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BEST COMONOTONE APPROXIMATION

FRANK DEUTSCH AND JUN ZHONG

Abstract. A general theory of best comonotone approximation in C[a, b] by

elements of an «-dimensional extended Chebyshev subspace is described. In

particular, theorems on the existence, (in general) nonuniqueness, and charac-

terization of best comonotone approximations are established.

1. Introduction

Let C[a, b] denote the Banach space of all real-valued continuous functions

on [a, b] endowed with the uniform norm: ||/|| = sup{|/(í)||í £ [a, b]} . Let

C[a, b] be the subspace of C[a, b] consisting of all r-times continuously
differentiable functions on [a, b]. A function / £ C~x[a, b] is said to have a

zero of multiplicity r at a point t £ [a, b], if fi'\t) = 0, z = 0, ... , r - 1. An

«-dimensional subspace M of C(n_1)[a, b] is called an extended Chebyshev

subspace if every nontrivial function in M has at most « - 1 zeros (counting
multiplicities). The prototype of such a subspace is n„_i, the subspace of
polynomials of degree at most n - 1. For another example, let ax < ■■■ < an

be real numbers. Then E„ = {£)"=i c,-eai'| cx, ... , cn are real numbers} is an

«-dimensional extended Chebyshev subspace.

A function / £ C[a, b] is called piecewise monotone if there is a partition

of [a, b] (into a finite number subintervals) such that / alternately increases
and decreases on these subintervals. A function p is said to be comonotone

with f if p increases (resp., decreases) on those subintervals where / strictly

increases (resp., strictly decreases). Note that there is no restriction on p for
those subintervals on which / is constant. Equivalently, p is comonotone with

/ if for each t £ [a, b] which is the end point of a subinterval It on which /

is strictly monotone, then p is monotone on It (in the same sense as /).

We should mention that the term "piecewise monotone" was defined by New-
man, Passow, and Raymon [7] as follows: / e C[a, b] is "piecewise monotone"

if / has only a finite number of local extrema. But this is equivalent to say-

ing that [a, b] can be partitioned into subintervals on which / is alternately
strictly increasing and strictly decreasing. Thus, such a function is piecewise

monotone in our sense as well. The term "comonotone" was also defined in

[7] for functions which are "piecewise monotone" in the sense of [7]: a poly-
nomial p is "comonotone" with / if it increases and decreases simultanously
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with /. Again such a p is comonotone in our sense as well. The main reason

we wish to use our somewhat more general definitions of piecewise monotone

and comonotone is that we can prove characterization theorems in this larger

class. Note, in particular, that a constant function is piecewise monotone in our
sense, but not in the sense of [7].

For a given positive integer « , let M be an «-dimensional extended Cheby-

shev subspace of C[a, b] containing constant functions. Let / be piecewise
monotone and

C\i(f) := {p £ M \p is comonotone with /}.

Note that Cm(/) ^ 0 since Cm(J~) contains all constant functions. An element

p £ Cnf(f) is called a best comonotone approximation to / provided that

||/-/>|| = d(f, CM(f)) := inf{||/- 41 : Q 6 CM(f)}.

In the case that M = n„_i, various "Jackson-type" results (i.e., upper bounds
on d(f, CM(f))) were investigated in [7], [8], [9], and [6].

In this paper we study the problems of the characterization and uniqueness

of best comonotone approximations. In §2 we give two such characterizations

(see Theorem 2.5 and Theorem 2.6). Such characterizations should be useful
for the actual computation of best comonotone approximations. Less detailed

characterizations may be obtained from the results of Deutsch and Maserick [2]

and Dunham [3]. In §3 we show that these characterization theorems can be

significantly improved in the special case when M = Un-X. In §4 we show that

best comonotone approximations are not unique in general. This is in marked
contrast to the case of best monotone approximations (see [4]).

2. Characterization of best comonotone approximations

Throughout this section, we assume that M is an «-dimensional extended
Chebyshev subspace of C[a, b] which contains constant functions.

We first note that the existence of best comonotone approximations to each

piecewise monotone function / € C[a, b] is always guaranteed. This follows
from the fact that C¡n(f) is a closed convex cone in the finite-dimensional
subspace M.

If Cm(J~) consists of only constant functions, then the problem of best como-
tone approximation reduces to the problem of best (unconstrained) approxima-

tion from the subspace of constant functions. Since this case is well-known and

easy, we shall assume henceforth that Cjif(f) contains nonconstant functions.

Let Mq(J~) = span{Cjv/(/)} • Assume that <t>i, ... , Q>k are linearly indepen-

dent elements in Cm(J~) so that Mo(f) = span{0!, ... , <P^} . It is obvious

that dimMo(f) = k > 2. Throughout this paper, we shall always assume that

<p = <I>i -|-h Ofc .

Lemma 2.1. Let f be an arbitrary piecewise monotone function and S(f) =
{x £ [a, b] | / is strictly monotone in (x - 3, x] or [x, x + 3) for some

3 > 0}. For any q £ M0(f),

t (x) := hm -=-7-7—
v   ;       t^x O(t) - <P(jt)

exists for each x £ S(f). Furthermore, F is continuous on S(f).
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Proof. Assume that S(f) ¿ 0. Then it is easy to see that <P is not a constant

function. Let x e S(f). Without loss of generality, we may assume that / is

strictly monotone on [x, x + 3) for some 3 > 0. If q £ Mq(J) , we may write

q = ¿Zi=i Ci<f>i. Thus for all t £ (x, x + 3), we have

(1)

q(t) - q(x)

<D(i) - *(jc)
_\zlxclmt)-®i(x)]\

EÎLil*«(0-*«■(*)

^E \®i(t)-<t>i(x)\ ^E Ci\ < 00.

«■=,    E?=,l*.-W-*«Wi    ,=i
Let g = <P - <P(x). Since M contains constant functions, g £ M. Now

since M is an «-dimensional extended Chebyshev subspace and g is not a

constant function, there is an integer 1 < w(x) < « - 1 so that g^x^(x) =

O^W'tjc) Í 0 and g®(x) = 0 for 0 < i < w(x) - I. It follows from (1)
and the Mean Value Theorem that <?(,)(x) = 0 for 1 < i < w(x) - 1. Hence
L'Hôpital's rule implies that

Ffrl-lim 9(t)-q(x)      q^xHx)
r w     ?™ <D(z) - O(x)     <DM*))(x) '

Thus F(x) exists for each x £ S(f).

Let Xj £ S(f) and x, — x0 £ S(f). Since &w(x°»(x0) í 0, there is a

neighborhood c/(x0) of x0 such that ^""^»(O 7e ° for a11 * € c/(x0). Thus

w(Xj) < w(xo) if 7 is large enough so that Xj £ U(xo). Since 1 < w(xj) <
« - 1, there is a subsequence of {xj} , still denoted {xj} , so that w(xj) = w
for y = 1, 2, .... It follows by L'Hôpital's rule that

lim 7/(x,) = lim *. .  .A '{ - lim  '
y-oo ''       j-.oo<¡>(w(xj))(Xj)       j->oo

("') to) ,(uj(jco»(Jco)

O^Hx,)       *(«»(**>)) (x0)
= ^(JCb).

This means that for any sequence {xj} with Xj —► xo , there is a subsequence

{Xt,} of {x;} so that limv-tooF(xv) = F(xo). Thus F is continuous at Xn.

This completes the proof.   D

Now fix an arbitrary piecewise monotone function / G C[a, b]\M. For any

p £ Cm(J~) , we define certain subsets of [a, b] as follows.

X+X(p) = {x£[a,b]\ f(x)-p(x) = \\f-p\\},

X_x(p) = {x £ [a, b] | f{x) -p(x) = -\\f-p\\}

P(t)~ £i£Uo|
*(x)   T

X(p) = i x £ [a, b] | x £ S(f) and lim

Next define a function ox = ax <p on X+X(p) u X_x(p) as follows.

CTi(í) = cr1;P(i) = | _]
1   ifi £*_,(/?).

Lemma 2.2. The set

C

is compact in

= {(**% i(0-*iW
O(i) - <D(x) <-* o(í)-í>(x) y        v ;j
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Proof. Since X(p) is a compact subset of S(f) and for each i = I,..., k,

t^x O(Z) - <D(x)

is continuous on S(f) by the preceding lemma, C is compact.   D

Lemma 2.3. Let f £ C[a, b] be piecewise monotone and p £ Cm(J~) ■ If q £

Mo(f) satisfies

then there exists ko > 0 such that p + kq £ C¡u(f) far all 0 < k < ko.

Proof. Let qx = p + kq. Let {[a¡, b¡]}¡eD be the set of all the intervals on
which / is constant, i.e., f(t) = c, for some constant c, and for t £ [a¡, b¡],

but f(t) ^ Ci if t £ (a¡ — 8, ai) U (b¡, b¡ + 3) for some small 3 > 0. Denote
T(f) = {di, bi}ieo . We consider the following five cases.

Case 1. If x £ X(p)\T(f), then / is strictly monotone on both a left
neighborhood and a right neighborhood of x and F(x) > 0. Since F is
continuous on S(f), there exists a neighborhood Ax = (x -3, x + 8) of x so

that F(y) > 0 for all y £ Ax and / is strictly monotone on (x - 3, x) and
(x, x + 3). From this and the fact that / is comonotone with O on Ax , we

see that q is comonotone with / on A* . This implies that qx is comonotone

with / on Ax for all k > 0.
Case 2. If x £ X(p) n T(f), without loss of generality, we may assume that

/ is strictly monotone on a left neighborhood of x and is constant on a right
neighborhood of x, and F(x) > 0. By continuity of F on S(f), there exists a

neighborhood Ax = (x-3, x+3) of x so that F(y) > 0 for all y £ (x-8, x),
f is strictly monotone on (x-8, x), and / is constant on (x, x + 8). From
this and the fact that / is comonotone with <I> on (x - 8, x), we get that q

is comonotone with /on (x - 8, x). On the other hand, since / is constant

on (x, x + 8), q is comonotone with / on (x, x + 8). This implies that qx

is comonotone with / on Ax for all k > 0.

Case 3. Denote A, = (a,, b¡) for i £ D. Since / is constant on \JieD A,,

qx is comonotone with / on \JieD A, for all k > 0.

Case 4. If x € ([a, è]\[U,60A, u {Ax: x £ X(p)}])\T(f), then / is strictly
monotone on both a left neighborhood and a right neighborhood of x and

^v  '     i^* <D(r) - O(x)

By continuity of F and Q on £(/), there exist a neighborhood Ax of x and

/I* > 0 so that

Q(y) + kF(y)>0

for all y £ Ax , 0 < k < kx , and / is strictly monotone on Ax . It follows that

iim^;-^>o
t^y <P(Z) - 0(y)

for all y £ Ax and 0 < k < kx . Thus qx is comonotone with / on Ax for all

0<k<kx.
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Case 5. If x e ([a, Z>]\[UieDA, u {Ax: x £ X(p)}]) n T(f), without loss of
generality, we may assume that / is strictly monotone on a left neighborhood
of x and is constant on a right neighborhood of x, and Q(x) > 0. Since F
and Q are continuous on 5(70 > there exist a neighborhood Ax = (x-8, x+8)

of x and kx > 0 so that Q(y)+kF(y) > 0 for all y £ (x-8, x), 0 < k < kx ,
and / is strictly monotone on (x - 8, x) and is constant on (x, x + 3). It
follows that

iim^;¡-^>o
t^y O(t) - <¡>(y)

for all y £ (x - 8, x) and 0 < k < kx . Thus qx is comonotone with / on

(x - 8, x) for all 0 < k < kx .   Since / is constant on (x, x + 8), qx is

comonotone with / on (x, x + 8). This implies that qx is comonotone with

/ on Ax for all 0 < X < Xx .
Combining Cases 1, 2, 3, 4, and 5, we have that for any x £ [a,b], there

exist a neighborhood Ax of x and Xx > 0 such that qx is comonotone with

/ on Ax for all 0 < X < Xx .
Now from the open cover {Ax}xe[a,b] of tbe closed interval [a, b], we may

select a finite subcover {Ax¡, ... , Ax¡} .

Let Xo = min{AXl, ... , XXs} . Then it is easy to see that qx is comonotone
with /on [a, b] for all 0 < X < Xq .

Therefore qx £ CM(f) for all 0 < X < X0.   D

Lemma 2.4. Let f £ C[a, b] be piecewise monotone and p £ Cji/(/)'. Then p
is a best comonotone approximation to f if and only if there exist s distinct

points xx, ... , xs £ X-X(p) U X+X(p), where 1 < s < n + I, and s positive

constants Xx,... ,XS such that
s

J2 ko\ (Xi)[q(Xi) - p(x¡)] < 0    for all q £ CM(f).
i=i

Proof. The lemma follows immediately from Corollary 2.6 in [2] and the well-

known fact that the extremal points of the unit ball in the dual space of C[a, b]

are (plus or minus) the point evaluations.   D

Theorem 2.5. Let f £ C[a, b] be piecewise monotone and p £ Cm(Í) ■ Then

the following statements are equivalent:

(1) p is a best comonotone approximation to f.

(2) The origin of Rk belongs to the convex hull of the set

B = {(71(x)(<D1(x), ... , <Dfc(x)) | x £ X+x(p)UX_x(p)}

\\t->x <P(Z) - O(x) i-x  0(0 -O(x)  / yy;)

(3) There exist s constants X, > 0, i = I, ... , s, and s distinct elements

to}£i C X+i(p) u X_i(p), {x;}*=io+1 c X(p), where s0 > I and s < k + 1,

such that

YXiOi(Xi)q(Xi) +  y Xi lim ̂ f] ~ q¿'\ = 0
¿^   l   1\   UH\   I) ¿_,      ' t->Xi Q(t) - &(x¡)
1=1 í=Jo+l

for all q £ M0(f).

Proof.  (1) =s> (2) : Assume that the origin of Rk does not belong to the convex

hull of B.  By Lemma 2.2, B is a compact set in Rk . Therefore it follows
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from the Theorem on Linear Inequalities [1, p. 19] that there is a q £ Mq(J~)

such that
Oi(x)q(x)>0    ifx£X+i(p)uX_x(p),

and

limffi-ff\>0    ifx£X(p).z-x 0(0 - O(x) v '

Let qx(x) = p(x) + Xq(x). By Lemma 2.3, there exists Xq > 0 such that

Qx € CM(f) for all 0 < X < Xq . Now since ox(x)[qx(x) - p(x)] > 0 for
all x £ X-X(p) u X+X(p), it follows from Lemma 2.4 that p is not a best

comonotone approximation to /.
(2) =>• (3) : Let the origin of Rk belong to the convex hull of B. By the

Theorem of Carathéodory [1, p. 17], there exist 5 constants k, > 0, i =

1, ... , s, and s distinct elements {x,}^ c X+x(p)llX-X(p) and to}/=í0+i c

X(p), where s < k + 1, such that

yiXi<jl(xi)q(xi)+ y A,lim^~^'). =0
¿^ IV      l,1\     II ¿_^ i-H-^;.   0(/)   —  ^>(JC,)

1=1 l=io+l

for all q £ M0(f). Since O £ M0(f) and

lim ?Sri ~ Üfij = 1 > 0    for all i = s0 + 1, ... , s,
f-*,-0(0 - Oto)

it follows from the preceding equation that sq > 1 •

(3) => (1) : It is easy to see that if q £ Cnt(f), then

(2) lim lif? ~ l(f I > 0    for all x £ X(p).

Assume that there exist 5 constants k,> 0, i = I,... ,s, and s elements

to}* i c X+X(p) U ̂ T_i(p), {x,}]=io+1 c X(p), where j0 > 1 and s <k+l,

such that

(3) ¿ Xioi (xMxi) +  ± k, lim ||^§ = 0
;'=1 i=io+l

for all <? e M0(f).
Then it follows from (2) and (3) that for any q £ C\f(f), we have

so

]TA<<7i(x,)[í7(x,)-/>(x,)]
/=1

[q(t)-p(t)]-[q(Xi)-p(Xi)]
= - y k¡ lim

i-~l        t-*x. *(0-*to)

¿-"      t-x¡ 0(0 - Ox,-
I=iO+l

By Lemma 2.4, p is a best comonotone approximation to /.   G

Theorem 2.6. Let f £ C[a, b] be piecewise monotone and p £ Cjn(f) ■  Then

p is a best comonotone approximation to f if and only if there exist s elements
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toHli c X+i(p)\jX-i(p) and {x¡y¡=So+l c X(p), where s0 > 1 and s < k+1,

swc/z rTzai no q £ M0(f) satisfies the following equations

ox(Xi)q(Xi) >0    z/z'= 1,... ,50,

a«i/

<?(0 - 9to)       r.      f
fe5 ojo- oto) >0   ^-* + ».-.'-

Proo/   (=>) : This follows immediately from (1) => (3) of Theorem 2.5.

(■*=): This follows from (2) => (1) of Theorem 2.5 and the Theorem of
Carathéodory.   o

3. Application of characterizations to n„_i

In this section we shall show that the characterization theorems in §2 have

more detailed descriptions if M = n„_i. For brevity, let Cn(f) := Cn„_,(/).

A piecewise monotone function / is called s-piecewise monotone if í is the
minimal number of subintervals of [a, b] on which / alternately increases and

decreases. While s is uniquely determined by /, the 5+1 partition points are

not. For example, consider any function / £ C[0, 3] which is strictly increasing

on [0, 1], constant on [1,2], and strictly decreasing on [2, 3]. This function

is 2-piecewise monotone, but if 0 = to < tx < t2 = 3 for any tx G [1, 2], then

/ increases on [i0, tx] and decreases on [tx, t2]. Clearly, if / is s-piecewise

monotone and q £ C„(f), then there exist s - 1 points t¡ in (a, b) such that

q'(t¡) = 0. Since C„(f) contains nonconstant functions, s <n-I. Therefore

we shall only be interested in approximating functions from the set

C„[a, b] := {/ e C[a, b] | / is s -piecewise monotone and s < n - 1}.

Let / £ Cn[a, b]. Recall that / has a strict local extremum at to £ (a, b)

if there exists a neighborhood U of io such that either f(t) > f(to) for all

t £ U\{t0} or f(t) < f(t0) for all t £ U\{t0} . (Such points were called "peaks"
in [7].) For any f £ Cn[a, b], let E(f) denote the set of all strict local extrema
of /. Then the cardinality of E(f), m := card E(f), is at most « - 2.

Lemma 3.1. Let f £ Cn[a, b]. Then

O'(x)^0   ifx£S(f)\E(f)   and   0"(x) # 0   ifxeE(f).
Proof. Let [a, b] be partitioned into s subintervals [zq, zx], ... , [zs_x, zs],

where a = z0 < zx < •■• < zs-X < zs = b, so that zx, ... , zs_x are not the

end points of a subinterval on which / is constant and / alternately increases

and decreases on these subintervals. Since f £ C„[a, b], s < n - 1.

Let

4*(x) = a ¡ ns~¡(t - z¡) dt, where a = ±1.
Ja

Then *F e n„_i. It is easy to see that if we choose a = +1 or -1 appropriately,
then ¥ is comonotone with /on [a, b] and

r(x) = oUs-l(x -z¡) ¿ 0      if x i {zi,..., z,.,},

4"'(x)^0 if xe{z,,..., *,_,}.
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It is clear that E(f) c {zi, ... , zs} . Hence

*F'(x)¿0    if x£S(f)\E(f),        4"'(x)/0    if x£E(f).

It follows from Lemma 2.1 that

O'(x)^0     if x£S(f)\E(f),        O"(x)^0    if x£E(f).   U

It follows immediately from Lemma 3.1 and the definition of X(p) that for

any p £ Cn(f), if we define

X+2(p) = {t £ [a, b]\E(f) | p'(t) = 0 and / is strictly increasing in

(t-8, t] or [t,t +3) for some 8 > 0},

X-2(p) = {íg[íi, b]\E(f) | p'(t) = 0 and / is strictly decreasing in

(t - 3, t] or [t, t + 8) for some 3 > 0},

X+3(p) = {t £ E(f) | p"(t) = 0 and / has a local minimum at t},

X-3(p) = {t £ E(f) | p"(t) = 0 and / has a local maximum at t},

then

X(p) = X+2(p) U JT_2(p) U X+3(p) U X_3(P).

We would also like to define a function o2 = o2¡p on X(p) as follows.

ift£X+2(p)UX+i(p),

ift£X-2(p)öX_i(p).

It is easy to see that

02W = 02,P(t) = I _j

= f sgnO'(0     if t £ X+2(p) U X_2(p),

°1{ '     I sgnO"(0     if t £ X+3(p) U X^(p).

Lemma 3.2. Let f £ Cn[a, b].   For any q £ {q £ n„_j | q'(t) = 0 for all
t £ E(f)}, there exists k0 > 0 such that O + k0q £ C„(f).

Proof. It is easy to see that X(O) = 0 . A similar proof as in Lemma 2.3 gives

the above result.   D

Lemma 3.3. Let f £ Cn[a, b]. Then

Mo(f) = {q£ n„_, I q'(t) = 0 for all t £ E(f)}.

As a consequence, dim Mq(J~) = n - card7j(/).

Proof. Let

K = {q E IV, I <?'(0 = 0 for all t £ E(f)}.

It is obvious that Mo(f) C K. Conversely, for any q £ K, it follows from

Lemma 3.2 that there exists ko > 0 so that O + koq £ C„(f) c Mo(f). Since

O £ M0(f) and k0 ¿ 0, q £ M0(f). Thus K C M0(f). Therefore M0(f) =
K.    D

By Lemma 3.1, Lemma 3.3 and the fact that X(p) = X+2(p) u X_2(p) U
X+i(p) U X_3(p), Theorem 2.5 and Theorem 2.6 have the following improved

versions.
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Theorem 3.4. Let f £ Cn[a, b]\Yl„-X, p £ C„(f), and m = cardis(/). Then
the following statements are equivalent:

(1) p is a best comonotone approximation to f.
(2) The origin of W~m belongs to the convex hull of the set

B = {(Ti(x)(01(x), ... , 0„_m(x)) | x £ X+X(p) UX_x(p)}

»{{W¡.W)i«'- «™}
«{(38.%f),^>™},

w/zere {Oi, ... , 0„_m} z'j a basis for M0(f).

(3) The origin of W~m belongs to the convex hull of the set

Bq = {(Ti(x)(01(x), ... , 0„_m(x)) | x e X+x(p)UX_x(p)}

u toMtou*),..., o;_m(x)) | x £ x+2(p) u x_2(p)}
U {<72(x)(0'/(x) , . .. , 0^_m(x)) I X G X+3(P) U X_3(p)}.

(4) There exist s constants k¡ > 0, i = I, ... , s, and s distinct elements

to-}f=1 c X+1(p)u *_,(/>), {x,}ti0+i C I+2(p)Ul.2(p), a/u/ toM=il+1 c

Z+3(jp) U X_3(p), w«e/r So > 1 a«^ s < « + 1 - z«, such that

S<¡ il s

yjkiox(Xi)q(Xi)+  y ki02(Xi)q'(Xi)+  y k¡o2(Xi)q"(Xi) = 0

(=1 í=io+l (=il + l

for all q G M0(f).

Theorem 3.5. Let f £ C„[a, ¿>]\n„_i, p £ C„(f), and m — cardE(f). Then
p is a best comonotone approximation to f if and only if there exist s elements

{x,}f=1 c X+X(p) U X_x(p), {Xi}%So+l c X+2(p) U X.2(p), and {x,}f=Ji+1 c

X+i(p) U X_-¡(p), where so > 1 and s < n + 1 - m, such that no q £ Mq(J~)

satisfies the following equations:

oi(Xi)q(Xi) >0    if i ^ I,... , sq,

o~2(Xi)q'(Xi) > 0    if i = so + I, ... , si, and

02(Xi)q"(Xi) > 0    ifi = si + l,...,s.

Example 3.6. Take C[a, b] = C[-l, 1] and « = 2. Let f(x) = x4. Then
E(f) = {0}, Cn(f) = {a + bx2 \a,b£R,b>0}, M0(f) = {a + bx2 \a,b£
R}, and Oi(x) = 1, 02(x) = x2 . For p(x) = -1/8 + x2 G C„(f), it is easy

to check that X+i(p) = {-1, 0, 1}, X-X(p) = {l/s/2, -l/%/2},and X+2(p) =
X_2(P) = X+3(p) = X.3(p) = 0. Therefore B = {(1, 0), (1, 1), (-1, -1/2)} .
It is obvious that (0,0) £ coB. It follows from (1) •«• (2) of Theorem 3.4
that p is a best comonotone approximation to /.

4. NONUNIQUENESS OF BEST APPROXIMATIONS

In this section we give an example showing that the uniqueness of best

comonotone approximations in general does not hold.

Consider the spaces C[-l, 2] and ü3. Let Pi(x) — 4x3 - 6x2 + 1, p2(x) =

2pi(x) £ n3. It is easy to see that px has three zeros at ^^ , \ , and ^f^
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in [-1, 2] and \\px\\ = 9 . Let / G C[-l, 2] be defined by

' pi(x)-9       if - 1 <x< ±=fi,

Ax 4-10   ifi^<x<0,

/(*) = { P\(x) + 9       if0<x< ¿,

2px(x) + 9     if±<x<±^,

{px(x) + 9       if^5<x<2.

It is easy to verify that px and p2 are comonotone with /, i.e., px,p2 £

C„(f), and / has two strict local extrema 0 and 1 in (-1,2), i.e., E(f) =

{0, 1}. Therefore

MQ(f) = {qeU3\q'(0) = q'(i) = 0}

= {a + b(2x3 - 3x2) \ a, b £R}.

Now we also have the following facts:

1. ||/-p1|| = 9 and \\f-p2\\ = 9.
2. X+2(px) = X.2(Pi) = X+iipi) = X-3(Pi) = 0 , and X+2(p2) = X_2(p2) =

X+i(p2) = X_i(p2) = 0 .

Since

= -9,    f P\ i.-..

'■ /G)-*.(i)-».
we have x-=fi £ X_x(px) n X^x(p2) and \ £ X+X(px)n X+X(p2).

Next we shall show that no q £ Mo(f) satisfies the following equations

(4)

(5)

<0,

>0.

In fact, if q £ M0(f), then we may write q(x) = a + b(2x3 - 3x2). Thus

= Q a

This implies that q does not satisfy equations (4) and (5). It follows from

Theorem 2.6 that px and p2 are two best comonotone approximations to /.

We should observe that this function / is also piecewise monotone in the sense

of [7].

Remark. It is interesting to point out that if f £ Cn[a, b] does not have any
strict local extremum, then f has a unique best comonotone approximation in

n„_i.
In fact, in this case, E(f) = 0. Therefore, M0(f) = U„^x and X+3(p) u

X-i(p) — 0. Accordingly, from Theorem 3.5 we have the following special

form of the characterization theorem.
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Theorem 4.1. Let f £ Cn[a, b]\l\n-X, E(f) = 0, and p £ Cn(f). Then p
is a best comonotone approximation to f if and only if there exist s elements

to}f=i C X+X(p) U X-i(p) and {Xi}si=So+[ c X+2(p) u X_2(p), where s0 > 1

and s < n + I, such that no ? e n,_i satisfies the following equations

°ito)<7to) > 0    if i = l, ... , so, and
o2(Xi)q'(Xi) > 0    if i = Sq + 1, ... , s.

Using this characterization theorem, the notion of "free" or "poised" matri-
ces, and the corresponding Birkhoff interpolation problem in much the same

way as in [4] or in [5], one can show that the best comonotone approximation

to / is unique.
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