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NOTES ON RULED SYMPLECTIC 4-MANIFOLDS

DUSA McDUFF

ABSTRACT. A symplectic 4-manifold (V, w) is said to be ruled if it is the
total space of a fibration whose fibers are 2-spheres on which the symplectic
form does not vanish. This paper develops geometric methods for analysing
the symplectic structure of these manifolds, and shows how this structure is
related to that of a generic complex structure on ¥ . It is shown that each V
admits a unique ruled symplectic form up to pseudo-isotopy (or deformation).
Moreover, if the base is a sphere or if V is the trivial bundle over the torus, all
ruled cohomologous forms are isotopic. For base manfolds of higher genus this
remains true provided that a cohomological conditon on the form is satisfied:
one needs the fiber to be “small” relative to the base. These results correct
the statement of Theorem 1.3 in The structure of rational and ruled symplectic
manifolds, J. Amer. Math. Soc. 3 (1990), 679-712, and give more details of
some of the proofs.

1. INTRODUCTION

A ruled symplectic 4-manifold is a compact manifold V' which is a 2-sphere
bundle z : ¥V — M over a Riemann surface M, together with a symplectic
form w on V whose restriction to each fiber never vanishes. (7 is then called
a symplectic fibering or ruling.) An attempt was made in Theorem 1.3 of [8] to
classify these manifolds up to isotopy. Lalonde recently pointed out that this
theorem is not correct without extra hypotheses. In this note, we set the record
straight, and push the methods of [8] as far as possible. Our results do not give
complete information on the structure of these ruled manifolds, except when
the base is a sphere or V is the product 72 x S2. It would be very interesting
to know what happens in the other cases.

Recall from [8] that a symplectic 4-manifold (V, @) is said to be minimal
if it contains no symplectically embedded 2-sphere with self-intersection —1.
(Any symplectic 4-manifold can be made minimal by blowing down all such
spheres.) Moreover, if V' is minimal and contains a symplectically embedded
2-sphere S with trivial normal bundle then S forms one of the fibers of a
symplectic fibering of V', so that V' is ruled. Each ruled manifold has many
symplectic fiberings which are inequivalent, in the sense that there is no fiber-
preserving symplectomorphism between them: see the Note after [8, Lemma
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4.4). Thus, the equivalence relation provided by fiber-preserving symplecto-
morphisms is too fine, and it is more interesting to try to classify these forms
up to isotopy.

We remind the reader that two forms wy and w; on V are isotopic if they
may be joined by a family of cohomologous symplectic forms, or equivalently,
if there is a family of diffeomorphisms g, of V with g, = id and such that
81 (w1) = wo . Another weaker relation which one can consider is that of pseudo-
isotopy:! wo and w, are pseudo-isotopic if they may be joined by a family
of not necessarily cohomologous symplectic forms. However, the geometric
meaning of pseudo-isotopy is not clear: it is possible to have cohomologous
symplectic forms which are pseudo-isotopic but not diffeomorphic (see [6]),
though no such examples are known in dimension 4.

Up to diffeomorphism, there are only two orientable S2-bundles over a
Riemann surface M, the product M x S? and the nontrivial bundle Vj,,
which is the pull-back by a map of degree 1 of the nontrivial S2-bundle over
S2 . The product bundle admits sections M,; with even self-intersection num-
ber 2k, and V)s admits sections M,,,; with odd self-intersection number
2k + 1. We will choose the basis b, f for H2(M x S2,R) which is dual
to the homology basis [My] = [M x pt], F = [pt x S?], and will use the ba-
sis b, , b_ for H%(Vy, R) which is dual to the homology basis [M,], [M_,].
Thus b,.(M,) = b_(M_;) = 1. Observe that because [M;]-[M_;] = 0 the
following relations hold:

byub.(Wu)=1, b_uUb_(Vy)=-1, b,ub_=0.

We will suppose in both cases that the fibration n V' — M is fixed, and that
compatible orientations of V', M, and the fiber F are prescribed, and then
will consider only those symplectic forms which are compatible with this data,
in the sense that they do not vanish on the fibers and are compatible with the
given orientations. Such forms were called n-compatible in [8]. As we will see,
the structure of (V, w) depends largely on which homology classes may be
represented by a symplectic section, that is, a section of # on which w does
not vanish. :

Obviously, the only cohomology classes on M x S2 which are represented
by a compatible symplectic form are the classes u;m + u,f where u; > 0 for
i =1, 2. Moreover, each such class contains a standard split form u,o0;, & uso .
Thus in this case the question is whether there are any symplectic forms on
M x S? not isotopic to a split form. The best answer we have so far is the
following.

Theorem 1.1. Let w be a symplectic form on M x S? which is compatible with
the projection onto M and the obvious orientations.

(1) If M is S? or T2, w is isotopic to a standard split form.
(ii) If M has genus g > 1, the statement in (i) holds provided that [w] =
b+ paf where py > qua, where g =[g/2].

1This terminology was suggested by Lalonde.
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(ili) @ is always pseudo-isotopic to a split form. Moreover, it is isotopic to a
split form iff it has a symplectic section in class [Mp].

In the case of the nontrivial bundle Vy/, if a = u, b, + u_b_ is the class
of a symplectic form we must have 0 < a2(Vy) = (44)? — (u-)%, so that
|u+] > |u-|. Since we are also assuming that a is positive on the class [F] =
[M;] - [M_,] of the fiber, we in fact need u, > |u—|. However, note that u_
need not be positive here. It turns out that when M = S2, these classes a with
a2 > 0 do not all have compatible symplectic representatives, though they do
for all other M .

Theorem 1.2. (i) When M = S2, theclass a = u,b, + p_b_ may be represented
by a compatible symplectic form on Vyy only if u, > u_ > 0. Moreover, up to
isotopy there is a unique such form in each class.

(ii) If M has genus g > 0, every class with u, > |u-| >0 has a compatible
symplectic representative. There is a unique form up to isotopy in each class such
that qu_ > (q — 1)u,, where g =[(g + 1)/2].

(iii) A/l these forms are pseudo-isotopic.

Remark 1.3. (i) When g = 0 the second condition in (ii) is vacuous, and
when g = 1 it says simply that z_ > 0. Since it may be rewritten as u_ >
(g = 1)(us — u-), we may interpret it as limiting the size, u, — u_ , of the fiber
relative to that, u. , of the cross section M_ .

(ii) As we shall see, there are “standard” forms on V), in each class with
- > 0. Our methods show that the form  is isotopic to one of these standard
forms iff 41— > 0 and w admits a symplectic section in the class [M;]: see
Corollary 3.6. They yield no information about the isotopy class of a general
form with u_ <0.

When k is small relative to the genus g of M , the following reformulation
of Corollary 3.6 gives some more information.

Corollary 1.4. Let (V, w) be a symplectic ruled 4-manifold which admits a
symplectic section in class [My] for some k > 0. Then, if w(M_;) > 0, the
symplectic form w is isotopic to a standard form.

These results are proved using the methods of [8, §4]. Most of what is written
there is correct. However, [8, Lemma 4.15] is wrong as stated: it needs an extra
hypothesis concerning the cohomology class of @ and the homology class of
the section I". Also, the proof (though not the statement) of [8, Lemma 4.16]
is incorrect, since the complex structure J| considered there has too many cusp
curves: see the discussion in Proposition 3.12 below. Essential to a correct proof
of [8, Lemma 4.16] is an understanding of the possible complex structures on
ruled surfaces. In §2 we pick out relevant results from Atiyah’s beautiful papers
[1, 2] on this subject.

The proofs of the theorems are given in §3.

I wish to thank Francois Lalonde for reading my paper [8] with such a critical
eye, and for his useful suggestions about a preliminary version of the present pa-
per. I also wish to thank Gompf for an illuminating conversation on symplectic
fibrations.
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2. COMPLEX STRUCTURES ON RULED SURFACES

It is well known that every complex structure on a ruled surface V), arises
by considering V), as the projectivization of a holomorphic bundle W of rank
2. The easiest structures to understand arise from bundles which split into the
sum of line bundles. However, as we shall see, most of these are nongeneric
and have too many holomorphic sections. It turns out that the most interesting
complex structures are those with the fewest sections. In fact, when g > 1
the structures which interest us are exactly the stable rank 2 bundles. We will
write d(L) for the degree (i.e., the Chern number) of the line bundle L. All the
results of this section are due to Atiyah [1, 2]. Another good general reference
is [4).

(i) Split complex structures. If W splits as L; & L, , its projectivization V
may be written as P(L® C), where L = L, ® L3 . We will suppose as we may
that d(L) > 0. It is well known that V is diffeomorphic to the trivial bundle
M x S? when d is even, and to the nontrivial bundle V), when 4 is odd. In
all cases, there are two obvious sections, M; = P(0&C) and M_; = P(L&0),
where, as above, the section

M, has self-intersection ¢ . These sections are the fixed points sets of the
action of S! induced by multiplication by e2** in L. If d >0 and 4; > A; >
0, it is not hard to construct an S'-invariant Kihler form on ¥ whose integral
over M, (resp. M_;)is A; (resp. 4;): see [7] for example. In particular, when
d = 1, the numbers 4; and 4, coincide with the x4, and u_ mentioned above,
and so we get representatives of all classes with u, > u_ > 0.

When d = 0, a similar construction exists when 4; = 4,, but then we can
also make the integral over the fiber an arbitrary positive number, so that we
still have a two-parameter family of choices.

Our main concern is to understand the holomorphic curves in these complex
surfaces, in particular, how many holomorphic sections there are and in what
homology classes A they lie. If possible, we would like to find complex struc-
tures J which are regular in the sense of Fredholm theory for a suitable set of
homology classes 4 € H>(V, Z). By Lemma 2.8 of [8], this will be the case iff
the normal bundle v of each J-holomorphic curve C in the class 4 is such
that H'(C, vc) = H(C, vZ ® Ku) = 0, where K is the canonical bundle.
In other words, we need the divisor corresponding to the bundle v ® Kjr to be
noneffective. Since we are interested only in sections, we may assume that C is
embedded. Then H(C, vc) =0 if ¢, = ¢;(vc) = C - C is sufficiently positive
(> 2(g - 1), to be exact, where g is the genus of M), since, then, v; ® Ky is
negative. It may or may not be zero in the range g —1<c¢, <2(g-1), and, if
¢, < g — 1, itis never zero. In particular, sections with negative self-intersection
number are never regular (unless g = 0).

When g = 0, the two split structures with d = 0 and 1 are regular for
the classes [M.,]. However, when g > 0 all the complex structures described
above contain the nonregular sections M_,; except for one case which we now
describe.

Lemma 2.1. If g = 1 and L is a nontrivial bundle of degree 0, then V =
P(L ® C) is diffeomorphic to the product T? x S? and contains exactly two
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holomorphic sections in the class [My] = [M x pt]. Moreover, these are regular.

Proof. Atiyah shows in [2, 1.4] that sections of V' correspond bijectively to line
subbundles of W = L ® C. There are two obvious sections which correspond
to the summands L6 0 and 08 C.

It is easy to see that their normal bundles are the nontrivial bundles L* and
L respectively. (In general, if L’ is a line subbundle of W, the normal bundle
of the corresponding section is Hom(L', W/L') = (L')* ® W/L'.) Hence, these
sections are regular iff the bundles L ® K)s and L* ® K) have no nontrivial
sections. But K, is trivial for an elliptic curve, and a bundle over an elliptic
curve of degree 0 has a nontrivial section iff it is the trivial bundle. Therefore,
because L is nontrivial, these sections are regular.

If there were another holomorphic section of V in the class [Mj], there
would be a subbundle L’ of degree d = 0, different from these two summands.
Then L' would project onto the two factors L and C of W, which means that
the line bundles L"* ® L and L'* ® C = L"* would both have nontrivial sections.
Hence, if such L’ existed, L would be trivial, contrary to hypothesis. O

(ii) Complex structures on V), for g = 1. In order to find regular complex
structures when g > 0, we must look at bundles W which do not split.

When M = T2, there is just one corresponding complex structure on Vj,,
which we now describe.

Proposition 2.2. For each complex structure on M = T2, there is exactly one
complex structure on Vs which comes from a nonsplit bundle. Each of these
ruled surfaces contains a compact family of regular sections in class [M,], with
exactly two curves through a generic point of Vi .

Proof. Atiyah showed in [2] that, when g = 1, there is exactly one complex
structure on ¥ coming from a nonsplit bundle W . We may consider W to
be the nonsplit extension 0 - C - W — L — 0 of a holomorphic line bundle
L of degree 1 by the trivial bundle C. Note that the space of holomorphic
sections of L has dimension 1: thus, up to a multiple, there is only one
section o, which is zero at exactly one point, xp say. (In fact, this gives the
isomorphism between the moduli space of holomorphic line bundles over 72
and the Picard variety Pic!.)

Let us take this point xp to be the zero element 0 € T2, so that we can define
addition on the elliptic curve T2. Further, for any y € T?, let L, be the line
bundle of degree 1 with sections vanishing at y. (So, in this notation, L =
Ly.) If L' is any line bundle of degree O, then L' may be identified with an
element y of T2 in such a way that the sections of the tensor product L' ® Ly
vanish at y. Thus, if we write L, for this bundle of degree 0, we have L,®
Lo = L, . Since this holomorphic map y ~— L; preserves the zero elements,
the proposition on [3, p. 326] implies that it is a group homomorphism, i.e.,
L. ®L,=L,,,. Notethat if L, is a subbundle of W of degree 0, then we
must have

AXW)=W AW =L,®(W/L;)=C® Lo = L.

Therefore, the quotient W/L) equals L_,.
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Hence the homomorphism L, — Ly (induced by the quotient map W — L)
is a section of the bundle (L;)* ® Lo = L_, and so vanishes at —y. In other
words L), has one fiber in common with C, namely that over —y.

As in Lemma 2.1, sections of V), in the class [M;] correspond to line sub-
bundles L' of W of degree 0. Let us denote the section corresponding to the
trivial subbundle C by Z, and identify it with 72 in the obvious way. Then
the section Z, given by L) meets Z, in the point -y .

We claim that for each y # x; there is exactly one section of V), (other
than Z;) which meets Z; at —y . (The point X, is not a regular point of the
evaluation map.) Existence is proved by Atiyah: see [2, Corollary to Theorem
7], and Theorem 2.4 below. To prove uniqueness, observe that if there were
more than one, there would be two distinct subbundles L] and L) isomorphic
to L.

Tl':e induced map L; — W/L; would be a nontrivial section of (L})* ®
W /L = L_;, and so would vanish at —2y . But our previous argument shows
that L] = L; = C at -y, so this is impossible if y # 0. Similarly, one can show
that there is only one trivial line subbundle in W . Thus the sections of V3,
in class [M)] are in bijective correspondence with the line bundles L’ € Pic?.
These sections are all regular, since ¢, =1>2(g-1).

To complete the proof that these sections form a compact family it would
suffice to show that they vary continuously with L’ € Pic?. Alternatively, one
can use the fact that if the moduli space of these curves were not compact,
it would follow from the compactness theorem that there must be degenerate
curves (or cusp curves) in class [M;]. These degenerations would have to be
the union of a section of negative self-intersection with some number of fibers.
However, if there were a section in class [M_,], one would have to have ¢ = 1,
since we need [M_,]-[M;] =1 - g > 0, by positivity of intersections. Thus
it would correspond to a subbundle L’ which did not meet C, and so would
split W. O

Remark 2.3. (i) The above proof shows that the moduli space .# of curves in
Vr in class [M,] is diffeomorphic to a 2-torus. Observe that all these curves
project bijectively onto the base and so have a fixed complex structure and a
natural parametrization which is given by a parametrization of the base. Thus
there is a holomorphic evaluation map .# x T2 — V7 (for some appropriate
complex structure on 4 x T2) whose composite with 7 is projection onto the
second factor. This means that V7 is a quotient of 72 x T2 by a holomorphic
equivalence relation of the form (y, u) ~ (y', u). If we write y € 4 for the
section Z, corresponding to the line subbundle L,, then it is easy to check
that Z, meets Z, at a point in the fiber over —y — z. Thus (y, -y - z) ~
(z, =y — z), which means that the equivalence relation is (y, u) ~ (-y —u, u).
Note that the map # x T2 — Vr is 2 to 1 except over the branching locus
{(y,u) : 2y = —u}, which meets each fiber {(y,u) : u = up} at 4 distinct
points.

(ii) There is a similar unique complex structure on the product 72 x $2
coming from the nontrivial extension of C by C. We will not discuss this in
detail, since we already have found a complex structure on 72 x S? which is
regular for the class [My].
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Besides, one can readily check that this new one is not regular for the class
[Mo] .

(iii) Complex structures when g > 1. When M has genus g > 1 the moduli
space of ruled surfaces over M is very complicated. We are interested in the
most generic structures, i.e., the ones with the fewest sections. By [8, Lemma
2.8], the formal dimension (over C) of the family of holomorphic sections in
the class [M,] is p — g + 1, and we would like to find complex structures which
have no sections in classes with p — g+ 1 < 0 and have a family of regular
sections for p suchthat p—g+1=0or 1.

Theorem 2.4. When M has genus g > 1, there are complex stuctures on the
ruled surfaces over M with the following properties.

(i) Va has a finite number of regular holomorphic sections in class My_,
when g = 2k, and has a 1-parameter family of regular holomorphic sections in
class My,_, when g =2k -1, and

(ii) M x S? has a finite number of regular holomorphic sections in class My
when g =2k + 1, and has a 1-parameter family of regular holomorphic sections
in class My, when g =2k .

Moreover, all other holomorphic sections have larger self-intersection numbers.

Proof. We have already proved this when g = 1, and so will suppose that
g > 1. The proof that these complex structures exist is contained in [1]. It
will be convenient to identify line bundles with the corresponding divisors, and
so we will use additive notation for the group of line bundles. Thus Ky — L
denotes the line bundle K, ® L*.

Following [1], we will consider our ruled surface to be the projectivization of
a bundle W which is an extension of the foorm 0 - L - W - C — 0.

These extensions are classified by elementsof H'(M, L) = HY(M , Ky - L).
The zero element corresponds to the trivial extension, and nonzero elements
{, {' give rise to the same (nontrivial) extension iff { = k{’ for some k€ C.

Therefore, the nontrivial extensions are classified by a projective space Y (L)
of dimension A!(L) — 1, which we can identify with the projectivization of the
space of sections HO(M , Ky — L).

Let us first consider the case when g = 2k is even and the degree d of L
is odd. Then our ruled surface is Vps. Recall that the normal bundle of the
section Z; given by L is —L. Therefore, in order for this section to be one
of those mentioned in condition (i) we will take d = 1 — 2k. If we suppose
further that the bundle K, + L of degree g — 1 is not effective, Z; is regular,
that is, H'(M, L-!) = 0. From now on, we will fix a bundle L satisfying
these conditions, and will consider how to choose the extension (.

As in Proposition 2.2 , any section of V), is given by a line subbundle L'
of W, and has normal bundle W/L'— L' = L — 2L'. Since there is a homo-
morphism from L' to C, —L' must be effective, and the divisor Q which it
represents is exactly the set of points on M at which the subbundles L and
L' coincide. Note that if two different subbundles L; and L) correspond
to Q, there is a nontrivial homomorphism L} — W/L; and so the divisor
L + 2Q is effective. Thus, when L + 2Q is not effective, there is at most one
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corresponding section, which, moreover, is regular. Given a divisor Q which
appears in this way, we will write Ly and Z, for the corresponding subbundle
and section.

Atiyah showed that if Kj; — L has no basepoints, then the canonical map
o : M — Y(L) has the following property.

Lemma 2.5. The extension W; given by { € Y(L) has a subbundle with divisor
C Q iff { lies in the linear subspace Py spanned by the points in o(Q). (Such
a subspace is called an r-chordal where r = |Q|.)

Proof. This is [1, Corollary 5.2). ©

Now, in our case K — L has degree 3(g — 1) and, by Riemann-Roch, Y (L)
has dimension 2g — 3. Since the image of ¢ is a complex curve of dimension
1, the set of points of Y (L) which lie on some r-chordal Py has dimension
at most 2r — 1. Therefore, there is { € Y (L) which lies on no such set for
r < g — 1 and which lies on a finite number of such sets when r = g — 1.
By choosing a generic point {, we may suppose that each of the corresponding
divisors Q of degree g — 1 gives rise to a unique regular section Z; since, as
explained above, the conditions for this are that the divisors L + 2Q and Ky —
L - 2Q of degree g — 1 are not effective. (Observe that, since each effective
divisor of degree g — i is a set of g — i points, the subvariety of effective
divisors of degree g — i has dimension g - i, and hence has codimension
> i in the g-dimensional space Pic®~/ of all equivalence classes of divisors of
degree g —i.) Note that Zyp-Z; = |Q| = g — 1, hence the homology class of
Zgp is [My_,] as required. By construction, there are no holomorphic sections
in classes [M,] with p<2k-1.

In the case V = M x S? where g = 2k + 1, we must again start with a
bundle L of degree d = 1 — g. The above argument then applies word for
word. If either V = V), with g =2k —1 or V = M x S? with g = 2k,
we should start with a bundle L of degree —g. Then Y (L) has dimension
2g — 2, and when r = g a generic point { lies on a 1-parameter family of
subspaces Pp with |Q| = g. As before, in order to ensure that the sections are
regular, we need the divisors K — L — 2Q of degree g — 2 to be noneffective.
This can be arranged since the set of effective divisors which we must avoid has
complex codimension at least 2. 0O

3. SYMPLECTIC STRUCTURES ON RULED SURFACES

We will begin by proving the existence part of Theorem 1.2. We give two
proofs: the first uses methods from complex geometry.

Proposition 3.1. When g > 0 there is a Kdhler structure on Vys in every class
a=u.b,+u_b_ with u, > |u_|.

Proof 1. We will suppose that V3, has the complex structure constructed in
Theorem 2.4. Nakai’s criterion implies that a cohomology class a € H2(Vy, Z)
with @2 > 0 has a Kihler representative iff a(C) > 0 for every holomor-
phic curve C in Vj: see [4, V, Theorem 1.10]. (Note that H23(Vjs,C) =
H':Y(V,, C), so that every integral class a is the Chern class of some holo-
morphic line bundle.) If @ = u,b, + u_b_ then the condition that a2 > 0 is
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exactly u, > |u—-|. We will show that this condition is sufficient, i.e. that if
C = p[M,] + q[F] has a holomorphic representative, then pu, + q(u+ — u-) >
0. Here [F]=[M,] - [M_,] is the class of the fiber. Since the class [F] has a
holomorphic representative, we must have (p[M;]+q[F]):[F]=p > 0 by pos-
itivity of intersections. Hence the only case which might cause problems is when
g < 0, and here, because 2u, > u, — u-, it suffices to show that p + 2¢q > 0.
The curve C is a p-fold branched cover of the base, and so, by the Riemann-
Hurwitz formula, its genus gc satisfies the inequality gc > p(g - 1) + 1,
where g is the genus of M . Using the adjunction formula

gcsl+§(C-C+Ky-C),
where Ky is the canonical class of V), one finds that
1+p(g-1)<1+40w*+2pg-p-29).

Thus (p +2q)(p — 1) >0, and so, either p =1 and C is a section, or p > 1
and p + 29 > 0. Since the only sections represented have ¢ > 0, we have
D+ 2g > 0 in all cases, as required.

This shows that every cohomology class with u, > |u_| and u_/u, rational
is represented by a Kihler form. But, if w is a Kihler form on (Vy, J) and
if o is an area form on M, the form w + en*o is also Kihler for all € > 0,
because z is J-holomorphic. The desired result now follows easily. O

Proof 2. Here is a different procedure (suggested to me by Hitchin) for con-
structing these symplectic forms. First consider the case when M is the torus
T?. Identify T2 with the quotient R?/Z2, and consider the action of Z? on
S? in which the two generators 7;, T2 of Z2 act by half-turns 4, and h,
around two mutually orthogonal axes. The quotient V> of R? x S? by the
diagonal action is the nontrivial S2-bundle over T2. (This holds because the
given representation of Z2 on SO(3) does not lift to SU(2).) Because 2?2
acts by elements of order 2, the square

I,=[0,2]x[0, 2] x {z} c R* x §2, zeS?,

descends to a closed submanifold in V7 which lies in the class 4[M,] - 2[F] =
2[M,] + 2[M_]. Thus, if o is an area form on S? with total area 1, the
symplectic form A;ds Adt® A,0 on R? x S? descends to a form on V7 in the
class a = u,b, + u_b_ where u, + u_ =24, and u, — u_ = 4,. Thusbya
correct choice of the parameters A, and A, one can get a form in any class a.

This construction may be adapted to the case when M has genus > 1. Here,
think of M as #/T", where # is the Siegel upper half-plane, and consider the
action of T on S? in which a pair of conjugate generators act by the half-turns
h, and h,, and the others act trivially. The bundle so obtained is the pull-back
by a map of degree 1 of the above bundle on 72, and all the above remarks
apply. O

Remark 3.2. Because the space of conjugacy classes of representations of (M)
into SO(3) is connected, the isotopy class of a form obtained by the second
construction is determined by its cohomology class. A similar conclusion holds
for forms obtained by the first construction, this time because the space of
relevant complex structures is connected.
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When discussing the question of uniqueness it is useful to have standard forms
with which to compare an arbitrary form. The standard forms on the product
M x S? are of course the split forms. In the case of Vs, we will in this paper
discuss this question only for forms in classes with u_ > 0. Therefore, we can
use the same standard forms as in [8]. Namely, we consider S!-invariant forms
which are Kihler with respect to the complex structure induced by the bundle
Co& L where c;(L) = 1. The corresponding moment map has a minimum at the
section P(0 @ L) of self-intersection —1 and a maximum at the section P(C &
0) of self-intersection +1. Moreover, it is easy to check that, up to equivariant
symplectomorphism, there is a unique such form in each cohomology class: see
[7, Lemma 4] for example.

Let us now consider the structure of an arbitrary compatible symplectic form
 on the ruled surface V' over M . The arguments given in [8, §4] which prove
the structure theorems of §1 in the case g = 0 are correct. The higher genus
case is deduced from this by a procedure of cutting and pasting, which we now
describe. We will suppose that M has been assembled from a 4 g-sided polygon
P by identifying its sides in the standard way a;, @, 47", 45", ..., a3, .

The vertices of P are identified to a point xy in M and the sides form
embedded loops 4, ..., Az which intersect only at xp.

Let A=4,U---Uly, and let F be the fiber at xo. For each loop 4; € A
there is an area-preserving holonomy map h; F — F, which is induced by
the characteristic flow round the hypersurface #~!(4;) £ S' x F in (V, w).
(Note that the characteristic flow is tangent to the null directions of w along
the hypersurface, and so is always transverse to the fibers of x.)

Proposition 3.3. Suppose that all these holonomy maps are the identity. Then, if
V is the nontrivial bundle, [w] = u,b, + u_b_ where u_ > 0. Moreover, in
all cases, w is isotopic to a standard form.

Proof. The hypothesis implies that we can cut ¥ open along n~!(A) to get
a ruled surface over P equipped with a symplectic form which splits over
some neighbourhood U of its boundary, i.e., we can identify n~!(U) with
the product U x $? in such a way that the restriction of @ to U x §2 is a
split form o, & g, . Therefore, by identifying the boundary of P to a point, we
obtain a symplectic form «’ on a ruled surface over S2. The class a of '
may still be written as u,. b, + u_b_, and so u_ > 0 by the known result for
M = S?. Moreover, w is standard because «' is. For further details, see [8,
Lemma 4.13]. O

The next step is to show that there is a pseudo-isotopy from w to a form «’
which has trivial holonomy round A. In [8, Lemma 4.14], we show that there
is a suitable pseudo-isotopy which decomposes into two parts: first we increase
the size of the base by the pseudo-isotopy

(1 w,=w+tn*(1), 0<Lt<l,

where 7 is a 2-form on M supported in a small neighbourhood D of xp, and
second we isotop @; to @' by an isotopy with support in z—!D . This proves
that w is always pseudo-isotopic to a standard form as is claimed in part (iii)
of Theorems 1.1 and 1.2.
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The final step is to show that when n admits a suitable symplectic section,
one can replace the above pseudo-isotopy w,,0<?<1, by an isotopy. Con-
trary to what is claimed in [8, Lemma 4.15], our method works only under a
compatibility condition between the homology class of the section and the co-
homology class of w. Here is a corrected version of this lemma. I am indebted
to Lalonde for pointing out the original mistake and the need for Lemmas 3.9
and 3.11. He adopts a slightly different approach to these questions in [5].

Proposition 3.4. Suppose that w(M_;) > 0 and that w is nondegenerate on
some section Z of m in the class [M;), where k > 0. Then w is isotopic to a
form &' which is n-compatible on n~'(A) and has trivial holonomy round A .

Remark 3.5. 1t is easy to check that the condition w(M_;) > 0 is equiva-
lent to the condition 2u; > ku, when [w] = ub + uaf on M x §2, and
to (k+ 1u- > (k- 1)y, when [w] = p b, +u_b_ on Vy. For, in the
first case [M_i] = [My] — (k/2)[F], and in the second, [M_;] = [Mi] -
((k + 1)/2)([M1] - [M_,)).

Corollary 3.6. Under the above hypotheses, the form o is standard.
Proof. This follows immediately from the two previous propositions. O

In the proof of Proposition 3.4, we will need the following resuits about
symplectic structures on vector bundles.

Lemma 3.7. Let n: E = M be a complex line bundle of degree k > 0, and let w
be a n-compatible symplectic form which is defined in some open neighbourhood
U of the zero-section Zy; and does not vanish on Z,;. Then there is a closed
2-form p supported in U which represents the Thom class of E and is such that
the form w + sp is symplectic on U for each s > 0. Moreover, given a point
Xo € M, and a trivialization n='D = D x C of E in some neighbourhood D
of xo such that o splitsin n~'D N U, we may assume that the forms w + sp
also split in n~'DNU.

Proof. Let wjs be the restriction of w to the zero section Zp, = M. Choose
an inner product on E, and a connection 1-form £ on the unit circle bundle
S of E so that df = —n*(¢ wy), for some function ¢ on M which =0
on D and is > 0 everywhere. We may further suppose that this connection
is compatible with the given trivialization of E over D. Let r be the radial
distance function in the fibers of E, and extend B to E — Z), by pulling it
back by the obvious radial projection E — Zy, — S. Then, for every € > 0,
there is a representative of the Thom class of E with the formula

pe = —d(ve(r)B),

where y.(¢) is a smooth nonincreasing function which equals 1/2n — ¢ near
t=0 and O for ¢t > €. (Note that the 2-form d(y.(r?)B) extends over Zy
although the 1-form y,(r?)f does not.)

It is easy to check that the 2-form

wo = oy +d(rPB) = (1 - rPn*d)n*(wy) +2rdr A B

is nondegenerate near Z), and restricts to wy on Zp . Therefore, by the
symplectic neighbourhood theorem, there is an isotopy g, which is the identity
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on Zys and has supportin U such that gfw = w, in some open neighbourhood
U' c U of Z). (Note that g, is the composite of two isotopies: the first
isotops @ so that for each x € Zy,, w(x) = wp(x), and the second (which is
C!-small) makes the two forms agree near Zy, .)

Since ¢ =0 in D, the connection form g is flat over D and so may be used
to identify n—!D with D x C. Then, w, splits with respect to this product
structure, and so, because w also splits with respect to this product structure,
we may assume that g, is the identity in z~!D.

Choose € > 0, so that {x : r(x) < 2¢} Cc U’'. Then

W5 =wWo+Spe = fsm*wy + grdrA B

in U’, where the functions f;, g are strictly positive. Thus w; is non-
degenerate in U’ for all s > 0, and we may take p = (g~ !)*pe. O

Remark 3.8. It is easy to see that, given any loop 4 in M based at xp, the
characteristic foliation induced by w; = wo +sp. on m~!(4) is tangent to the
horizontal distribution kerp . In particular the intersection iz = Zy Nn—1(1)
is a closed characteristic. Thus, if Fy is the fiber n~'xy and xz is the base
point Zy, N Fy, the holonomy of w; round A is a germ of a self-map of Fp at
Xz . Moreover, it coincides with the holonomy of the connection g, and so is
independent of s.

We now adapt this construction so that we can keep control of the holonomy
of w + sp round the loops of A. Observe that, because the isotopy g, need
not be C!-small, the forms w + sp constructed above may not be compatible
with either 7 or 7o g on the whole of E, although it is compatible with both
fibrations near Z,,.

Lemma 3.9. Suppose that the loop Az is a closed characteristic for . Then w
is isotopic (by a C'-small isotopy) to a n-compatible form & whose holonomy
round A is trivial near the base point xz . Further, we may choose p in the
above lemma so that all the forms & + sp are m-compatible on n~'(A) and
have the same holonomy round /..

Proof. Our hypothesis is equivalent to requiring that at each point x € iz the
fiber F, = n~!(x) is w-perpendicular to the tangent space T, Zy . Thus, we
may choose B and r in Lemma 3.7 above so that ® = wy on T, E for each
Xx € Z) . (This is just a matter of choosing an appropriate inner product so that
the form wy is correct in the fiber direction.) We may also choose f to be flat
near A, so that ¢ =0 near A.

It follows that we may choose the isotopy g; so that dg,(x) =id for x € A2
and all . Thus g, is C'-close to the identity near Az. Hence, if U is
sufficiently small, g/|nnai, may be extended to a C!-small isotopy h; such
that h}(w) is m-compatible. Since hj(w) equals wy near Z) N=x~'(4), its
holonomy round A is trivial near the base point, and so we may take @ =
h}(w).

‘ Now apply the argument of Lemma 3.7 to @, taking U so small that @ = wyg
near UNz~!(). Then we may suppose that g, (which has support in U) is
the identity near n~'(4), and so we obtain a family of forms @; = @ + sp.
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which equal w; on UnNn~!(4) and equal & elsewhere on n~!(4). The result
follows. O

Remark 3.10. If w has trivial holonomy round 4, it is not hard to arrange that
all the forms @ + sp also have trivial holonomy round 4.

We want to apply these lemmas to the symplectic section Z of #:V — M.
We first have to arrange that the hypothesis of the previous lemma is satisfied.
Given aloop 4 in M, we will say thatits lift 1z = Znn~!(4) to Z isa closed

.....

Lemma 3.11. Suppose that a mn-compatible form w is nondegenerate on some
section Z of n. Then, given any loop A in M, w is isotopic to a n-compatible
form ' which is nondegenerate on Z and has Az as a closed characteristic.

Proof. We need to arrange that the fibers of n are w’-orthogonal to Z at all
points x € Az . To do this, we will find an isotopy g; of V' supported near iz
such that
(1) g(x)=x for xeZ;
(i) @ is nondegenerate on the fibersof 7' = o g;;
(iii) for each x € Az the fiber of n' through x is tangent to the subspace

TxZt ={v:wv,w)=0forall we T,Z}.

Clearly, we may then take ' = (g')*®.

By the symplectic neighbourhood theorem we may identify a neighbourhood
of Az in (V, w) with a neighbourhood of the circle S! x {0, 0, 0} in the
product (S! x R?, ds A dt + du A dv), where (s,t, u,v) are the obvious
coordinates. We may also suppose that Z corresponds to the surface u =v =
0.

Then, the fiber of n through x is taken to a submanifold F; , which is
tangent at x = (s, ¢, 0, 0) to an affine subspace W, of S! x R® = R*/Z
through (s, ¢, 0,0). Thus we may alter 7 by a C!-small isotopy so that its
fibers coincide with the W; , near the circle. By rescaling both w and the
coordinates in R3 as necessary, we may suppose that this is true in the set
{(s,t,u,v):|t| <1, P =u?+v%< 1}. Each W, , is a graph over the u, v-
plane. Thus there are coefficients a, b, ¢, d which vary smoothly with s, ¢,
such that, for each s, ¢, W, , is the image of the linear map

(u,v)— (s+au+bv,t+cu+dv, u, v).

Since W;,, is symplectic, the determinant D = ad — bc must always be > —1.
Given a bijective increasing smooth map o : [0, 1] — [0, 1], let W, be the
image of the map

(u,v) — (s +a(r)(au + bv), t+a(r)(cu +dv), u, v), for (u,v):r<1,

where r? = u? +v%. Then W2, will be smooth if all the derivatives of a vanish
at r = 0, and it will fit together smoothly with W, , for r > 1 if a(r) =1
for r near 1. Further, it is easy to check that the restriction of the symplectic
form ds Adt+dundv to W2, is (1 +(raa’ +a?)D)dundv, and so W,
is symplectic iff

() rad’ +a*<1+e,
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where & > 0 is chosen so that (1 +¢)D > —1.

We claim that, for each ¢ > 0 there is a function a which satisfies all the
above requirements. To see this, note that, because a(r) < 1, condition (2) will
be satisfied if a’(r) < ¢/r. The other conditions can then be satisfied because

W 1yrdr=

’ Fix such an a. We want the fibration 7’ to have fibers of the form W7, at
all points ¢ = 0. It is not hard to check that these manifolds Wy, are d1s;omt
As |t] increases to 1, the fibers should interpolate between the old and the new:
thus the fiber should bc the graph of

(u, v) = (s+ B(lt], r)(au + bv), t+ B(lt], r)(cu +dv), u, v),

for a suitable function A(z, -) which equals a(r) when ¢ = 0 and 1 when
|t| = 1. These fibers would also be symplectic and disjoint if we could make
dp/0t sufficiently small, i.e., if we could extend the range of ¢ relative to the
range of r. Evidently, this may be achieved by replacing the function a by
the function a;, where as(r) = a(r/d) for some small constant 6 > 0. (This
does not affect the validity of (2).) This constructs a fibration n’ satisfying
condition (iii). It is obvious from the construction that a suitable isotopy g
also exists. O

Proof of Proposition 3.4. By the symplectic neighbourhood theorem, we may
suppose that @ splits in some neighbourhood #~!D = D x F of the fiber
F = n~!(xp), and then may isotop Z (and shrink D if necessary) so that
ZNa~'D = D x {zp} for some point zo. By Lemmas 3.11 and 3.9 we may
isotop @ (without changing it near Z N z~!D) first so that all the loops in A
are closed characteristics, and then so that, for suitable p, all the forms w + sp
are m-compatible on 7~!(A U D) and have the same holonomy round the loops
of A.

Now choose the form 7 to have support in D as in (1), and consider the
forms

W s=w+In'T+5p, s,t>0.

By construction, they are all symplectic, and all have the same holonomy round
A . Moreover, because this holonomy is trivial near the base point z¢ € Z,
the construction given in [8, Lemma 4.14], which isotops w; o in #7!D toa
form «' which has trivial holonomy round A, works just as well for the forms
w),s, s > 0. Thus each w,,; is isotopic, by an isotopy with support in n-'D,
to a form with trivial holonomy.

Since multiplying a symplectic form by a scalar k does not change its holon-
omy, it now suffices to check that if w(M_x) > 0 we can choose s(#) and x(t)
so that the forms x(f)w; 51, 0 < ¢t < 1, are cohomologous. To see this, let
T = [,,t. When V =M x §%, because p(M_;) =0, we find [p] =kb/2+ f.
Thus

(1.5 = b+ paf +1Th +5 (§b+f) - (m +iT + )b+(#z+8)f,
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which is a positive multiple of u;b + uyf iff 2u, — ku; > 0. When V = Vy,,
one has

[wi,s] = psby +pu-b_ +tT(by +b_) +s (k+l k - lb_) ,

3 by +

and the result follows as before. O

It remains to establish which homology classes in ¥ may be represented by
symplectic sections, i.e., sections Z on which @ does not vanish. One might
try to construct these by cutting and pasting, but there seems to be no way of
doing this which allows one to keep control of the homology class of Z .

Another approach constructs Z as a J-holomorphic curve.

Proposition 3.12. Let (V, wo) be a ruled surface over a Riemann surface of
genus g > 0 andlet ,,0 <t <1, be a pseudo-isotopy such that w, is a
Kahler form for one of the complex structures J constructed in Theorem 2.4.
Then the regular J-holomorphic sections whose existence is established in this
theorem persist under the deformation w,. In particular, there are sections in
the given classes which are wqo-symplectic.

Remark 3.13. We attempted to prove a similar result in Lemma 4.16 of [8].
There we considered sections in class M;_; on Vjs, and tried to show that
such a section would persist under a pseudo-isotopy. The proof is correct, except
for one point. The integrable complex structure J{ which we used to establish
the degree of the evaluation map is nongeneric and has too many cusp curves.
In fact, because there is a J{-holomorphic section M;_,, , there is a cusp curve
through any set of 2g — 1 points, namely the union of M;_,, with 2g -1
fibers. Since we are only at liberty to choose g points, it is impossible to avoid
these cusp curves, and indeed, when we move J{ to a nearby generic J some
(but not all) of these cusp curves will join up to form J-holomorphic curves
in class Mj,_; . One suspects that the end result will always be to increase the
degree of the evaluation map e : this is certainly true if we may assume that our
generic J is integrable. (An instructive example to consider is the case when
M = T?  when we know from Proposition 2.2 that ¢ has degree 2.) However,
if J is not integrable, it is not yet known whether evaluation maps are always
locally orientation preserving for curves of genus > 0 (see [9]), and so it is
conceivable that that the curves which one knows about are cancelled out by
some others where the evaluation map is negatively oriented. Thus, in order
to establish that the evaluation map has positive degree, we must construct a
generic (i.e., regular) integrable J as we have done here.

Proof. We begin by recalling some facts from [8].

Let A be the homology class of the sections under consideration, let
denote the space of all almost complex structures on ¥ which are w,-tame for
some 0 <t <1, and let F; be the Teichmiiller space for surfaces of genus
g. Given J € #, consider the space #(J, J;, 4) of all holomorphic maps
(Zg, ji) — (V, J), where j, is the complex structure on the (fixed) surface X,
which corresponds to 7 € ;. For regular J, this is a smooth manifold which
has (real) dimension 2 if g > 1 and dimension 4 when g=1.
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However, the unparametrized moduli space #(J, J, A)/G, is a manifold
of dimension 2 for all g. Here G, is the modular group for g > 1 and
is an extension of PSL(2, Z) by the rotation group 72 when g = 1, acting
in the obvious way. Thus, if we denote its action on J; by y € Gg : 7 —
y - T, then there is an injective homomorphism y — ¢, from G, into the
group of diffeomorphisms of X, such that (¢,).(jz) = j;.-, and the action on
H(J, T, A) is given by

(U, jz:) = (Uody, jyr)-

Since G; acts freely on #(J, F;, 4), the quotient #(J, T, 4)/G, is a
manifold. Further, if dim#(J, %, 4) is positive, the argument of [6, §4]
shows that both #(J, T, 4) and #(J, F;, A)/G, have a natural orienta-
tion, which is induced by the obvious complex structure when J is integrable.

The fibration #5(J) — A£(J, T, A) with fiber (Z,, j;) at (u, T) descends
to a fibration X, — W(J, 4) - #(J, T, A)/G,. Moreover, there is an eval-
uation map e : W(J, A) — V, which takes the point z in the fiber over
(u, 1) to the point u(z) € V. When J is integrable, W(J, A) has a complex
structure which extends the obvious complex structures on its fibers, and both
maps W(J, A) — A (J, T, A)/G; and W(J, A) — V are holomorphic.

By [8, (2.4)], there is an open, dense and path-connected subset # of #
consisting of J which admit no holomorphic sections with self-intersection
number less than 4 - A. It follows easily from positivity of intersections
that every A-cusp curve must contain such a section. Thus the moduli space
#(J,Tg, A)/Gg of unparametrized J-holomorphic 4-curves, and hence also
W(A,J),is compact for J € % .

Let us now get back to the problem in hand. There are two cases to consider,
one when the curves in question form a 2-(real)-dimensional family, and one
in which they are isolated. In Theorem 2.4, we established in both cases the
existence of regular elements J, € # which are integrable and are w;-tame.
Thus, in the first case, e(J;) : W(4, J) — V is a holomorphic map between
compact 4-manifolds, and so it has positive degree, d say. Since % is path-
connected, it follows that e(J) has degree d for every regular element J of
% . In particular, W(J, A) is nonempty for all such J . But, by [8, (2.4)], there
is a regular element Jy of Z which is wop-tame. Moreover, by [8, Lemma 4.4],
we may assume that the fibers of n are Jy-holomorphic.

Hence, there is a Jy-holomorphic A4-curve, which must be a section of =
because 4 - F = 1. This gives us the required wq-symplectic section.

In the second case, the sections of interest are isolated and the moduli space
#(J, Ty, A)/G, consists of isolated oriented points. The orientation proce-
dure shows that when J is integrable each of these points is positively oriented.

Therefore, because the moduli space is nonempty for an integrable J € Z it
must be nonempty for every J € Z . Thus, as above, there is an wg-symplectic
section.

We end with a direct geometric argument which shows, in this second case,
that #(J, J;, A) can never be empty.

Let A' = A+ F. Because c(F) = 2, the moduli space #(J, F, 4')/G
has dimension 4. Hence, for a generic point x € V the moduli space
MA(J,Tg,x,A)/G of A'<curves which go through x has dimension 2. Ob-
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serve that, for J € #, the only possible A’-cusp curves are unions of an F-
curve (i.e., fiber of n;) with an A-curve. Since A-curves are isolated, we may
always assume that x is not on an A-curve, but there still may be a finite number
of A’-cusp curves through x since there is always a fiber through x. Observe
that, if #(J, 9, A4) is empty for some J € ¥ , the space A (J, T, x, A')/G
must be compact.

We now complete the proof by showing that #(J, J¢, x, A')/G cannot be
compact. Consider the map

ep=M(J,T;, %, 4)|G = CP' = Po(TV)

which takes a curve to its complex tangent plane at x. The above remarks
show that when J € Z, ep is a proper map onto CP! — {Tr}, where TF is
the tangent space to the fiber of #;, though x. It therefore has a well-defined
degree, which is independent of J € % .

Taking J to be one of the generic integrable w;-tame complex structures of
Theorem 2.4, one sees that this degree is positive. Thus, if #(J, %, x, 4')
/G is compact, ep must be surjective.

This means that there is an A4’-curve which is tangent to an F-curve. Thus, by
positivity of intersections, A’ - F > 2. But this is impossible because A’ - F =
1. O

REFERENCES
. M. Atiyah, Compiex fiber bundles and ruled surfaces, Proc. London Math. Soc. (3) § (1955),
407-434.
. —— Vector bundles over an elliptic curve, Proc. London Math. Soc. (3) 7 (1957), 414-452.
P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley, New York, 1978.
R. Hartshorne, Algebraic geometry, Springer, New York, 1977.

. F. Lalonde, Isotopy of symplectic balls and structure of irrational ruled symplectic 4
manifolds, Math. Ann. (to appear).

. D. McDuff, Examples of symplectic structures, Invent. Math. 89 (1987), 13-36.
R The moment map for circle actions on symplectic manifolds, J. Geom. Phys. § (1988),
149-160.
The structure of rational and ruled symplectic 4-manifolds, J. Amer. Math. Soc. 3
(1990), 679-712.
9. _____, Immersed spheres in symplectic 4-manifolds, Ann. Inst Fourier (Grenoble) 42
(1992), 369-392.

I

=)

DEPARTMENT OF MATHEMATICS, SUNY AT STONY BROOK, STONY BROOK, NEW YORK 11794-
3651




