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THE BROWN-PETERSON HOMOLOGY OF
MAHOWALD’S X, SPECTRA

DUNG YUNG YAN

ABSTRACT. We compute the Brown-Peterson homology of Mahowald’s X; spec-
trum which is the Thom spectrum induced from QJ,._,S? — Q25*-BO, and

the edge homomorphism of the Adams-Novikov spectral sequence for 7. (Xy) .

We then compute the nonnilpotent elements of 7. (X}) .

The main theorem of the beautiful paper Nilpotence and stable homotopy
theory. 1 [12], states that for an arbitrary ring spectrum X, the kernel of
the Brown-Peterson-Hurewicz homomorphism consists of nilpotent elements.
The more standard way to describe the Brown-Peterson-Hurewicz homomor-
phism is that, firstly, one needs to describe the Brown-Peterson homology of
X, BP,X, as well as the comodule structure of BP.X over Quillen’s alge-
bra BP.BP. Secondly one needs to compute the edge-homomorphism of the
Adams-Novikov differentials. In the present paper, we will describe BP,X
and the BP-Hurewicz homomorphism explicitly for Mahowald’s noncommuta-
tive ring spectra X .

Let n: S'! — BO represent the generator of 7;(BO) = Z/2. Since BO
is a double loop space there is an induced map r: Q2S®> — BO. Then one
takes the composite map QJ,_,S? — Q28> L BO, where J; is the James
construction. These maps result in Thom spectra which will be denoted by X
due to Mahowald [8, 17, 18, 19]. The interest of this X, spectrum is that this
X, spectrum realizes part of the dual Steenrod algebra, that is,

Ho(Xie, Z[2) 2 Z[2(G1, 62,835 -+ » Gk

The basic references for Brown-Peterson theory are [1, 26, 31]. Let BP be the
2-primary Brown-Peterson spectrum. Then the coeflicient ring is

BP, = Z¢)[v,, v2, v3, ...], lvil = 2(2° = 1).
Quillen’s algebra is
BP,BP =BP.[t;, 12, t3,...],  |t|=2(2"-1).

We now state the main results of this paper.

Theorem A. Let BP be the 2-primary Brown-Peterson spectrum and the invari-
ant ideal I = (2, vy, vy, V3, ..., Uk_,). Then

BP*Xk = (BP*/Ik)[tl s tZa t3’ ey tk],
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as (lefty BP.BP comodule algebra, where the v; are the Hazewinkel generators
and t; are the standard generators in BP,BP.

Theorem B. In the Adams-Novikov spectral sequence,
Ext9y’ pp(BP, BP, X)) = Z/2[uk , Ups1 > sz - » U]

|ui] = 2(2" — 1). Moreover,
(a) Each u; is a permanent cycle, hence

T (Xp)/mil = Z/2[uye , tpry > Uk s --- > Uak]s luil =2(2" - 1),

where nil is the ideal generated by the nilpotent elements.
() If yiii € mu(Xy) which is detected by uy,; then yiyi, +Viriy = Vii * Vieiy
in m.(Xy) for k—1>i;,>i,>0.

Since X) is a noncommutative ring spectrum, the difficulty of computing
BP.X) is the ring structure of BP.X, . So there are two steps to compute
BP. X :

(1) The commutativity of BP,.X} .

Recall that in [32], there is a ring map of ring spectra f: X, — M(2%*! — 1)
such that X, is a retract of M(2%*! — 1), where M(2*k*! — 1) is the Thom
spectrum induced from the usual inclusion Q(SU(2K+!1-1)/SO(2k+!~1)) — BO.
Furthermore, in §2 we construct a ring map of ring spectra

h: T(k) - M2k - 1),

where T(k) is the 2-localization of Ravenel’s spectrum X(2%) which is the
Thom spectrum induced from the usual inclusion QSU(2%) — QSU = BU.
Hence we have

BP A T(k) 10k BP A M(2K1 — 1) A BP A X,
that is,
BP,T(k) 2= BP,M(2k+! — 1) L= BP, X,.
Then we use the Adams spectral sequence to prove that Im f, € ImhA,. So
BP, X, is a commutative ring since 7'(k) is a commutative ring spectrum and
/. is injective.

(2) The comodule structure of BP, X, .

Since X is a retract of M(2k+! — 1) [32], there is a map p: M(2%*+! — 1)
— Xi. So we have the composite map 7 (k) LN M2kt — 1) & X, . Then
combining this map with (1) and Ravenel’s description

BP.T(k) = BP.[t), t2, t3, ..., t],

where ¢; are the standard generators in BP.BP we prove Theorem A.
To prove Theorem B, we rely on the generalization of the Morava-Landweber
theorem [26], that is,

Ext3p: po(BP., (BP./IV)[t1, ta, 13, ..., ) = Z/2[uk , Ut s Uks2s - - > Uak],
|ui| = 2(2' = 1), where I is the invariant ideal I; = (2, v1, V2, V3, ..., Vk_{)
and ¢; are the standard generators in

BP.BP = BP.[¢, 12, 3, ...], Iti|=2(2i_1),

and the 2-primary Adams spectral sequence.
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The paper is organized as follows: In §1 we recall and define the various
Thom spectra. In particular, we recall the Thom splitting in [32]. In §2 we
construct a map from Ravenel’s T'(k) spectrum to Mahowald’s X spectrum.
In §3 we prove Theorem A. In §4 we compute the nonnilpotent part of 7. (X)
and prove Theorem B. In §5 we prove the various noncommutative ring spectra
with commutative homology. In §6 we prove two vanishing lemmas which we
need to prove Theorem B.

I would like to thank my advisor S. A. Mitchell and P. G. Goerss for their
generous guidance and constant encouragement. Thanks are also due to the
referee for his various suggestions, in particular, for suggesting the organization
of my original manuscript.

1. THE VARIOUS THOM SPECTRA

Given a connected H-space L and an H-map w: L — BO, the resulting
Thom spectrum Th(y) is a ring spectrum with a two-sided unit [8, 19]. If L
and BO admit associating homotopies compatible under v, then Th(y) is an
associative ring spectrum, and if L has higher multiplicative structure compati-
ble with BO under ¥ , then Th(y) has analogous structure in the multiplication
of Th(y). Th(y) is independent of the choice of the filtration and depends
only on the homotopy class of .

Th(y) is (—1)-connected, and no(Th(y)) is either Z or Z/2. If y
is nonorientable, that is, y*(W;) # 0, then no(Th(y)) = Z/2. Otherwise
no(Th(y)) =Z.

For our purpose a ring spectrum is a spectrum with a multiplication which
is associative and with a two-sided unit, but not necessarily commutative. Fur-
thermore “a ring map” will mean “a map between two ring spectra which is
multiplicative and carries the unit”, otherwise “a map” even between two ring
spectra is not necessarily multiplicative.

From now on all unstated coefficient groups are Z/2. A, is the mod 2 dual
Steenrod algebra [21, 30], and let ¢; be the Milnor generator, degé; =2/ —1.
Then as an algebra 4. = Z/2[¢,, &,, &, ...], and the coproduct is determined
by Al&) = o8 ®&

We now define the various Thom spectra and recall the corresponding Thom
splittings which we need later.

Recall Ravenel’s construction of T'(k) [14, 26]. Let X(2%) be the Thom
spectra of the maps QSU(2%) — QSU — BU, where the first map is the usual
inclusion, and the second map is the homotopy equivalence of Bott. Since
QSU(2k) is a commutative H-space compatible with BU under the above map,
X(2%) is a commutative ring spectrum. Moreover, since X (2) spectra filter
MU , we have the following algebraic splitting.

Proposition 1.1 [26]. As a left A.-comodule algebra,
H(X(2)22/21¢1, 8,8, ..., 18z, L,

where L is concentrated in even dimensions.

Then Ravenel and Hopkins [14] proved the following splitting by applying
the analogue of Quillen’s idempotent.
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Theorem 1.2 [14, 26]. There is a 2-local commutative ring spectrum T(k) such
that X(2%)q) is a wedge of suspensions of T(k), and

H*(T(k)) = Z/Z[éz s é% ’ é:‘% PRI é]%]’
where X(2¥)q) is the 2-localization of X (2F).

There is a real analogue of Ravenel’s splitting in the complex case.

Let Q(SU(n)/SO(n)) — Q(SU/SO) — BO be the usual inclusion map,
where the second map is the Bott equivalence. These maps yield the Thom
spectra M(n) [32]. Furthermore, there is a well-known inclusion RP"~! —
Q(SU(n)/SO(n)) such that

H,.(Q(SU(n)/SO(n))) = Z/2[b, by, b3, ..., by_1], |bil =i,

b; is induced from H;(RP" '), 1 <i<n-1,and H.(Q(SU(n)/SO(n))) —
H,(BO) is injective. Via the Thom isomorphism,

H,(M(n))=2Z/2[by, by, b3, ..., ba1],  |bil=1i,

and H,(M(n)) —» H.,(MO) is injective and isomorphic for x < n — 1. Hence
one has the real analogue of the algebraic splitting in the complex case.

Proposition 1.3 [32, Proposition 3].
H. (M(n) 2 Z/2[E, &, &, ..., &) ®zplaifi #2/ - 1],
29<n,i<n-1, |oj| =i, and «a; is primitive over A, .

Recall Mahowald’s X; spectrum again. Let n: S! — BO represent the
generator of 7;(BO) = Z/2. Since BO is a double loop space, there is an
induced map r: Q253 — BO. Then one takes the composite map QJ,_;S* —

Q253 5 BO, where J; is the ith stage of the James construction. These maps
result in Thom spectra which will be denoted by X, [8, 17, 18, 19]. Then

Theorem 1.4 [8, 19]. As a subcomodule algebra of A.,
H*(Xk) = Z/z[él 5 éZa 63 s e ék]
Then the main results in [32] are
Theorem 1.5. M (2%+! — 1) is a wedge of suspensions of Xy .

We will give a brief idea how to prove this theorem. For more details see
[32].

Lemma 1.6. There is a ring rhap of ring spectra f: X;, — M(2Kt! — 1) such that
H.(X)) is mapped isomorphically onto Z/2[&,, &, &3, ..., &) of

H(M@@* =1)2Z/2[¢,&, &, ..., &l®zplail i #2' - 1]

under f,, thatis, f. projectsthe mod 2 homology of X) onto a wedge summand
of the mod 2 homology of M(2*+! —1).

Sketch of the proof. By using Serre’s spectral sequence, we prove that the usual
inclusion SU(2¢*! — 1)/SO(2k+! — 1) — SU/SO induces an isomorphism on
n. for x < 2k+!1 — 2 and an epimorphism for x = 2k*! — 1 when k> 1. It is
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known that the CW-complex Jy_,S? has dimension 2¥+! — 2 hence we have
the following lifting (up to homotopy):

SU(2K+! — 1)/SO(2k+! — 1)

l

Jy_1S* — SU/SO,
where the bottom map is the delooping map of the composite
QJy_,S? — QS L BO = Q(SU/SO).
Then loop the diagram and thomify the resulting diagram to get
M2+ — 1)
-
X, — MO.

This ring map f is the desired one. Since each map in the above diagram is a
ring map and

H.(Xy) » H,(MO),  H,(M(2**! - 1)) - H,(MO)

are injective, it follows that f, maps H,.(X;) onto Z/2[&, &, &, ..., &].
For more details see [32].

Sketch of the proof of Theorem 1.5. Since
no(M(2X*! - 1)) = mp(MO) = Z/2,

not only are M(2%*!—1) and MO 2-local but also =, (M(2*¥*1-1)), n,(MO) are
of characteristic 2. Furthermore, since the natural ring map M (2¢+!-1) — MO
induces an isomorphism on H,() for » < 2k+1 -2,

(M2 - 1)) - n.(MO)
is an epimorphism for * < 2%¥+! — 2 so in the splitting
H (M@ - 1) 2 Z)2[¢, &, ..., &I ®22 Z/2[az, a4, ... , e _s],

each polynomial generator in Z/2[a;, a4, ..., @x+1_5] is stably spherical. Fi-
nally, construct ring spectra L.:1_; out of suitable wedges of spheres, satisfying

H,(Lyi_y) 2 Z/2[az, a4, ..., api_s).
Then using Lemma 1.6, one has the map
Xi A Lysi_y — MK — 1) A MK — 1) —» M2 - 1),

where the last map is the multiplication map. By the construction, it follows
that the above map induces isomorphism on mod 2 homology, hence the. map
is an equivalence since Xy A Lyi_;, M(2¥*! — 1) are 2-local. This completes
the proof.

We finish this section by pointing out a remark we need later.
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Remark 1.7. Under the splitting of Theorem 1.5, that is, M(2k+*! — 1) is a
wedge of suspensions of X , one has

X, L M@ - 1) & x,,
where f is the ring map in Lemma 1.6 and pf ~ 1. Then

(a) p carries the unit.
(b) The following diagram commutes

X, —L o mME_o1 2, X,

! ! !

H(Z/[2) — MO —— H(Z)2),
where the map X; — H(Z/2) is induced by QJy_;S? — Q283 since in
[17, 25], we know the Thom spectrum induced from the map Q2$3 —
BO is the Eilenberg-Mac Lane spectrum H(Z/2), and MO — H(Z/2)
is the Thom class.
(€) pa: H(M(2%¥*! — 1)) - H,(X;) is a ring homomorphism.

2. A MaP FROM T'(k) TO X

In order to describe the comodule structure BP. X, over BP.BP we need
the following map.
Theorem 2.1. There is a map g: T(k) — X, which carries the unit. Further-
more, g induces an algebra map on mod 2 homology which sends & to &2,
1<i<k.

The proof uses the following lemmas.

Lemma 2.2. Ifa map g: T(k) — X, carries the unit, then the map g induces
an algebra map on mod 2 homology which sends &* to &, 1<i<k.

Proof. Consider the composite map 7'(k) 5L Xx, o H (Z/2) which carries the
unit, where the second map is induced from QJ,_,S? — Q2S3. Since

HY(T(k)) = [T(k), H(Z/2)lo = Hom,,(H.(T(k)), Z/2) = Z/2,

this composite map is the unique essential map from 7(k) to H(Z/2). Fur-
thermore H(Z/2) has a complex orientation of degree 2¢, that is, Z~2CP2‘ —
H(Z/2). Hence this orientation extends to a ring map £-2CP* — X(2k) —
H(Z/2). So aring map T(k) — H(Z/2) which induces the natural embedding
on mod 2 homology. This map is also the unique essential map from 7'(k)
to H(Z/2). So the above composite map 7T'(k) — X, — H(Z/2) induces the
natural embedding on mod 2 homology. But the second map in the composite
map also induces the natural embedding on mod 2 homology. This completes
the proof.

Lemma 2.3. The following diagram commutes up to homotopy

BU —— BO

! l

QSU —— Q(SU/SO),
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where the two vertical maps are the Bott homotopy equivalences, the top map is
the usual forgetful map, and the bottom map is the map induced by looping the
quotient map.

Proof. Let E; for i =1, 2 be complex vector spaces and E = E, & E;. Note
that EQR C= E, 9 E, o E, 9 E, = E® E as complex vector spaces. Then this
lemma follows from the following homotopy commutative diagram:

U(E)/U(E\) x U(Ey) — O(E)/O(E,) x O(E2)
o] o
QSU(E) _®d , OSU(E @ E) — Q(SU(E ®& C)/SO(E)).

Here the vertical maps are the Bott maps ®; and ®, in [7] defined by
Oo([T]) = a(-6) - Ty - a(8) - Ty ',

and

®,([T3]) = (6/2) - > a(-6/2) - T; ',
where [T7] isacosetin U(E)/U(E;)x U(E,) represented by T} in U(E),[T3]
is a coset in O(E)/O(E;) x O(E,) represented by T, in O(E), and «(f)
is the linear transformation from F; © F, into itself, which is defined by
a(8)(X, X') = (Xe'®, X'), where 0< 0 <2n, X e F,, X' € F,, and F;
is a complex vector space for 1 < i < 2. Then it is easy to see the diagram
commutes up to homotopy. This completes the proof.

Proposition 2.4. There is a ring map of ring spectra h: X(2¥) — M(2k+1 — 1),
Proof. Since we have the commutative diagram
QSU(2K) —— Q(SU(2K+! — 1)/SO(2¢+! — 1))

! l

QsuU ., Q(SU/SO),

where the bottom map is the map induced by looping the quotient map SU —
SU/SO, the left vertical map is the usual inclusion, the right vertical map is
the map induced by looping the usual inclusion, and the top map is the map
induced by looping the composite map

SU(2k) — SU(Zk)/SO(Zk) — SU(2k+1 _ 1)/So(2k+l -1),

the first map is the quotient map and the second map is the usual inclusion,
and by Lemma 2.3 the bottom map is homotopic to the usual forgetful map,
we have a ring map of ring spectra h: X(2K) — M(2k+! — 1). This completes
the proof.

Corollary 2.5. There is a ring map of ring spectra h: T(k) — M(2k+! - 1).

Proof. By Proposition 2.4, we have a ring map of ring spectra h: X(2k) —
M2+ —1). Then since M(2%*! —1) is a 2-local spectrum, this induces a ring
map of ring spectra h(y: X(2)) — M(2%+' — 1). Via Ravenel’s splitting, we
have the ring map of ring spectra h: T(k) — X(2%)(2) - M(2k+! —1). This
completes the proof.
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Proof of Theorem 2.1. Take g to be the composite map T'(k) LNy Vs 1L
Xy , where h is from Corollary 2.5 and P is coming from Remark 1.7. Since A
and p both carry the units respectively, g also carries the unit. Then by Lemma
2.2, the map g induces the mod 2 homology as described. This completes the
proof.

3. CoMPUTATION OF BP, X,

The difficulty to compute BP, X, is the ring structure and comodule struc-
ture. We will prove that BP, X, is a commutative ring in §5. Here we will com-
pute the comodule structure over the Hopf algebroid (BP., BP.BP). Actually
one can easily compute BP.X; by using only the 2-primary Adams spectral
sequence but it is hard to understand the comodule structure. So we rely on
two inputs: Ravenel’s description of BP,.7'(k) and the map g: T'(k) — X in
Theorem 2.1. That is, the map g: T(k) — X; induces a homomorphism from
the Adams spectral sequence for BP.7T'(k) to the Adams spectral sequence for
BP. X, . Hence we can choose the generators of BP,X; corresponding to the
generators of BP,.T'(k). Then this will tell us how to describe the comodule
structure of BP,.X) . However, we have to be very careful in one point since g
is not even a ring map. We do not know if g.: BP,T(k) — BP, X} is a ring
homomorphism.

Recall the 2-primary Adams spectral sequence. Let Zg) be the integers lo-
calized at prime 2. The Adams spectral sequence

E}* = Ext*(Z/2, H (X)) = m.(X) ® Zy

can be used to compute BP.X = n.(BP A X).
Let E=E(, &, &, ...) be the exterior algebra on the Milnor generators.
By a well-known change of rings isomorphism [16] we can replace

Ext)*(Z/2, H.(BPA X)) with Exty*(2/2, H.(X)).

So the Adams spectral sequence we use is Exty'*(Z/2, H.(X)) = BP, X .
Recall that |£;| =2 — 1 and that

Exty*(Z/2,Z/2) = Z/2e;, e, €3, ...],

where bideg(e;) = (1, |&]). We will denote this ring by F .

We turn now to the Hopf algebroid (BP., BP,BP), where BP is the 2-
primary Brown-Peterson spectrum. Thus H,(BP, Z)) = Zp)[m,, ma, ms, ...]
for canonical generators m; of dimension 2(2/ — 1), under the Hurewicz map
n.(BP) is embedded in H,(BP, Z;) as Z[vi, vz, ...], where the v; are
Hazewinkel’s generators [1, 26, 31], described inductively by

n—1 )
2'
Up = 2my — Y vEm;,
i=1

and BP.BP = BP.[t), 13, ...] = BP.[m;, my,...]1, |ti| = |m| = 2(2' - 1).
The structure maps are ng: BP, — BP,.BP given by

nr(my) = Z mitjz'l, to=my=1.
i+j=n
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The coproduct A: BP,BP — BP,BP ®pp, BP.BP is
Z m,-(Atj)zi = Z m,-tfi ® t,2i+j ,
i+j=n i+j+l=n
and the conjugation C: BP,BP — BP,BP is
S md(Ccy)? = my.
i+j+l=n
We also recall Ravenel’s work on BP,.T'(k) [26].

Lemma 3.1 [26]. BP.T(k) = BP.[t, 15, 3, ..., ty] C BP.BP as a comodule
algebra.

Lemma 3.2 [26). In the Adams spectral sequence for BP.T(k),

E;"22/2e, e, e, ... 19Z/208], B3, B3, ..., BEl,

where B? is represented by [£?] in the cobar complex and bideg(B?) = (0, |£2]).
Moreover, t; (1 < i < k) is detected by B? module decomposables and v; is
detected by e, .

To prove Theorem A, recall that in [1], the comodule structure map
BP.X — BP,(BP A X) <— BP,BP ®pp, BP, X

for a ring spectrum X is defined by taking the BP,-homology for the ring map
SOA X "L BP A X in the first map, and taking the homotopy for the map

BPABPABPA X 2, BPABPA X

in the second map. Then one can easily check the comodule structure map for
a ring spectrum is a ring map and natural on X .

Proof of Theorem A. By Theorem 2.1, we have a map g: T(k) — X; which
carries the unit and induces the mod 2 homology as a ring map, that is, it is a
natural ring embedding. So 1A g: BPAT(k) — BPA X, , which is also denoted
by g, also induces the mod 2 homology as a ring map. Both 2-primary Adams
spectral sequences converge to BP,T(k), and BP, X, respectively. From the
usual change-of-rings, one has the following naturality

Byt S Extyt(2/2, 228, &, .., &)

! !

By SExty*(2/2,2/208, &, - &),
SO

E;* S Z)2e, e, e3,... 1022 Z)2(B2, B2, ..., B

l l

f;”‘:_af_'Z/z[ek-H > €k+2 s ]®Z/2 Z/Z[FZ’ B%s _§’ ooy ﬁ[i]’
where_?% (1 < i < k) is represented by [£?] in the cobar complex and
bideg(B7) = (0, |&7]) .
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From Lemmas 3.1 and 3.2, in the Adams spectral sequence for BP,T'(k),
ti (1<i<k) isdetected by B2+ decomposables, and v; is detected by e;y
in the E,-term. Moreover both Adams spectral sequences collapse at E,-terms
since E;” =0 for t—s = even, and there is no group extension problem in the
Adams spectral sequence for BP,X; . Applying Theorem 5.4, under the map
g.: BP,T(k) — BP. X, , we make a choice of generators of BP, X} such that

BP.T (k) £, BP, X,

BP*[tl N J RN tk] - (BP*/Ik)[tl 5 RN tk]’
&)=t for 1<i<k,and g.(v;)=v; for i>k.
Warning. We do not even know that g.(t;¢;) = t;tj, or g(viv;) = v;v;, since
g« is not even a ring map. We only choose the generators ¢; in BP, X} cor-
responding to the generators ¢; in BP,T'(k), and v; in BP,X, corresponding
to v; in BP,T(k), this is via the E.-terms level.
However, since g: T'(k) — X carries the unit, i.e.,

BPA SO 2%, BP A T(k)

I Ingl
BPASO —2, BPAX,
commutes, where 7: S° — T(k), 7: S® — X, are units, so in g.: BP,T(k) —
BP. X;, &(viv;) = viv; for k < i < j. Thus the BP,-module structure
is completely determined. To finish the proof, it remains to prove that the
generators #; in BP, X have the correct coaction over BP,BP as the standard
generators ¢; in BP.T(k).
Claim. In g,: BP,T(k) — BP, X, if deg(t;t;,---t;,) < 2k*1 — 3, then
g,.,(t,-,tiz o t,'m) =t ty- - ti,-
Since g. induces a ring map from the associated bigraded vector space of

BP,T(k) to the associated bigraded vector space of BP,Xj, this is due to the
fact that the homology is a ring map, so

g,.,(t,'ll,‘z oo t,'m) =ttty ti, + higher filtration.

But in the Adams spectral sequence for BP. X}, F;’*H =0 for s > 1 and
x < 2k+1 _3 je, FIBP,X;, = F2BP,X; = --- = 0 for x < 2k+!1 — 3 where
FBP, X, (i>1) is the Adams ith filtration. The claim follows.

To finish the proof, we consider the naturality,

BP,T(k) 5, BP. X,
s |
1®g.

BP.BP ®pp, BP.T(k) —— BP.BP ®gp, BP. X},
the coproduct in BP,T(k) is computed by,
Z mi(Atj)Zi = z m,-tfi ® t,zi” forn <k,

i+j=n i+j+l=n
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hence
Aty =1, @1+ 11, + > 08 (tiliy i),

i} <3 <i3< - <im,and deg(titi, - 1;,) <2(2"—1)-2 =271 4 < 2k+1_3
for n < k. So the coaction follows from the claim. This completes the proof
of Theorem A.

4. THE NONNILPOTENT PART OF T, (X)

From the point of view of the Nilpotence Theorem [12], if one wants to
compute all the nonnilpotent elements of x,(X)), then one needs to compute
the edge homomorphism of the Adams-Novikov spectral sequence for 7. (Xj).
So in this section we start to compute this edge-homomorphism. Then we use
the 2-primary Adams spectral sequence for 7.(X;) to compute a certain range
of the Adams E)-term. Finally we rely on two vanishing lemmas to prove
some elements are permanent cycles in the Adams first filtration, hence in the
Novikov zero filtration.

Recall that one has the map of Hopf algebroid

f: (BP,, BP,BP) — (BP,, I'(k + 1)), T(k+1)=BP.BP/(t;,;,..., 1),

and the only invariant prime ideals are I} = (2, vy, vz, ..., Ux_;), that is,
I, -BP,.BP =BP,BP- I, .

Proposition 4.1.
Extpy’ 5p(BP, , BP. X;) = Ext®:* | (BP., BP,/I;)
%’Z/Z[uk, Uksls oo- s u2k],
where |u;| =2(2' - 1).

If one knows the Comodule Algebra Structure Theorem [26, A1.1.17], then to
compute the above Ext-group one needs only the change-of-rings isomorphism.
For convenience to the reader, we compute it in the following:

Lemma 4.2. BP.(T(k))/I; = BP,BPOr+1)(BP«/I;) as left BP,BP comodule
algebras, where the right coaction of BP.BP over T'(k + 1) is induced from the
map f:BP,BP -T(k+1).

Proof. Since I is invariant, we have BP,BP®gp, (BP./I;) & BP,BP/I, . Thus
the isomorphism follows from the exact sequence and the coproduct formula
of BP,.BP,

0 — BP.BPOr(1)(BP./I;) — BP.BP ®pp, (BP./I)
— BP,BP ®gp, I'(k + 1) ®pp, BP./I},

where the second map is defined for the cotensor product. 0O

To use the change-of-rings isomorphism, one needs to use the Comodule
Algebra Structure Theorem to prove the following lemma. But we minic the
idea to prove it.
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Lemma 4.3. Give BP.BP the right T'(k + 1)-comodule structure induced by
f:BP.BP - TI'(k+1). Then BP,BP is an extended TI'(k + 1)-comodule.
Proof. As a left BP,-module, BP.T(k) is a direct summand of BP,BP. Let

f: BP,BP — BP, T (k) be a BP,-linear splitting of the natural inclusion. Define
& by

g1: BP,BP -, BP,BP ®pp, BP,BP 2L, BP, T'(k) ®gp, ['(k + 1),

where the first map is the coproduct map, and one regards BP,7'(k) as a right
BP.-module since BP, is commutative. Hence g; is right BP,-linear and g
is a right I'(k + 1)-comodule homorphism due to the coassociative property of
BP,BP. It remains to be shown that g; is an isomorphism. Obviously g,
is injective, and ¢; € BP,BP, 1 < i < k, has the trivial right coaction over
I'(k + 1), that is, g(¢;) =t;®1 for 1 < i < k. Now from the coproduct
formula of BP,.BP, it is easy to see g;(fx41) = 1 ® tx4;. We then proceed
by induction: Assume BP,T(k)®t; C img; for i < k + n (here t; means
Y titi,---ti, , where the sum is taken over the sequence i; < i < i3 <--- <
im <k +n). To prove BP.T(k)®tF Cimg; for i <k +n+ 1, it suffices to
prove 1®t,,4 €img since if g(b) = 1 ® tyiny1 , then gi(ab*) =ad .,
for a € BP.T(k). But from the coproduct formula again, g;(fx4ns1) =1®
Lkans1 +2om' @15, where k+n > j >k + 1, by the inductive assumption. It
follows that 1 ® #;,,,; € im g;. Thus g, is onto. This completes the proof.

The reader is referred to the change-of-rings isomorphism in [12, Proposition
2.9] or [26, A1.3.12].

Proof of Proposition 4.1.
Extpp: pp(BP., BP,.Xy) & Extpy’ 5o (BP, , BP.(T(k))/Iy)
= Ext}p* 5p(BPy , BP.BPOr1)(BP,/1x))
= Ext);,, (BP., BP./I,);

the first isomorphism is due to Theorem A, the second one is due to Lemma
4.2, and the last one is from the change-of-rings isomorphism. It remains to
explain the generalized Morava-Landweber theorem. This follows directly from
the cobar complex of the comodule BP./I; over the coalgebra I'(k + 1), since
v; € BP, /I, k <i <2k are the primitive generators. O

Recall that H,(Xy) = Z/2[¢,, &, &5, ..., &] as the subcomodule algebra of
the dual Steenrod A, . Hence the Adams spectral sequence we use is
E " =Exty"(Z/2,Z/2[&, 8,8, ..., &) = ma(Xp).

By a routine change-of-rings, we have

Eth/zlfkn »fk+2,§k+3,«~-](Z/2’ Z[2) = m.(Xk).
Proposition 4.4. In the Adams spectral sequence for m.(Xy),
(@) E>* 2 Z/2[hyy; ] for t <2242 — 1. Where 1 < j<k+1, i>0,
and hy.j ; € E21 2@ represented by [é,f; j1in the cobar complex.
(b) E3' =0 for t > 0.
(c) Ey'=0 for s>0 and s(2k*' — 1) > t.
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Note. Part (c) will give a great advantage in the computation of the Adams
differentials.

Proof. To compute the Ext-group in the range ¢ < 2%+2 — 1 one actually con-
centrates on the computation of Ext;’] s Eers (Z/2,Z/2). Then

62k+I]
EXtE/;[fkn Ske2s - <fzk+1](Z/2 ’ Z/Z) = 1<§( | EXtZ/Z[f Z/2 Z/Z)
<J<k+
2 Q Z/2hiyj,ili 20122/ 2k ]I <j<k+1, i20].

1<j<k+1

This proves part (a). Parts (b) and (c) follow form the cobar complex immedi-
ately.

Theorem 4.5. In the Adams spectral sequence for n.(Xy), each hyyj o (1<) <
k + 1) is a (nontrivial) permanent cycle.

We reduce Theorem 4.5 to the following proposition which we will prove in
86.

Proposition 4.6. In the Adams spectral sequence for m.(Xy),

E’+1(2k+1 D+r=1) _ ¢ for1<j<k+1,2<r<27-'-1
Proof of Theorem 4.5. In the Adams differentials,

1,2k+ -1 r4l, (25 —1)4(r—1
E! Er @D+

It follows from part (c) in Proposition 4.4, if E/*' L@ =D+r-1) # 0, one has
(r+ DR -1y <2k — 1)+ (r-1).

So
r2k —2) < (2T - M - 2) + 20 - 3.

But 2¥t! —2 > 2/ -3 hence 2 <r < 2/-! — 1. Thus from Proposition 4.6,
hi+j,0 (1 <j<k+1) isa (nontrivial) permanent cycle. O

Note. In the above proof, we actually prove Ay, o and k., o are permanent
cycles, hence we need only to discuss 2 <r <2/~ ie, j>3, k>2.

In Theorem 4.5, each hyy; o (1 < j < k+1) is a (nontrivial) permanent
cycle, represented by a homotopy class in #.(X,) denoted by V., |[Vi4jl =
2k+j _ 2. Furthermore from the algebraic structure of the Adams spectral se-
quence, one can easily see Ayyj 0 Mkrj,0 (1 < Ji,ja < k+1) isstill a
(nontrivial) permanent cycle, represented by y, i yk +j, 10 T (Xp) . It follows
from Proposition 5.2 that X is a noncommutative ring spectrum. However the
mod 2 homology of X, is a commutative ring, hence the associative bigraded
ring from the Adams filtrations is a commutative ring. So if one wants to prove
any two elements commute with each other in 7,(X}), all that is required is to
check the Adams higher filtrations.

Theorem 4.7. When k > 2, Vi, *Viyjy = Virj, *Visj, 0 mal(Xi) for k> ji >
221.
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This theorem follows immediately from the following proposition since we need
only check the Adams filtrations higher than 2.

Proposition 4.8. In the Adams spectral sequence for mn.(Xy),

Er,z"+fl+2"+fz+(r—4) -0

for 3<rand k>j >j,>1.

We will prove this vanishing lemma in §6 and to prove Theorem B, we refer
to the Nilpotence Theorem [12]:

Theorem 4.9. Let X be an arbitrary ring spectrum. The kernel of the BP
Hurewicz homomorphism BP,: n.(X) — BP. X consists of nilpotent elements.

Recall that the Thom map BP — H(Z/2) induces the homomorphism
Extgp,pp(BP., BP. X) — Exty, (Z/2, H.(X)),

for a 2-local (finite type) spectrum of X . Particularly, a homotopy class in
m.(X) is detected by the Adams E5'* then detected by the Novikov EJ** for
s'<s.
Proof of Theorem B.

Extyp: gp(BP., BPLXy) = Z/2[uy, gy ..., U],

|u;] = 2(2°~1), has been proved in Proposition 4.1. To prove each u; (k <
i < 2k) is a permanent cycle, we use the Thom reduction. It follows from
Theorem 4.5, h,j o (1 < j < k+ 1) is a permanent cycle in the Adams
spectral sequence, represented by a homotopy class y,,; (1 < j < k+1)
in m.(Xc), [Peyjl = 2%/ — 2. Furthermore each ¥,,; is in the first Adams
filtration, hence ¥, is detected by the Novikov EJ** or E;**. But BP,X;
is concentrated in even dimensions. Thus y,,; must be detected by E)*.
Obviously y,,, is detected by u; € E,**. We will prove by induction yj, ; is

detected by uy,(j_;)+ decomposables in EY** for 1 < j < k+ 1. Assume it
is true for 1 < j < m <k + 1. Then we need to prove Y, ,.1) is detected

by ux,m+ decomposables in Eg '* . Suppose not, then ¥, +(m+1) would be

detected by decomposables in Eg’* . By the induction assumption, one would
have Yy, (m+1) = decomposables + Novikov higher filtration. However this
contradicts the Adams spectral sequence. Hence each u; (k < i < 2k) is
a permanent cycle in the Adams-Novikov spectral sequence, represented by
a homotopy class y; € m.(Xy), ie., y; = ¥;,;+ decomposables. Thus by
Theorem 4.9, each y; € n.(Xy) (k < i < 2k) is nonnilpotent. It remains to
prove y; yi, = yi,yi, in m(Xy) for k <i; < i, <2k —1. But this follows from
Theorem 4.7. O

5. NONCOMMUTATIVITY

In this section we will make some remarks on the noncommutativity on
the spectra X, , M(n), and BP A X, and on the commutativity on H,(X}),
H,(M(n)), and BP, X, .

Recall the following theorem due to M. Hopkins.
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Theorem 5.1 [14, 2.2.1]. Let E be a commutative ring spectrum. If m.(E)
contains an invertible element of order two then E is weakly equivalent to a
wedge of suspensions of Eilenberg-Mac Lane spectra.

Proposition 5.2. X, , M(n), and BP A X are noncommutative ring spectra for
K >1 and n > 2 respectively.

Proof. We first prove that X, (k > 1) is a noncommutative ring spectrum.
Since the pull-back of the first Stiefel-Whitney class is nonzero for QJy_;S? —
BO (k > 1), then mo(Xy) = Z/2, that is, the unit is the invertible element
of order two. If X, were a commutative ring spectrum, then X, would
be a wedge of suspensions of Eilenberg-Mac Lane spectra by using Theorem
5.1. So the cohomology of X, were a free module over the Steenrod alge-
bra, and one has the ring map X, — H(Z/2), which would induce coho-
mology injective, a contradiction. An analogous argument holds for M(n)
(n > 2). So it remains to prove that BP A X} is a noncommutative ring
spectrum. For this, the analogous arguments as above can be applied to the
map BPA Xy — H(Z/2)ANH(Z/2) — H(Z/2), where the maps BP — H(Z/2),
Xy — H(Z/2) are the usual maps respectively, and the second map is the usual
multiplication map of the Eilenberg-Mac Lane spectrum H(Z/2). This com-
pletes the proof.

Proposition 5.3. H.(X,) and H.(M(n)) are commutative rings for k > 1 and
n>2.

Proof. Since H,(QJx_;S?) and H,(Q(SU(n)/SO(n))) are commutative rings,
via Thom isomorphism, the proof follows immediately.

Now it remains to prove that BP, X} is a commutative ring. As described in
the introduction, the proof will rely on the following:

BP A T(k) 224 BP A M(2K+! — 1) X4 BP A X,
that is,
BP,T(k) 2= BP,M(2%+! _ 1) J~ BP, X,.

Then the commutativity of BP, X, will follow from Im f, C ImA, since A, ,
J+ are ring maps, BP,T(k) is a commutative ring, and f, is injective.

Theorem 5.4. BP.X,; is a commutative ring.
The proof uses the following lemma.
Lemma 5.5. The 2-primary Adams spectral sequence for each of
BP, M (2K — 1),

and BP, X, collapses at the E,-term. Moreover,
(a) The E,-term for BP,M(2k+!' — 1) is

=, A =2 =2 =2 —=2 _
E; =2Z/2exs1, eksas ... 1®zp2 Z/2[By, By By, - Bkl ®zpa M,

where E,z (1 <i<k) isrepresented by [£?] in the cobar complex, bideg(?f) =
0,1€2)), M = z/2[@;/i # 2/ — 1, dega; = i, and i < 281 — 2], & is
represented by [o;] in the cobar complex, and bideg(a;) = (0, i).
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(b) The E,-term for BP. X, is
f;’* EZ/z'[ek+l’ ek+2’ “']®Z/2 Z/zlﬁz, F%9?:2§, s sﬁi]’

where __?,2 (1 < i < k) is represented by [E?] in the cobar complex, and
bideg(87) = (0, [¢7]) .

Proof. Applying Proposition 1.3 and Theorem 1.4 to a direct computation of
the desired Ext-groups for BP,.M (2¥*1 — 1) and BP,X, respectively, (a) and
(b) follow immediately. Since E;' =0 for ¢t —s = even, the Adams spectral
sequence for BP,X; collapses. It remains to show that the Adams spectral
sequence for BP, M (2k+! —1) collapses at the E,-term. Since BPAM(2K+!1 1)
is a ring spectrum, the Adams spectral sequence for BP,M(2k*! — 1) has a
corresponding ring structure. So to finish the proof, it suffices to show each

2 .

of B, and @&; is a permanent cycle. Nevertheless by Lemma 1.6, we have
a ring map of ring spectra f: X; — M(2%*! — 1), hence a homomorphism
fii E3* - E3*. So ?,2 is a permanent cycle, which is corresponding to
_,3_,2 . Finally that @; is a permanent cycle follows from the natural ring map
M(2%+! — 1) - MO induces an epimorphism for * < 2k*! —2 on

L (M@2K — 1)) - 1, (MO),

that is, each a; € H,(M(2kt! — 1)) is stably spherical, hence each @; is a
permanent cycle. This completes the proof.

Proof of Theorem 5.4. Consider the following commutative diagram, where each
map is a ring map:

BPASO = BP A SO = BPASO

ll/\n llf\ﬁ ll/\"ﬁ
1Ah k+1 l/\f
BP A T(k)—BP A M(2%t! — 1)——=BP A X,.

Here n: S° — T(k), 1: S® - M(2¥*!' — 1), and 7: S — X} are units, and
the ring maps 4 and f are from Corollary 2.5 and Lemma 1.6 respectively.
Then by Lemma 5.5, it is not difficult to solve the group extension problem in
the Adams spectral sequence for BP, M (2X*! — 1) and we have

BP. M2 — 1) = Z/2[vg, Vkyrs ---1®222/2[01, T2, ..., W)@z N
= (BP./Ik) ®z2 Z/2[1), T2, T3, ..., k] ®z2 N

as Z/2-vector spaces, where #; (1 <i <k) is detected by f,z , N=17/2[a;]i #
20— 1, deg@; =i, and i <2k*!' —2], and @; is detected by @; .

Also by Theorem 2.1 and Lemma 5.5, as in the proof of Theorem A, we
still make a choice of generators of BP,X; corresponding to the generators of
BP.T(k). So

BP. X, = (BP./I})[t, t2, t3, ..., tk]

as Z/2-vector spaces, where ¢; (1 <i < k) is detected by ?,2
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Warning. Both above isomorphisms are only as Z/2-vector spaces. Hence
by Theorem 2.1, Corollary 2.5, and Lemmas 1.6, 3.1, and 3.2, one has

BP.T(k) —— BP.[t1, 12, 13, ..., 4]

Jn Jn

MP,M(2k+! — 1) —=— (BP./Iy) ®z;2 Z/2[t1, b2, ..., k] ®z2 N

% I
BP. X, = (BP./I)t1, tas ..., tl,
where h.(v;) = v; for i > 0, fi(v;) = v; for i > k, h,(t}) = I; + higher
filtration, and f,(¢;) =7; + higher filtration.

Now since BP,7'(k) is a commutative ring, 4, and f, are ring homomor-
phisms, and f, is injective (by Theorem 1.5), to finish the proof, it suffices to
prove that Im f, C Im A, and this follows from the following two steps.

Step 1. (BP./I})®z,, Z/2[t,, 12, ..., %] C Imh, . Since h, is a ring map, it
suffices to prove that 7; € ImhA, for 1 <i < k. However in the Adams spectral
sequence for BP,M(2k+! — 1), By =0 for s > 1 and * < 2%+! — 3 (by
Lemma 5.5), that is,

F'BP,M(2%*' — 1) = F'BP,M(2**! = 1) ~F’BP,M(2**' = 1) = ... = 0

for * < 2%*1 — 3 where F'BP,M(2*+! — 1) is the Adams ith filtration of
BP,M(2k+! —1). So combining this with A,(#;) =#; + higher filtration, we
have h.(t;)) =1; for i <k —1 since 2(2¥~! — 1) < 2k+! — 3, Furthermore, for

— k+1
1, , we still have h,(t;) =7, + higher filtration. Since E;’z =2Z/2 and
. k+1 — k+1 — k+1
Eg,z =E;,2 +1 — .. =E;+2’2 +/ . =0,
that is, fIBP2k+._2(M(2k+‘ - 1)) =2Z/2, s0 ho(ty) =t or ho(ty) =1 +vg.
For the second case, we have h,(t; +v;) = ;. This completes the proof of step
1.
Step 2. f.(BP.Xy) C (BP./Iy) ®z,2 Z/2[t,, 12, ..., &]. By an argument
analogous to that in step 1, one has f.(¢;) =17, for i <k —1,and f.(t;) =7
or f.(tx) =1 + vr . This completes the proof of Theorem 5.4.

6. THE VANISHING LEMMAS

In this final section we will prove the two vanishing lemmas, Propositions
4.6 and 4.8, by Proposition 4.4 and a very basic argument.

Lemma 6.1.

r+1
) 202K — 1) # 25 4 (r - 2)
p=1
Jor 1<j<k+1,2<r<271-1,i,>0, k+1>j, > 1,and 22kt —1) <
2%k+2 _ 1 for each p.
Proof of Proposition 4.6. Since 1< j<k+1,2<r<2/-1-1,
K 1)+ (r=1) < 2%+ — 1) 4+ (2K - 1) < 2%+2 1,
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-
Hence E£+"(2 “=D+=1) ig in our range for Proposition 4.4. So Proposition

4.6 follows from Lemma 6.1 and Proposition 4.4. 0O
The proof of Lemma 6.1 will be by contradiction.

Proof of Lemma 6.1. First we discuss r > 3. Suppose

r+1

(%) D202k — 1) =2 + (r - 2),
p=1

for 1 <j<k+1,2<r<27'-1,i,>0, k+1> j, > 1,and 2% (2k+h-1) <
22k+2 _ 1 for each p. So one has the following easy facts:

(@) r+1 <21,

(b) max(il s iz, i3, ceey i,+1) < ] — 2 since

VIR 4 (2 -4 > 2 12K 3> 2 4 (r - 2),

©If (r-2)=a2'+a_,2"'+---+a;2+ap, a; =0 or 1 for each i, then
there exists a; such that a¢; =1 (r > 3) and [/ < j -2 (since 2/-1 -1 =
2724203 4 4 2411).

Claim.. Let u = min(i, iz, i3, ..., ir41) in the whole sum of (x). Then
r+1<2/-#=1_ 1 Furthermore if r+ 1 =2/%"1 — 1, then in the whole sum
of (x)

(a) Vp, 2is(2k+p — 1) = 24(2%+) — 1) or

(b) the number of 2¥(2k*+! —1)’sis (2/~%~! —2) and there is only one p
such that 2% (2k+js — 1) = 2u+1(2k+1 _ 1) or 2¥(2k+2 —1). That is to say, no p
such that 2% (2k+/r — 1) = 2u+2(2k+1 — 1) or 24(2K+3 — 1), or 2u+3(2k+1 1),
or 24(2k+4 1), ..., etc.

Proof. We prove r+1<2/-u4=1_1,
Case 1. If r+1>2/-%"1 then
27U Ukl 1y 4 (2K 1) 4 > 2k 4 2k 3> 2k 4 (r - 2).

Hence r+ 1 < 2/-u-1 .
Case 2. Suppose r+1=2/"%"1>3 (r>2). If there exists one i, > u+1,

then
r+1

Zzip(2k+jp _ 1) > 2j—u—1 . 2u(2k+l _ 1) + (2k+l _ 1),

p=1
since 2¢+1(2k+l _ 1) — 2¥(2k+1 _ 1) > 2%(2k+!1 — 1), But
P N A D e R L A T
and . , : ‘

2k+i ok 3 > 0k 4 (r—2) = 2K 4 (271 - 3),
This would prove that 3" 2»(2k+/» — 1) > 2k+/ 4 (r - 2). Hence in case 2,
Vp i, = u. By an analogous argument one can also prove Vp j, = 1. Therefore
2/—u=l, Qu(k+l _ 1) = 2k+j 4 (2/-u=1 _3) So

2k+i )=l = okt (Jmul 3y = 3 = 21 2]

but 2/-%*-1 > 3 a contradiction.
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Combining cases 1 and 2, we prove r+ 1 <2/~4"1 1,
2K+ 2% _ 1) > 2% -3 since0<u<j-2<k-1
=24kl 5 gkl g gu 3
= Qkutl 5 gk § ok-u v 3
= 2kttt 1 3,045 2714 7wl 1 4.2% -3 since 1< j <k +1
= 2k+j —2j-1_3, 2u+k+1 +3.0¢
4+ 4. 2ktukl _ g gu s okt pjmu-1_ 3
= (27741 2 3) 242K ) 2. 2% (2K 1) > 2K 4 (r - 2).
This proves that in the whole sum of (x), there is not more than one p such

that
2i,,(2k+j,, -1 = 2u+1(2k+1 -1).

Moreover, 24*+!(2k+!1 _1) is the smallest term in the whole sum of () which is
bigger than 2¥(2k+! — 1) . This finishes the proof of the second statement. O
Consider a partition of the whole sum of (x), i.e.,

fzip(zkﬂ'p -1 = Zzu(zkﬂ'u“,. -1+ Zzuﬁ, (2k+j.,+2,. -1
p=1 Iy [
+ z Qutiz(Qktiuse _ 1) 4 Z Qutis(Qk+iusa,s _ 1)
lusr [
4ot E 2u+7q_u(2k+jq+|,. -1)
lg
=2k 1 (r-2),

(%)

where r+1=1l,+ 1l +lo+ -+, u+i;-y<j-2,and 1 <ij <ip<i3<
I4 <+ <lig—y < j—u—2. Now from the claim and the partition, we come to
our key observations:

(A) L SIQ7 = 1) = 2t = 2Lz = 2Phas = - = 29y )]
or
B) ST D) 1= 2h = 2 = 2l — e = 20

inthiscase iy = 1, b4y =1, +1, and [}, > 0.

If the assumption were true, we would have a contradiction in the following
cases: (i) case (B) (i; =1), and

[u = [(2j-u—l - 1) -1- 2lul4+l - 272lu+2 - 273 u43 — 0T 2?"—"lu+(q—u)],

—ly =2 =27 Uy + 2y e+ 2y
— (_2j—u—2 _ 2j—u—3 L 22 _ 2)
+ 2y + 2lyy + -+ 200ly).
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The left side of (xx) is divisible by 2, so the right side is also divisible by 2%.
Since 0 <u < j—2, (r—2) is divisible by 2¥. Hence in (xx), after dividing
by 2%, one has

(Z 2k+ju+.,.) 4 (=22 i3 22 1))
L

+ 2y + 22y + o+ 200mely) Y 20 (2R — 1)
[u+l
+ Zz?z(zkﬂm,. Y DN 227q-u(2k+jq+|,. -1)
Iu+2 Iq
=2kt (@2 v a2 a2 + a) /2%,
where r —2 = a2/ +a;_12"' +--- +a; -2+ ay # 0. Again the left side is

divisible by 2 since /, > 0, so u < j —2. Hence the right side is divisible by 2.

In the above equality, after dividing by 2, and noting /,;; =/, ; + 1, one has

(Z 2"+f"+'»"‘) F(=277H2y (2 4 2B 2le-w=1])
Iy

+ (Z 2k+ju+2,:) + [Z 272—1(2k+ju+3,. _ 1)}

Lt sz

+ [E 2=1 (2Kt — 1)‘ bt [Z Diemut (ke 1)]

luys [‘1
=2k+i—ul (@2 4 gy 2 4 a2 + ap) /24
We are ready to get a contradiction from the above equality. If j. > 1, then
k+jo—1-(j—u—2)>u+1,so the left side is divisible by 2/=“~2. Hence
the right side is also divisible by 2/=~2. However, in the right side 2*+/—%~!
is divisible by 2/7%~2 since (k+j—u—1)—(j—u—2) >k + 1. It follows
that (@;2' + a;_12'=' +--- + a;2 + ag)/2**! would be divisible by 2/-*~2_ But
(@2' +a_2'7' 4+ ...+ a;2 4+ ag)/2**! is positive integer since r > 3, so in
r-2=a2 +a 27"+ +a2 + - +a;2 +ay,
I1>1, a; =0 for i < u, and there exists a; = 1 for some i > u+1. Moreover
r+1<2/-%1_1 from the claim, so / < j —u—2. Thus in
(@2' + ;- 27 + - 4 a2 + ap) /24!
= (1121_(u+l) + 01_121_1—('“'1) +-t a2+ ayy,
onehas /—(u+1)<j-u—-2-(u+1)<j-2u-3. This is a contradiction.
(ii) case (B) (i; =1), and

0<l <[ = 1) =1 =2l =22y — -+ = 24y (g ],

i.e., there is a positive integer Q, 2/7%~! —2 > Q, such that
0<ly =[R2 =)= 1= Q=20 = 22Uy — - — 254l (g ).
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Again the left side of (xx) is divisible by 2%, so the right side is also divisible
by 2*. Hence in (*x), after dividing by 2, one has

(Z 2k+ju+1,.) 4+ (=2/mum2 U3 .22 24 Q)

L
iy + 2y oo+ 20lg) + Y1 20 (2K — 1)

Iu+l
+ 2272 ktusz, e _ 4+ +227«1—u(2k+1’q+ln -1
[ ly
=28 4 (@2 + @ 27+ a2+ ag) 2%
Note. —1,<0,s0 (=2/—¥"2-2/-4=3_..._22_24+0)<0. Let
(=2/7#2 w3 22 24 Q)=-a,2° -3, 12 - 712 - dy;

then s<j—u—-2. And
r-2)=a2 +a_2"'+ - +a;2+aq,
since (r —2)/2* is a positive integer and / < j —u — 2,50 in
(r-2)/2*=a2 % +aq_ 27"+ .+ a2 +a,,

| —u<j—-2u-2,and there exists a; =1 for some i > u. Hence

(Z 2k+fu+l»~) +(—8s2 — By 27 = =72 — Tp)

Iy
+ (g + 22y -+ 2 l) + 3 2 (2K Hwae — 1)
lu+l
+ Zz;z(zk-{-ju-ﬂ,t — 1) + e + Z z;q—u(2k+jq+l,t —_ 1)
() ly

=2k u (g2 g 2 a2+ @),

where s<j—-u-2and /|-u<j-2u-2.
In the following, unless otherwise stated, we are using the following ambigu-
ous notation: in

Caza_b + Ca—lza_l_b + Ca—22a_2_b + 4+ (:b+l2 + G,

if a>b,then C;=0 or1 for b <i<a, otherwise a; =0 for each i. For
example in the above (@,2!"% '+ q;_ 27"~ ' 4+...4+q,,),if [ <u—1,then
a; =0 foreach i.

Now in the above equality, @; depends on a,, indeed

Case (a): If a, =0, then @y =0. Hence Q is an even number.

Case (b): If a, = 1, then @, = 1. Hence Q is an odd number. Then we
move dgp into the right side of the above equality.
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In both cases, we divide the resulting equality by 2. So

(Z 2"”“*“"‘) + (@2 =B 27— = T2 - Ty) + (1)

by

4 (20 Uy + 257 g 4 2 ) (Z 2k+j,,+2,.)

L

N [Z 21 (ke _ 1)} oot [Z 2ol (QkHar e 1)}
1u+2 Iq

=2kt (@27 g 27T e a2+ aun + 8),

where ¢ = 0 for case (a) and ¢ = 1 for case (b), and (—1) appears from
Iu+1 =1+ l:H.] .

Express
(=825 =T 1272 — = @2 -T) + (1) = =b2" = b2 — . = b2~ by,
bi=0 or 1 foreach i. If ay =0, i.e., Q is an even number, then
—G2 T G 25—y = (FY TR A L 221 4.Q)2).
So
-3, ' —g_ 22— -3 -1
= (=3 A 2 1)+ (Q/2-1)

= (=224 1)+ (Q/2-1).
But (Q/2—1) >0, and it follows that ¢t < j —u—3.
If @y=1,ie., Q is an odd number, thenlet Q =2n+1, n > 0; then

—T2 -T2 G2 = (mYTTE T 222 ) 4 2n+ 1) + 1
So
(=82 = F 22— —@2—a) + (1) = =2"" 2 1 +n,
so t<j—u-3. Thus
(% * %)

(Z 2k+ju+|,-_1) +(=b2' = b2 = = b2 — by)
L

4 (2 g + 257 sy e 4 2 ) (Z 2k+j.,+z,.)

1u+|

+ [Z 272—1(2k+ju+3,. — 1)] 4.4 [Z 27q-u—l(2k+jq+n,. _ 1)}

lus2 [‘7
=2kti-u-l g (gl-u=l 4 g 2/=1==1 4 . g, 024+ a, +e),
t<j-u-3,l-u-1<j-2u-3,and ¢ =0 or 1. Furthermore,

(=b2' — b2 = — b2 —bg) <0,
(@24 pq 271 a2 + Gy +€) > 0.
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We can get a contradiction in the following cases:

(VIf j-2u-3<j-u—-3=0,then =0 for t>i>1 and a; =0
forl>i>u+2. Hence a,,1+&¢=1 and by =1. Then we move by =1 into
the right side and divide the resulting equality by 2. A contradiction.

2)If j—u—3>1 and a,,; +&=2 or 1, then by =0 or 1 respectively.
If by =1, one moves by = 1 into the right side of ( * ). On both cases we
divide the resulting equalities by 2. Then one has

(z 2k+fu+u--2) +(=b 27 = b 272 = = b2 — by)
L

+ (272_21u+2 + 273_21u+3 +. 4+ 27q—u—2[q) + (z 2k+.iu+2,.—l)

1u+l

+ |:Z 272—2(2k+ju+3,- - 1)‘ o4 lz 27q—u—2(2k+jq+|,. _ 1)}

[ 1"

=2kti-u=2 4 (golmu=2 4 g 21U L 32 F ayg + 1),

Note. In the above equality, if i, — 2 = 0, then /,,, can be canceled by
... 202=2(2k+jus.« — 1)]. So one has a,,, + 1 =2 or 1 depending on a,,;,
hence one can determine b;. Then repeat the same argument as above, i.e.,
moving b; into the right side (if necessary), then dividing by 2 (if necessary).
Hence we have a similar form on the right side of the resulting equality, i.e.,
(@)2~4=34q;_ 2744 +.. .4 a,,42+a,,3+1) . If we continue the above process,
we would have

(2 2"+f“+""2‘”) + even numbers = 2k+/~4=2-v 4
by

where 0 <v=max(t-1, 1-u-2)<j-u-4(ift<1, l—-u<2,then
v=0).But k+j-u-2-v>k+2>3, k+jy41,«—2-v>2+u>2,and
the even numbers in the left side is divisible by 22. Therefore, one divides the
above equality by 2 again, contradiction.

(3)If ay41+e=0,then j—u—-3>1. Let w =min{iju+2<i</, a;=1}.
Then ay, =1 since (@2!"% '+ a_ 27" ' ... 4 a2+ ay, +€)>0. So
in (x*x), the right side is divisible by 2¥~®+1) since j—2u—-3 <k+j—u—1
and w—(u+1)</—u-1<j—-2u-3, hence the left side is also divisible by
2v=+D)  Since k+jyq1 o —1—j+2u+3>2, >, 2k+juri.«—1) js divisible by
2w-+l) Hencein (—b2!—b,_ 2" = —b12—by), bi=0 for i<w—-u-2.
In (x* x), after dividing by 2¥~®+D | one has

(Z 2k+ju+l , .—l—w+(u+l))

Iy

.|.(_b,2!—w+(u+l)_bl_lzt—l-w+(u+|)_m_ i) + -
— 2k+j—u—l—w+(u+l) + (alzl—zu—l—w+(u+l) +~~-+aw+|2+ 1).

Then by an analogous argument to that in case (1), one finds a contradiction.
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(iii) case (A), i.e.,

b S LU = 1) = 2y = 22y = o = 2]y,
so there is a nonnegative integer Q such that
0 < by = [ = 1) = Q = 2 lyyy = 22l — - — 2],
Hence
= (-2 214 Q)

4 (20 gy + 22l + - 4 2lamu],),
Again in (xx), the left side is divisible by 2*, hence the right side is too. After
dividing by 2%, (xx) becomes

(Z 2k+ju+l,-) + (_2j—u—2 —Tu3 . _2-140Q)

L

4 (20 g + 22Uy + -+ 2eely) + lz 20 (2k+iwsz, — 1)]

lu+l

+ [Z 272(2k+ju+3,‘ _ 1)] + [Z 2;3(2k+ju+4,~ _ l)jl

Iu+2 [u+3

4.4 [Z Z;q—u(2k+jq+l,t _ 1)]
ly

= pk+j—u 4 (alzl—u + al_lzl—l—u + ot Ay12 + ay).
Express
—(2H 24U 4 424 1)+ Q= —a2f -8y 12— —a12 - ay,

for each a; =0 or 1. It is easy to see s < j — u — 2. By the same argument as
before, in

(r=2)/2%=a2"*“+aq_ 2" "%+ ...+ a2+ ay,

| —u<j—2u-2 and there is an g; = 1 for i > u. Then by an argument
analogous to that in (3) of case (ii), we will have a contradiction. This finishes
the proof of Lemma 6.1 when r > 3. The case r = 2 remains. From the note
following the proof of Theorem 4.5, we need only discuss the case for j > 3,
hence k > 2. When r =2, (x) becomes

20 (2k+it — 1) 4 202(2k+2 — 1) 4 202K+ — 1) = 2K+ |
0<i;<i»<i3,3<j<k+1.If ij=k—1,then
2k—l(2k+1 _ 1) +2k—l(2k+l _ 1) +2k—l(2k+1 _ 1) > 2k+j

for k > 1, which is a contradiction. So i; < k —2, hence i; = i;, and
2k+j| —1+ 2k+j2 —14 2i3—i|(2k+j3 _ 1) — 2k+j—i|

= 2k+j|—l + 2k+j2—1 —1+ 2i3—i|—l(2k+j3 _ 1) — 2k+j—i|—1

= 2kl g pkti=l g (2K ) = 2kl (e, i3 — i — 1=0)

= 2k+j|—2 + 2k+j2—2 -1+ 2k+j3—1 — 2k+j—i|—2'
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But k > 2, i; < k-2, which is a contradiction. This completes the proof of
Lemma 6.1. O

Lemma 6.2. In the Adams spectral sequence for n.(Xy), E; N gk (r-
2
=0 for 3<r<2kand k>j >j,>1.
Proof of Proposition 4.8. By Proposition 4.4, if Eg’zkﬂ' ¥2240-4) 4 () then
r(2k1 — 1) < 2k 4 2K+ 4 (r — 4)
= r(2k+l -2)< 2k+ji 4 ok+i2 _ 4 < 22k+1 _ 4
= r(2kt1 —2) < 2Kk —2) 4 2K+ 4
= r< 2k since 2k+*! —2 > 2k+1 _ 4.
if r=2% then
2kl 5 okt _ 4 fork > 1
= 22k+l _ 2k > 22k + 22k—1 + (2k _ 4)
= 2K(2K+1 1) > 2%k 4 2%k-1 4 (2k _ 4)
= 2K(2K+1 _ 1) > 2kt 4 okt 4 (2K _ g,
which is a contradiction. So r < 2¥. O

Remark. Of course, one wants to ask whether it is possible to change to the
range in Theorem 4.7 to k+1 > j; > j, > 1 or not. This will require changing
the condition in Lemma 6.2 to 3 < r < 2k*! . However our method of proving
the following lemma will not work for this range.

Lemma 6.3. ,
Zzip(2k+jp —1)# ok+ji 4 ok+ia 4 (r—4)
p=1

for k>ji>ja>1,3<r<2k, j,>0, k+1>j,>1,and 2%(2%h» - 1) <
2%k+2 _ 1 for each p.
Proof of Lemma 6.2. Since both 2K+t 4 2k+i2  (r — 4) < 22k 4 22k=1 4 2k _ ¢4
and 2%k 4 22k-1 4 2k _ 4 < 22%+2 _ | for k > 1, Lemma 6.2 follows from
Proposition 4.4 and Lemma 6.3. O

To prove Lemma 6.3, basically we will follow the proof of Lemma 6.1.

Proof of Lemma 6.3. First we discuss (r —4) > 1. Suppose

r
(*) D202kt — 1) = 2K 4 2KV 4 (r — 4),
p=1 .
for k>ji>jp>1,3<r<2¢,i,>0, k+1>j,>1,and 22 — 1) <
22k+2 _ 1 for each p. So one has the following basic facts:
(@) 3<r<2k—-1,
(b) max(iy, iz, i3, ..., i) <k —1 since
2%k=1 5 2kt _ 4 fork > 1
= Q2+l _ 9k > 22k + 92k—1 + (2k _ 4)
= 2k(2k+l -1 > 2%k 4 92k-1 4 (2k —4)> 2k+ii 4 gk+i2 (r—4).
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() If (r-4) = q;2'+a;_,2~'+---+a,2+ap , with a; = 0 or 1 for each i, then
thereexists @; = 1 (r>5) and [/ < k—1 (since 2¥—1 = 2*k=142k=24.. .42 41).

Claim. Let u = min(iy, i, i3, ..., ir) in the whole sum of (x). Then
r < 2k _ 1. Furthermore if r = 2k~* — 1, then in the whole sum of (x),
¥ p2i(2kH — 1) = 242K+ — 1),

Proof. Since
ok—u, 2u(2k+l -1)= 22k+1 _ ok 92k + 92k-1 + 2k _4 > 2k+ir + 2k+j2 +(r- 4)

for k > 1, we have r < 2k-% — 1. By the same argument as the claim in the
proof of Lemma 6.1, it suffices to prove

(2k—u _ 1)2u(2k+1 _ 1) + 2u+1(2k+1 _ 1) > 22k + 22k—l + (2k—u _ 5)
But this follows from

%=1 5 ok+l 5> 0k ok—u _ 5 fork > 1
= 22k+l _ 2k > 22k + 22k—l + (2k-u _ 5)
= 2k+l _ 2k 2. 2u2k+1
+2.24 4 2u+12k+1 —qutl 5 22k + 22k—1 + (2k—u _ 5)
Consider a partition of the whole sum of (x), i.e.,
(%)
r
Ezip(2k+jp -1 = ZZ“(2"”“+‘-' -1+ 22u+7| (2k+ius2.e _ 1)
p=1 lu

Lut
+Zzu+7z(2k+ju+a,. —1)+ 22u+73(2k+ju+4,. — D)4
[ luss
+ Zzu+?q_,,(2k+jq+|,. -1)
ly
= 2k+ti 2K+ 4 (r - 4),
where r = lu+lu+1+lu+2+"'+lq , 1< 71 < 72 < ?3 < 74 <0 < ?q—l <k-u-1,

and u+i,-; < k—1. From the claim and the partition, this time we have only
one inequality:

by STRE* = 1) = 2y — 22l — o — 20741y),
Hence there is a nonnegative integer Q such that
0 < by I = 1) = Q= 2huys = 2Ly = - = 2omvly).
So
Ll = =2kl k2 0 4 Q)+ (20 + 22hygg + - 4 200y,
Express —(2¥~% — 1)+ Q in the form —b25 —b;_;25~! — ... — b2 — by, where

b; =0 or 1 for each i;then s <k —u— 1. Moreover r—4<2k-u_5 soif
(r—-4)=a2 +a_,2""" +---+ a2 +ao, where a; =0 or 1 for each i, then
I<k-u-1,and some a;=1 (r=>5).
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The left side of (xx) is divisible by 2%, hence the right side is also divisible
by 2*. Furthermore since 0 < u < k — 1, 2k+ii 2k+i2 are divisible by 2¥,
hence (r —4) is also. After dividing by 2*. One has

(Z 2k+ju+.,.) + (—bs2° - bs_lzs—l — =512 -b)

Iy

Q0 hygy + 22l + -+ 2l) [E 20 (2kHwsz, 1)}

L

+ [Z 2?2(2k+j.,+3,. - 1)] + [Z 273(2k+ju+4,. - 1)]

Iu+2 1u+3

4o+ |:Z 27q—u(2k+jq+|,. _ 1)]
Iy

=2k+j|—u+2k+j2—u+(alzl—u_l_al_lzl—l—u+_“+au+12+au),

where s<k—-u—1,/—-u<k-2u-1,and q; =1 forsome / >i>u. Then

apply the argument analogous to (3) of case (ii) in the proof of Lemma 6.1. To

finish the proof of Lemma 6.3, we need to prove the cases r =4, r=3.
When r = 4, it suffices to prove

200 (2k+in — 1) 4 2i2(2k+i2 — 1) 4 203(2k+is — 1) 4 2ie(2K+is — 1) £ 2k+it 4 ok

for 0<iy<ip<iz<is, ji,J2,J3,Ja>1,and k> j; > j, > 1. Since
r<2k, k>3.If ij=k—-1<i, <i3<is,then

2k—l(2k+l _ 1) +2k—1(2k+1 _ l) +2k—1(2k+l _ 1) +2i4(2k+1 _ 1) > 2k+j| +2k+j2.
If iy=i=i3=i3=k -2, then
2k—2(2k+l -1+ 2k—2(2k+1 -+ 2k—2(2k+1 -1+ 2k—2(2k+l _ 1)
=3. 22k—l + 22k—l _ 2k > 22k + 22k—1

for k > 2. Hence i; <k -3.
Suppose

200(2KH — 1) 4 202(2k+i2 — 1) 4 20(2k+Ts — 1) 4 2ia(2k+Te — 1) = Dk+i 4 Dk,
Divide by 2/t ; then i = i,.
(2K — 1) 4 (2k+2 — 1) 4 26— (2k+Ts — 1) 4 200 (2k+is _ 1)
- 2k+j|—i1 + 2k+j2"il
= 2k+7,—l + (2k+72—1 _ 1) + 2i3—i1—](2k+73 _ 1) + 2i4—i1—1(2k+74 _ 1)
— 2k+j|—i1—l + 2k+j2—i|—l.

So is—ij—1=0.

2k+7,—2 + 2k+72—2 + 2k+f3—1 -1+ 21’4—i,—2(2k-+-74 _ 1) = 2k+j|—i1—2 + 2k+jz—-i|—-2.
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So i4—i|—2=0.
k+j1=3 | k+j,=3 4 Hk+jy3—2 k+j,—1 k+ji—ii=3 4 ok+jr—ij—
28N =3 4 o4 3 gkdys—2 okt el ) = pkta—ii—3 L okt 3,

which is a contradiction.
When r=3, 3<2¥,s0 k>2.
Suppose

201 (2k+7l _ 1) + 2i2(2k+72 _ 1) + 2i3(2k+73 _ 1) — 2k+j1 + 2k+j2 -1,
for 0<i;j<ip<is, j;,Ja,J3>1,and k> j; > j,>1. Hence i; =0, so
2%H1 4 22K+ — 1) 4 23(2KHs — 1) = 2kHi 4 QK+,
If k—1=1i,=1;, then
2k+j, 422k _gk=1 4 92k _ gk=1y 22k | 92k—1
Hence i, < k —2, and i, = i3. Divide the above equality by 22 to get
2k+7,-—i2 + 2k+72 1+ 2k+73 —1= 2k+j|—i2 + 2k+j2—i2.

Then divide by 2 to get a contradiction. This completes the proof of Lemma
6.3. O
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