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THE DYNAMICS OF CONTINUOUS MAPS OF FINITE GRAPHS
THROUGH INVERSE LIMITS

MARCY BARGE AND BEVERLY DIAMOND

ABSTRACT. Suppose that f: G — G is a continuous piecewise monotone func-
tion on a finite graph G . Then the following are equivalent:

(i) f has positive topological entropy;

(ii) there are disjoint intervals I; and I, and a positive integer n with

Lul C ML) f"(1L);

(iii) the inverse limit space constructed by using f on G as a single bonding
map contains an indecomposable subcontinuum.
This result generalizes known results for the interval and circle.

1. INTRODUCTION

Suppose that f: X — X is a continuous function on a space X. One
expects that certain dynamical properties of f will be mirrored by topological
properties of the inverse limit space (X, f) with bonding map f, and vice
versa. In particular, if X is fairly simple and f is dynamically complicated,
(X, f) should have a complicated topology.

A result along these lines is the following [BM,]: if f: I — I is a piecewise
monotone map of the interval I, then f has a periodic point whose period is
not a power of 2 if and only if the inverse limit space (I, f) contains an inde-
composable subcontinuum that is invariant under some power of the induced
homeomorphism f: (X, f)— (X, f). A similar theorem is proved for circle
maps in [BR], and Roe proves in [Ro] that if G is a finite graph and f: G - G
has a certain periodic structure (depending on G) then (G, f) contains an
indecomposable subcontinuum.

The main result of this paper generalizes the above to maps on finite graphs.
One reason for our interest in inverse limits of maps on finite graphs is that they
occur quite naturally as attractors for diffeomorphisms. R. F. Williams proved
in [W1i] that if a manifold diffeomorphism F has a one-dimensional hyperbolic
attractor A (with associated stable manifold structure) then F restricted to A
is topologically conjugate with the induced homeomorphism f on an inverse
limit of a piecewise monotone map f of some finite graph. For certain f,
Williams also proved a converse (in S*) and it can be shown (along the lines of
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[BM;]) that for any map f: G — G of a finite graph there is a homeomorphism
F: R3 — R3 with an attractor on which F is conjugate with f.
We prove

Main result. Suppose that f: G — G is a continuous piecewise monotone
function on a finite graph G . The following are equivalent:

(i) the topological entropy of f is positive;

(ii) the inverse limit space (G, f) contains an indecomposable subcontin-
uum;

(iii) f has a horseshoe; and

(iv) there are positive integers r and M such that for m > M, f hasa
periodic point of prime period rm.

Some of the implications are known and some hold without the hypothesis
of piecewise monotonicity. The equivalence of (i) and (iv) for continuous func-
tions on finite graphs is 3.2 of [Bl]. That (i) implies (iii) appears in [Mi] for
continuous functions on the interval or circle. In recent work, Misiurewicz and
Llibre have extended this result to maps on finite graphs by techniques different
from ours. It is easy to see that (iii) implies (i) for any continuous function
f on any compact metric space X . That (ii) does not imply the other condi-
tions in the absence of piecewise monotonicity, even for maps of the interval, is
demonstrated by the pseudoarc example of Henderson [H]. In case G is an arc
or a circle our theorem generalizes the previously mentioned results in [BM;]
and [BR] in that the indecomposable subcontinuum in the inverse limit is not
required to be invariant under some power of the induced homeomorphism f .

Note that if f: G — G is not onto, then (G, f) = (G’, f) where G' =
Nu>0 f"[G]. Since G’ is a finite graph, it suffices to prove the main result for
surjections.

Let f: G — G be a continuous surjection on the finite graph G . The proof
of the main result is as follows. In §2 we prove that (a) if f has a horseshoe,
then (G, f) contains an indecomposable subcontinuum (2.4), and (b) if f is
piecewise monotone and (G, f) contains an indecomposable subcontinuum,
then (G, f) contains an indecomposable subcontinuum that is invariant under
fr for some n > 1 (2.11). In §3 we show that if f is piecewise monotone
and (G, f) is indecomposable, then f has a horseshoe and thus has positive
entropy (3.4). Combining the main results of §§2 and 3, we conclude that, for
piecewise monotone maps, if (G, f) contains an indecomposable subcontin-
uum, then f has a horseshoe (3.5). Finally, in §4 we show that if f has positive
entropy, then (G, f) contains an indecomposable subcontinuum (4.3). In the
remainder of this section we introduce some terminology and known results.

All functions are assumed continuous, and a map is a continuous surjection.
A continuum X is a compact, connected metric space, and is indecomposable
if X consists of more than one point and is not the union of two of its proper
subcontinua. A continuum X is irreducible between x, y € X if no proper
subcontinuum of X contains both x and y; if X is indecomposable, then
there is an uncountable subset S of X such that X is irreducible between any
two points of S (3-48 of [HY]). Given a continuum X with metric d and a
continuous function f: X — X, the associated inverse limit space (X, f) is
defined by

X, fH={x=x0,x1,...)|xn€X, f(Xps1)=xpforn=0,1,2,...}
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with metric d given by

o0 d ,
dix,y) =y m ),
n=0

The space (X, f) is a continuum, and the map fi (X, f) - (X, [) de
fined by f((x¢, x1,...)) = (f(x0), X0, X1, ...) is called the induced homeo-
morphism. The projection maps I1,: (X, f) — X given by II,(x) = x, are
continuous; if f is onto, the maps I, are onto. If H is a subcontinuum of
(X, f), H, will denote II,[H]. Note that foIl,,, =II, and II, =1, of.

A finite graph is a connected union of finitely many arcs. A map f on a
finite graph G is piecewise monotone if there is a set A = {a;, ay, ..., an}
such that f is monotone on each component of G\A. That is, (f|c)~!(x) is
connected for each x € G and each component C of G\A. Suppose that f is
piecewise monotone; for each x € G, let C, denote the component of f~! f(x)
containing x . Then x is a turning point for f if f is not monotone on any
neighbourhood of C, (i.e., if the graph of f “folds” at x). Abusing standard
terminology slightly, we say that f has finitely many turning points if there is
a finite set {xi, ..., x,} such that no point of G\{Jj_, Cy, is a turning point
for f. The function f is piecewise monotone if and only if f has finitely
many turning points. A continuous function f on the finite graph G has a
(one-dimensional) horseshoe if there are disjoint subcontinua Iy and I; of G
and ng € Z* such that f™(ly) D IyUI, and f™(I,) D IyUI, (where Z* is
the set of positive integers).

We make use of the following construction, which is a generalization of a
much earlier construction for maps of the interval.

Theorem 1.1 [Ro]. Suppose that f: G — G is a continuous surjection and that
(G, f) contains no indecomposable subcontinuum with nonempty interior. Then
there is an upper semicontinuous decomposition & of (G, f) into disjoint sub-
continua such that

(a) &, with the quotient topology, is a finite graph;
if g:(G, f)— & is the quotient map, then

(b) the subcontinuum g(x) of (G, f) has empty interior for each x €
(G, f), and

(c) the map f: & — & defined by F(g(x)) = g(f(x)) is well defined and a
homeomorphism.

As in (b) above, we shall think of ¢ € & both as an element of the space
% and as a subcontinuum of (G, f). The decomposition elements are pre-
cisely the maximal nowhere dense subcontinua of (G, f). Equivalently, for
x € (G, f), the decomposition element containing x equals the intersection
of all subcontinua of (G, f) which contain in their interior a subcontinuum
containing x in its interior.

2. HORSESHOE — INDECOMPOSABLE SUBCONTINUUM

Throughout this paper, G will denote a finite graph, and f: G — G will be
a continuous surjection on G.

In the first part of this section we prove that if f: G — G has a horseshoe,
then (G, f) contains an indecomposable subcontinuum (2.4). The map f
need not be piecewise monotone.
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Let n and / be positive integers. A continuum X is called a 6, ; contin-
uum provided: (i) for each subcontinuum H of X, X\H has no more than n
components and (ii) if L!, ..., L'*! are subcontinua of X with Ut Li # &,
then, for some i€ {1,...,/+ 1}, L' CU{L/:j#i,1<j<l+1}. Itis
evident that each finite graph is a 6, ; continuum for some n, / € N. That
this is also the case for an inverse limit space based on a finite graph is proved
in [Ro]. We require some minor extensions of this fact.

Lemma 2.1. If H', H?, ..., H™ are subcontinua of (G, f), then
(1) (G, fO\ULL, H® has finitely many components, and
(ii) H'N H? has finitely many components.

Proof. In case m = 1, (i) is the result of 2.4 of [Ro]. Assume that (i) is true
for m < M andlet H', H?, ..., HM*! be subcontinua of (G, f). Without
loss of generality, H' N H/ = @ for i # j. Then HM*! is contained in
some component C of (G, f)\UY, H, hence HM+! C cl(C). To prove the
theorem it is enough to prove that cl(C)\HM*! has finitely many components.

Let n and / be such that G isa ©, ; continuum and suppose that V!, ...,
V!+1 are distinct components of cl(C)\HM*!'. Then K' = HM+' ycl(V?),
i=1,...,1+1, are subcontinua of (G, f) such that X} K' = H™ # &
and K' ¢ U{K’/: 1 <j<I+1, j#i} forall i. It follows for sufficiently large
k , the continua IT[K'], i=1,...,/+1,in G satisfy: N2} I [K'] # & for
each i, IL[K'] ¢ U{IL[K’/]1:1<j <[+1,j#i}. But this contradicts the
choice of / so that cl(C)\HM*! can have at most / components.

To prove (ii), note that there is s € Z* such that the intersection of every
pair of subcontinua of G has no more than s components. Suppose that
K', ..., Ks*! are distinct components of H! n H2. Then for all sufficient
large k, I[K']NTI[K/] = @ for i # j. Since US| I [K'] C I [H' N H?] C
I, [H'|NII[H?] and II,[H']NII [H?] has at most s components, it must be
the case that for some i # j, I1,[K'] and I [K/] are in the same component,
say Ji, of IL,[H'1NII[H?] for infinitely many k, say for k; < ky < ---.
Then fkn—ki[J, 1C Ji, foreach i and J = {x:xy, € Jy,, i € Z*} isa
subcontinuum of H! N H? that contains both K’ and K/. Since this is not
possible, H! N H? has at most s components. O

The next result follows directly from 2.1.

Lemma 2.2. Suppose that (G, f) contains no indecomposable subcontinuum
with nonempty interior. Then for each m > 1 there are nonempty subcontinua
H',H?,...,H™ of (G, f) such that (G, f) = UL, H', and for each i,
int(H') = (G, H\U, . H' .

Lemma 2.3. For any finite graph G, there is a positive integer m so that if
L, L,,...,L, are m subcontinua of G with ﬂ,SiSm L; # @, then for some
i, LiCUy L

Theorem 2.4. Suppose that there are disjoint subcontinua Iy and I, of G and
ng € Z* such that fro(ly) 2 Iyu I, and f™(I,) 2 Iyul,. Then (G, f)
contains an indecomposable subcontinuum.
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Proof. Since the spaces (G, f) and (G, f™) are homeomorphic, we need only
show that if there are disjoint subcontinua Iy and I; of G such that f([y) 2
Iyul, and f(I,) D IyUl, then (G, f) contains an indecomposable subcon-
tinuum. Suppose that I, and I; are as above, and let " = cl(U,>o f"(loU1})).
Then T is a subcontinuum of G and f(I') =I'. We show that (I, f) contains
an indecomposable subcontinuum with nonempty interior.

Suppose not; let m be as in 2.3 for I’ and [ = #[cl(I'\Iy) N Iy]. Choose
{H', ..., H'™} asin 2.2. For each i there is a nonempty open set V'’ of
I' and N; € Z* such that l'l,;i'(Vi) C (T, f)\U;x H’) = int(H'). Since
I'=cl(U,>o Mo U I})), for each i thereis p; € IyUI, and m; € Z* such
that f™i(p;) € V'. Then II3' (p;) Cint(HY). Since IoUI; C f(I,), there is

Ni+m; \
x' € int(H') such that Xy.+m, = Pi and xIIV,«+m,~+k ely for k>1.
Since x' € int(H'), x' ¢ U;, H’. For each i, there is a positive integer

ki so thatif k > k;, x. ¢ U#,-l'lk(Hf). Let
N=max({N;,+m;+1:1<i<Im}u{ki:1<i<Im}).

Then for each i:

(1) HN(Hi) NIy # @, since x,’;, €ly;

(ii) IIy(HY)NI, # @, by reasoning identical to that allowing the construction
of x'; and

(i) xjy € Nn(H)\U, 4 [Iv(H’), since N > k;.

It follows from (i) and (ii) that for each i, the subcontinuum ITy(H*) con-
tains at least one of the / points of [cI(I'\ly) N Iy]. Since there are /m of
these subcontinua, at least m of them have one point in common. But (iii)
implies that no one of these subcontinua is contained in the union of others,
contradicting the choice of m. O

The remainder of this section is devoted to showing that if f: G — G is
piecewise monotone and (G, f) contains an indecomposable subcontinuum,
then (G, f) contains an indecomposable subcontinuum invariant under fn
for some n #0.

Lemma 2.5. If H is an indecomposable subcontinuum of (G, f) with nonempty
interior, then

(i) int(H) is connected, and

(i) H = cl(int(H)).
Proof. Since int(H) = (G, f)\cll(G, f)\H], it follows from 2.1 that int(H)
has finitely many components. Let U be a component of int(H). Then U is
open, hence cl(U) is a subcontinuum of H with nonempty interior. Since H
is indecomposable, cl(U) = H; (i) and (ii) follow. O

Lemma 8 of [BM] states that if f is a continuous surjection on the unit
interval I, and there is a proper subinterval J of I such that forall ne Z*,
S7"[J] is an interval, then (I, f) is decomposable. The proof of this result
can easily be generalized to yield the following:

Lemma 2.6. Suppose that f is a continuous surjection on the connected space
X, and that H is a subcontinuum of (X, f). If there is a subcontinuum J of
X such that for each n € Z*, f~"[J1NI1,[H] is proper, connected, and has
nonempty interior in 11,[H], then H is decomposable.
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Lemma 2.7. Suppose that f is piecewise monotone, and that H is an indecom-
posable subcontinuum of (G, f) with nonempty interior. Then thereisan n # 0

such that f"[H]=H.

Proof. Since H is indecomposable, it follows from 2.6 that for any positive
integer n and any proper subcontinuum J of II,[H], there is a positive integer
m such that f~"[J]NIl,,,[H] is not connected. Then either I1;[H] contains
a turning point of f for infinitely many j, or II;[H] contains a simple closed
curve for infinitely many j. Since there are only finitely many turning points
for f and only finitely many simple closed curves, there is p € G and an
infinite subset B of Z* such that p € I, [H] for n; € B.

Let m be as in 2.3 for G. Choose x € int(H), Ny € Z* such that
IT;'[x,] C int(H) for n > Ny, and n; > Ny. Since U;';Bl Il,,,[H] # @,
there is j < m —1 such that I1, [H] C U{Il,, [H]:0<k<m-1,k #j}.
Now H;iij(x,,,.ﬂ) C int(H), hence x,,; € I, [H] = I, [ frisi=niss[H]] for
some s € {0, 1,..., m—1}\{j}. It follows that f*[H]Nint(H) # @, where
W =Nitj— Rigs -

Since K = f"[H] is indecomposable, K = cl(int(K)), and so int(K) =
int(H) # @. It follows from 2.1 that KNH has finitely many components, so at
least one, say C, has nonempty interior. Since H and K are indecomposable,
C=H and C=K. Thatis, fY[H|=H. 0O

Recall that a point x is recurrent under f if there is a sequence n; — oo
such that f™(x) — x.

Lemma 2.8. If h is a homeomorphism of the finite graph G and h has a re-
current nonperiodic point, then G is homeomorphic to the circle and h has no
periodic points.

Proof. Suppose that the set B of branch points of G is nonempty. Then B is
finite and invariant under the homeomorphism /%, hence if x € G is recurrent
and nonperiodic, x € 4 for some component 4 of G\B. If n is the smallest
positive integer such that A"[A] = 4, then x is recurrent under A"|,. But 4
is an arc, and all recurrent points of a homeomorphism of an arc are periodic.
Thus B = @, and G is either an arc or a circle. According to the above, G is a
circle. If 4 has any periodic point of period k, then for each x € G, h?"k(x)
converges to a periodic point. But then the only recurrent points are periodic,
and the lemma is proved. O

Lemma 2.9. Suppose that A C G is an arc containing no branch points. If
A C flA] but A ¢ int(f[A]) then f has a fixed point in A.

Proof. Let A = [a, b]. Without loss of generality, a ¢ int(f[A4]). Let x; =
inf{x € 4: f(x)=a}.

Suppose that b € fla, x], and let x, = sup{x € [a, x;]: f(x) = b}.
If f[x,, x1] contains a point of G\A, then either a € int(f[A]), or there
is ¢ € (x;, x;) such that ¢ = f(b), and so f[x;, x;] = [a, b]. That is,
[x2, x1] € fIx2, x1], and f has a fixed point.

Similarly, if b € f[x;, b], and x, = inf{x € [x;, b]: f(x) = b}, then
[x1, x2]1 € fIx1, X2], and f has a fixed point. O
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Lemma 2.10. Suppose that H is an indecomposable subcontinuum of (G, f),
and that (G, f) contains no indecomposable subcontinuum with nonempty inte-
rior. Let & be the decomposition space of (G, f) with induced homeomorphism
F.:Z - Z. If & = g(H) is the decomposition element of & containing H,
then & is periodic under F .
Proof. We first prove that & is recurrent under F . Suppose not; there is then
an open neighbourhood U of ¢ such that F~"(¢) C C=Z\U forall n>1.
Since H C g~!(¢) =&, H and g~ ![C] are disjoint compact subsets of (G, f)
and f —"[H] C g~ ![C] for all n > 1. There is a positive 1nteger Ny such that
if k> Ny and n > 1, IL[H] N, [H] = I[H] N ILLf~"[H]] € IL[H]N
g~ '[C]] = 2. Then the projections II,[H], for k > N,, are pairwise
disjoint. But this contradicts the fact that, since H is indecomposable, there is,
as in the proof of 2.7, an infinite subset B of Z* such that N, 1, [H] # &.
Therefore & is recurrent.

If ¢ is not periodic under F, then according to 2.8, & must be a circle and
F has no periodic points. Suppose that for every n € Z*, I1,(£) contains
either a loop or a branch point. If k = (# of branch points of G)+ (# of loops
in G) + 1, then for each n € Z*, there are i(n), j(n) € {1,..., k} with
i(n) # ](n) and gy i(n)(€) Nk jn)(§) # @ . Choose i, j € {i, ..., k} such
that i # j and i = i(n) and j = j(n) fo; infinitely many 7. Lct s=j—1i;
then Ty et i (€) NInnicsj(€) = Dnvanics ;L5 ()N Ty e (§) # 2 for infinitely
many n. It follows that &N f5(&) # @, hence & = f*(&) and ¢ is periodic. So
assume that for some positive integer r, I1,(£) is an arc containing no branch
points.

Suppose that the infinite set B has been chosen so that @ # ), p [1,,[H] C
ﬂmeB IT,,(¢). Let m be as in 2.3 for G, and choose n; € B so that n; > r.
For some i € {0 -1},

CU{H,,”, 10<j<m—1,i#j}.
Let /| = ng,; —r. Then
L&) = [, (&1 € S, ©): 0< j <m—1, i # j}
= (M, (&)1 0<j<m—1,i#j}.

(If k<0, let II(¢) = fMM(£)].)

We consider two cases.

Case 1. TL,(¢) ¢ int{U{I,,,, 1(&): 0< j<m—1, i # j}].

Since I1,(¢) is an arc containing no branch points, there is an integer ¢ =
nsyj— 1 for some j € {0,...,k— 1}, j# i, such that either II,(¢) C I, (&)
(but I, (&) ¢ int(I1,(&)) or II,(€) C II,(¢). Note that ¢ #r.

(1a) If T1,(¢) € IL,(§) and ¢ > r, then f'~'[IL(&)] =TIL(§), so f*~"[IL(£)] C
I1,(¢) and f has a periodic pointin G. Then f has a periodic pointin (G, f)
and F has a periodic point in & . But F has no periodic points.

(1b) If T1,(§) € I1,(§) and 7 < r, then f"'[I1,()] = I1/(¢) 2 I1,(£) . Since

&) ¢ int(f"'[I1,(£)]), 2.9 implies that f"~! has a fixed point, and f has a
periodic point. As in (la), we are done.

(1e) If T,(¢) € I1,(§) and r > ¢, then f"'[I1,({)] = IL({) C I1,(E), and f
has a periodic point.
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(1d) If I1,(¢) C I1,(¢) and r < ¢, then f*"[II(¢)] =11,(¢) and IL(S) isa
subarc of II,(¢). Hence f has a periodic point.

Case 2. I1,(&) C int[U{II,,,4(§): 0 < j <m—1,i# j}]. Since II (&)
is an arc containing no branch points, and since ﬂ;’;}l ,,,-1(§) # @, there
are ty, tp € {n4j—1:0< j<m-1,j# i} with ¢; # t, and such that
IL,(¢) C int[IL, (¢) UTL,(€)]. Then & C 17! (intfII,, (&) U T, (&)]). Since the
decomposition & is upper semicontinuous, there is an arc I C £ such that
€I, and for 5 € int(l), I,(n) Cint[I1,, (&) VI, ()] .

Since F is a circle homeomorphism without periodic pomts & is recurrent
and £ € int(/), there is a positive integer N such that U;—o Fi[Il=%. (To
see that this is the case, let n» > 0 be such that F"(£) € I andlet G~: R — R be
alift of F” such that G~(I~)NI~ # @ where I~ is a component of IT-!(I).
Let &~ e IT-!(I). Since F has no periodic points, {FK"(é~)k=1,2,...} is
unbounded, and hence for sufficiently large m , the arc |J;_, F kn(I~) contains
a fundamental domain. Let N=nm+1.)

Since U"L;,‘ Filll =, TILIUY,' FilIT = G, and so ILIUYS' Filn]] =
But then U Y fillL[I]] = G . Since II,[I] C I, (&) u I, (&),

U S, (6 UL (E)]=G.
i=0
Wlthout loss of generality #, > ¢, so that flz f [1—[' ( &)] = I, (€). Then

UNs' FiLfe1 I, (&)]UT,(¢€)] = G, and so U, [l'lzzf'[f”‘"(C)]Ul'ltz(f’(é))]
—G For i=01to N—1,let n; = fi(&) and ny_y14; = fI[f2~ ’2(6)] Then the

2N elements 79, 11, ..., Nan—1 have the property that l'I,z[U r1,] =G.If
t, > 0, then IL[UX ' 71 = G. If £, <0, then IL[U! f"Z(n,)] =G.In
any case there are 2N elements of &, say o, M1, ..., an—1, Whose union

projects under II, onto G. It follows that for any n > 0, IL[UXY " f*(m:)] =
G for 0 < k < n. Thatis, for n > 0, for any x € (G, f), there is i €
{0,1,...,2N — 1} such that d(x, f”n(n,))< 1/27.

Choose {U }2N, to be a collection of disjoint open intervals in £ with centers
{a;}?Y,. Choose x' € g7'(a;), and let ¢ = min{d(x’, (G, f)\&~1(U))}*
For any n>0, for some i€ {0,..., 2N},

Un{F"(no), F"(m), ..., F'(mn-1)} =2

and thus g“(U)n[UZN L fn( (n;)] = @ . But then forevery n > 0, for some i =
{0, ..., 2N}, d(x*, UZN ! f "(n;)) > €, a contradiction to the last paragraph.
It follows that £ must be periodic under F. O

Note that the only property required of £ in the proof of 2.10 is that there
is an infinite set B such that (), .5 I1,,[¢] # @.

Theorem 2.11. Suppose that f: G — G is piecewise monotone. If (G, f) con-
tains an indecomposable subcontinuum then (G, f) contains an indecomposable

subcontinuum that is invariant under f" for some n #0.

Proof. Let H be an indecomposable subcontinuum of (G, f). As in the proof
of 2.7, there is an infinite subset B of Z* such that (N, .z I, [H] # @. Let
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L, be a subcontinuum of (G, f) irreducible with respect to the properties:
fILi]=L, and f*[H]CL, forall neZ.

Let fi = f|r, and G; = Ilp[L;]. Suppose that L, = (Gy, fi) does not
contain an indecomposable subcontinuum with nonempty interior; otherwise
by 2.7 the theorem is proved. Let & = {g;(x): x € L;} be the decomposition
space of (Gy, f;) with quotient map g; and let Fi: & — & be the induced
homeomorphism. Let & = g(x) for x € H.

According to 2.10, &, is periodic under F;. If & were fixed by Fj, then
since % is nondegenerate, &, would be a proper subcontinuum of L, that
is invariant under f and contains f "[H)] for all n € Z, contradlctmg the
definition of L;. Then &; is of least period k; > 1 under F;, and f’(fl) n
fi(&)=2 for i, je{0,...,k —1}, i # j. It follows that the projections
Io(&1), ..., Ik, —1(&1) are pairwise disjoint. Hence Ily(H), ..., Ty, (H) are
pairwise disjoint.

Let L, C & be a subcontinuum irreducible with respect to the properties:
fa[L,] = L, and f"™[H] C L, forall n € Z. Let G, = Iy[L,], fo» =
flk'|62: Gy, — Gy,and H?> = {x € (G,, f2): xn € 1,4, [H] for n € Z*}. Then
H? is homeomorphic to H and hence is indecomposable. If L, = (G,, f5)
contains an indecomposable subcontinuum with nonempty interior, the theorem
holds. Otherwise, let &, be the decomposition space of (G;, f3), with induced
homeomorphism F,: % — %, and let & = g2(x) for x € H?. As before, &,
must be perioglic under F, of least period k, > 1. It follows that the projections
Io(&), Il fz‘l(éz)], o5 ol fy 1= kz(éz)] are pairwise disjoint, and thus that
(&), To(f7 (&I, ..., Tl fl‘ kiky(#1)] are pairwise disjoint, where & =
{x € (Gy, f1)|.)€,,kl € (&) for n > 0}. Then Iy(H), ..., l'IklkZ_l(H) are
pairwise disjoint.

_ Continuing, either we find an indecomposable continuum invariant under
f" for some n # 0, or we construct a sequence of integers {k;},cz+ with
ki > 1 forall i and such that IIo(H), I1;(H), ..., I k,...k,—1(H) are pairwise
disjoint for all 5. Since this contradicts the fact that 1, .51, [H] # @, there

is an indecomposable subcontinuum of (G, f) invariant under f " for some
n#0. O

3. INDECOMPOSABLE SUBCONTINUUM — HORSESHORE

In this section we prove that if f is piecewise monotone, and (G, f) con-
tains an indecomposable subcontinuum, then f has a horseshoe (3.5). As in-
dicated in the introduction, the result is not true without the hypothesis of
piecewise monotonicity.

The following is proved in [Ku]; we include a proof for the sake of complete-
ness.

A subset H of G is e-dense in G if for each x € G, d(x, H) < ¢, where
d(x, H) is in terms of minimal arc length.

Lemma 3.1. Suppose that (G, f) is irreducible between a and b and that
{In}nez+ is a sequence of subcontinua of G such that for all n, {a,, by} C J,.
Then lim,_,, f*(J,) = G (in the Hausdorff metric).

That is, for € > 0, there is Ny € Z* such that for all n > Ny, f"(J,) is
e-dense in G.
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Proof. Suppose that {J,}necz+ is such a sequence, and that lim,_.., f*(J,) #
G . There is then an inﬁnite subset By of Z* and a proper subcontinuum J;
of G such that {f"(J,): n; € By} converges to Jj. Certainly {ap, bo} C
Jy. There is a second 1nﬁn1te subset B; of By and a subcontinuum J{
such that {f™~!(J,,): n; € By} converges to J/. Then f[J]] = J§, and
{ai, b1} € J/. Continuing in this way, we get a sequence of subcontinua
{Jp:neZ*} with f[J;,,]1=J,,and {a,, by} C J, forall n € Z*. Define
J={(z0,21,...)|zn € J;, zn = f(2n41)}. Then J is a proper subcontin-
uum of (G, f) containing a and b, contradicting the fact that (G, f) is
irreducible between @ and b. O

We need a slight generalization of the notion of horseshoe: for n > 2, the
map f has an n-horseshoe if there are disjoint intervals I, I, ..., I, and a
positive integer ny such that f™[I;] 2 U7, I; for 1 <j<n.

Lemma 3.2. Suppose that I, I, ..., I, are disjoint intervals in G.

(@) If n > 3 and there is ng € Z* such that each of I, I, ..., I, maps
under f™ overatleast n—1 of I, I, ..., I,, then f hasan (n—1)-horseshoe.

(b) If n > 2 and there are positive integers ki, ky, ..., k, such that for each

J. Y12 UL L, then f has an n-horseshoe.
Proof. (a) Let 4 be the n x n matrix with ijth entry 1 if I; maps over I;
under f™ and O otherwise. Then the ijth entry of A2 is nonzero if and only
if I; maps over I; under f?". Suppose that for some i and j, the ijth
entry of A2 is zero. Since each row of 4 contains at most one zero entry, the
Jth column of A contains at most one nonzero entry. Suppose that a;; = 1
for some k # i. Then a;j = 0, hence a;, = | for m # j. In particular,
aixax; = 1 and the ijth entry of 4% is nonzero. Then ay; = 0 for k # i,
hence ay,, =1 for k #i, m# j. Let B denote the (n— 1) x (n — 1) matrix
obtained by deleting the jth row and jth column of B. Every entry of B is
nonzero except for possibly one zero in the row corresponding to the original
ith row of 4. But then every entry of B? is nonzero. That is, for k =1 to
n, k#.]’ f?nO[Ik]QU{Ik:k= 1 to n, k'_/'-.]}'

(b) Let w =37 k;. Foreach i, f*[I;]= fu-s[fh[[]]1 2 fo-%[UL, 1] 2
fU=h(L] (for some j # i) 2 fe-k=k[fh[r]] 2 fe-k-k[UL, L] 2 - 2
UL L. O
Lemma 3.3. Suppose that (G, f) isindecomposable. Let F = {x € G: | f~"(x)|
=1 forall n>0}. Then

(1) F is a finite set, so that if a € F then a is periodic.

(i1) Suppose that f is piecewise monotone and let ny be the period of a € F .

There is m > 0 and a base 7" of neighbourhoods of a such that for V € 7°,
f "'"°[V] cv.
Proof. (i) Choose {x'}5_, C (G, f ) so that for a fixed edge E and an infinite
subset B of positive 1ntegcrs {x' , € E for each n; € B, and such that
(G, f) is irreducible between x‘ and gk if i#k.Since x! #£xk if i #k,
we can assume that for n; € B, x,‘;j # x,’,‘}. We can also assume that an
orientation of E is fixed and that for n; € B, {xi 6 | appears in the order
Xy, < Xp <. < x§, since otherwise some ordering appears infinitely often
and we pass to a subsequence and relabelling.
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Suppose that two distinct elements a; and a, of F lie in the same edge
E’ of G. Choose ¢ > 0 to be smaller than the minimum length of a minimal
path from a; to a,. According to 3.2, there is a positive integer Ny so that
for nje B, nj >Ny and i =1 to 5, f"f[x,’;j,x,‘;j‘] is e-dense in G. Then
one of a; and a, is in f”f[x,",j, x,’;;"] for each i, and thus one of a; and
a is in f"[x; , x;+'] for at least three i-values. But at least two of the
three corresponding intervals [x; , x,’;jl] are disjoint, contradicting the fact
that |f~"(a;)| =1=|f""(ay)|. Then |F|<# of edges of G < ¥;. It follows
that if a € F then the backwards orbit of a is finite, hence a is periodic with
period ny no larger than the number of edges of G.

(ii) Suppose that a € F has period ng. Since |f~"(a)| =1 for n >0 and
f™ has finitely many turning points, a connected neighbourhood V of a can
be chosen so that V' contains no turning point of f™ and thus f™ is 1-1 on
V. Then m can be chosen so that for each edge E extending from a, f™"
maps some initial segment of E into E.

Let g = /"™ ,and fix an edge E extending from a. Since |g~!(a)| = 1 and
g has finitely many turning points, there is ¢ € E such that |g~!(x)| = 1 for all
X € [a, c]. Suppose that ¢ can be chosen so that for all x € [a, c], [a, x] C
gla, x]. Then g~'[a, x] C [a, x], from which it follows that g~"[a, x] is an
interval forall n € Z*. According to 2.6, this contradicts the indecomposability
of (G, f). Then given ¢ above, there is x; € [a, c¢] with g[a, x;] C [a, x].
The neighbourhood of a is constructed in the obvious way.

Since the point x; used to construct the neighbourhood of a can be taken
as close to a as desired, a has a base of such neighbourhoods. O

The following theorem can be strengthened to prove that f has an n-horse-
shoe for any n, a fact we need later. Since the proof of 3.4 is somewhat
technical, we first prove the existence of a 2-horseshoe, and then indicate the
details of the generalization (3.4b).

Theorem 3.4. Suppose that f is piecewise monotone and that (G, f) is inde-
composable. Then f has a horseshoe.

Proof. Choose a set K consisting of 26 distinct elements of (G, f) with the
property that there is a fixed edge E of G and an infinite subset 4 of Z* such
that for n; € 4, {x,';j: 1 <i <26} CFE, and such that (G, f) is irreducible
between any two elements of K.

Claim 1. Either (i) there is a subset {z'}% | of K and an infinite subset B,
of A such that for i€ {l,..., 6}, {z} :n; € B;} converges to a single point
zi,and z;#z; if i#j,or

(ii) there is a subset {x'}¢_, of K and an infinite subset B, of A4 such that
for i={1,...,6}, {x,‘;j: n; € B;} converges to the same point x .

Proof of Claim 1. Choose x! arbitrarily from K, and an infinite subset B}
of A4 such that {x,{j: nj € B!} converges to a single point x; . Either at least
five elements of K have the property that {x,:n; € B/} converges to x;
also, or for at least 21 of the elements of K, {x,,: n; € B!} has a limit point
different than x, . In the latter case, choose x2 arbitrarily from this set of 21,
and B} C B| to be infinite and such that {x2: n; € B} converges to a single
point x; # x;. Continuing in this fashion, we get at least one of the two sets
described above, and the claim is proved.
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Suppose that (i) occurs. As in the proof of 3.3(i), we can assume that for
nj € By, zf,]_ # z{‘,j . We can also assume that an orientation of E is fixed and
that for n; € By, {z} }%_, appears in the order z, < z; <--- <z} .

Define ¢ = min{d(z;, z;): i # k; i,k € {l,...,6}}. According to 3.1,
there is a positive integer Ny such that if n; > Ny and i € {1,..., 5}, then
f"f[zf,j, zf,jt‘] is &/2-dense in G. In addition, Ny can be chosen large enough
so thatif n; > Ny and i€ {1, ..., 6}, d(z;, zf,j) < ¢/4. Then for n; > Ny,
the sets {[z;',j , zfpj“‘ 1}i=1,3,s are pairwise disjoint intervals, and each maps under
f" over at least two of the three. It follows from 3.2 that f has a horseshoe.

Suppose then that (ii) occurs. Again we assume that for n; € B,, {x,",j ?=|
appears in the order x; <x7 <---<xf .

Claim 2. There is an infinite set B3 C B, so that for at least one i-value i,
the collection {[xf;’,j , x,’,‘;fl]}m ,eB, 1s an infinite collection of pairwise disjoint
intervals.

Proof of Claim 2. For each nj € B, and i =1 to 5, the limit point x can
be in at most two of the intervals [x; , x;']. It follows that for at least three
i-values, x ¢ [x,’;j , x};j'] for infinitely many n;’sin B,. Let iy be an i-value
for which this is the case and choose m; to be the smallest element of B, with

lo*+1]1 " Suppose that m; < m, < --- < m; have been inductively

X ¢ [xllgl ’ xml " -
chosen so that {[x,, x,’,‘{f']}j;l is a pairwise disjoint collection of intervals

and x ¢ Uf=1{[xf3j,x,"3j“]}. Let &, = min{d(x, x13,), d(x, x15"")}. Choose
Ny sothatif nj > Ny and n; € By, then d(x, x,’;,_) < d for i =1 to 6. There
is a least element my, of B, satisfying my,, > N, and x ¢ [x,.,, X, ]
Then [x33,,,, xai i 1N [US_ [xi, , X' 11 = @, and x ¢ U2 [xis,, xit'].

Let B3 = {my}xecz+ defined above; Claim 2 is proved.

Claim 3. Suppose there are m;, my, n;, ny € By such that n; # n,,
m; #n; for i, je{l,2} and

[, 'l g fU e, x9t'] for j=1,2

(where ip is as in Claim 2). Then f has a horseshoe.

Proof of Claim 3. Let I, = [x53, , x;+'] forall my € By. Since f™~™(x;)
= x,’;‘;j for j =1,2, fA™[l,] 2 E\Ip,;. In particular, for j = 1,2, I, U
In, C f=™i[l,,]. It follows from 3.2(b) that f has a horseshoe and Claim 3
holds.

Recall that for m; € Bs, {x,",,j 6, is contained in the fixed edge E. Ac-
cording to Claim 3, if f does not have a horseshoe, there is m; € B3 such that
for k>i>j, I, C f™~™[l,,]. Without loss of generality this holds for all
m;, myg e Bj.

Claim 4. Suppose that there is n € Z* and m; € B3 such that E C
f ”[x,’}?i , x,’}‘;fll. Then f has a horseshoe.

ig+1

Proof of Claim 4. Again let I, = [x%, , x;%7']. According to Claim 3, we

can assume that f™+~"[l,, ] 2 I, and f™=~"i[ly,,] 2 I;m;. But then
E C frm=mi+n[L, 1, and E C fmw=m+n[L, 1. It follows from 3.2(b) that
f has a horseshoe.
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Claim 5. There is a € E with |f~"(a)|=1 forall ne Z+.
Proof of Claim 5. For each m; € B3 define

Ime= U fmx xit.

m;>my ,m;€B;

Then J,,, is connected and so cl(Jp,) is a subcontinuum of G.

For n € Z*, let m, be the least element of B3 such that n < m; and
let J, = f™="[Jy,]. Then cl(J,) is a subcontinuum of G, and f[J,41] =
Jn. Define J = {(z0, z1,...)|zn € M(Jn), zn = f(2n+1)}. Then J is a
subcontinuum of (G, f) containing {x‘}% ,, thus J = (G, f). Since f is
onto, I, [J]=cl(J,) =G.

Suppose that for some n, J, O E. Let m; be the smallest element of B;
with my > n. Then f™"[J,]=J, 2 E. But J,, is the union of nested
continua so there is m; € By with m; > my and f™~"[f™i~ '”k[xmj x,’,‘:f']] 2
E . But then f™—" [x‘° x,’,‘:fl] D E, contradicting the choice of iy. So E ¢ J,
for any n. But J, is connected and cl(J,) = G, so for each n there is a set
F, = G\J, with |F,| < k, where k is the cardinality of the largest discrete set
that can be removed from G without disconnecting the remaining subgraph.
Since f[Jps1]l = Jn, fTUF2) C Fuy1, and so |F,| < |Fyy1| < k. Then there is
a positive integer Ny so that if n > No, |Fu| = |Fus1|. That is, for n > Ny
and a€ F,, |f~'(a)| =1, thus |f~%(a)| =1 for k > 0. Since F,NE # 2,
Claim 5 holds.

According to the proof of 3.3(i), a is periodic and f~"(a)NE C {a} for all
n>0.

Claim6. For 1<i<6 and neZ*, x}njaéa.

Proof of Claim 6. Suppose that there are j < 6 and n € Z* such that
Xy =a. Since f~"(a)NE C {a} forall ne Z*, x}, =a forany my € B;.
It follows that if i # j, x. # a for any n € Z*, for otherwise x/ = x’. Let
no be the period of a, and choose m € Z*+ and V an open neighbourhood
of a such that f™®[V']C V. According to 3.3, the set V' can be chosen small
enoughsothat VN{x;:i=11t06, i#j, 1<k <mno}=2. Thenfor i#j,
X}, & V for my € By. Recall that for each i, {x}, : m; € B3} converges to
the same limit point x . Apparently x = a, and thus there is a positive integer
Ny so that {x,",,k: my € By, mj > Ny, i <6} C V. This is a contradiction to
the construction of V', and Claim 6 holds.

Then the open neighbourhood V' of a can be chosen so that f™™[V]C V
and VN{xj:i=1106, 1<k <mny}=2. As above, x,",, ¢ V for mj € B;
and i < 6. That is, for each m; € B3, [x}, x’*'] C E\V except for possibly
one i-value, and for that i-value V C [x,",,j, x";‘]

Choose ¢ > 0 so that the ¢-ball centered at a is contained in V', and choose
N, large enough so thatfor i =1 to 5, mj € B3 and m; > N, f’”f[x,’,, x'“]
is e-densein G. Foraﬁxed m; , the interiors of the intervals [x,’,, , x’“], .1 are
disjoint, hence a € f™i[x;, g9 x‘+j‘] for at most one i-value. For the remaining
four i-values, E\V C f™ [x,",,j , x},j;_‘] , and according to the previous paragraph,
for at least three of these, [x};,j , x,",;;'] C E\V . Since at least two of the three
intervals [x;, , x;+'] are disjoint, f has a horseshoe. O
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For maps of the interval, the existence of an n-horseshoe follows easily from
the existence of a 2-horseshoe—given an interval I mapping over intervals J
and K, there are disjoint subintervals I, and I; of I mapping over J and
K respectively, etc. As is clear from the above proof, the latter statement need
not hold for maps on circles or finite graphs, thus the existence of n-horseshoes
and the “monotone” horseshoes of 3.5 requires some details.

Theorem 3.4b. Suppose that f is piecewise monotone and that (G, ) is inde-
composable. Then f has an n-horseshoe for any positive integer n .

Proof. We trace the proof of 3.4 to ensure that at each point that a horseshoe is
produced, an n-horseshoe can be produced. First, it is clear that the size of the
original irreducible set can be as large as desired, and the cases (i) and (ii) in
the first paragraph can be witnessed by sets of any finite size. Case (i) follows
immediately from 3.2(a).

The appropriate generalization of Claim 3 is the following:

Claim 3b. Suppose that for the positive integer n, there are disjoint subsets
{mi:1<i<n}and {n;:1<i<n, nj#n; for i # j} of B; such that for
each i,

[xio , x2S, xt'].
Then f has an n-horseshoe.

As with Claim 3, this follows from 3.2(b).

Then if f does not have an n-horseshoe, there is m; € B3 such that for
k>i>j, E\I,, € f™~mi[l,,]. Without loss of generality this holds for all
m;, my € B;.

Claim 4b. Suppose that there is np € Z* and m; € B4 such that £ C
frolxm, , x,’,?f‘]. Then f has an n-horseshoe.

Proof of Claim 4b. Again let I, = [xs,, x,’:’,;“']. As in the proof of 3.4,
Sfrmizmitno[I,, 12 E for 1 <i<n,and Claim 4b follows from 3.2(b).

The proofs of Claims 5 and 6 need no changes, and the neighbourhood V
of the fixed point a can be constructed so that for some fixed m; and as large
a set of i-values as desired, [x;, , x;t'1 C E\V C f™[x,, , Xm!]. Then f has
an n-horseshoe. 0O

Note that the horseshoe constructed in 3.4 or 3.4b has all intervals contained
in a single edge without branch points.

An interval I maps monotonely over the interval J under f if there is
a subinterval K of I such that f[K] = J. A horseshoe {I,, I} for f is
monotone with respect to f" if for i, j =1, 2, there are subintervals I;; of
I; such that f"[lij] =1;.

Corollary 3.5. Suppose that f is piecewise monotone and (G, f) contains an
indecomposable subcontinuum. Then f has a monotone horseshoe.

Proof. Since (G, f) contains an indecomposable subcontinuum, (G, f) con-
tains an indecomposable subcontinuum H invariant under fr for some n €
Z* . The inverse limit spaces (G, f) and (G, f") are homeomorphic; let H,;
be the image of H under the natural homeomorphism, and let J = Ily[H;].
Then J isinvariant under f",and g = f"|; is piecewise monotone, so accord-
ing to 3.4b, g hasa 3-horseshoe {I,, I, I3} with I;Ul,Ul; C E for some edge
E of J having no branch points. Then each of /; maps monotonely under g”
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over at least two of I;, I, and I3, where m is the positive integer witnessing
the horseshoe. Since the property of mapping monotonely (under some iterate)
is transitive, arguments identical to those in the proof of 3.2 imply that at least
two of I, I, I; form a monotone horseshoe with respect to g2™ . But this
monotone horseshoe will also be a monotone horseshoe for f on G. O

We can now deduce a “stability” result for piecewise monotone functions on
finite graphs.

Corollary 3.6. Suppose that f: G — G is piecewise monotone and that (G, f)
contains an indecomposable subcontinuum. If g is any continuous map on G
sufficiently close to f, (G, g) contains an indecomposable subcontinuum.

Proof. According to 3.5, f has a horseshoe {I;, I} monotone with respect to
f" for some positive integer n. By using the monotonicity of the horseshoe
repeatedly, one can find four subintervals J;, J,, J3, Js of I, such that
fJi1=1, for i=1 to 4. For some ¢ >0 and i-values i;, i, the distance
from J;, to the endpoints of I is larger than ¢ for j = 1, 2. Without loss
of generality, if an edge E’ of G is not contained in I, there is x € E’ such
that d(x, I;) > ¢, where d(x, I,) refers to minimal arc length. Suppose that
d(f’", g*) <e. Since f*[J;1=1;, g3[J;,]2 J, UJ;, for j=1,2. That
is, g has a horseshoe. According to 2.5, (G, g) contains an indecomposable
subcontinuum. 0O

4. POSITIVE ENTROPY — INDECOMPOSABLE SUBCONTINUUM

Suppose that f: X — X is a map of the compact metric space X with
metric d. For n € N and ¢ > 0, aset E C X is (n, ¢)-separated under
f provided that for distinct x, y € E, there is a k such that 0 < k < n
and d(f*(x), f*(y)) > ¢. Given A C X, let E(n,e, A) be a subset of 4
of maximal cardinality that is (n, ¢)-separated under f. Let A(f, 4, ¢) =
limsup,_, . (log#E(n, ¢, A))/n, and h(f, A) = lim,_oh(f, A, €). The topo-
logical entropy of f is then h(f) = h(f, X). (There are several equivalent
definitions of entropy; see, for example, [AKM] or [Bo].) We review here a few
facts about entropy:

(i) hA(f) is independent of (equivalent) metric;

(ii) for n > 1, h(f*) = nh(f);

(iii) if f is a homeomorphism, A(f~') = h(f); )

@(v) if f: (X, f) = (X, f) is the induced homeomorphism then A(f) =
h(f);

(v) if f: G — G is a homeomorphism of a finite graph G then A(f) =0;

(vi)if f: X - X and g:Y — Y are maps of the compact spaces X and
Y and p: Y — X is a continuous surjection such that fop = po g, then
h(g) < h(f) + sup,ex h(&lp-1(x)) and

(vil) A(f) =h(f, Q(f)), where Q(f) = {x € X| for each neighbourhood
U of x thereis n > 1 such that f*(U)NU # @} is the nonwandering set of

f.
Of the above, (i), (ii), (iii), (vi) and (vii) can be found in [Bo]; (iv) is in [G]

and [Ba]; (v) follows from (ii) and the like results in case G is an arc or circle
[AKM].
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In the following, £ will denote the decomposition space of Theorem 1.1
associated with (X, f) with induced homeomorphism F:¥% — & .

Lemma 4.1. If h(f) > 0 and (G, f) contains no indecomposable subcontin-
uum with nonempty interior, then there is £ € & that is periodic under F and
for which h(f, g~(£)) > 0.
Proof. Wehave 0 < h(f)=h(f)=h(f~")<h
by (iii), (iv) and (vi) above. Since A(F~') =0 (
that h(f-!, g~1(£)) > 0.

If it were that lim;_,., diam(IT,[g~!(£)]) = 0, then

lim diam(/~"[g~'(£))) =0

and it would follow that A(f~!, g=1(¢)) = 0. Thus lim,_,. diam(IT,[g~1(£)])
# 0, and there is a p € G such that p € II,[g~!(&)] for infinitely many n.
According to the remark following 2.10, £ is periodic under F, say of pe-

riod n. Then 0 < h(f~", g7'(€)) = (1/mh(f~"g-1q)) = (1/MA(f"|g-1y) =
h(f,g7'(). O

By an n-od we will mean a space which is the union of n arcs 4;, 4,, ...,
A, and which contains a point p such that 4;nA4; = {p} for i # j. Itis clear

that if f: X — X is a homeomorphism of the n-od X and x is a periodic
point of f then the period of x divides n!.

Lemma 4.2. Suppose that f: X — X is a map of the n-od X and that h(f) >
0. Then (X, f) contains an indecomposable subcontinuum.

Proof. According to 3.2 of [BI], if A(f) > O there are positive integers r and M
such that Per(f) = {m|f has a periodic point of period m} 2 {mr|m > M}.
In particular, f must have a periodic point, say x, of period pr where p is
a prime larger than n!. Let x be a corresponding point in (X, f) of period
pr under f .

Suppose that (X, f) is hereditary decomposable. It is a consequence of
Theorem A of [Ro] that & is a tree with no more than n endpoints, hence
the period of every periodic point of F divides n!. In particular, if £ € &
contains x then the period n; of ¢ divides both n! and pr. Since p > n!
and p is prime, n; must divide r.

Let X, = Ilp[g~!(£)], where g: (X, f) — & is the quotient map, and let
Sfi = fMx,: Xi — Xi. Then (X, f) contains a periodic point of period
p(r/n;y) under f; and X, is an /;-od for some /; < n. Let & be the de-
composition space of (X;, f;) and let F,: % — % be the homeomorphism
induced by f; (note that (X;, f;) is homeomorphic with the subcontinuum
g7 1(&¢) of (X, f) and thus is hereditarily decomposable). Let &, € &, contain
a point of period p(r/n;) under fl . Then, as above, the period n, of & under
F, divides r/n, .

Proceeding in this manner, we define a strictly decreasing sequence X; of
l-ods, [y < n, and positive integers n;, such that f, = f™m" "|y  maps Xi
onto X; and n,---n; divides r. It must be the case that for some K, n; =1
forall kK > K. Thus if Xo =(;>; Xk then X isan /.-od for some positive
integer I, < N, foo = fM™ |y maps Xo, Onto X, and in X, there is
a periodic point of period p(r/n;---ng) under f .

(F7') + supges A(f ", £7'(2))
(v) above), there is & € & such
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This process can be continued with transfinite induction as long as the
(Xa, fo) are hereditarily decomposable. Since (X,, f,) is homeomorphic to
a subcontinuum of (X, f) and thus is hereditarily decomposable, the process
continues indefinitely. Now for a < B, Xz is proper in X, unless X, is
a single point. Thus there must be a (countable) ordinal a such that X, is
a single point. But X, contains a periodic orbit of period some multiple of
p > 1, and this is not possible. Thus (X, ) must contain an indecomposable
subcontinuum. 0O

Theorem 4.3. Suppose that f: G — G is a map of the finite graph G and that
h(f)>0. Then (G, f) contains an indecomposable subcontinuum.

Proof. As in the proof of 4.2, suppose that (G, f) = (Gp, fo) is hereditar-
ily decomposable. Let % be the decomposition of (Gp, fy) with quotient
map g: (Go, fo) — % and Fy: & — % the homeomorphism induced by
fb. According to 4.1, there is a periodic (under Fy) point & € % such that
h(fo, g7 '(¢)) > 0. Let n; be the period of &, let G; = Ip[g~'(¢)] and let
fi = f3'l,- Then G, is a proper subcontinuum of Gy, f; maps G, onto
G, (Gy, f) is homeomorphic with g~!(£) and hence is hereditarily decom-
posable, and h(f}) = h(f}) = mh(f, g71(¢)) > 0. Continuing in this way
we define a strictly decreasing sequence of graphs Gy 2 G; D G, D ---, posi-
tive integers ng = 1, ny, ny, ..., and maps f, = f"""™|g : Gy — Gy such
that A(fi) > 0 for all k. For each k > 1, G, = Ilg[g~!(&)] where ¢ is
an element of the decomposition space ,_, of (Gy_;, fr—;) periodic of pe-
riod n; under the induced homeomorphism F,_,: & _; — %,_,. Thus the
subcontinua f/_,(Gy) of G, r = 0,..., n, — 1, are pairwise disjoint and
Srmem(Gy) = fi(Gr) = G .

Now if the sequence {n;n;---ni}2, is unbounded there mustbea k and an
r,0<r<nny---ng,suchthat f/(Gy) =1 isanarc (G is a finite graph), and
Smmeem | I — [ has positive entropy. But then f™ "7 has a horseshoe in 1
[Mi] and thus by 2.4 (G, f) has an indecomposable subcontinuum, contrary
to our assumption.

Thus the sequence {n,n;---n;}z2, must be bounded and there is a K such
that n, =1 forall kK > K. Now Gk D Gk, O Giyo--- is a strictly decreasing
sequence of finite graphs, each invariant under fx . Since G has only finitely
many branch points, there are / and n such that for each s > 1, Gg,/\Ggiys
is a finite disjoint union of half-open arcs 4}, i=1,..., n, with 45 C 4! for
s <r.Let Go =2, Gk . Then G is a subcontinuum of G invariant under
fk and Gg,,\G is the disjoint union of half-open arcs 4,, i =1,...,n,
where 4; = J,, 4] .

Let X be the quotient space Gk,;/G and let t: X — X be the map
induced by fx,;: Gxy; — Gk, . Note that Xis an n-od. We consider two
cases.

Case 1. h(t) > 0: Then (X, ?) contains an indecomposable subcontinuum
by 4.2. But p: (Giys, fiws) — (X, 1) defined by p(xo, xi,...) = (P(x0),
p(x1),...), where p: Gg,; — X is the quotient map, is a monotone sur-
jection. It follows that (Gg,;, fx4;) must also contain an indecomposable
subcontinuum, contrary to the assumption that (G, f) is hereditarily decom-
posable. (If H C (X, t) is indecomposable, then p~'(H) is a subcontinuum
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of (Gk41, fx+1) and if C is a continuum in p~!(H) irreducible with respect
to the property that p(C) = H, then C is indecomposable.)

Case2. h(t) =0: In this case, since p: Gg,; — X semiconjugates fx,; with
t and p is one-to-one off G, it follows from property (vi) of entropy listed at
the beginning of this section that A(fx,/l¢..) > 0. Let fo = fxsilo,: Goo —
G . Then h(f.) > 0 and we may inductively define subcontinua G, and
positive entropy maps f,: G, — G, for all ordinals «, as above. But for a <
B, Gg is proper in G, unless G, is a single point. Thus for some (countable)
ordinal a, G, is a single point. But then A(f,) = 0, a contradiction. Thus
(G, f) must contain an indecomposable subcontinuum. 0O
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