yt) + O(F) .

Since H is totally geodesic in N and y'(0) € T, H it follows that y(z) € H
and P¢(e) € T, H for |t] < e, where ¢ is small. From (2) we conclude that
for |¢| < & the vector space # = dL,-1(Ty,H) contains

&(t) = dLy)-1(P&(e) =&(e) — (Ve-8)(e) + O(F%). O

We prove Proposition (4.1). Let &* be an arbitrary nonzero element of
# =T,H,and let y: (—¢, ¢) » H be the unique geodesic of N and H such
that y(0) = e and y'(0) =¢*. If G: H — G(k, n) is the Gauss map of H,
then dG(&*) = (G o y)'(0), where G(yt) = # in the notation of the lemma
above.

If ¢ is sufficiently small, then there exists a uniquely determined C™ curve
9: (—¢, &) » Hom(# , #+) such that # is the graph of ¢(¢) for |¢| < ¢; that
is, Z/={+9(t)é: & € #}. Here Z* denotes the orthogonal complement of
# =T,H in #/ =T,N. Let £ be an arbitrary element of # = T,H , and let
&(t) = dLyyy-1(P<) in the notation of the lemma above. Then &(f) € # for
all ¢ by (a) of that result and we obtain

(%) Et)=E&(t) + o(t)&(t) for some C™ curve &: (—¢, &) — 7.

Now ¢(0) = 0 € Hom(#, #') since % = #, and ¢'(0) = 0 € Hom(#, #*)
if and only if the curve t — Z = G(yt) in G(k, n) has zero velocity at
t =0. If dG(&*) = 0, then ¢'(0) = 0, and from (x) we conclude that
&(0) = &'(0) € # . On the other hand &'(0) = —Ve.& by (b) of the lemma
above. Therefore # contains V..¢ forall £ € Z if dG(&*)=0.

Conversely, if # contains V..¢ for all { € #, then &'(0) = —V,.& lies in
Z forall £ € Z by (b) of the lemma above. It follows from (x) above that
# contains ¢'(0)¢ =&'(0)—&7(0) forall & € #Z since £(0) =& and ¢(0)=0.
Since ¢’(0) € Hom(# , Z+) we conclude that ¢’(0)¢ € Z N #+ = {0} for
all £ € Z . Hence ¢'(0) =0 and dG(&*)=0. O

We now prove the main result of this section.

(4.2) Theorem. Let {N, (, )} be asimply-connected, nonsingular, 2-step nilpo-
tent Lie group of dimension n > 3 with a left invariant metric. Let H be a totally




816 PATRICK EBERLEIN

geodesic submanifold of N of dimension k > 2. Assume that the Gauss map
G: H — G(k, n) fails to have maximal rank at some point g of H. Then the
Gauss map is constant on H, and H is an open subset of Lg(H), where H is
a totally geodesic subgroup of N .

We first reduce to the case that H contains the identity ¢ and G: H —
G(k, n) fails to have maximal rank at e. By hypothesis G fails to have max-
imal rank at some point g of H. If we define H* = L,-.(H), then H*
is a k-dimensional, totally geodesic submanifold of N that contains e. If
G*: H* — G(k, n) is the Gauss map of H*, then it is routine to check that
G*(g*) = G(gg*) for all g* € H*. Hence G* fails to have maximal rank at
e. If (4.2) holds in the case that g = ¢, then H* is an open subset of a totally
geodesic subgroup H of N. It follows that H = L (H*) is an open subset of
Le(H).

We assume that H contains e and that the Gauss map G: H — G(k, n)
fails to have maximal rank at e. It suffices to prove that # = T,H is a totally
geodesic subalgebra of .#". It will then follow from (3.11) that H is an open
subset of a totally geodesic subgroup H of N.

From (4.1) we obtain

(1) There exists a nonzero vector ¢* of # such that V..& € #Z for every
vector £ € Z .

Now write &* = Xy + Zy, where &* is the vector of (1), Xo € 7 and
Zoe Z.If Xy and Z; are both nonzero, then # N7  contains the nonzero
vector Ve &* = —j(Zy)Xg by (1). If Xg or Zj is zero, then #NZ or N7
is nonzero. Hence in all cases (2.2) yields

2) Z=(Zn7)® (X NZ) (orthogonal direct sum).

We consider separately the following cases: (1) Zy; # 0 and (2) Zy = 0
and &* = Xo € Z N7 . We begin with case (1). We may assume that in (2)
above Z N7 # {0} for otherwise # C Z and # is an abelian, totally
geodesic subalgebra of .#° by (1.10) or (3.7). Note that Xy € Z N7 and
0# Zye ZNZ by (2). By (d) of (2.2) it suffices to prove that j(Z,) leaves
Z N7 invariant. To verify this let X* € # N7  be given arbitrarily. From
(1) we know that #Z contains

Ve X* =V, X* + V2, X* = {[Xo, X*] - $j(Zo)X*.

By (2) # contains the?” and .Z° components of V.. X*, and in particular
A contains j(Zy)X*.

We now consider case (2), where &* = Xo € Z N7 and &* is the vector
of (1) above. In the discussion that follows we do not assume that # N.Z is
nonzero in the direct sum decomposition of (2) above. However, if Z C 77
then some of the assertions below are vacuously true. We proceed in several
steps.

Stepl. Let 7*={XeZ N7 :Vxle# forall £€ Z}. Then 77* isa
nonzero subspace of # N7” that is invariant under j(Z) forall Z e #NZ .

Clearly 77* is a subspace of Z N7 and 7™* is nonempty since it contains
E=Xo. If 04X eZ™* and Z € Z N.Z are given arbitrarily, then Z N7
contains —2VxZ = j(Z)X by the definition of Z*. We must show that
Vijzx¢ € Z forall £ € # to conclude that j(Z)X e 7*. If Y € N
7" is arbitrary, then by (1.10), (1.11) and (2.1) # contains 2R(Y, Z)X =
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sU(Z)X, Y] = VjzxY. If Z* € #Z NZ is arbitrary, then # contains
2R(X,Z")Z = —%j(z*)j(Z)X = Vj(z)xz*. Hence Vj(z))(f e Z for all
¢ € # by (2), and the proof of Step 1 is complete.

Step 2. If 77** denotes the orthogonal complement in #Z N7 of 7™*, then
(7>, 7*1={0}.

Let X* = 7™ and X** € 7** be given, and let Z = [X*, X**]. Note that
Z =2Vx.X** liesin #NZ since X* € 7°*. Hence |Z|* = ([X*, X**], Z) =
(J(Z)X*, X**) =0 since j(Z)X* € 7”* by Step 1.

Step 3. # N7 is invariant under j(Z) forall Ze #ZNZ.

Since Z N7 = 7* @ 7** it suffices by Step 1 to show that j(Z)Z7™* C
AZNY forall Ze#ZNZ.Let Ze#NZ and X** € 77** be given. Fix
a nonzero element X of 7*. From Lemma A of (1.12) and (2.1) we see that
Ry: #NZ - #NZ isanisomorphism. By (1.11) Rx(Z*) = 1[X, j(Z*)X]
for all Z* € # N.Z . We conclude

(%) There exists Z* € # N.Z such that [X, j(Z")X]=Z .

By Step 1, 7* contains j(Z*)X and hence by (1.11), (2.1), Step 2 and (%)
we see that # N7  contains

2R(X, J(Z)K)X™ = (X, J(Z)XDX = (U(Z)X, X)X
+2JIX, X DHZX = J(Z)X°.

Step 4 (conclusion of case (2)). We consider separately the cases (1) #NZ #
{0} and (2) Z C 7" (cf. (2) above). If (1) holds, then # is a totally geodesic
subalgebra by Step 3 and (d) of (2.2). We assume that # C 7. To show that
# is a totally geodesic subalgebra of .#" it suffices by (3.7) to show that #
is an abelian subspace of 7°. We suppose that /# is not abelian and obtain
a contradiction. Let Y;, Y, be elements of # such that Z = [Y;, Y] # 0,
and let X be any nonzero element of 77* C #Z N7 . We observe first that
[X,h]=[X, V2] =0;since X € 7™* it follows that {0} = Z N.Z contains
VxYi=3[X, Y] for i=1,2. Next, # contains

2R(Y;, Vo)X = (¥, VDX — 3([¥a, XDYs + 2%, XY = J(Z)X.
Therefore since X € 7 we conclude that {0} = ZNZ contains 2V j(Z)X =
[X, j(Z)X]. However, [X, j(Z)X] cannot be zero since both X and Z are
nonzero, which implies that ([X, j(Z)X], Z) = |j(Z)X|? > 0. This contradic-
tion shows that # is abelian if /# C 77 and completes the proof of (4.2). O

(4.3) Corollary. Let {N, (,)} be a simply-connected, nonsingular, 2-step nil-
potent Lie group of dimension n > 3 with a left invariant metric. Let H be a
totally geodesic submanifold of N of dimension k > 2 that contains the identity
e. Let # denote T,H. Then the following are equivalent:
(1) Z is a totally geodesic subalgebra of /.
(2) H is an open subset of a totally geodesic subgroup H .
(3) #Z satisfies one of the following: '
(a) Z is an abelian subspace of 7" .
(b) Z is a subspace of Z .
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(c) The subspaces # N7~ and # NZ are both nonzero and Z N7  is
invariant under j(Z) for some nonzero element Z of # NZ .

(d) The subspaces # N7~ and ZNZ are both nonzero and ad X(Z N7")
=# NZ for some nonzero element X of Z N7 .

(4) The Gauss map G: H — G(k, n) fails to have maximal rank at some

point g of H.
Proof. The properties (1) and (2) are equivalent by (3.11). The assertion
(1) = (3) is contained in the statement of (3.5). The assertion (4)= (1) is a
special case of (4.2), and (2) = (4) is obvious. It remains to prove (3) = (1). If
(3a) or (3b) holds, then (1) holds by (3.7). If (3c) holds, then (1) holds by (d)
of (2.2).

Assume now that (3d) holds. To show that (1) holds it suffices to show that (4)
holds. Let X be a nonzero element of # N7 such that ad X(#N7") = #NZ .
We show first that j(Z) X e N7 foral Ze #ZNZ.Let Ze #ZNZ be
given and choose Y € Z N7  such that [X, Y] =adX(Y) =Z. Then Z
contains 3R(X, Y)X = j([X, Y)X = j(Z)X.

By (4.1) it suffices to show that Vx& € Z for any element ¢ € #Z, for then
dG(X)=0 and G: H — G(k, n) does not have maximal rank at e. We note
that Z =Z N7 & NZ by (2.2) and the hypothesis of (3d). Let ¢ be any
element of # and write £ = X*+Z*, where X* € N7 and Z* €e #NZ .
Now V& =1[X, X*1-1j(Z*)X = Jad X(X*)—-}j(Z*)X . The first term lies
in Z since ad H(Z N7") = # N.Z while the second term lies in /# by the
previous paragraph. This completes the proof of (3d)= (4). O

5. WHEN TOTALLY GEODESIC SUBMANIFOLDS ARE SUBGROUPS

In this section we look for conditions under which a totally geodesic sub-
manifold H, not necessarily complete, must be an open subset of Lg(H*),
where g is a point of H and H* is a totally geodesic subgroup of N. If
dim H > dimZ , where Z is the center of N, then this is always the case as
we shall see below in (5.6). However, if H has small dimension then one does
not always have such a nice outcome. For example, if H = y is a geodesic of
N with y(0) = e and y'(0) =& € # = T,N, then the 1-parameter subgroup
{exp(t&)} is a geodesic of N if and only if & liesin 77 or Z . See (2.11) of
[E]. One may restate this fact by saying that for a 1-dimensional subspace # of
A, the manifold H = exp(#) is a geodesic of N if and only if # is a totally
geodesic subalgebra (see (5.1) for a generalization). To verify this restatement
one notes that if X € 7 and Z € Z are nonzero elements and if £ =X+ Z
then V£ = —j(Z)X is not collinear with £. Hence a 1-dimensional subspace
& of A is a totally geodesic subalgebra if and only if #Z C % or #Z C Z .

As usual it suffices to consider totally geodesic submanifolds H of N that
contain the identity. In this case one has better control if # = T,H intersects
either 77 or .Z nontrivially (see (5.3)). Indeed if N is of Heisenberg type,
then # is a totally geodesic subalgebra if either Z N7 # {0} or Z NZ #
{0} (see (5.14)). Note that Z N7 # {0} if dimH > dimZ . However, if
dim H < dim Z , then we can say virtually nothing about H with our present
methods, which consist of a systematic use of the Gauss equations (§2) and the
Gauss map (§4).

We begin with a generalization of the remarks above about geodesics that are
also 1-parameter subgroups.
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(5.1) Proposition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group of dimension n > 3 with a left invariant metric. Let NV
denote the Lie algebra of N, and let # be a vector subspace of /. Then
H = exp(#) is a totally geodesic submanifold of N if and only if # is a
totally geodesic subalgebra of /W .

Proof. Clearly if # is a totally geodesic subalgebra of .#", then H = exp(#%)
is a totally geodesic subgroup of N. We suppose now that H = exp(#) is
a totally geodesic submanifold of N, and prove that # is a totally geodesic
subalgebra.

We shall need to review some facts about geodesics of N that start at the
identity. Let & = Xy + Zp be an arbitrary element of .#", where Xy € 7 and
Zy € Z ,andlet y(¢) be the geodesic of N such that y(0) =e and y'(0) =¢&.
We write y(t) = exp(X(t) + Z(t)), where X(t) € 77 and Z(t) € Z for every
t. By Proposition (3.1) of [E] the functions X(¢), Z(¢) satisfy the equations

X'(1) = j(Zo)X'(t);  X(0)=0, X'(0) = Xo,

1
M) Z’(t)+%[X’(t),X(t)]EZO; Z(0)=0, Z'(0)=2,.

Explicit formulae for X(¢) and Z(¢) are given in Proposition (3.5) of [E]. From
these formulae it is easy to deduce the following facts:

(2) |X(2)| is uniformly bounded above for all ¢t € R.

(3) Z(t) = tZ; + B(t) , where

(a) |B(t)| is uniformly bounded above for all 1 € R,

(b) Z§ = Zo + Z;, where Z; is an element of .Z" such that (Z;, Z;) =
31 Xol?.
? We note that H = exp(#) is a closed subset of N since exp: N — ./ isa
diffecomorphism. Hence H is complete in the induced Riemannian metric. In
particular if y is a geodesic of N with y(0) =e and y'(0) € #Z = T.H , then
y(R) C H since H is totally geodesic.

We consider separately the cases (1) # is not contained in 7” and (2) #Z
is contained in 7°. We begin with case (1) and choose any vector & € #
such that & = Xy + Zp, where Xo € 77, Zy € & and Zy # 0. Let y
be the geodesic of N (and H) such that y(0) = e and y'(0) = & . If we
write p(f) = exp(X(¢) + Z(t)) as above, then # contains X(¢) + Z(¢) for
all ¢ since y(R) C H = exp(#). From (1) we conclude that # contains
X'")+2Z"(t) = j(Zo)X'(t) - %[X"(t) , X(1)] forall ¢, and in particular ZN7"
contains j(Zg)Xo = X"(0) + Z"(0). If X # 0, then j(Zy)Xo # O while if
Xo=0,then §=Zy e ZNZ . Ineithercase Z = (Z N7 ) (Z NZ) by
(2.2) and this implies that Xo € Z N7  and Z; € # N.Z . We have proved

(4) If # is not contained in 7", then # = (Z N7 )& (#NZ) and N7
is invariant under j(Z,) forall Zoe Z NZ .

By (4) and (d) of (2.2) it follows that /# is a totally geodesic subalgebra of

We now consider case (2), where # C 7. It suffices by (3.7) to prove that
Z is an abelian subspace of 7. We proceed by contradiction and assume that
there exist elements &, Xy in # C 7 such that Zo = 1[Xo, ] # 0. Let

% = dLexp(—é)(Texp(é)H) =T.H;,




820 PATRICK EBERLEIN

where Hy = Leyp—¢)(H) . It follows immediately from (1.3) of [E] that
(5) %={A+%[A,é]:Ae%}.

If we define & = Xo + Zo, then & € # = T.H; by (5). The submanifold
H; is complete and totally geodesic since H = Legy e (He) has this property.
Hence if y(¢) is the unique geodesic in N with y(0) = e and y'(0) = &,
then y(R) C # . If we write y(f) = exp(X(t) + Z(t)), where X(¢) € 7" and
Z(t) € Z forall ¢, then exp(#) = H = Leyp)(H:) contains

exp(&) - 7(1) = exp(E + X (1) + Z(1) + 5[¢, X())

(cf. (1.9)). Hence &+ X (1) + Z(t) + 3[¢, X(1)] € # C 7 for all ¢, and we
conclude that Z(t) + %[é, X(6)]=0. Hence |Z(¢)| = %l[é, X(8)]| is uniformly
bounded above in ¢ by (2), and by (3) the vector Z; that appears in (3) must
be zero. However (Z3, Zy) = 3|Xol> + |Zo|* by (3b), and we conclude that
Zoy = 0, which contradicts the choice of Z;. Therefore if # C 7", then # is
abelian. This completes the proof of (5.1). O

For future reference we collect some notation that has already appeared and
introduce some new notation.

(5.2) Notation. Let H denote a connected, totally geodesic submanifold of
N of dimension k > 2. If H contains the identity e, then # denotes T.H .
For an element g of H we let # denote G(g) = dL,-(TgH) = T,H,,
where G: H — G(k, n) denotes the Gauss map of H and H, = L,-i(H).

Well positioned totally geodesic submanifolds.

(5.3) Definition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group of dimension n > 3 with a left invariant metric. Let
H be a connected, totally geodesic submanifold of N of dimension k > 2.
We say that H is well positioned at a point g of H if either #; N7 # {0}
or #ZgNZ # {0}.

(5.4) Remarks. (a) If welet 77, Z also denote the left invariant distributions
in TN determined by the subspaces 77, .Z of /# = T,N, then it is clear
that H is well positioned at g if and only if either T¢H N 77(g) # {0} or
THNZ(g) # {0).

(b) If H is well positioned at g in H, then by (2.2) we have #; = (# N
7 )& (#NZ) orequivalently T,H ={T,HN7 (g)} o {TeHNZ (g)}. If H
is well positioned at g in H, then the totally geodesic submanifold L,(H) is
well positioned at ng for every element n of N.

(5.5) Theorem. Let {N, (, )} bea simply-connected, nonsingular, 2-step nilpo-
tent Lie group of dimension n > 3 with a left invariant metric. Let H be a
connected, totally geodesic submanifold of N of dimension k > 2, and assume
that H is well positioned at every point of an open subset O. If g is any point
of O, then Z = G(g) is a totally geodesic subalgebra of ¥, and H is an open
subset of Lg(H), where H = exp(#) is a totally geodesic subgroup of N .

Before beginning the proof we discuss three useful consequences.
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(5.6) Corollary. Let {N, (,)} be a simply-connected, nonsingular, 2-step nil-
potent Lie group of dimension n > 3 with a left invariant metric. Let H be
a connected, totally geodesic submanifold of N that contains e and satisfies
dimH > dimZ, where Z denotes the center of N. Then # = T,H is a
totally geodesic subalgebra of V", and H is an open subset of the totally geodesic
subgroup H = exp(#).

Proof of (5.6). Since dim#; = dim#Z > dim.Z" for every g of H it follows
that Z; N7 # {0} for every g of H. Hence H is well positioned at every
point, and the result follows from (5.5). O

(5.7) Corollary. Let {N, (, )} bea simply-connected, 2-step nilpotent Lie group
with 1-dimensional center and with a left invariant metric.

(1) Let H be a connected, totally geodesic submanifold of N with dimension
> 2 that contains e. Then # = T,H is a totally geodesic subalgebra of /",
and H is an open subset of the totally geodesic subgroup H = exp(#).

(2) Let Z be a nonzero vector of Z . Then there is a one-one correspondence
between nonabelian totally geodesic subalgebras of /¥ and nonzero subspaces of
7 that are invariant under j(Z). In particular every totally geodesic submani-
fold H of N that is not flat must have odd dimension.

Proof of (5.7). Assertion (1) of (5.7) will follow immediately from (5.6) once
we show that N is nonsingular. If adé:.#" — N is not surjective for some
e, then adé =0 and & € Z since .Z is 1-dimensional. Therefore N is
nonsingular.

We prove (2). If # is a nonabelian, totally geodesic subalgebra of .#", then
dim#Z > 2 and N7 # {0} since dim.Z = 1. Hence Z = (ZN7)®
(ZNZ) by (2.2),and ZNZ # {0} by (3.5). If Z spans Z =# NZ, then
J(Z) leaves invariant W = #Z N7 by (3.5). Conversely, if W is a nonzero
subspace of 77 invariant under j(Z), then # = W @& Z is a subalgebra of
A that is totally geodesic by (3.7) and nonabelian by (3.6).

If H is a totally geodesic submanifold of N that contains e and is not flat,
then #Z = T, H is a totally geodesic subalgebra by (1) above. Moreover, # is
not abelian by (3.6) and (1.11) since H is not flat. The discussion above shows
that j(Z) leaves invariant # N7, and hence # N 7Z” has even dimension
since j(Z) is skew symmetric and nonsingular. Therefore # and H have
odd dimension. O

(5.8) Corollary. Let {N, (,)} be a simply-connected, nonsingular, 2-step nil-
potent Lie group with a left invariant metric. Then N admits no totally geodesic
hypersurface H .

Proof of (5.8). We argue by contradiction and assume that N does admit a
totally geodesic hypersurface H . As usual it suffices to consider the case that
H contains the identity. Let n, v, z be the dimensions of /', 77, &
respectively. By (3) of (1.4) we have n =v + 2z > 2z+ 1, and hence dimH =
n—1>2z>z=dimZ. By (5.6) it follows that # = T, H is a totally geodesic
subalgebra of .#". In particular 7 = (Z N7 )& (# NZ) by (3.5).

Since # is a hyperplane in 4" either (a) Z N7 =% and Z N.Z has
codimension 1 in .Z" or (b) ZNZ =.Z and #N7 has codimension 1 in 7.
Case (a) cannot occur since it would follow that Z = [/, A =[7", 7] =
(N7 ,#ZnZ7]1CZ. Assume that case (b) occurs and let Z be a nonzero
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element of Z° C #Z . Then # N7 is invariant under j(Z) by (3.5), and
it follows that the 1-dimensional orthogonal complement of Z N7  in 7 is
also invariant under j(Z) since j(Z) is skew symmetric. This is impossible
since j(Z) is also nonsingular and therefore has no eigenvectors in a real vector
space. Hence case (b) does not arise either, and this contradiction completes
the proof of (5.8). O

Proof of (5.5). We now begin the proof of (5.5) and for convenience we consider
first a special case.

(5.9) Lemma. let {N, (,)} be a simply simply-connected, nonsingular, 2-step
nilpotent Lie group of dimension n > 3 with a left invariant metric. Let H be a
connected, totally geodesic submanifold of N of dimension k > 2 that contains
e. Foreach g € H let Zy =dL,-\(TgH) C T,N =" . Assume that H admits
an open set O containing e such that either #; C 7 forall g€ O or #;, C Z
forall g€ O. Then # = T,H is a flat, totally geodesic subalgebra of ", and
H is an open subset of the flat totally geodesic subgroup H = exp(#).

Proof. If # C Z , then # is clearly a flat, totally geodesic subalgebra of .#

by (3.7), and H is an open subset of H = exp(#) by (3.11). It remains to
consider the case that #, C 7 forall g€ O.

Let {&;, ..., &} be linearly independent C*° vector fields on O that are
tangent to H. By hypothesis X;(g) = dL,-1({i(g)) lies in 77 for every g
in Oand 1 <i<k=dimH. Let p=dim? and let {X;,..., X,} bea

basis for 77 such that X; = X(e) = &;(e) for 1 < i < k. Write X/(g) =
P ai(g)X,, where {a;} are C* functionson O C H such that o;j(e) =
d;j if 1<i, j<k and a;j(e) = 0 otherwise. Letting X, also denote a left
invariant vector field on N for 1 <r < p we obtain

14
(+) &(g) =) ail(g)X(g) forallgeoO,

where a;j(e) =d;; if 1 <i, j<k and «;j(e) =0 otherwise.
We compute
14

&, &1 =Wiy(8)+ Y ain(g)ajs(8) Xy, X:1(8),

r,s=1

where

14
Wii(g) = [Ei(ao)l(8)Xs(g) — Y ajs(&)[Xs(eir))(8) X, (8)
s=1

r, s=1
lies in 77 for every g in O. For 1 < i, j < k the vector field [;, &;] is
tangent to H since(;, &; are tangent to H . In particular # = T, H contains

p

[&i, &)(e) = Wisle) + ) ai(e)ajs(e)[Xr, Xi](e)

r,s=1

=[Xi, X;]+ Wij(e)

by (x) above. Since # C 7” by hypothesis and W;j(e) € 7 we conclude
that[X;, X;1 € 77 NZ = {0}. Hence # is an abelian subalgebra of 7 since
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{X1,..., Xk} is a basis for Z . Finally, Z is totally geodesic by (3.7), and
H is an open subset of H = exp(-#) by (3.11). This completes the proof of
(5.9). O

In the statement of (5.5) it suffices to consider the case that g = ¢ and H
is well positioned at every point of an open connected subset O that contains
e. We shall show that Z = T,H is a totally geodesic subalgebra of .#", and
H is an open subset of the totally geodesic subgroup H = exp(#).

We break the remainder of the proof of (5.5) into several steps.

Step 1. The functions g — dim(#N7") and g — dim(#;N.Z") are constant
in O.

Proof. By the remarks in (5.4) we have

(1) Zo=(#HN?7 )& (#NZ) forall g€ 0.
Let k = dimH and n = dim N. The continuity of the Gauss map G: H —
G(k, n) and a standard argument by contradiction show

(2) For every g € O there exists an open neighborhood U C O of g such
that

dim(#-Nn7") <dim(#N7") forallg*eU,
dim(#-NZ) <dim(#NZ) forallg®eU.

From (1) we see that k = dim(%- N7") + dim(%. N Z) for all g* € U,
and therefore the inequalities in (2) are equalities. It follows that the functions
g* - dim(#-N7") and g* — dim(H#;. NZ) are constant in U. The proof
of Step 1 is complete since U is a neighborhood of an arbitrary point g of O
and O is connected.

In the remainder of the proof we assume

Ay = (N7 ) (#NZ) forevery geO,
(%) dim(#ZNZ)=q>1 forevery geO,
dim(#4 N7 )=p>1 forevery ge€O.

This assumption is justified by Step 1, (5.9) and (5.4).

Step 2. Let X, Y be nonzero elements of #Z N7 and let Z be a nonzero
element of # N.Z . Let y(¢) be the geodesic of N with y(0) =e and y'(0) =
X . For small ¢ let #Z =dL,;- (T, H). Then

(@) [X,Y]+0(t) e £#nZ forall small ¢,

(b) j(Z)X +0(t) e Z/ N7 for all small ¢,
where O(t) denotes a vector in .#" such that |O(t)| < M|t| for small ¢ and
some positive constant M .

Proof. Asin the proof of (4.1) we note that y(—¢, &) C H if &€ > 0 is sufficiently
small since y'(0) € # = T.H and H is totally geodesic. In particular the
definition of # makes sense for |f| < ¢. Making ¢ smaller if necessary it
follows from (x) above that there exists a nontrivial decomposition Z = (#N
7)o (#NZ) for |t| < e. Applying the lemma in the proof of (4.1) to the
vector &* = X we see that for |¢{| <&, # contains

(@) Z-t(VxZ)+0(t*) =Z + 1tj(Z2)X + O(1?),

(b) Y —t(VxY)+ O3 =Y — 31[X, Y]+ O(t?).
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By (x) above N7  contains 31j(Z)X +O(t?), the 7 -component of (a), and
A NZ contains —11[X, Y]+ O(t?), the Z-component of (b). This completes
the proof of Step 2.

We now complete the proof of (5.5). Let X, Y be nonzero elements of
Z N7 ,and let Z be a nonzero element of Z N.Z . Let # be defined as in
Step 2. It follows that Z = G(yt) — G(e) = # as t — 0 by the continuity
of the Gauss map. From Step 2 we conclude (a) [X, Y] € # N.Z and (b)
J(Z)X € Z N7 . From (a) and the fact that Z = (Z N?7 ) (X NZ) it
follows that [Z , Z|=[Z N7 ,ZN7]1C#ZNZ . Hence #Z is a subalgebra,
and it follows from (b) and (3.7) that # is totally geodesic. Finally by (3.11)
H is an open subset of H =exp(#). O

Totally geodesic submanifolds that are well positioned at one point. Let H be
a totally geodesic submanifold of N. We have seen in (5.5) that if H is well
positioned at every point of an open subset of H, then H is an open subset of
L¢(H), where g isapoint of H and H is a totally geodesic subgroup of N.
In some cases one may draw the same conclusion if H is assumed to be well
positioned at only one point of H, which we may assume to be the identity
without loss of generality. We consider this problem in the remainder of the
section.
The following consequence of (5.8) will be useful.

(5.10) Lemma. Let {N, (,)} bea simply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric. Let H be a connected, totally
geodesic submanifold of N of dimension > 2 that contains the identity, and
let # =T,H. Let #* be a nonabelian, 3-dimensional, totally geodesic subal-
gebra of /N such that dim(#Z NZ*) > 2. Then #* C # .

Proof. By (3.5) {#*, (, )} is a nonsingular, 2-step nilpotent metric Lie algebra.
Let H* denote the 3-dimensional, totally geodesic subgroup exp(#*). If Z
does not contain #* , then dim(Z NZ*) =2, and by (3.9) HNH* contains a
2-dimensional, totally geodesic submanifold H, such that T,(H,) = Z Nn#™*.
This contradicts (5.8) applied to H* and its hypersurface H,. O

(5.11) Proposition. Let {N, (,)} be a simply-connected, nonsingular, 2-step
nilpotent Lie group with a left invariant metric. Let H be a connected, totally
geodesic submanifold of N of dimension > 2 that contains the identity e. Let
K =T,H. If dim(ZNZ) =1, then Z is a totally geodesic subalgebra of N
and H is an open subset of the totally geodesic subgroup H = exp(#).

Proof. Let Z be a unit vector in # N.Z that spans Z N.Z . By (2.2) we can
write # = (# NZ)® (# NZ), where # N7 is invariant under j(Z)2.
Note that j(Z)? is a negative definite symmetric linear map on 7 by (1.4)
since ./ is nonsingular and j(Z) is skew symmetric.

We show first that j(Z) leaves # N7  invariant. By the remarks above
#Z N7 has abasis {X;,..., Xy} that consists of eigenvectors of j(Z)?. It
suffices to show that j(Z)X; € Z N7 for 1 <i < k. Let an integer i with
1 < i < k be given. By (1.11) and (2.1) # N.Z contains 4R(Z, X;)X; =
[X:, j(Z)X;], and hence [X;, j(Z)X;] = c;Z for some c; € R since Z spans
ZNZ . If Z =span{X;, Z, j(Z)X;}, then span{X;, Z} C Z N7, and by
(3.8) # is a nonabelian, 3-dimensional, totally geodesic subalgebra of .#". By
(5.10) Z C # ,and hence j(Z)X;e N7 for 1 <i<k.
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By the previous paragraph and (d) of (2.2) it follows that # is a totally
geodesic subalgebra. By (3.11) H is an open subset of H =exp(#). O

(5.12) Proposition. Let{N, (, )} be a simply-connected, nonsingular, 2-step
nilpotent Lie group with a left invariant metric, and let H be a 3-dimensional
totally geodesic submanifold that contains e. If Z N Z # {0}, where # =
T.H, then Z is a totally geodesic subalgebra and H is an open subset of the
totally geodesic subgroup H = exp(#).

Proof. If dim(#Z N .Z) = 1, then the result follows from (5.11), and if
dim(#ZNZ) =3, then Z C Z and the result follows from (3.7) and (3.11). It
remains only to eliminate the case that dim(#Z N.2") = 2. If this occurs, then
dim(#ZN7") =1 since Z = (Z N7 )d(# NZ) by (2.2). The proof of (5.12)
will now be completed by

(5.13) Lemma. Let {N, (, )} beasimply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric, and let H be a connected, totally
geodesic submanifold of dimension k > 2 that contains the identity. If # N7 #
{0}, then dim(Z Nn7") > 2.
Proof. We assume that dim(# N7") =1 and obtain a contradiction. By (2.2)
K =(ZN?)o(#ZNZ), and hence dim(Z NZ) > 1 since dim# > 2. Let
X be a nonzero vector of #Z N7, and consider the curvature transformation
Ry: ¥V — ¥ givenby & — R(&, X)X . By (1.12) and (2.1) Ry leaves #NZ
invariant, and hence Ry has a nonzero eigenvector Z in #Z N.Z since Ry is
symmetric. By (1.11) we obtain

(1) [X, j(Z)X]=4Rx(Z) = AZ for some A€ R.
By (2.2) #Z N7 is invariant under j(Z)?> and since X spans #Z N7 we
obtain

(2) j(Z)?X = uX forsome u€cR.
By (1), (2) and (3.8) it follows that #* = span{X, Z, j(Z)X} is a nonabelian,
3-dimensional, totally geodesic subalgebra of .#", and Z*N# = span{X, Z}
since # N7  is 1-dimensional. It follows from (5.10) that #* C # , but this
is impossible since #* N7  is 2-dimensional. O

(5.14) Proposition. Let {N, (,)} be a simply-connected, 2-step nilpotent Lie
group with a left invariant metric that is of Heisenberg type. Let H be a con-
nected, totally geodesic submanifold of N of dimension k > 2 that contains
the identity. If Z N7 # {0} or Z NZ # {0}, then # = T,H is a totally
geodesic subalgebra, and H is an open subset of the totally geodesic subgroup
H =exp(%).

Proof. By (2.2) we have

(*) X =FnN?)o#nNZ).

We first show that /# is a subalgebra. Let elements X, Y € N7 be
given arbitrarily. To show that # is a subalgebra it suffices by (x) to show
that Z = [X, Y] € #Z, and we may assume that Z is nonzero. Since H is
totally geodesic we know from (1.11) and (2.1) that # contains R(X, Y)X =
% J(Z)X . Moreover, the definition of Heisenberg type and Lemma B of (1.12)
imply that (a) j(Z)2X is collinear with X and (b) [X, j(Z)X] is collinear
with Z. If #* = span{X, Z, j(Z)X}, then (a), (b) and (3.8) imply that
A* is a nonabelian, 3-dimensional totally geodesic subalgebra of .#". Clearly
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span{X, j(Z)X} C Z NnAZ*, and hence by (5.10) #* C #Z, which implies
that Z =[X, Y] liesin Z.

We have shown that /# is a subalgebra of .#° and we now show that #
is totally geodesic. The final assertion of (5.14) then follows from (3.11). If
A CV ,then [#,Z)C#NZ ={0} and Z is abelian. By (3.7) it follows
that # is totally geodesic. If /Z C Z°, then # is also totally geodesic by
(3.7). By () it remains to consider the case that both ZN7" and ZN.Z are
nonzero. Let X, Z be nonzero vectors in # N7, # N.Z respectively. By
(3.7) it suffices to prove that j(Z)X e ZnN7 . If Z* =span{X, Z, j(Z)X},
then as we explained earlier in the proof #* is a nonabelian, 3-dimensional,
totally geodesic subalgebra of .#". Since span{X, Z} C # n#* it follows
from (5.10) that Z* C #, and in particular j(Z)X e Z N7 . O

6. A CHARACTERIZATION OF GROUPS OF HEISENBERG TYPE

Let {N, (, )} be a simply-connected, nonsingular, 2-step nilpotent Lie group
with a left invariant metric. If N is of Heisenberg type, then every geodesic
y of N is contained in a 3-dimensional, totally geodesic submanifold H. To
see this it suffices to consider the case that (0) = e and y'(0) = X + Z,
where X € 77 and Z € .Z . By (3.8) and (b) of Lemma B of (1.12) it follows
that #Z =span{X, Z, j(Z)X} is a totally geodesic subalgebra of .#". Hence
H = exp(#) is a 3-dimensional, totally geodesic subgroup that contains y since
Y (0)e T.H=72.

In this section we prove a converse to the observation above.

(6.1) Theorem. Let {N, (, )} bea simply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric. Assume that for every geodesic y of
N with y(0) = e there exists a connected, 3-dimensional, totally geodesic sub-
manifold H such that y'(0) € # = T,H and Z NZ # {0}. Then N is of
Heisenberg type.

The hypothesis that # N.Z be nonzero in the statement above may be
unnecessary, but we are able to avoid it only if N has 1-dimensional center.

(6.2) Theorem. Let {N, (, )} bea simply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric and a 1-dimensional center. Assume
that for every geodesic y of N with y(0) = e there exists a connected, 3-
dimensional, totally geodesic submanifold H such that y'(0) € Z = T,H.
Then for some positive number A and some integer n > 1, the group {N, A(, )}
is isometric to a standard (2n + 1)-dimensional metric Heisenberg group.

Before proving (6.1) or (6.2) we need the following preliminary result.

(6.3) Lemma. Let {N, (,)} be a simply-connected, nonsingular, 2-step nilpo-
tent Lie group with a left invariant metric. Assume that for every geodesic y of
N with y(0) = e there exists a 3-dimensional, totally geodesic subalgebra #
such that y'(0) € # . Then N is of Heisenberg type.

We break the proof into several steps.

Step 1. Let X, Z be arbitrary nonzero elements of 77, Z . Then
(a) span{X, Z, j(Z)X} is a totally geodesic subalgebra of ./,
(b) [X, j(Z)X]=cZ for some c € R,
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(c) j(Z)* = —A(Z)1d for some positive number A(Z).

Proof. Let y be the geodesic of N such that y(0) =e and Y’ (0) =X +Z.
By hypothesis there exists a 3-dimensional, totally geodesic subalgebra # such
that # contains X + Z . It follows from (3.5) that #Z = (ZN?)®(# NZF),
and hence both X and Z lie in # . By (3.6) Z is nonabelian and by (3.5)
# N7 contains j(Z)X. Therefore # = span{X, Z, j(Z)X} since # is
3-dimensional and X, j(Z)X are nonzero orthogonal vectors in #NZ" . This
proves (a). Assertion (b) follows since # is a subalgebra of .#", and Z N.Z
is a 1-dimensional subspace of .#" spanned by Z .

We prove (c). Observe that j(Z)? is negative definite and symmetric since
Jj(Z) is nonsingular and skew symmetric. It suffices to prove that X is an
eigenvector of j(Z)? since X € 7 is arbitrary. The 2-dimensional vector space
# N7 contains X, j(Z)X and j(Z)’X since # N7 is invariant under
j(Z). Hence X and j(Z)?>X are collinear since both vectors are orthogonal
to j(Z)X.

Step 2. If Z, Z* are arbitrary elements of .Z , then j(Z)j(Z*)+j(Z*)j(Z)
=—-g(Z,Z*)Id, where g is some positive definite bilinear form on Z .

Proof. By (c) of Step 1, j(Z)?, j(Z*)?* and j(Z + Z*)? = {j(Z) + j(Z*)}?
are multiples of the identity. By expanding and simplifying {j(Z)+ j(Z*)}? it
follows that j(Z)j(Z*)+j(Z*)j(Z) = —g(Z, Z*)1d for some function g: Z x
Z — R. The function g is clearly symmetric and is bilinear by the linearity
of the map Z — j(Z), Z € Z . Setting Z = Z* we find that —2j(Z)? =
g(Z, Z)1d, which proves that g(Z, Z) > 0 if Z # 0 since j(Z)? is negative
definite.

We now complete the proof of (6.3). Let g be the positive definite bilinear
form on Z from Step 2, and let S: .2 — Z be the positive definite symmetric
linear map such that g(Z, Z*) = (S(Z), Z*) for all Z, Z* € Z . Here
(,) denotes the restriction to .Z of the given inner product on .#". Since
J(Z)? =-1g(Z,Z)1d = -1(S(Z), Z)1d for all Z € Z it suffices to show
that S is a positive multiple of the identity.

Let {Z,, ..., Z,} be an orthonormal basis of .Z" consisting of eigenvectors
of S,andlet 4,, ..., 4, be positive numbers such that S(Z;) = 4;Z; for every
i. If X, Z are any nonzero elements of 77, Z , then by step 2 we have

[X,j(Z2)X]= i([x J(Z2)X), Z)Z 222 (Z2)X)Z:
= —%i{(x JZDJZ)X) + (X, j(2)j(Z)X)}Z;
= Ei (Zi, 2)|X)*Z; = < |X|2) ’Z;‘(S(Z,) zZ)Z

<1|X|2>ZA (Z;,Z

[N

On the other hand by (b) of Step 1 there exists a constant ¢ such that
(X, j(Z2)X)1=cZ =3, c(Z;, Z)Z;. If we choose Z € Z so that (Z;, Z)
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is nonzero for every i, then by equating the Z; components in the two ex-
pressions above for [X, j(Z)X] we conclude that A; = (2¢/|X|?) for every i.
Hence S is a multiple of the identity, and the proof of (6.3) is complete. O

We now prove (6.1) and (6.2). Theorem (6.1) follows immediately from
(6.3) and (5.12). We prove (6.2). Recall that N is nonsingular by the proof
of (5.7). Let y and H be as in the statement of (6.2). By (5.7) # =T, H is
a totally geodesic subalgebra since dim.Z" = 1, and hence N is of Heisenberg
type by (6.3). The discussion in (1.7) now shows that {N, A(, )} is isometric
to a standard metric (2n + 1)-dimensional Heisenberg group for some positive
number A and some integer n > 1. O

REFERENCES

[E]  P. Eberlein, Geometry of 2-step nilpotent groups with a left invariant metric, Ann. Sci. Ecole
Norm. Sup. (to appear).

[CDKR] M. Cowling, A. Dooley, A. Koranyi, and F. Ricci, H-type groups and Iwasawa decompo-
sitions, Adv. Math. 87 (1991), 1-41.

[K1] A.Kaplan, Riemannian nilmanifolds attached to Clifford modules, Geom. Dedicata 11 (1981),
127-136.

[K2] —, On the geometry of the groups of Heisenberg type, Bull. London Math. Soc. 15 (1983),
35-42.

[Ko] A. Koranyi, Geometric properties of Heisenberg type groups, Adv. Math. 56 (1985), 28-38.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH CAROLINA, CHAPEL HiLL, NORTH CAR-
OLINA 27599
E-mail address: pbe@math.unc.edu




