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BEST COMONOTONE APPROXIMATION

FRANK DEUTSCH AND JUN ZHONG

ABSTRACT. A general theory of best comonotone approximation in Cl[a, b] by
elements of an n-dimensional extended Chebyshev subspace is described. In
particular, theorems on the existence, (in general) nonuniqueness, and charac-
terization of best comonotone approximations are established.

1. INTRODUCTION

Let C[a, b] denote the Banach space of all real-valued continuous functions
on [a, b] endowed with the uniform norm: | f]|| = sup{|f(?)||t € [a, b]}. Let
C’[a, b] be the subspace of C[a, b] consisting of all r-times continuously
differentiable functions on [a, b]. A function f € C""![a, b] is said to have a
zero of multiplicity r atapoint ¢ € [a, b], if f)(t)=0, i=0,...,r—1. An
n-dimensional subspace M of C(*~V[a, b] is called an extended Chebyshev
subspace if every nontrivial function in M has at most n — 1 zeros (counting
multiplicities). The prototype of such a subspace is Il,_;, the subspace of
polynomials of degree at most » — 1. For another example, let a; < -+ < a,
be real numbers. Then E, = {}_}_, c;e*!| ¢y, ..., cn are real numbers} is an
n-dimensional extended Chebyshev subspace.

A function f € Cla, b] is called piecewise monotone if there is a partition
of [a, b] (into a finite number subintervals) such that f alternately increases
and decreases on these subintervals. A function p is said to be comonotone
with f if p increases (resp., decreases) on those subintervals where f strictly
increases (resp., strictly decreases). Note that there is no restriction on p for
those subintervals on which f is constant. Equivalently, p is comonotone with
S if for each ¢ € [a, b] which is the end point of a subinterval I, on which f
is strictly monotone, then p is monotone on I, (in the same sense as f).

We should mention that the term “piecewise monotone” was defined by New-
man, Passow, and Raymon [7] as follows: f € C[a, b] is “piecewise monotone”
if f has only a finite number of local extrema. But this is equivalent to say-
ing that [a, b] can be partitioned into subintervals on which f is alternately
strictly increasing and strictly decreasing. Thus, such a function is piecewise
monotone in our sense as well. The term “comonotone” was also defined in
[7] for functions which are “piecewise monotone” in the sense of [7]: a poly-
nomial p is “comonotone” with f if it increases and decreases simultanously
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with f. Again such a p is comonotone in our sense as well. The main reason
we wish to use our somewhat more general definitions of piecewise monotone
and comonotone is that we can prove characterization theorems in this larger
class. Note, in particular, that a constant function is piecewise monotone in our
sense, but not in the sense of [7].

For a given positive integer #, let M be an n-dimensional extended Cheby-
shev subspace of C[a, b] containing constant functions. Let f be piecewise
monotone and

Cu(f):={p € M| p is comonotone with f}.

Note that Cy/(f) # @ since Cy(f) contains all constant functions. An element
p € Cy(f) is called a best comonotone approximation to f provided that

If =pll =d(f, Cu(f)) := inf{|lf - ql|: g € Cu ()}

In the case that M =II,_;, various “Jackson-type” results (i.e., upper bounds
on d(f, Cyq(f))) were investigated in [7], [8], [9], and [6].

In this paper we study the problems of the characterization and uniqueness
of best comonotone approximations. In §2 we give two such characterizations
(see Theorem 2.5 and Theorem 2.6). Such characterizations should be useful
for the actual computation of best comonotone approximations. Less detailed
characterizations may be obtained from the results of Deutsch and Maserick [2]
and Dunham [3]. In §3 we show that these characterization theorems can be
significantly improved in the special case when M =II,_; . In §4 we show that
best comonotone approximations are not unique in general. This is in marked
contrast to the case of best monotone approximations (see [4]).

2. CHARACTERIZATION OF BEST COMONOTONE APPROXIMATIONS

Throughout this section, we assume that M is an n-dimensional extended
Chebyshev subspace of C[a, b] which contains constant functions.

We first note that the existence of best comonotone approximations to each
piecewise monotone function f € Cl[a, b] is always guaranteed. This follows
from the fact that Cy(f) is a closed convex cone in the finite-dimensional
subspace M .

If Cup(f) consists of only constant functions, then the problem of best como-
tone approximation reduces to the problem of best (unconstrained) approxima-
tion from the subspace of constant functions. Since this case is well-known and
easy, we shall assume henceforth that Cy/(f) contains nonconstant functions.
Let My(f) = span{Cuy(f)}. Assume that ®,, ..., ®; are linearly indepen-
dent elements in Cy(f) so that My(f) = span{®;, ..., ®;}. It is obvious
that dim My(f) = k > 2. Throughout this paper, we shall always assume that
=0, +.--+ ;.

Lemma 2.1. Let f be an arbitrary piecewise monotone function and S(f) =
{x € [a, b] | f is strictly monotone in (x —J,x] or [x,x + &) for some
0 >0}. Forany q € My(f),

F(x):=1lim q(t) —a(x)

t=x O(t) — O(x)
exists for each x € S(f). Furthermore, F is continuous on S(f).
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Proof. Assume that S(f) # @. Then it is easy to see that ® is not a constant
function. Let x € S(f). Without loss of generality, we may assume that f is
strictly monotone on [x, x +J) for some d > 0. If g € My(f), we may write

qg= 21“:1 ¢i®;. Thus for all ¢t € (x, x +J), we have

q(t) — 4(x) ‘ _ Xk al®i) - @)
(1) -0(x)| ¥k |0() - <bi<x>|

k k
|‘Dz(1
< Ci <

;l | i=| |(Di(t) - :(x)| Z=:

Let g = ® — ®(x). Since M contains constant functions, g € M. Now
since M is an n-dimensional extended Chebyshev subspace and g is not a
constant function, there is an integer 1 < w(x) < n—1 so that g®®)(x) =
Ow)(x) # 0 and g)(x) =0 for 0 < i < w(x)— 1. It follows from (1)
and the Mean Value Theorem that ¢()(x) =0 for 1 < i < w(x)— 1. Hence
L’Hopital’s rule implies that

a(t) - a(x) _ 4" ()
F(x) =1 5 =00 = So(y)

Thus F(x) exists for each x € S(f).

Let x; € S(f) and x; — xp € S(f). Since O (xq) # 0, there is a
neighborhood U(xg) of xp such that ®®X))(¢) £ 0 for all ¢ € U(xp). Thus
w(x;) < w(xp) if j is large enough so that x; € U(xg). Since 1 < w(xj) <
n — 1, there is a subsequence of {x;}, still denoted {x;}, so that w(x;) =w
for j=1,2,.... It follows by L’Hopital’s rule that

. gD (x;) . q®(x;) | g (xp)
jlggo F(x;) = }Hgo PE(x,) ,L“Qo D) (x;) ~ PW) (xq)

This means that for any sequence {x;} with x; — X, there is a subsequence
{xv} of {x;} so that lim,_,. F(xy) = F(xo). Thus F is continuous at xp.
This completes the proof. 0O

(1)

= F(xp).

Now fix an arbitrary piecewise monotone function f € C[a, b]\M . For any
D € Cy(f), we define certain subsets of [a, b] as follows.
Xu(p) ={x€la, b]l| f(x)—p(x)=|f-pll},
X-1(p) ={x €la, b]| f(x) —p(x)=-|f -pll},
p(t) —p(x) }
X(p) = €la,b]|xeS andlm——————O.
o) = {x € la. 011 x (1) and fim ZA=ED
Next define a function g, =0, , on X,(p)UX_;(p) as follows.

I ifte X)),
al(t)=al,p(t)={_l e Xl

if t € X_1(p).
Lemma 2.2. The set
1 @O =B Bl - D)
c={(im S5 =atr Imaa—aw )| < X0}

is compact in Rk .
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Proof. Since X(p) is a compact subset of S(f) and foreach i=1,...,k,

. Di(1) — Pi(x)
i B0 —o00)

is continuous on S(f) by the preceding lemma, C is compact. O

Lemma 2.3. Let f € Cla, b] be piecewise monotone and p € Cy(f). If q €
My(f) satisfies

F(x) = lim a0 =4X) o frall x e X(p),

t=x P(t) — O(x)
then there exists Ao > 0 such that p + Aq € Cy(f) forall 0 <A< Ap.

Proof. Let q; = p + Aq. Let {[a;, bi]}icp be the set of all the intervals on
which f is constant, i.e.,, f(f) = ¢; for some constant ¢; and for ¢ € [a;, b;],
but f(t) #c¢; if t € (ai—9,a;)VU(b;, bi +J) for some small 6 > 0. Denote
T(f) ={ai, bi}iep - We consider the following five cases.

Case 1. If x € X(p)\T(f), then f is strictly monotone on both a left
neighborhood and a right neighborhood of x and F(x) > 0. Since F is
continuous on S(f), there exists a neighborhood Ay = (x —J, x +J) of x so
that F(y) >0 forall y € A, and f is strictly monotone on (x —dJ, x) and
(x, x +d). From this and the fact that f is comonotone with ® on Ay, we
see that ¢ is comonotone with f on A, . This implies that g; is comonotone
with f on A, forall 1>0.

Case 2. If x € X(p) N T(f), without loss of generality, we may assume that
f is strictly monotone on a left neighborhood of x and is constant on a right
neighborhood of x, and F(x) > 0. By continuity of F on S(f), there exists a
neighborhood A, = (x—4, x+4J) of x sothat F(y) >0 forall y e (x-4, x),
f is strictly monotone on (x —d, x), and f is constant on (x, x +6). From
this and the fact that f is comonotone with ® on (x —J, x), we get that g
is comonotone with f on (x —d, x). On the other hand, since f is constant
on (x,x+d), g is comonotone with f on (x, x +J). This implies that g;
is comonotone with f on A, forall A > 0.

Case 3. Denote A; = (a;, b;) for i € D. Since f is constant on {J;cp A,
g, is comonotone with f on (J;cpA; forall A>0.

Case 4. If x € ([a, b\[U;ep Ai U {Ax: x € X(p)}D\T(f), then f is strictly
monotone on both a left neighborhood and a right neighborhood of x and

— i 2D —D(X)
Q(X) = }l_l"l'} m > 0.

By continuity of F and Q on S(f), there exist a neighborhood A, of x and
Ax > 0 so that

Q) +4AF(y)>0
forall yeA,, 0<A<4,,and f is strictly monotone on A, . It follows that

() —n)
o0 - o))

forall ye A, and 0 < A < A4,. Thus g; is comonotone with f on A, for all
0<A<i.
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Case 5. If x € ([a, b\[U;cpAi U {Ax: x € X(p)}]) N T(f), without loss of
generality, we may assume that f is strictly monotone on a left neighborhood
of x and is constant on a right neighborhood of x, and Q(x) > 0. Since F
and Q are continuous on S(f), there exist a neighborhood A, = (x—4J, x+9)
of x and A, >0 sothat Q(y)+AF(y) >0 forall ye (x—4J, x), 0 <A< Ay,
and f is strictly monotone on (x —J, x) and is constant on (x, x +4). It
follows that 0 )

. Q\l) - @)

Mo -op)
forall ye (x —d,x) and 0 < A < A,. Thus g; is comonotone with f on
(x —d,x) forall 0 < A < A,. Since f is constant on (x,x +d), g, is
comonotone with f on (x, x +d). This implies that g; is comonotone with
fon A, forall 0 <A<A,.

Combining Cases 1, 2, 3, 4, and 5, we have that for any x € [a, b], there
exist a neighborhood A, of x and A, > 0 such that ¢; is comonotone with
fon A, forall 0 <A<A,.

Now from the open cover {Ay}cia,s Of the closed interval [a, b], we may
select a finite subcover {Ay, ,...,Ax}.

Let Ao = min{Ay,, ..., Ay }. Then it is easy to see that g; is comonotone
with f on [a, b] forall 0 <A< 4.

Therefore g, € Cy(f) forall 0<A<4y. O

Lemma 24. Let f € Cla, b] be piecewise monotone and p € Cy(f). Then p
is a best comonotone approximation to f if and only if there exist s distinct
points Xy, ..., Xs € X_1(p) U X;1(p), where 1 < s < n+ 1, and s positive
constants Ay, ..., As such that

N
Y Ao (x)lg(xi) —p(x)]1 < O for all g € Cy(f).
i=1
Proof. The lemma follows immediately from Corollary 2.6 in [2] and the well-
known fact that the extremal points of the unit ball in the dual space of Cla, b]
are (plus or minus) the point evaluations. O

Theorem 2.5. Let f € Cla, b] be piecewise monotone and p € Cp(f). Then
the following statements are equivalent:

(1) p is a best comonotone approximation to f .

(2) The origin of R* belongs to the convex hull of the set

B = {01(x)(®1(x), ..., Dr(x)) | x € Xy1(p) U X_1(P)}
. Dy (1) - Pi(x) D (2) —CDk(x)) }
U{(?‘-‘i‘} D) B0 R e — 8 )| * < XP)y)-
(3) There exist s constants A; >0, i=1,...,s, and s distinct elements
{xi}2) C Xua(p) UX-1(p), {xi}ig41 € X (), where 5o > 1 and s <k +1,
such that

& ~ 4t =) _
g}*ial(xi)q(xi) + Ai 11_1_{2 ) o) 0

i=so+1

Jor all q € My(f).

Proof. (1) = (2): Assume that the origin of R* does not belong to the convex
hull of B. By Lemma 2.2, B is a compact set in R¥. Therefore it follows
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from the Theorem on Linear Inequalities [1, p. 19] that there is a ¢ € My(f)
such that
o1(x)g(x) >0 if x € X;4(p) U X_1(p),
o (- a)
. q(t)—q(x .
}l_tg (1) — () >0 ifxe X(p).

Let g;(x) = p(x) + Ag(x). By Lemma 2.3, there exists 4o > O such that
g, € Cy(f) for all 0 < A < 4p. Now since a;(x)[g:(x) — p(x)] > 0 for
all x € X_,(p) U X;1(p), it follows from Lemma 2.4 that p is not a best
comonotone approximation to f.

(2) = (3): Let the origin of R* belong to the convex hull of B. By the
Theorem of Carathéodory [1, p. 17], there exist s constants 4; > 0, i =
1,...,s,and s distinct elements {x;}}*, C X;;(p)UX_1(p) and {x;}{_;,, C
X(p), where s <k + 1, such that

S0 | | | s e ) —gq(xi)
2 A+ D )
for all ¢ € My(f). Since ® € My(f) and
D(1) — P(xi)

im ———————~ = f | =
}Ln)}i () —D(x) 1>0 foralli=sp+1, , S,
it follows from the preceding equation that sy > 1.

(3) = (1): It is easy to see that if g € Cy(f), then

. q(1) —q(x)
— > .
) lim o~y 20 forall xe X()
Assume that there exist s constants 4, >0, i=1,...,s, and s elements

{xi}2y € Xpa(p) U X-1(p), {xi}j_s41 € X(p), where 5o > 1 and s <k +1,
such that
S0 S
. t) —q(x;
() S ko) + 3 4 fim G gon =0
=

i=so+1

for all g € My(f).
Then it follows from (2) and (3) that for any g € Cy(f), we have

Y Aioi(xi)la(xi) = p(xi)]

i=1

&, a0 = p(0] - [a(x) - p(xp)]
== 2 4ilim (1)~ D(x,)

By Lemma 2.4, p is a best comonotone approximation to f. O

Theorem 2.6. Let f € Cla, b] be piecewise monotone and p € Cp(f). Then
p is a best comonotone approximation to f if and only if there exist s elements
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{xi}2) € Xp1(p)UX_1(p) and {x;}i_, ., C X(p), where so>1 and s <k+1,
such that no q € My(f) satisfies the following equations
o1(xi)q(x;)) >0 ifi=1,..., s,
and (0 - ax)
. q(t)—q(x;
% B0 - B(x)
Proof. (=): This follows immediately from (1) = (3) of Theorem 2.5.

(«): This follows from (2) = (1) of Theorem 2.5 and the Theorem of
Carathéodory. O

>0 ifi=s+1,...,s.

3. APPLICATION OF CHARACTERIZATIONS TO II,_;

In this section we shall show that the characterization theorems in §2 have
more detailed descriptions if M =1II,_, . For brevity, let C,(f) := Cn,_,(f).

A piecewise monotone function f is called s-piecewise monotone if s is the
minimal number of subintervals of [a, ] on which f alternately increases and
decreases. While s is uniquely determined by f, the s+ 1 partition points are
not. For example, consider any function f € C[0, 3] which is strictly increasing
on [0, 1], constant on [1, 2], and strictly decreasing on [2, 3]. This function
is - 2-piecewise monotone, but if 0 =ty < ¢; <, = 3 for any ¢, € [1, 2], then
f increases on [to, t;] and decreases on [f, t;]. Clearly, if f is s-piecewise
monotone and g € C,(f), then there exist s — 1 points ¢; in (a, b) such that
q'(t;)) = 0. Since C,(f) contains nonconstant functions, s < n — 1. Therefore
we shall only be interested in approximating functions from the set

Cula, b]:={f € Cla, b]| f is s-piecewise monotone and s < n — 1}.

Let f € Cyla, b]. Recall that f has a strict local extremum at ty € (a, b)
if there exists a neighborhood U of ¢, such that either f(¢) > f(t,) for all
t € U\{to} or f(t) < f(ty) forall ¢t € U\{to}. (Such points were called “peaks”
in [7).) Forany f € C,[a, b], let E(f) denote the set of all strict local extrema
of f. Then the cardinality of E(f), m :=card E(f), is at most n —2.

Lemma 3.1. Let f € Cyla, b]. Then
(x)#0 ifx e S(H\E(S) and D"(x)#0 ifxe E(f).

Proof. Let [a, b] be partitioned into s subintervals [zq, 2], ..., [Zs-1, 2Zs],
where a = zg < z; < --- < zs_; < zg = b, so that z;,..., z;_; are not the
end points of a subinterval on which f is constant and f alternately increases
and decreases on these subintervals. Since f € Cy[a, b], s<n-—-1.

Let

X
¥(x)=0 [ TEZ'(t-zi)dt, where g = 1.
a
Then W € I1,,_, . Itiseasy to see that if we choose 0 = +1 or —1 appropriately,
then ¥ is comonotone with f on [a, b] and

\P,(X)=Un‘;~=_‘l(.x—2i)¢0 ifx¢{zl>“-,zs—l}’
Y'(x)#0 ifxe{zy,..., zs1}.
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It is clear that E(f) C {z;,..., z;}. Hence
Y(x)#0 ifxeS(N\E(S), Y'(x)#0 if x € E(f).
It follows from Lemma 2.1 that
D'(x)#£0 ifxeS(N\E(S), P'(x)#£0 ifxeE(f). O

It follows immediately from Lemma 3.1 and the definition of X(p) that for
any p € Cy(f), if we define

Xi2(p) ={t€la, b\E(f) | P'(¢t) =0 and f is strictly increasing in
(t—0,t]or[t,t+9) for some d >0},
X_5(p) ={t€la, b)\E(f) | p'(t) = 0 and f is strictly decreasing in
(t—d,t]or[t,t+9) for some § > 0},
X.3(p)={t€ E(f)|p"(t) =0 and f has a local minimum at ¢},
X_3(p)={t€ E(f)|p"(t) =0 and f has a local maximum at ¢},

then
X(p) = X2(p) U X_2(p) U X43(p) U X_3(D).

We would also like to define a function g, = g, , on X(p) as follows.

_ 1 ifte Xp(p)UXy(p),
02(t) = 02,(1) = { -1 ifte X_2(p) U X_3(p).

It is easy to see that

oalt) = { sgn® (1) if 1 € X12(p) U X_2(p),

sgn®@”(¢) if 1 € Xy3(p) U X_3(p).

Lemma 3.2. Let f € Cpla,b). Forany q € {q € I, | ¢'(¢) = 0 for all
t € E(f)}, there exists Ay > 0 such that ® + Aoq € Cp(f).

Proof. 1t is easy to see that X(®) = @. A similar proof as in Lemma 2.3 gives
the above result. 0O

Lemma 3.3. Let f € Cpla, b]. Then
Mo(f)={q €1 | q'(1) =0 forall t € E(f)}.

As a consequence, dim My(f) =n —card E(f).

Proof. Let
K={qell,_|4'(t)=0forall t € E(f)}.

It is obvious that My(f) C K. Conversely, for any g € K, it follows from
Lemma 3.2 that there exists 1o > 0 so that ® + Agq € Cy(f) C My(f). Since
® e My(f) and Ao #0, g € Mo(f). Thus K C My(f). Therefore My(f) =
K. O

By Lemma 3.1, Lemma 3.3 and the fact that X(p) = X,2(p) U X_2(p) U
X,3(p) U X_3(p), Theorem 2.5 and Theorem 2.6 have the following improved
versions.
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Theorem 3.4. Let f € Cyla, b)\I1,—,, p € C,(f), and m = card E(f). Then
the following statements are equivalent:

(1) p is a best comonotone approximation to f.

(2) The origin of R*™™ belongs to the convex hull of the set

B={0(x)@1(x), ..., Boom(x)) | X € Xs1(p) UX_1(0)}
y {("—’@ - w) |XGX+2(P)UX—2(P)}

P'(x) D'(x)
@y(x) D_m(x)
(3. ... T2 x e xatyu X))
where {®,, ..., ®,_,,} is a basis for My(f).

(3) The origin of R"™~™ belongs to the convex hull of the set

By = {o1(x)(P1(x), ..., Pn_m(x)) | x € X;1(p) U X_1(p)}
U {a2(x)(P}(x), ..., Pr_m(x)) | X € X42(P) U X_2(p)}
U{a2(x)(P{(x), ..., Ph_m(x)) | x € X13(p) U X_3(p)}.
(4) There exist s constants A; >0, i =1,...,s, and s distinct elements

{xi} € X)) U X_1(p), {xi}iisn C Xe2(P) UX_2(p), and {xi}i_;,, C
X,3(p) U X_3(p), where s > 1 and s <n+1-m, such that

Zl al(x,)q xl) + Z Ai 02(xl q (xl) + Z Aio2(xi)q ( i)=0

i=1 i=so+1 i=s+1

Jorall g € My(f).

Theorem 3.5. Let f € Cpla, b)\I1,—,, p € Cy(f), and m = card E(f). Then
p is a best comonotone approximation to f if and only if there exist s elements
{xi}2 € Xu(p) U X_y(p), {xi}; ieso+1 C Xi2(p) U X-2(p), and {xiti_s+1 C
Xi3(p) U X_3(p), where so > 1 and s < n+1—m, such that no q € My(f)
satisfies the following equations:

U[(Xi)q(Xi)>O l:fi=1a-'-aSOa
oy(x))q' (x;) >0 ifi=so+1,...,s, and
oy(x))q"(x))>0 ifi=s1+1,...,5s.

Example 3.6. Take C[a, b] = C[-1,1] and n = 2. Let f(x) = x*. Then

={0}, Co(f)={a+bx?|a,beR,b>0}, Mo(f)={a+bx2|a, be
R}, and ®;(x) = 1, ®y(x) = x%. For p(x) —1/8 + x2 € Cy(f), it is easy
to check that X, (p) = {—1,0, 1}, X_;(p) = {1/V2, =1/V2}, and X,»(p) =
X_2(p)=X3(p) =X-3(p)=2. Therefore B={(1,0),(1,1), (-1, -1/2)}.
It is obvious that (0, 0) € coB. It follows from (1) & (2) of Theorem 3.4
that p is a best comonotone approximation to f.

4. NONUNIQUENESS OF BEST APPROXIMATIONS

In this section we give an example showing that the uniqueness of best
comonotone approximations in general does not hold.
Consider the spaces C[-1, 2] and IT3. Let p;(x) = 4x3—6x%+1, py(x) =

2pi(x) € I13. It is easy to see that p; has three zeros at ‘"T‘/i , 3,and 1—‘“#
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in [-1,2] and ||p1|| =9. Let f € C[-1, 2] be defined by
(p(x)-9  if —1<x< 154,
%x+10 if'ﬂz§<x§0,
fX)=9 mx)+9 if0<x<i,
i(x)+9  ifl<x <l
() +9  if S cx<2
It is easy to verify that p; and p, are comonotone with f, i.e., p;, p2 €
Cn(f), and f has two strict local extrema 0 and 1 in (-1, 2), i.e., E(f) =
{0, 1}. Therefore
Mo(f)={a €3] q'(0)=4'(1) =0}
={a+b22x3-3x%)|a, beR}.
Now we also have the following facts:
L If=pll=9 and ||f-paf =9.
2. Xi2(p1) = X-a2(p1) = Xy3(p1) = X-3(p1) = 2, and X,42(p2) = X—2(p2) =

Xi3(p2) =X_3(p2) =2.
Since

(550 (15) -5 1) n )
(58)-m(52) - s(5)-n(3)->

we have 1553 € X_y(p1) N X_1(p2) and 4 € X,.1(p1) N X1 (22).
Next we shall show that no g € My(f) satisfies the following equations

(4) q(1—2\/§> <0,

(5) q (%) > 0.

In fact, if g € My(f), then we may write g(x) = a + b(2x3 — 3x2). Thus

4(1_2\/5) =q(%)=a—%b.

This implies that ¢ does not satisfy equations (4) and (5). It follows from
Theorem 2.6 that p; and p, are two best comonotone approximations to f.
We should observe that this function f is also piecewise monotone in the sense
of [7].

Remark. 1t is interesting to point out that if f € C,[a, b] does not have any
strict local extremum, then f has a unique best comonotone approximation in
Im,_,.

In fact, in this case, E(f) = @. Therefore, My(f) = I1,—; and X,3(p) U
X_3(p) = @. Accordingly, from Theorem 3.5 we have the following special
form of the characterization theorem.
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Theorem 4.1. Let f € Cula, b\I1,—,, E(f) = @, and p € C,(f). Then p
is a best comonotone approximation to f if and only if there exist s elements
{xi}l € Xa(p) U X_1(p) and {xi}i_,,, C Xs2(p) U X_2(p), where so > 1
and s < n+ 1, such that no q € Il,_, satisfies the following equations

o1(x))q(x;))>0 ifi=1,...,s, and
o) (x)q'(x)) >0 ifi=so+1,...,5.

Using this characterization theorem, the notion of “free” or “poised” matri-
ces, and the corresponding Birkhoff interpolation problem in much the same
way as in [4] or in [5], one can show that the best comonotone approximation
to f is unique.
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