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3-PRIMARY v,-PERIODIC HOMOTOPY GROUPS OF F; AND E;

MARTIN BENDERSKY AND DONALD M. DAVIS

ABSTRACT. We compute the 3-primary v;-periodic homotopy groups of the
exceptional Lie groups F4; and E¢. The unstable Novikov spectral sequence
is used for the most delicate part of the analysis.

1. MAIN THEOREM

In this paper we compute the 3-primary v;-periodic homotopy groups of the
exceptional Lie groups F; and Eg.

The p-primary wv;-periodic homotopy groups of a space X, denoted
(2 '7.(X; p), were defined in [15]. They are a localization of the actual homo-
topy groups, telling roughly the portion which are detected by K-theory and its
operations. If X is a compact Lie group, each v I7;(X; p) is a direct sum-
mand of some actual homotopy group of X, and so summands of v;-periodic
homotopy groups of X give lower bounds for the p-exponent of X .

After the second author computed v ', (SU(n); p) for odd p in 1989,
Mimura proposed the goal of calculating v, '7,(X; p) for all compact simple
Lie groups X . This has now been achieved in the following cases (X, p):

e X aclassical group and p odd ([14]).

e X =SU(n) or Sp(n) and p =2 ([8], [9]).

e X an exceptional Lie group with H,(X; Z) p-torsion-free ([10]).
(G2, 2) ([16]) (F4 and Eg, 3) (the current paper).

The only cases remaining then are (Eg, 5), (E7 or Eg, 3), (SO(n), 2),
(Fy or Eg or E; or Eg, 2). Many of these appear tractable. The unstable
Novikov spectral sequence (UNSS) has played an important role in every case
except (G2, 2) and the cases where p is large enough that X, is a product
of p-local spheres.

Since v; ', (X x ¥) ~ v 'n.(X) ® vy 'n.(Y), the following known 3-local
splitting theorem will be useful in both the statement and proof of our main
result. From now on, all of our spaces are localized at the prime 3.
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Theorem 1.1. (1) ([17], [18, 4.4.1]) There is a 3-equivalence
Fy~K x B(11, 15),
where K is the finite complex constructed by Harper in [17] satisfying
H*(K; Z3) = A(x3, x7) ® Z3[x5)/(x3) ,

with x; = Plxy and x3 = Bx;. Also, B(11, 15) is an S''-bundle over S'3
with Plx;, = x5 in H*(B(11, 15); Z3).
(2) ([19]) There is a 3-equivalence

E¢ =~ Fy x (Eg/Fs).

Now we state our main theorem. We frequently abbreviate v, '7.(X; 3) as
v.(X), and denote by v(n) the exponent of 3 in the integer n.

Theorem 1.Z.
v (Fy; 3) = v (K) ® va(B(11, 15))
and
vl"n,(E6; 3) = v (K) @ v (B(11, 15)) ® vu(Es/ Fa),
where

Z,/3min(12,v(i=11=23+1) £} js odd
13)  vy(K) ~ vy (K) ~ ’
(1.3) 2i(K) = v2i-1(K) {0 if i is even,
Z/3minG,¥(i=5)+2)  if i =3 or 5mod 6,
(14)  ox(B(11,15)) ~ 4 Z/3mn0-20=D4D if i = 1 mod 6,
0 if i even,

and |vyi_(B(11, 15))| = |va;(B(11, 15))];

, Z/3min@.v(i=8)+2)  jfji =0 or 2 mod 6,
(1.5) V2i(Ee/Fa)  { Z/3mn.v(i=4+2) ifi = 4 mod 6,
0 ifi odd,

and |va;_1(Eg¢/Fs)| = |v2i(Es/Fy)| .

As with much of our earlier work, the one blemish on these results is our
inability to determine the group structure of v, !7;(X) for many odd values of
J; in these cases we only assert the order of the group.

An immediate corollary of this work is a lower bound for the 3-exponent of
Fy and Eg. Recall that the p-exponent of a space X, denoted exp,(X), is the
largest e such that #.(X) has an element of order p¢.

Corollary 1.6. The 3-exponents of Fy and Eg satisfy

exp;(Fs) = exp;(Eg) > 12.
Proof. If X is a compact Lie group, then vl"m(X; 3) = lim k7, 45.3¢(X) for
appropriate e. Hence an element of order 3!? in vy '7.(F4) corresponds to
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an element of order 3!? in some 7;(F;). The 3-exponents of F; and Eg are
equal since, by Theorem 1.1(2) and Proposition 3.1,

exps(Fy) < exp;(Es) < max(exps(Fy), exps(S°) + exp;(S'7)).

The equality then follows since, by [12], exp;(S?"*!) = n, and max(exp;(Fy), 12)
= eXp3(F4) .0 .

We conjecture that the lower bound given by Corollary 1.6 is sharp, but the
best upper bound we can prove now is

exp3(Fs) < exps(S?) + exp;(S7) + exp;(S7) + exp;(S%) = 18.

This follows from Theorem 1.1(1), Proposition 2.9, (2.3), and [12].

The groups v; 'm.(B(11, 15); 3) were determined in [10, 1.3(2)], and so
the second part of Theorem 1.2 is read off from that. We will prove the first
part in Section 2, and the third part in Section 3. We thank John Harper for a
last-minute correction to our lemmas.

2. v;-PERIODIC HOMOTOPY GROUPS OF K

In this section, we show that v~ '7,(K; 3) is as claimed in the first of the
three parts of Theorem 1.2.

We begin by computing v, '7,(W; 3), where W denotes the Cayley plane.
This is related to v~ '7.(K; 3) via Proposition 2.9, but may be of independent
interest. The following description is certainly well-known.

Proposition 2.1. After looping once, the Cayley plane is 3-equivalent to the space,
often denoted S® in EH P-theory, which is defined to be the 16-skeleton of QS°.
That is, QW =~(3) QS8.

Proof. Both W and S8 are 2-cell complexes with cells of dimension 8 and 16.
They are not 3-equivalent, since the suspension of the attaching map in W is
essentiAal when localized at 3 [13, 4.1], while the suspension of the attaching
map S? is inessential.

We use the following 3-equivalence of [16, 3.1],

(%) TOW ~ S8 Uy ey \/(S22i+8 v S22i+23).

i>1

We use this splitting to construct a map QW £ S8 which has degree 1 on
the bottom cell. Since S? first differs from QS° in dimension 24, and since
2u = 0, where u € nzz(Ss)m, the identity map of S® extends to a map
S8U, 23 — S8 Sending the other spheres in the splitting of (x) trivially yields
the desired map g.

The adjoint of g is our desired 3-equivalence. To see that it is a 3-equivalence,
we use the integral cohomology algebras. For both loop spaces, this is an exte-
rior algebra on a class of degree 7 tensored with a divided polynomial algebra
on a class of degree 22. The 7-class maps across by construction, and so does
the 22-clas§ since the EHP-sequence and [20, p. 168] imply that the 22-cell in
both of QS® and QW have the same nontrivial attaching map. The product
structure then implies the desired isomorphism. 0O
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Now we can compute v, '7.(W ; 3) just proved.
Proposition 2.2. Let
M;=min(3,v(i—1)+1) and M;=min(1l,v(i-75)+1).

Then
Z/3M ife=3,
_ Z/3l+max(M,-,M,-’) ife=2
1 C2) A ,
0 ife=0.
Proof. We use the EHP fibrations
(2.3) S7T - QW — QS?
and
(2.4) S8 5 Q8% - QS

established in [23]. We recall from [22] that

Z/3min(n,v(i=m+1) if j=pn mod 2,

0ai(S¥) % v3i (S2) {O otherwise

The exact sequence from (2.3) yields isomorphisms v .3(W) = v4i32(S7),
Vaizs1 (W) = v4i41(S?3), v4;(W) =0, and an exact sequence

(2.5) 0 = V4i41(S7) = Vair2(W) = v4i42(5%) — 0.

Our task is to show that the extension in this exact sequence is cyclic.

Analysis of the exact sequence of (2.4) shows that if v4;,3(S%°) ~ Z/3!2,
then ’U4,'+3(Sg) — 'U4,'+3(st) must be injective and v4;,3(W) — 'U4i+4(S9) is an
isomorphism of Z/p’s, and hence v4;,4(S%’) — v4,,2(W) is bijective, establish-
ing the cyclicity in this case. A similar analysis shows that if v4;,3(S°) = Z/34,
then v4;42(W) maps bijectively to it.

So now we restrict our attention to the remaining cases, v(|v4i43(S?%)|) < 12
and v(|v4i43(S%)|) < 4. Then (2.4) yields a short exact sequence

(2.6) 0 — V4i44(S?%) = vais2(W) — v4i43(S%) — 0.

Note that in both (2.5) and (2.6), at least one of the outer groups is Z/3, and
if i =0 mod 3, then both of the outer groups are Z/3. Also note that, in the
cases under consideration, v4;,2(S?3) and v4;,4(S?°) are abstractly isomorphic,
as are V4;11(S7) and v4;,3(S°). We will need the following lemma.

Lemma 2.7. If v(|v4;i43(S°)|) < 4, then the composite
V4i+1(S7) = Vair2(W) — V4i43(S°)

is multiplication by 3. If v(|vais3(S¥)|) < 12, then the composite
V4i44(S%) = Vair2(W) — vais2(S?)

is multiplication by 3.
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Proof. The first composite is just the double suspension homomorphism 2. It
follows from Thompson’s proof [22] that if j = n mod 2, and v(|vyj41(S?*+3)])
<n+1,then X2 : vy, (S2"*!) - vy;42-¢(S?"*3) is multiplication by 3 if € = 1
and is bijective if € = 0. (Indeed, it is the homomorphism Jy;_;_(B**) —
Jsi—1—<(B***%) induced by the inclusion map for appropriate integer i. Here
B™ is the m-skeleton of the 3-localization of BX.,. The homomorphism
L4i_1(B*") = £4;_(B****) induced by the inclusion is Z/3" — Z/3"*!. Then
for m=n or n+1

Jai—1(B¥™) = ker(3% : £4;_1(B*™) — £4i_1(B*™))
with a < n, which implies the bijection when € = 0. Similarly,
Jai—2(B*™) = coker(3? : £4;_1(B*™) — £4;_1(B*™))

with a < n, which implies the -3 when e =1.)
This description of X? immediately implies the first half of the lemma, while
the second half follows from this together with the fact that the composition

2
V4i+2(S2) Zo04114(SP) = Vaig2(W) — V4i42(SP)
is multiplication by 3, since, by [23], it is induced by the degree-3 map. O
The following lemma is easily proved by diagram chasing.

Lemma 2.8. If the vertical and horizontal sequences are exact in the diagram
below with e > 1, and Boa =3, then G~ Z/3°*!.

0

|
Z/3¢
0-2/3 - G L z/3¢-0
!
Z/3
l
0

Proof. Let g denote a generator of the top Z/3¢. There exists x € G such that
B(a(g) —3x) =0. Thus a(g) — 3x € im(i). Hence 3°x = 3¢"'a(g) #0. O

The cyclicity of v4;2(W) when v(|vgiy3(SP)|) < 12 and v(|vai3(S%)]) < 4
and i # 0 mod 3 (so that v(|v4;+3(S?%)|) and v(|v4i43(S®)|) are not both equal
to 1) is now immediate from (2.5), (2.6), Lemma 2.7, and Lemma 2.8.

Finally we consider the case i = 0 mod 3. Let x € v4;42(W) project to a
nonzero element of v4;,2(S??), and assume 3x = 0. Then the Toda bracket
(x, 3, a;) can be formed. Here a, is an element in the 3-stem detected by
P!. The Toda bracket (—, 3, a;) is essentially multiplication by v, , which
acts nontrivially from v4;,2(S??) to v4i46(S??). We deduced in the previous
paragraph the nontrivial extension in v4;.¢(W), and so we have (x, 3, a;)3 #
0. By [24, 1.4], this equals x(3, a;, 3). But (3, a;, 3) isin m,4(S¥) = 0.
This contradiction says that our assumption 3x = O must have been false,
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establishing the nontrivial extension in v4;.,(W) when i =0 mod 3, our final
case. O

Now that we know v, (W), we will show how it is used in the determination
of v.(K). The following result, although presumably well-known, was pointed
out to us by Mimura.

Proposition 2.9. There is a fibration B(3,7) - K - W.

We remind the reader that all spaces are localized at 3. The space B(3, 7),
similarly to B(11, 15) considered earlier, is an S3-bundle over S7 with %! (x3)
= x7. The spaces B(3, 7) and Sp(2) are 3-equivalent.

Proof. We form the following diagram of fibrations, in which the central hori-
zontal fibration is due to Borel ([11]).

X — K 2L ow
~ I
Spl(4) 7, 1~l4' £, %/

| or |

B(11,15) = B(11, 15)

Here X is the fibre of jo f, and, by the diagram, is also the fibre of goi.
Cohomological considerations and elementary obstruction theory imply that the
inclusion Sp(2) — Sp(4) lifts to a 3-equivalence Sp(2) - X. O

We will prove (1.3) by studying the exact sequence in v.(—) associated to
the fibration of Proposition 2.9. We write B = B(3, 7) for the remainder of
this section. We recall from [10, 1.3] some information about v,.(B). First,
Vaira(B) = v4i43(B) = 0. Thus v4;,4(K) = 0, since it sits between O-groups in
the exact sequence of 2.9. Second, v4;,2(B) and v4;,1(B) are isomorphic cyclic
groups of order 3¢, with e < 4. There is an injection from Z/3 = v4;,2(S?) to
U4i42(B) , which is bijective if i 2 1 mod 3. There is a surjection v4;4;(B) —
v4i+1(S7) , which is bijective if i Z 10 mod 27.

Our next step is the following result.

Proposition 2.10. (i) The composite ST — QW — B — S7 has degree 3. Here
the first map is the inclusion of the bottom cell, which is part of (2.3), the second
map is part of the fibre sequence of Proposition 2.9, and the third map is the
projection used to define B .

(11) v4i43(K) =0.

Proof. Part (i) follows from the fact that xgz = f(x7) in H*(K; Z3), and the
correspondence between the Bockstein f and the degree-3 map. Here xg cor-
responds to the bottom cell of W, and x; to the 7-cell of B.

To prove part (ii), it will suffice to show that v4;,3(W) — v4;42(B) is injec-
tive. Since v4i12(S7) — v4;.3(W) is iso, it suffices to show that the composite,
¢, of the first two morphisms in part (i) induces an injection in v4;.o(—). If
v(|vai42(S7)|) > 1, then this injectivity follows since, as noted above, v4;.2(B)
is cyclic and maps with kernel Z/3 to v4;42(S?). (An element in ker(-3) on
v4i+2(S7) will factor nontrivially through v4;,(B).)
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If v(|vgis2(S7)]) = 1, its generator is a;_;. Since the 7-skeleton of B is
S3 Uq, €', the map g in the diagram represents an element of v4iz2(S3) for
which i.([g]) = c(ei-1).

S4i+2 il S7
3
DN
S = Sy, el— Y
By [24, 1.8], [g] € (@1, 3, a;—1). The indeterminacy here is O, at least as far
as v;-periodic classes are concerned. Hence [24, 13.4] implies that the Toda

bracket equals «;, which is the nonzero element of v4;,7(S3). Thus in this
case, ¢, is an isomorphism of Z/3’s. O

We now continue our study of the exact sequence in v.(—) of the fibration
of Proposition 2.9 to determine v4;,2(K) and v4;41(K). We consider first the
case | # 1 mod 3. In this case vsje(B) ~ Vaic(S’) = Z/3 for € = 1 and
2. Since v4;43(W) — v4i12(B) is a bijection of groups of order 3, the exact
sequence becomes

(2.11) 0 - vgia(K) — Z/3M 2.7/3 - v, (K) — Z/3M -0,

where M| = min(11, v(i — 5) 4+ 1) as in Proposition 2.2, and the homomor-
phism ¢ is v4;.2(W) — v4i41(B) . The following key proposition will be proved
later in this section, using the UNSS.

Proposition 2.12. The homomorphism ¢ in (2.11) is nonzero unless i — 10 = 33
mod 3!, in which case it is zero.

The results for v4;,2(K) and v4;41(K) are then immediate from (2.11), ex-
cept for the extension in v4,~+,(K ) in the rare case that ¢ = 0. Here we have

Proposition 2.13. If i — 5 = 319 mod 3!!, then v4;.(K) ~ Z/3!2.
Proof. The proof follows exactly the method of the proof of [10, 2.24]. We have
oay # 0:v4i2(W) = v4i1 (W)

and
0 #0:v4i—2(W) — v4;-3(B).

Let G denote a generator of v4;_2(W),andlet Y € v4;4(K) projectto Goay,
which is the element of order 3 in v4;;1(W). Then

3Y = i.((0G, a1, 3)) =0(G) -v; #0,
where i: B — K isthe map of 2.9. O

The next case is when i = 1 mod 3 and i # 10 mod 27, so that, by [10,
1.3(1)],
V4i42(S7) = V4i41(S7) = v4142(B) = v4i41(B) = Z/3°

with e = 2 or 3. In this case, again v4;,3(W) — v4;42(B) is bijective, and so
the exact sequence becomes

(2.18) 00— vgya(K) = Z/3°7' 22/3¢ - vy, (K) = Z/3 - 0.
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Using part (i) of Proposition 2.10, the homomorphism ¢ fits into

vain1(S) o V(W) L vgn(B) 2 v (S7)

I I I |
Z/3¢ Z/3¢+! Z/3¢ Z/3¢,

with the composite being multiplication by 3. This implies that ¢ is surjective,
and the claim of (1.3) that v4;,2(K) = v4;+1(K) = Z/3 in this case is immediate
from (2.14).

Finally, we consider the case i = 10 mod 27, so that v4;42(B) = V4i41(B) =
Z/3*. In this case, the exact sequence of (2.9), starting with v4,,3(K) =0 and
ending with v4;(B) = 0, becomes

(2.15)
0-Z/3% > Z/3* - v4i2(K) — Z2)3* Z5Z/3* - vy (K) - Z/3 - 0.

The =5 here has been deduced using part (i) of Proposition 2.10. Indeed, it
is the only morphism ¢ that makes the following composite, which is v4;11(—)
of the composite of that proposition, equal to -3.

Z/33 — 2/3*2.7/34P7/33.

The exact sequence (2.15) immediately gives v4;42(K) = v4i11(K) = Z/3 in
this case, as claimed in (1.3).

It remains to prove Proposition 2.12. We will use the UNSS based on the
Brown-Peterson spectrum BP . Most of our work is very similar to that of [10],
although Lemma 2.16 is novel.

Recall that, localized at 3, BP, = Z3)[v;, v, ...] with |v;| =2(3' - 1), and
BP,BP ~ BP,[h, hy, ...] with |h;| =2(3' - 1). Also BP.(S") is a free BP,-
module on a single generator 1, . The UNSS converging to m.(S?**!);) has E;’
equal to the homology of the unstable cobar complex C*(52"+!) in homological
degree s and total degree ¢. This complex has C*(S?**!) Cc (BP.BP)® ®
BP,(S?"+!) spanned by monomials satisfying an unstable condition which we
illustrate when s = 2. Then a monomial vih!' ® vi2h"2 ® vB1y,,, satisfies
the unstable condition if |Jj| < J[v2h%2vB| + n and |J| < §|vB3|+ n. Here
h? = h{*h}? ... satisfies |J| =} j;. All tensor products are over BP,, and

W v T=hv T =nrHh T
with ngr(v;) = vy — 3h; . We also recall, from [2], that all v,-periodic elements
in ES*'(S?+1) occur in Ej ¥*2"t1(§27+1) and E>¥*2*!(§27+1) | and from
[7] that
E;,I(QSZnH) ~ E;,I+I(S2n+l).

We will be somewhat cavalier in using the symbol E, to refer either to the
UNSS or the localized UNSS of [2] since a group in the latter SS can be thought
of as a direct summand of a group of the former.

A major step in the proof of Proposition 2.12 is the following lemma, which
we prove in Section 4.

Lemma 2.16. Let QW-".Q8%, B = B3, 7)-5S7, and ¢ : vaisa(W) —
v4i+1(B) be the maps and morphism considered earlier. Suppose y € V41 (QW)
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has h.(y) represented by A® 1y3 € E;****(S23). Then p.((y)) is represented
by A®vih}®1; € EF***(S7) mod terms that desuspend to S°.

Proof of Proposition 2.12. Let m = i — 5. The generator of v4;.,(W) projects
to the generator of v4;42(S?®), which is represented by . with e =
min(11, v(m) + 1). Here, as in [10], o,/ denotes the generator defined by
d(vi")/2¢ with d(v]") = ng(vy)™ — v{". Asnoted in [10, p. 122], ame ® h/ 0’1y
is an unstable monomial if e < 1|A/v!| + 3. By Lemma 2.16, it suffices to
prove

(2.17) If e <11, then a, ®vihiy #0€ E3(S7),

and

(2.18)
If v(m) > 10, then oy ® v k31, =0 € EX(ST) iff m/3'° = 1 (mod 3).

The proof of (2.17) is just like the proof in the middle paragraph of [10,
p. 125]. Let x = aym/e ® V1417 . Since e < |vih}| + 3, the image H'(x) under
the double suspension Hopf invariant H' can be evaluated by reading off the
portion to the left of hji;. This was proved in [1, 5.3] and restated in [10,
2.12(2)]. Thus

H'(x) = amjevs = svi*hy #£0 € E3(M),

where s is a unit in Z/3, and M denotes the mod 3 Moore spectrum. The
second “=" and the “ #” are given in [10, 2.11]. Since H'(x) # 0, then x #0.

The proof of (2.18) is similar to the proof which begins on the second half
of [10, p. 125]. Let s = m/3!0. Working mod elements that desuspend to S°,
we have

m
—Qm/11 ®’Ulhl3l7 = (';')3j—llh{ ®'U;n_j+lh|317
(2.19) ]4\::1

= shy @ "k + 3v" A2 @ v A1y

Here we have noted that all terms in the sum except the first and the last
desuspend. Indeed, for j > 1, (';')31"ll has a factor of 3, which is used
to write 3k} as v h? — h?v,. For terms with large j, we write 3/~!'h/ as
3(vi — nr(v1))/~'2h{2, leaving the 3 in order to make hji; desuspend.

We evaluate H' of the first term of (2.19) by the method used earlier, utiliz-
ing [1, 5.3] and [10, 2.11], and obtain sv*h; € E}(M). Since H' is injective
when E3(S*"*!) = Z/3, and v]"h; # 0 € E}(M), we will be done once we
have shown that H' of the second term of (2.19) is —v["h; .

The second term of (2.19) is not in unstable form, but can be written as

(2.20) vl @ vk — v 12h @ vikdy,

using 3k, = v; — ng(vy). The second term T of (2.20) satisfies H'(T) =
—v{"h; , using [10, 2.11(4)]. We proceed to show that the first term of (2.20)
desuspends to S°, which will complete the proof.
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In [10, 2.6(iii)], the relation
(2.21) vy = 3hy — 26h3v; + nr(vy) — 4vihy + 9ayvih? + 27ayv k3

is derived, with a; € Z. We multiply this on the right by 4% ® A}, and analyze
the terms obtained one by one.
o wh¥@h}y: H'(<)=u,h% =0, by [10, 2.11(3)].
o 3h8h, ® h}1y: H'(-) =3h3h, =0, since 3E}(M)=0.
e 26h!'v; ® h}1;: This is a unit times our desired term. After we have
shown that all other terms desuspend, it will imply this one does, too.
o hv®h};: H'(-) = hdv, =0, by [10, 2.11(3)].
e 4v3h} ® h}1;: This equals d(4v}h317) in the unstable cobar complex,
mod terms that desuspend. To see this, we note that this boundary is

(2.22) 4(nr(v7) — v}) ® M3y + 4T (M),
where ¥(x) =y (x)—x®1-1®x. By[10, 2.6(i)],
y(h)=hel+1h+h ®h%’01 +h%®h,'v1 +hi)’®h1.

When (2.22) is expanded, 33 terms are obtained, but all of them except
4v3h} ® h}1; desuspend to S°, using H'(—) to see this in many of the
cases.

o 9a;v?h® ® h}17 + 27av,h! ® h}y: Using 3h; = v; — nr(v1), both
terms satisfy the condition of [10, 2.12(2)] so that H' of each equals the
part to the left of the ® and hence is 0 mod 3. O

3. v;-PERIODIC HOMOTOPY GRQUPS OF Eg/Fy

In this section we compute v; !m.(E¢/Fs; 3), thus proving the third part
of Theorem 1.2. We use the following proposition, which is presumably well-
known, but apparently not well-documented.

Proposition 3.1. There is a fibration (localized at 3)
S% - E¢/Fy — N
with attaching map «; .
Proof. 1t is proved in [13] that there is a 3-equivalence
IW Ue* — Eg/F,.

The attaching map in the 3-local Cayley plane W is a5, and hence the same
is true in Eg/F4. The fibration can then be established by the argument used
for F4/G, at the prime 2 in [16, 1.1]. Here it depends on the fact that the
S-dual of the attaching map of the top cell to the middle cell of the manifold
Eg/F, is in the image of J in the 8-stem, and this is O when localized at 3.
Thus when the bottom cell of Eg/F, is collapsed, the top one can be collapsed
as well, yielding the desired map into S'7. O

To prove (1.5), we will again use the UNSS and will follow closely the method
of [10]. We let Q = E¢/F, and study the following exact sequence of Ej-terms
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of the v,-periodic UNSS of [2].
0_>E21,4j+1(S9) _)E21,4j+1(Q) R E21,4j+l(S17)
i»EZZ"”“(S(’) _’E22,4j+1(Q) —>E22’4j+1(S”) 0.
From [22] and [2], we have for s =1 or 2
’U4j+1_5(S8m+l) ~ E;,4j+l(S8m+1) s Z/3min(4m,u(j—2m)+l).

Note that v4j41-5(S°) ~ Z/3 unless j = 2 mod 3, and v4;41-5(S'7) ~ Z/3
unless j =1 mod 3, and so ¢ always involves at least one Z/3. Our desired
result, (1.5), will follow from the following two results, together with the result

of [2] that v4jy1-(Q) ~ E5*¥*!(Q) for s=1 or 2.

Proposition 3.3. The homomorphism ¢ in (3.2) is O unless Ey>**'(8%) ~ Z/3*
or EZ""’“(S”) ~ Z/3%. In each of these cases, ¢ # 0.

(3.2)

Proposition 3.4. The group E;"**'(Q) is cyclic.

Note that (1.5) makes no claim about the structure of the group v4;_1(Q),
only its order.

Proof of Proposition 3.3. Let m = j — 4. .

Case 1: j#1 mod 3, so that m # 0 mod 3. The generator of E,*“/*!(S'7)
is am = apm) , and by Proposition 3.1 @(ay,) = am ® azlg. Here we have also
used that the E)-class a, detects the homotopy class «,, and the prescription
for boundary homomorphisms given in [4, 4.9]. By [6, p. 246], a, is represented
by vih,, and a,, is represented by vl’""'hl mod terms that desuspend to S!.
Thus a,, ® ayly desuspends to y = v""'h; @ vihi13, and H'(p) = v]" " hyv; #
0, by [10, 2.11(1)]. Thus ¢(a,,) is the image of a generator under the iterated
suspension _ '

E22,4J+I(S3) N E22’4J+I(S9).
By the main result of [3], restated as [10, 2.12a], this morphism is nonzero if
and only if EZ>¥+'(S%) ~Z/3¢.

Case 2: j =1 mod 3. Suppose E,"¥*!(S'7) ~ Z/3¢. If e < 8, then
d(am/e) = amse ® azlg desuspends, and so is 0, since, by [10, 2.12a], E22’4j -1 (S7)
— E2%*1(89%) is 0 in these cases where the groups have order 3.

Now suppose that ¢ = 8. Let s = m/37. We argue as in the previous
section, or [10, p. 125].

m
d(gen) = —apys ® azle = Y _ (7)3*Bhv]"* ® agts.
k=1

All terms in the sum desuspend except the term with kK = m. Note that the
analysis here is somewhat easier than that of the previous section or [10, p. 125]
because a9 desuspends, and so we do not have to worry about keeping a
factor of 3 to make it desuspend. To see that terms in the sum with large k
desuspend, write 3k~8h% as (v, — ng(v;))k~8h3. This substitution is also used
for the k = m term, for which we also note that all but the first term in this
expansion desuspend.
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Thus d(gen) has reduced to v™ %A% ® ayty. We omit writing v]*~® on the
left, and use
az = §(nr(v}) — By + Mr(v1))?)
to obtain the following form for the term being analyzed:

(3.5) 3h8 ® h¥1g + 2h8 ® hyvyis.

The first term of (3.5) desuspends, while, by [10, 2.13], the second term can
be rewritten as 4} ® hv,19 mod terms that desuspend. (We are ignoring units
in Z/3 now.) If (2.21) is multiplied on the left by 4}® and on the right by
i1y, all terms desuspend except 3 ® hbvi1g + b} ® vihily. Thus O(gen) has
reduced to z = b} ® viht1g. Here we have H'(z) = h3v} #0 by [10,2.11]. O

Proof of Proposition 3.4. This proof is totally analogous to that of [10, 2.23].
Suppose d(wig) = a,, ® azlg, and let z = apylj7 — wig. Then

3z=d(v{'u7) + ix((v{"az = 3w)g). O

4. PROOF OF LEMMA 2.16

In this section, we prove Lemma 2.16. The situation seems somewhat easier
when v(i — 5) < 10, and we begin by sketching a proof in that case, and then
give a different, detailed proof that works for all values of i.

For either proof, it is useful to suspend everything once. The advantage of
suspending is that, by [16, 3.1], ZQW splits as X v J, where X = S8 U,
e23 and J is a wedge of spheres S" with n > 30. Working with this 2-cell
complex turns our question into one about an ordinary Toda bracket, provided
v(i —5) < 10. The fact that we have suspended once is inconsequential since
1.(S7) L5 7., 1(SP) is injective when localized at an odd prime. The inclusion
map does not induce a surjection

Vais1(S7 Uy €22) — 0411 (QW)

if v(i —5) > 10, but it does after suspending once.

All we need to know about the attaching map u is that it is the suspension
of a nontrivial element of 7,;(S7) ~ Z/3, and this was established in [20,
7.4). Let s : ZQW — X be a splitting map, and let ¢ : X — S?* denote
the collapse map. Let 4 : QW — S7 denote the map of Propositon 2.10,
and let g : X — S? denote the restriction of £h. Note that 4 induces the
morphism p,¢ of Lemma 2.16, and that g is an extension of the degree-3 map
of S8. If v(i —5) < 10, then there is an element )’ € v4;,1(S?2) such that
Iy’ = c.(5.(Zy)). Thus the element g,(s.(Xy)) € v4;+2(S®) lies in the Toda
bracket

(4.1) (3, u, y') € v4is2(S?).

We may write this Toda bracket as an element rather than a subset because
of the following result. Toda brackets in v;-periodic homotopy theory may be
considered to be ordinary Toda brackets in the mapping telescope described in
[15], whose ordinary homotopy groups equal the v;-periodic homotopy groups
of the space in question.
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Proposition 4.2. The indeterminacy of the Toda bracket (3, u, y') C v4i42(S?)
is 0, provided 0 < v(i —5) < 10.

Proof. The indeterminacy is 3v4;,2(S®) + v23(S8) - v . The first part is 0 because

Vai+2(S?) & V4141(S7) ® V4142(S"),

and both of these groups are Z/3 since i = 2 mod 3. A generator of the
second part of the indeterminacy is represented in the UNSS by the suspension
of apm/e ® v13h117 with e < 11. Such an element desuspends to S3, and hence is
0 since we are in a situation ( Z/3’s on the 2-line) where the double suspension
morphism is 0. 0O

The element u in the Toda bracket (4.1) is the suspension of a generator
of 7,(S7). As explained in [1, p. 610(v)], the table in [1, p. 613] says that
7[2i+|5(S2’+l)(3) is Z/3 for 1 <i<3 and 0 for i > 3, with

22 =0: mi413(SH 1) — mairs(STH).

More explicitly, [3, 3.7] says that a generator of 7,,(S7) is represented by
d(h{)17. Thusif y' € m4;,1(S??) is represented by A® 12 € E;***2(522), then,
by (4.1) and the UNSS analogue of [21, 1.2], our desired class is represented
in the UNSS by the Massey product (3, d(h{), A4). One can show, following
Moss [21, 1.2], that the Massey product in the UNSS contains an element of
the appropriate Toda bracket. Since the details are straightforward but tedious,
and we have an alternate approach to the proof of Lemma 2.16, we prefer not
to further complicate this paper with the details.

A cycle representative for this Massey product is given by C = 4 ® 3k} — 3x,
where x is defined on S7 and d(x) = A®d(h}). Note that x = 4 ® h{ does
not work since it is not defined on S7. There must be such an x since 4 ®d(h})
is defined on S7, and all v;-periodic cycles on the 3-line are boundaries. Note
also that we write the cycle representation for the Massey product in order
opposite to that of the Massey product. This first proof of Lemma 2.16 when
v(i — 5) < 10 is completed by noting that all terms in the cycle C desuspend
to S° except 4 ® vihj1;. Here we have again used 3k} = vk} — hiv, .

We remark again that the main problem with this argument when V(l -5 >
10 is that the element y € v4;,1(QW) does not factor through v4;,;(S7 Uy €22)
in this case, and so the bracket (3, u, y’) cannot be formed. We now present
the proof of Lemma 2.16 which works for any value of i. We begin with a
preliminary result which should be useful in other applications of the UNSS.

Proposition 4.3. There is a split short exact sequence of E,-terms of the odd-
primary UNSS

0_)E;,I—I(S2n—])_)E;,I(SZn)_)E;—I,t~l(s4n—l)_'0.

Proof. We argue as in the proof of [7, 7.1ii]. The reader should note that
pages 389 and 390 of [7] are reversed, so that this proof occupies the bottom
of page 388 and the top of page 390. The key observation is [7, 3.3], that
the right derived functors of the primitives of BP,(S?") have the property
that R!P(BP,(S?")) is a free BP,-module on a generator of degree 4n, while
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RSP(BP.(S?")) = 0 if s > 1. The long exact sequence (with M = BP,(5"))
— Ext};'(PM) — Exty'(M) — Ext}; /(R'PM) —

of [7, 5.2] reduces to the desired long exact sequence. It remains to construct a
splitting morphism
E;—l,t—l(S‘tn—l) N E;,I(SZn).

The splitting morphism s : Ev-*"~'(S4-1) — E}»*"(S2") sends 14,1 to
P(i4n41) , where P fits into the EHP sequence

E;"(SZ")—E»E;HI(S2"+1)——}i-»Eg"H(S“"“)LE;H’t(SZ"),

which is derived similarly to [7, 7.1(i)]. This is a legitimate splitting morphism
since one can show that the composite

Eg,4n+1(s4n+1)LE21,4n(S2n)LEg,4n—|(S4n—1)

is an isomorphism by chasing the diagram which involves the two relevant EHP
sequences and the double suspension sequence of [7, 8.1].

As in [7, p. 385], E,(S?") is the homology of the total complex T*(S2") of
the double complex D*-*(S?"), defined by

D?-9(§?") = UIPGP+' (BP.(S™)).

With s the section defined above, s(i4,—;) is represented by a cycle w in
T'(S?"). If A® 14y, is any cycle in a group UP~!(S**~!) of the unstable
cobar complex of $%*~!, then A®w isacyclein T?(S?"),and H{A®w}) =
{A ® 14,1} . This gives the desired splitting. O

By Proposition 4.3, we can view E,(S®) as the homology of the complex
C*(S?), defined by

(4.4) CP(S%): = UP(ST)i-1 @ UP7I(SP),

where U(-) is the unstable cobar complex, and there is no mixing of boundary
morphisms. This is compatible with the odd-primary splitting QS% ~ S7 x
QS;5 , but we could not use this splitting since we must deal with S® and not
QS* .

Now we let X = S3U, S? as above. Since the attaching map u has BP-
filtration 2, a chain complex C*(X, S%), whose homology is an E)-term for
the UNSS converging to [X, S%]., can be defined by

(4.5) C*(X, 8% = C°(8)1423 ® C7H(S%) 4.

This complex is similar to those considered in [5, §5]. Here C*(S%) is the
complex defined in (4.4). We will write an element of the right-hand side of
(4.5) as

I_73® Aig+ J_7 ® Big,
where |A| =t+ 15 and |B| =t — 1. The boundary 9 in C*(X, S%) satisfies

O(I_23® Aig) = I_23®d(A)g,
0(J-7®Big)=1_33B® d(h?)lg +J-7®d(B)g,
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where d is the boundary in the cobar complex. Note that J_; has filtration 1,
and contributes to homotopy degree ¢ —s = —8. The d(h{) comes into play
as the attaching map in X, as observed earlier this section.

We are going to use this complex to study the composite

(4.6) g4ty &, g8
where y” is the composite
DRaER=a o) /NG ¢

We need to know that the map g is well-defined, which we show in the following
lemma.

Lemma 4.7. There is a unique map g : X — S% whose restriction to S® has
degree 3, and which is the suspension of a composite

S7u, e??* - B(3,7)-5S".
Proof. Since B(3, 7) is the fiber of S7-2%BS3, it suffices to show that m5,(S7)

25 751(S?) is injective. From the tables of [1], 7m2,(S7) ~ Z/3 with generator
as. By [3], ajay is nonzeroon S3. DO

The map g : X — S? is represented in C*(X, S®) by a cycle of the form
J_7® 313+ 1_23® Big, for some B. Since (J_7 ® 313) = I_»3 ® 3d(h{)is, this
B must equal 3hj‘ in order to create a cycle. We use the relation

3}1? = ’Ulh% — hi"U[
to write this cycle representing g as
(4.8) J_1® 315+ I_53 ® (v1h} — hv) ).
The filtration-1 map y” : $4*?2 — X induces a chain map

YO, 88) - OS2, 8By,
Here we have written C*(S%*2, $8) for C$(S%);;4is2 to emphasize the nat-
urality. Recall from the statement of Lemma 2.16 that the composite of y”
followed by the collapse map X — S?3 is represented by An;. Thus y"*
sends the class (4.8) to 4 ® (vih} — hjv;)i1g + 3x13, for some x such that xig

is defined. The terms hi”vug and 3xi3 desuspend to S, establishing Lemma
2.16.
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