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RIGIDITY OF ERGODIC VOLUME-PRESERVING ACTIONS
OF SEMISIMPLE GROUPS OF HIGHER RANK
ON COMPACT MANIFOLDS

GUILLAUME SEYDOUX

ABSTRACT. Let M be a compact manifold, H a semisimple Lie group of
higher rank (e.g., H = SL(n,R) with n > 3) and a € &/ (H, M) an ergodic
H-action on M which preserves a volume v . Such an H-action is conjectured
to be “locally rigid™: if a’ is a sufficiently C!-small perturbation of a, then
there should exist a diffeomorphism @ of the manifold M which conjugates
a’ to a. This conjecture would imply that if @ is an ag-invariant geometrical
structure on M , then there should exist an_a’-invariant geometrical structure
@' on M of the same type. Using Kazhdan property, superrigidity for cocycles,
and Sobolev spaces techniques we prove, under suitable conditions, two such
results with @ = v and with @ a Riemannian metric along the leaves of a
foliation of M .

1. INTRODUCTION

Let M be a compact connected manifold and H a Lie group acting on M .
Unless otherwise specified we always assume that the manifold M , geometric
structures, and H-actions on M we consider are smooth. Let & (H, M) de-
note the set of H-actions on M, endowed for each integer 0 < k < oo with
the Ck-topology of uniform convergence of k-jets on compact subsets of H .
In general, if a € &/ (H, M), an arbitrary C*-neighbourhood of a, however
small, contains actions which are not conjugate to a: take H =R, M = T2,
and let a, € & (R, T?) denote the usual R-action on 72 by translations with
slope a € R. Then if (ap)aen is a sequence of rationals such that a, —0 o,

a ¢ Q, then although a,, -ﬁ%—» a, , the a,, are never conjugate to a, (as, for

instance, the a,, are not ergodic while a, is). However we have the following
conjecture:

Main Conjecture 1.1 (Local rigidity of ergodic volume-preserving actions of
semisimple Lie groups of higher rank and their lattice subgroups on compact
manifolds). Let H be a connected semisimple Lie group with finite center and
such that the rank of each simple factor is at least two. Let ' ¢ H be a
lattice subgroup (i.e., a discrete subgroup such that the H-space H/T' admits
a finite invariant measure). Assume that a € &/ (H, M) (or a € & (', M))
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is an ergodic action which preserves a volume. Then a sufficiently C!-small
perturbation a’ of a is conjugate to a in Diff(M).

Local rigidity for the standard action of I' = SL(n,Z) C SL(n,R) on
T" (n > 4) has been recently proved by A. Katok and J. Lewis [6, Theorem
1.3, p. 2]. The example of the R-actions on the torus shows that local rigid-
ity depends crucially on the group structure and not on the “richness” of the
H-invariant geometric structure (since both the a,, and a, leave the flat metric
on T2 invariant).

The actions dealt with in the Main Conjecture will be referred to as actions
of type a. Canonical examples are obtained as follows: let G = IIG; be a finite
product where each G; is a connected noncompact simple Lie group with finite
center. Let I' C G be a cocompact lattice subgroup such that the transitive
action of G on M = G/T is irreducible (we recall that if M is a G-space
with finite invariant volume, then the G-action is called irreducible if for every
noncentral normal subgroup N C G, N is ergodicon M). Let H be a
connected semisimple Lie group with finite center such that the rank of each
simple factor is at least two, and let 4 : H — G be a homomorphism whose
image h(H) C G is closed and noncompact. By Moore’s Ergodicity Theorem
[1, Theorem 2.2.15, p. 21] the H-action on M is ergodic, and thus of type a.

Statement of the main results. The Main Conjecture induces numerous “sta-
bility” properties for actions of type a. In particular if @ € & (H, M) is of
type a, a Cl-small perturbation a’ of a, being conjugate to a, is also of type
a, and if we moreover assume that a preserves a G-structure @ then a’' must
also preserve a G-structure of the same type. One might think of trying to prove
such a stability result with @ a Riemannian metric on M , but we recall that
the Lie algebra of a semisimple noncompact Lie group cannot be embedded into
the Lie algebra of a compact Lie group, so that a connected semisimple non-
compact Lie group H cannot act faithfully on M preserving a Riemannian
metric. However, natural situations arise where H preserves a foliation & on
M (i.e., H permutes the leaves of the foliation) and a Riemannian metric on
the leaves of this foliation: take for instance M = (H x G)/T" where G is a
connected semisimple noncompact Lie group with finite centerand I' C H x G
is a cocompact lattice (the leaf through (k, g) is then (k, G) on which we
consider the H-invariant quotient of a right-invariant Riemannian metric on
G). Such H-actions are moreover transverse to the foliation & (i.e., at each
m e M we have T,M = T, + T,,(Hm)). The following theorem is thus
clearly germane to the Main Conjecture, and one can actually show that it is
implied by it.

Main Theorem (Theorem 4.1.1). Let H be a connected semisimple Lie group
with finite center which can be realized as the R-points of an algebraic R-group
X and such that the rank of each simple factor is at least two. Assume that
a € Y (H, M) is an irreducible H-action which preserves a smooth volume v,
a foliation & and a smooth Riemannian metric w on TS . Assume moreover
that a is transverse to & . Let a’ be a sufficiently C*-small perturbation of a
which is irreducible, which preserves a smooth volume v' and the foliation & .
Then for each integer 0 < r < co there exists an a’-invariant C'-Riemannian
metricon TS .
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It would be nice to generalize this theorem to H-actions which are not nec-
essarily transverse to & . A partial result in this direction is the following:

Theorem 3.1.1. Assume that a € & (H, M) is an irreducible H-action (H sat-
isfies the hypotheses of the Main Theorem) which preserves a smooth volume v,
a foliation & , and which leaves a continuous Riemannian metric ® on TS
invariant. Let a' be a sufficiently C'-small perturbation of a which is irre-
ducible and & -preserving. Then a' leaves a measurable Riemannian metric on
TS a.e. invariant.

Though the Main Conjecture implies that the irreducibility (or ergodicity)
and the volume-preserving character of actions of type a should be stable under
small perturbations, as we have not succeeded proving such stability results,
we assumed in the Main Theorem that the small perturbation 4’ was both
irreducible and volume-preserving. However, in §2, we prove the following
theorem.

Theorem 2.2. Assume that H is a Kazhdan Lie group (e.g., H satisfies the
hypotheses of the Main Conjecture) and that a € &/ (H, M) preserves some
probability u € M,(M) (where M (M) denotes the set of measures on M which
are absolutely continuous with respect to one, and hence any, smooth volume).
Fix a smooth volume vo on M, an ¢ > 0, and let a' € Y (H, M) be a
sufficiently C'-small perturbation of a. Then:

(1) a’' preserves some probability 1’ € M,(M) satisfying

/
d_‘l - d_” s 26.
dvy duolj; ,,
(2) If u is a smooth volume we can moreover insure that u' € My(M) (the
smooth probability class on M).

Our Main Theorem is an analog of Zimmer’s Theorem [2, Theorem 10.1, p.
192] which deals with isometric actions of lattice subgroups I' ¢ H on M.
Most of the material in this paper is part of my Ph.D. dissertation written at
the University of Chicago under the guidance of Professor Robert J. Zimmer. I
am grateful to him for suggesting this line of research and guiding my first steps
in the research process.

2. RIGIDITY OF THE VOLUME-PRESERVING CHARACTER
OF ACTIONS OF TYPE 4

Throughout this section H denotes a Kazhdan Lie group. We recall the
corresponding definitions.

Definitions 2.1.

(1) Let H be a Lie group and (I1, #) be a unitary representation of H
on some Hilbert space # . Let ¢ >0 and K c H a compact subset. A
unit vector f € # is said to be (¢, K)-invariant if |II(h)f - f]| < €
for each heK.

(2) We say that I1 almost has invariant vectors if for all (€, K) there exists
an (€, K)-invariant unit vector.

(3) The group H is said to be Kazhdan if any unitary representation of H
which almost has invariant vectors actually has a nontrivial invariant
vector.
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Let M,;(M) denote the set of measures on M which are absolutely con-
tinuous with respect to one (and hence any) smooth volume, and let M;(M)
be the set of measures on M which are in the same measure class as smooth
volumes. As the Lie groups dealt with in the Main Conjecture 1.1 are Kazhdan
[1, Theorem 7.1.4, p. 130], the following theorem, which is our first stability
result, is clearly relevant to the Main Conjecture.

Theorem 2.2. Assume that H is a Kazhdan Lie group and that a € &/ (H , M)
preserves some probability u € M,(M). Fix a smooth volume vy and € > 0.
Let a' e ¥ (H, M) be a sufficiently C'-small perturbation of a. Then:

(1) a' preserves some probability u' € M,(M) satisfying

dy du

- - == < 2e.

dvy dvyg L

(2) If we moreover assume that u is a smooth probability volume we can
moreover insure that y' € My(M).

We first construct a unitary representation IT)? : H — U(L2 (M)): the H-
action @’ on M induces an H-action on M,(M) defined by
@k, W)A) =p@h", 4), AcM.
By the Radon-Nikodym Theorem the map ®,, : M,(M) — L% *(M) = {f €
L (M) | f >0} defined by u— (5’-‘0‘;)‘/2 is a bijection so that the H-action 4’
on M also yields through this bijection an H-action on L% *(M). In order to
find an explicit formula for this action we need to express (ﬂ‘-‘},—'j;m)‘/z asa
function of (3‘;“;)'/2 . We have
dah,p) . _du ;1 d(a'(h, vo))
dvo (m) - d‘Uo (a (h ’ m)) dvo (m)
and thus introduce the smooth strictly positive function

_ (d(@(h, v)) 12
Jo(h, m) = (———d;);—o—(m))

and define the representation IT? : H — U(L2(M)) of H on L2 (M) by
setting

(T2 (h)f)(m) = f(@'(h™", m))J0(h, m).
By construction the representation IT)? is unitary, u € M,(M) is a’-invariant
if and only if (fv“;)'/ 2 € L2 (M) is IT?-invariant, and conversely, as J,* > 0,
if f e L2 (M) is_ IT?-invariant then |f] is also IT-invariant and thus u =
S*vo/If1,,, is an @'-invariant probability on M .

Proof of Theorem 2.2. Let f = (3)!/2 be the IT-invariant function in
L2 (M) associated to the a-invariant probability u, let (an)nen be a sequence
of H-actions which converge to a in the topology of C'-uniform convergence
on compact subsets of H ,-and let (IT;%),en be the associated sequence of uni-
tary representations on L2 (M).
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We first prove (1), namely that for n large enough there exist IT;’-invariant
unit functions f, in L2 (M) which satisfy ||f, — fll2,s, < € (as indeed if

we then set u, = f2v, we do have ||§%§ - g{,‘;lh,,,o = [, 12 = flldv =

L lfa + fllfa = fldvo < Ifa + fllz,ullfn = fll2,0 < 2€). It is well known
that the definition of a Kazhdan group can be reformulated as follows.

.Lemma 2.3 [5, Proposition 16, p. 15]). There exist a compact subset Ko C H
(depending only on H) and a 6 > 0 (depending only on € and H) such that
for any unitary representation (I1, #) of H on a Hilbert space # and given
any (6, Ko)-invariant unit vector f € # there exists an H-invariant unit vector
geEX with |lg-fll<e.

Let 6 > 0 and Ky C H as in Lemma 2.3: it is enough, by this lemma, to
show that f isa (d, Ko) — II;°-invariant vector for n large enough. But if we
set

A= sup J*(h, m)
[fmeM ,neN, heK,)
we have:

Xz (B).f = fllz,0 = N [TT52(R) = TI32(R)] fll2, vo
< Allf(anh™", ) - flath™, Mliz,u

which converges uniformly on K, to 0. This proves (1).

In order to prove (2) we can assume without loss of generality that u = vg
(so that the asociated IT-invariant function in L2 (M) is f=1,and J* =
1). There exists an integer ny such that for all » > ny and all 4 € K,
TG (A)1 = 12,4, = IJaP(h, )1 = 112,45 < Ma2(R, .) = 1]l < & (the compact
Ko C H and 6 > 0 are again yielded by Lemma 2.3).

From now on we fix such an integer n > ngy and show that there exists an
ap-invariant u, € M;(M).

Again let g be the IT;-invariant function in L2 (M) satisfying ||g — 1|2, ,
< € yielded by Lemma 2.3. By replacing g by |g| we can assume without
loss of generality that g > 0. We would like to have the additional property
g>0.Set Z,={me M| g(m)= 0} As J;* >0, Z,; is ap-invariant. As
llg = 1]|2,4, < €, necessarily vo(Z;) < €2. If vo(Zg) 0 we are done. Assume
thus that Z, is not a null set. We can then consider the “restricted representa-
tion” 1Y, : H x L2,(Zg) — L2(Z,) which is unitary (we set v’ = vp/vo(Zg) ).

But 1 isagaina (4, Ko) - ITY, -invariant vector so that there exists a unit g, €
L2(Zg) which is I -invariant and such that v'(Z,,) < €2, i.e., vo(Zg,) < €*
and ||1-gi|l2,» <E€. "Proceed then inductively: we obtamadecreasmg sequence

of measurable sets Z;, D Zg, D Zg, D ... D Zg, O ... such that v(Z,,) < €%
together with a sequence of functions (M » 8), (Zg, 81), (Zg,, &), .... Extend
gion M by O andset ¢ =g+ Y 7" & . By construction ¢ is IT}-invariant,
€ L,’,O(M), l¢ — 1]|2,4, < 26, and ¢ > 0. Thus u, = ¢*vy € M;(M) is an
ap-invariant probability which is solution of our problem. O

We end this section with an example of a non-Kazhdan Lie group for which
the conclusion of Theorem 2.2 fails: let H = (R}, x), let M = S2 CR3 be
the 2-sphere and a: H x S? — S? be the natural H-action on S? induced by
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the rotation of R? around the vertical axis with angle InA, which preserves
the canonical volume of S2. For any 4 > 0 let ®;, be the diffeomorphism
of S? that fixes the poles and which, viewed in the chart of the stereographic
projection through the North pole (resp. the South pole) is a homothety of ratio
h (resp. 1/h) and set

ak(h) = d)hl/k ° R!nh-

Though the sequence of H-actions a; converges to a in the topology of C>-
uniform convergence on compact subsets of H , it is easy to see that none of
the g, leaves a measure in M,(M) invariant.

3. RIGIDITY OF THE MEASURABLE METRIC PRESERVING
CHARACTER OF ACTIONS OF TYPE 4

3.1. Introduction. In this section we prove a stability result by applying the
Superrigidity Theorem for Cocycles (Theorem 3.3.3), for which we need to
assume that H = Z{{’ where # is a connected semisimple algebraic R-group
such that each simple factor has R-rank at least 2: from now on we make this
additional assumption on H. We recall that if H satisfies the hypotheses of
the Main Conjecture and is moreover center-free, then this additional assertion
is redundant. As we said in the introduction, natural situations arise where
such groups H act on a compact manifold M preserving a foliation and a
Riemannian metric on the leaves of this foliation:

Theorem 3.1.1. Assume that H = X where X is a connected semisimple
algebraic R-group such that each simple factor has R-rank at least 2. Let a €
& (H, M) be an irreducible H-action which preserves a smooth volume v, a
Sfoliation & , and which leaves a continuous Riemannian metric w on TS
invariant. Let a' be a sufficiently C'-small perturbation of a which is irreducible
and & -preserving. Then a' leaves a measurable Riemannian metric on TS
a.e. invariant.

As Theorem 2.2 asserts that if a’ is a sufficiently C!-small perturbation of
a, then there exists an a’-invariant u’ € M;(M), we can assume without loss
of generality that the perturbed action a’ we consider leave some u’' € M;(M)
(depending on a’) invariant. From now on we furthermore tacitly assume that
the H-actions considered are irreducible and & -preserving.

3.2. The algebraic hull of the ergodic H-action a’. We will assume that the
reader is familiar with the machinery of cocycles applied to measurable reduc-
tions of principal bundles as exposed, for instance, in [3, §2, pp. 251-256]. Set
d = dim(M) and p = dim(¥). Let P be the GL(p)-principal fiber bundle of
the frames of & . As the H-action @’ on M is assumed to be & -preserving, it
lifts to an H-action on P by principal fiber bundle automorphisms, and as the
H-action a’ on M is assumed to be ergodic, one can canonically attach to a’
an algebraic subgroup of GL(p) called the algebraic hull of the H-action a’: let
s : M — P be a measurable section of P and let ® : M x GL(p) — P denote
the corresponding measurable trivialization (defined by ®(m, g) = s(m)g). As
H acts on P by principal bundle automorphisms we can describe the H-action
on P in the trivialization @ by the cocycle a: H x M — GL(p) (defined by
h.®(m, g) = ®(hm, a(h, m)g)).
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Theorem 3.2.1 (algebraic hull of a cocycle) [3, Theorem 4.1, p. 260]. Let o :
H x M — GL(p) be a cocycle. Then,

(1) There exists an algebraic R-group & C GL(p, C) such that a is equiv-
alent to a cocycle taking values in L = %4 but o is not equivalent to
a cocycle taking values in a proper subgroup of L of the form M = .#;
where # s also an algebraic R-group.

(2) L is unique up to conjugacy. The conjugacy class of L (or by abuse of
language L or ) is called the algebraic hull of the cocycle a .

(3) If a~ B where B(HxM) C L' and L' = % where &' is an algebraic
R-group then L' contains a conjugate of L.

Remark. Since a' canonically defines an equivalence class of cocycles, it does
make sense to speak of the algebraic hull of the H-action a’'. We will also use
the following results:

Theorem 3.2.2.

(1) [3, §2] There exists an a.e. a’-invariant measurable metric on TS if
and only if L is compact.

(2) [4, Theorem 1.1, p. 375] L is a reductive group with compact center
(this uses essentially the hypotheses we made on H).

3.3. H-actions with noncompact algebraic hulls. Fix a continuous Riemannian
metric ® on M such that @|;4 = @ (w is the continuous g-invariant Rie-
mannian metric on 7.¥ ). By abuse of notation we will write ® = @ and we
denote by || | the associated norm on TM . In this section we fix an H-action
a’ on M with noncompact algebraic hull (which preserves some u’' € M;(M)
with respect to which the action is irreducible) and prove

Theorem 3.3.1. There exist an ho € H and a A > 1, both independent of the
fixed action considered (with noncompact algebraic hull), a C > 0 and a vector
v € TS, such that for infinitely many integers n we have ||h3v]| > CA".

Let -L = % be the algebraic hull of the H-action on P. There exists a
trivialization ® : M x GL(p) — P of P (oorrespondmg to the measurable
section so(m) = Do(m, e)) in which the action is described by the cocycle
a:Hx M — L. From now on we will work in this trivialization.

Lemma 3.3.2. There exists a finite irreducible extension p : M — M (i. e, all
fibers are of a fixed finite cardinality), a nontrivial homomorphism p : H -
() (where (H, m) denotes the universal covering of H), a compact normal
subgroup K < (£°)r, a measurable map @ : M - (£, and amap ¥ :
HxM — K, such that for all h € H and any heH satisfying 1t(h) h, we
have

a(h, m) = &~ (hin)p(h)D()¥(h, i)

forae me M andany € M such that p(im)=m

Proof. By|1, Proposition 9.2.6, p. 168] there exists a finite irreducible extension
D : M — M such that the cocycle defined by

a(h, m) = a(h, p(m))
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has algebraic hull (%) . As (Z°)g C L has finite index and L is assumed to
be noncompact, (#%)g is noncompact. As Z(L) = (Z(%)), is compact (by
(2) of Theorem 3.2.2), Z((-Z%)g) is compact. As .& is a reductive algebraic
R-group (by (2) of Theorem 3.2.2), .Z° is a connected reductive algebraic R-
group so that we can write

L2 =A x %

where both 4 and % are connected center-free semisimple algebraic R-
groups such that L; = (4 )r is a compact semisimple Lie group, % = ¥ x

-- x %, where each % is a connected simple center-free algebraic R-group
such that each S; = (&)z is a simple, center-free noncompact Lie group. Let
g and g; be the canonical homomorphisms of R-group defined over R,

: L -L2(FY~%, ¢:%H-F,

and set
&',=q,~oqo&:HxH—»S,-.

The cocycle @; is not equivalent to a cocycle taking values in a proper subgroup
of the form G; = (%;)z where &, C % is an algebraic R-subgroup (otherwise
a would be eqmvalent to a cocycle taking values in [(g; o q) 1(£)lz where
(gioq)"Y (&) c Z? is a proper algebraxc R-subgroup, which is impossible as
(<2°), is the algebraic hull of the cocycle &), so that we can apply the following
theorem with ¥ =.% and B =a;:

3.3.3. Superrigidity Theorem for Cocycles [1, Theorem 5.2.5, p. 98]. Suppose
that X is a connected semisimple algebraic R-group such that R-rank(H) > 2
and H = X has no compact factors. Suppose that M is an irreducible H-
'space with a finite invariant measure [i. Let & be a connected simple algebraic
R-group, set S = % and suppose that B : H x M — S is a cocycle such that
B is not equivalent to a cocycle taking values in a subgroup G = ()g where
¥ c &7 is a proper algebraic R-subgroup. Then if S is not compact, there exists
a rational homomorphism of R-groups p : # — & defined over R and such
that B ~ a,, where ap,(h, m)= p|u(h).

Thus for each i = 1, ..., n there exists a rational homomorphism of R-
groups p; : ¥ — % defined over R and a measurable ¢; : M — S; such that
for all h € H we have &;(h, m) = ¢;" (hm)p,ly(h)cﬁ,(m) forae. me M.
Equivalently there exists a measurable ¢ : M- L, and a rational homomor-

phism of R-groups p : # — % defined over R such that for all # € H we
have

goa(h, m) = ¢~ (hin)p|u(h)p(m) forae. meM

where ply: H = #2 — LY (as we assume H is connected). Let dp:h — I,
denote the Lie algebra homomorphlsm corresponding to p|y and let [ be the
Lie algebra of (Z%)r. As b is semisimple we can lift dp to dp:bh — I and
thus there exists a homomorphism of Lie groups p : H- (& °)° corresponding
to dp:bh— [ and covering p|ly : H— LY. Fix r: L — (.S’°)° a measurable
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section of ¢ and set ® = r o ¢. The following diagram commutes:
H 2 Z90

dl L
H A, L LAy

Let K < (Z%;z be the normal Lie subgroup K = g~!(e). The compactness of
L, and (Z(5")), implies that K is compact. Let h € H such that n(h) = h
As g(a) = q(b) ¢ a = bk for some k € K and g(®~'(hin)p(h)®(m)) =
¢~ (hi)p|u(h)p(im) = g o G(h, i) we have, for all h € H,

&(h, m) = @' (hin) p(h)D()¥(h, )

forae. me M and for some ¥: Hx M — K. Clearly p cannot be trivial
(otherwise & and thus o would be equivalent to the cocycle ¥(h, m) which
takes its values in X which is compact so that the algebraic hull of the H-action
L would be compact). As a(h, m)=a(h, m) we are done. O

At each m € M the measurable section so : M — P defines a canonical
linear isomorphism so(m) : R — T,,% . Let || |lgr denote the usual norm on
R? and 7 : T¥ — M be the canonical projection. The following lemma is an
easy exercise.

Lemma 3.3.4. There exists a measurable A C M with ji(A)>0 anda C' >0
satisfying.
(1) vl > C liso(z(v))*vliee for all v € n='(p(A)) (where p: M — M is
the finite irreducible extension introduced in Lemma 3.3.2),
(2) ®(A) c K’ for some compaci K' C L (where ® is the map introduced
in Lemma 3.3.2).

Lemma 3.3.5 (Poincaré recurrence) [1, Lemma 9.1.5, p. 165]. Let (X, u) be
an H-space and assume that u is H-invariant. Fix h € H and A C X such
that u(A) # 0. Then for almost all x € A, h"x € A for infinitely many positive
n.

Proof of Theorem 3.3.1. Let Il = 5 : H — (%)% c L c GL(p) be the canonical
representation of H on R? associated to p. As H is a simply connected
semisimple Lie group such that the rank of each simple factor is greater than
1 (positive would actually be enough for what follows), there exists an ho € H
and a 4 > 1, both depending only on H,a ﬁeR" and a B €R with Bl >4
such that j(ho)¢ = BE. Let hy = n(ho) andlet ACM as in Lemma 3.3.4. By
Lemma 3.3.5 we can pick an m € M such that him € A for infinitely many
integers n and the following diagram commutes (again set m = p(m)):

Tom & — Tothomy? T (hzm)y — Tso(hgm)y

TSo(m) Tso(hom) TSo(hﬁm) Iso(hgm)
ge ot RP a(hy , hym) RP a(ho , iim) RP
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Set v = so(m). (®(M))~'¢) € TnF where ®: M — L C GL(p) is the map
introduced in Lemma 3.3.2. By Lemma 3.3.2 we have

so(hEm)* (Rv) = a(hy , m)((®(R))~1¢)
= kn (DR 7)) ™ B(RE)E = Kn(D(RETR)) ™" B7E

for some sequence (kp)nen Of elements of K (we recall that K <« (Z%)g ). By
Lemma 3.3.4 this implies that for infinitely many integers » we have

Ihgvll > C'llka (D(h3)) ™" B¢l > CIBI"

for some constant C > 0 and thus that for those integers we have |Ajv]| >
Ci*. O

3.4. Proof of Theorem 3.1. The proof goes by contradiction: assume that there
exists a sequence (ax)xen Of H-actions on M with noncompact algebraic hulls
which converges to a in the C'-topology of uniform convergence on compact
subsets of H. Let hg € H and A > 1 be yielded by Theorem 3.3.1 and fix
yeR suchthat 1 <y<A.

As the sequence (ax)xen converges to a and as a preserves the continuous
norm || || , there exists an integer ko € N such that

(x) k2ky=forallv e T, |aho, )l < 7l

We now fix an integer k > ko: by Theorem 3.3.1 there exist a C > 0 and
a v € T (which we can assume to be unitary) such that for infinitely many
integers n we have

(++) lax(hg, vl > CA™,

But by (*) we have |lax(hg, v)|| < »", so that by combining (*) and (**) we
get 0 < C < (%) for infinitely many integers n, which is impossible. O

4. THE MAIN THEOREM

4.1. Introduction. We now assume that the original H-action a on M leaves
a smooth Riemannian metric @ on T invariant. Let a’ be a sufficiently
C>-small perturbation of a. In this section we prove the existence, for each
integer r, of an ag’-invariant C’-Riemannian metricon T.% . We will need the
additional assumption that the original H-action a is transverse to the foliation
¥ , namely that at each m € M we have T,,F + Tp,(Hm)=T,M.

4.1.1. Main Theorem. Let H be a connected semisimple Lie group with finite
center which can be realized as the R-points of an algebraic R-group # and such
that the rank of each simple factor is at least two. Assume that a € &/ (H, M) is
an irreducible H-action which preserves a smooth volume v, a foliation & , and
a smooth Riemannian metric @ on TS . Assume moreover that a is transverse
to & . Let a’ be a sufficiently C>®-small perturbation of a which is irreducible,
which preserves a smooth volume v’ and the foliation & . Then for each integer
0 <r < oo there exists an a'-invariant C'-Riemannian metric on TS .

By Theorem 3.1.1, if a’ is a sufficiently C'-small perturbation of a, then a’
leaves a measurable Riemannian metric on T¥ a.e. invariant; it is moreover
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easy to see that the transversality of @ implies the transversality of C!-nearby
actions: from now on a' will denote an irreducible H-action on M which pre-
serves the foliation & , a smooth volume v' (depending on a'), and which is
contained in a sufficiently small C'-neighbourhood of a so that it is transverse
to & and leaves a measurable Riemannian metric on TS a.e. invariant.

Sketch of the proof of the Main Theorem. In §§4.2, 4.3, and 4.4 we build the
machinery needed to show that if the perturbation @’ is sufficiently C*-close
to a, then for each integer r there exists a nontrivial a’-invariant function
in L3P) N C'(P) (where again P denotes the GL(p)-bundle of the frames
of the foliation ¥ and a’ denotes the H-action on P by principle bundle
automorphisms induced by the H-action &’ on M). In §4.5 we show how
the existence of such a function on P implies the existence of an a’-invariant
C’-Riemannian metricon 7.% .

Remark. As $84.2, 4.3, and 4.4 mimic §§2, 4, and 8 of [2] we adopt a terse style
and refer the reader to Professor Zimmer’s original paper for details or proofs.
However, the techniques involved in §4.5 differ significantly from the ones in
[2] (which are inapplicable here as we do not have compactness of the isometry
group Is(M, w)): we develop them in full details.

4.2. The metrics @; and r]k on the vector bundles JX (P R). Let P =

F(%) denote the GL(p)-bundle of frames of the fohatlon ¥ , n the pro-
jection P — M, and let @ denote the p-dimensional integrable distribu-
tion on M which yields the foliation # . If u € P and m = n(u), define
D, = n~Y(Dy) C T,(P). This yields a (p + pz)-dir‘q'ensional distribution &
on P which is GL(p)-invariant and integrable: let # denote the correspond-
ing GL(p)-invariant foliation. It is easy to see that an H-action on M which
is transverse to ¥ (and ¥ -preserving) lifts to an H-action on P transverse

to & (and - -preserving). Let Met(T¥) - M and Met(T.?’ ) — P denote

the bundles whose sections are smooth Riemannian metrics on 7% and 7.
respectively. The following proposition enables us to lift metrics on T# to
metricson 7.5 :

Proposition 4.2.1. There exists a natural bundle map from Met(TS) into
Met( TS ) sending & to & such that:

(1) the Rxemamua]t metric ¢' is GL(p)-invariant,

(2) the map & — & is continuous, where Met(TF) has the topology of Cl.

uniform convergence on compact sets and Met(TF ) has the topology of
C!='-uniform convergence on compact sets (I > 1),

(3) if ®: M — M is an ¥ -preserving dlﬁ”eomorphlsm and & denotes the
corresponding automorphism of P then dr({) = (d))‘(f)

Proof. Take inspiration from [2, bottom of page 160 and top of page 161].
For each integer k, let JX (P R) — P denote the vector bundle of k-jets

of smooth real valued functlons on P in the direction of & , i.e., J ;'(P ,R) =
C>(P,R)/ ~ where C>*(P, R) denotes the space of smooth real-valued func-
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tions on P and
f~g§h(u)=0, L ~=0,...,h"‘)l ;=0 whereh=f-g,

and let Met(J (P,R)) — P denote the bundle whose sections are smooth
Riemannian metrics on JX (P R). The following proposition holds:

Proposition 4.2.2. There is a natural map from MeXT¥) into Met(J4(P, R))
sending & to & with the following properties:
(1) If ®isan & # -preserving diffeomorphim of M and & € Met(T.7 ) then
(@ @) = (@)%

(2) Forany | >k the map is continuous where Met (TF) has the topology
of C!-uniform convergence on compact sets and Met(J' }(P , R)) has the

topology of C'—*-uniform convergence on compact sets.
Proof. Take inspiration from the proof of [2, Proposition 2.5, p. 162].

Let @ denote the smooth g-invariant Riemannian metric on 7% . By
Proposition 4.2.1 @ yields a smooth Riemannian metric @ on T% which
is both GL(p)- and g-invariant, and which in turn, by Proposition 4.2.2, yields
for each integer ¥ a smooth Riemannian metric @; on the vector bundle
J}(P, R) which is both GL(p)- and a-invariant.

We now see that the existence of a measurable Riemannian metric on T.%
which is a.e. invariant under the perturbed action a4’ implies the existence, for
each integer k, of a measurable Riemannian metric #; on J ;.(P , R) which is
both GL(p)-invariant and a.e. a’-invariant.

We first give a new construction of J}(P, R) as a balanced product: let

G(p + p?) be the group of germs at 0 € RP*?’ of local diffeomorphisms of
RP+?’ fixing 0. For k > 1, let Gi(p+p?) be the normal subgroup consisting of
diffeomorphisms that agree with the identity up to order k andlet GL(p+p?)*)
be the quotient G(p+p?)/Gx(p+p?). Let JK(R?+7* 0, R) be the vector space
of k-jets at 0 of smooth R-valued functions on R?*?*. If ¢ € GL(p + p2)®
and f € J¥(RP*?’, 0, R) then (¢, /) — fo¢~! defines a faithful left linear
action of GL(p +p2)®) on Jk(RP***,0,R). Let Pg’ — P be the bundle of
k-jets along the leaves of F of local diffeomorphisms of P (an element of
the fiber over u € P is a class of local diffeomorphisms of P fixing # which

derivatives restricted to D, = T.,Y agree up to order k): it is a principal
GL(p + p*)® fiber bundle and we have

J;"’(P’ R)= P;,.’.‘) X GLpsptyt JE(RPH? O, R).

Proposition 4.2.3.
(1) Let a®) be a cocycle corresponding to a measurable trivialization of
Pg_f) — P and the H-action on ng) induced by a', and let o be the

cocycle corresponding to @' and the associated trivialization of P — M .
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As a is equivalent to a cocycle taking values in a compact subgroup of
GL(p), o) is also equivalent to a cocycle taking values in a compact
subgroup of GL(p +p2)%) : thus, for each integer k, there exists a mea-
surable Riemannian metric ‘.I";( on J;f_.(P, R) which is a.e. a'-invariant.
(2) If there exists such a measurable a.e. a'-invariant Riemannian metric
T’ on Jk (P R), then there exists a measurable Riemannian metric 7,

on J;E,.(P R) which is both GL(p)-invariant and a.e. a'-invariant.
Proof. (1) follows from [2, Proposition 4.7, p. 173] and (2) follows from [2,
Corollary 4.13, p. 176).
4.3. The volume v’ and the Sobolev spaces L (P R). The a'-invariant

smooth volume v’ on M together with Haar measure 4 on GL(p) (which
is unimodular) yields a smooth volume v’ on P which is both GL(p)- and
a'-invariant.

Each f € C>®(P, R) defines a k-jet extension ]~( NecC>P,JL (P R)).
Let 7, be the a.e. a'-invariant measurable Rlemanman metric on the vector
bundle JX (P R) — P obtained in §4.2 and set

Cc=(P, R) ={f e C=(P,R)| |i&(Nl;, € LL(P)}.

The set C>°(P, R) = with the norm

N

gt = (s a9)

is a normed linear vector space whose completion we denote by L“-’-"~ (P,R). If
the Riemannian metric 7}, is only measurable we might have L (P R)=0.

But if 7, is smooth we clearly have L = (P R) O CX(P, R) the smooth

compactly supported functions on P. We are going to see that, provided 7
satisfies some integrability conditions with respect to the smooth metric @y,
this inclusion also holds, together with a Sobolev-embedding type theorem. We
first introduce the following definitions:

Definition 4.3.1. Let V' be a real vector space and let 7, ¢ € Inn(V).
Mn/¢) = max{||x||,, | Ix|le = 1}. If E — P is a vector bundle and 7,¢ are
measurable metrics on E, then let M(n/) :— R be the measurable function
defined by M (n/&)(4) = M(nu/¢u) -

We know that there exists an atlas & = (ho)aeqi,..,i} On M whose charts
h, : Uy — M trivialize & . To this atlas corresponds the atlas

& = (ha)ae{l,...,i}

of P whose charts h, : U, x GL(p) — P trivialize & .
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Definition 4.3.2. Let f : P — R be a function on P. We will say that f is

C'-for-almost-every-leaf-of- & if in each chart of the atlas &/ and for almost
every x € my(U,) C R (where ¢ = d — p is the codimension of the foliation
¥ ) the function foh,(., x,.) is C".

We then have the following proposition:
Proposition 4.3.3.
(1) If M(7,/@x) € L} (P), then C=(P, R)CL (P R).
) If M(wk/nk) € L2 (P), then LZJ‘~ (P, R) cLL"~ o (P> R).
(3) If fe L (P R) and k > r+d1m(.7 ), then f is C'-for-almost-

every-leaf-of .9’ . _
(4) Assume that f : P — R is C'-for-almost-every-leaf-of-& . If f is
moreover a'-invariant then f € C’(P).

Proof. For (1) and (2) take inspiration from [2, Lemma 2.8, p. 164]. To prove
(3) apply Fubini’s Theorem and the classical Sobolev Embedding Theorem in
the charts of the atlas & , and to prove (4) use the a’-invariance of f together
with the transversality of the H-action @’ on P to the foliation 7.

We now show that the integrability conditions of Proposition 4.3.3 (namely
that M(7) /@) and M(@y/7),) both belong to L2 _(P)) are realized provided
that the perturbed action @’ is C®close to a:

Proposition 4.34. If a' is a sufficiently C™-small perturbatzon of a then for
each integer k, M( /@) and M(@y/7,) both belong to L2 (P).

Proof. In order to insure that M (7, /@) belongs to L2 (P) we will examine
the growth of this function along a’-orbits and show that this can be converted
into the desired integrability property by an application of Kazhdan’s property.
We first make the following remark: if #, and @, are both GL(p)-invariant,
then M(#),/wi) can be considered as a function on M so that in order to
show that this function, considered as a function on P, belongs to L (P),
it is enough to show that, considered as a function on M, itis in L2,(M).
Furthermore, as 7;, is a’-invariant, then for each # € H and ae. me M we
have

Mt/ @r)(hm) = M(h* 7 [ h* @ )(m)
< M(h* ;| @) (m)M (@ [ h* @ )(m)
= M (/@i )(m)M (i /h* @y ) (m).
Thus the growth of M (7} /w;)(m) along the a'-orbit Hm is governed by the

growth of ||M(@;/h*@¢)]|e (We recall that @ is smooth) along the same orbit.
The following proposition is then clearly germane:

Proposition 4.3.5 [2, Theorem 8.1, p. 187). Assume that H is a Kazhdan group.
Then there exist a compact subset Ko C H and a constant Cy > 1 (depending
only on the group H) satisfying the following property. whenever H acts ergod-
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ically on a probability space (X, u) preserving u, any measurable f: X — R
wézich satisfies, for all h € K, |f(hx)| < Co|f(x)| for ae. x € X, belongs to
Li(X).

Thus by Proposition 4.3.5 to insure that M (7, /@) € L% (M) it is enough to
insure that for all h € Ko, ||M(@i/h* @)oo < Co But by (2) of Proposition
4.2.1 and (2) of Proposition 4.2.2 ||M(@y/h*®@¢)|l Will be uniformly close to
1 for all & € K provided that 4’ is a C**!-small perturbation of a.

A similar argument holds for [|M (/)| -

4.4. The d'-invariant functions Fy € L (P R). From now on we always

assume that @’ is a sufficiently C°°-small perturbatmn of a so thatif k and r
are integers such that k > r + dim(¥), we have C®(P,R) C Lz..".. (P, R)

and L2~"~ (P R) C L (P R) ¢ C"(P). We can moreover assume

that the Rlemanman metnc qk agrees with the standard metric on the nat-
urally split trivial bundle J2 (P R) c JL (P R) so that ||f|| < ||f||2 -

for all f € C*(P,R). By extendmg the 1dent1ty on the subspace of smooth
compactly supported functions we obtain canonical continuous injections i :
L};",., (P,R) = LL(P)NC"(P) such that [likllop < 1.

Propomuon 44.1. Foreach mteger k , the existence of a measurable Riemannian
metric 1), on the vector bundle J% (P R) which is both GL(p)- and a'-invariant

and which moreover satzsﬁes M ( /@) € L2 (P) implies the existence of a
nonzero a'-invariant F, € Ly = (P,R).
> e

Proof. We first show that there exists a nonzero a'-invariant f € Lt?; (P): let
® : M x GL(p) — P be a measurable trivialisation of P such that the cor-
responding cocycle a : H x M — GL(p) satisfies a(H x M) Cc K where
K c GL(p) is a compact subgroup (such a trivialization exists as a’ leaves
a measurable metric on 7. a.e. invariant). It therefore suffices to see that
there exists a nonzero f € L?(M x GL(p)) which is H-invariant under the ac-
tion h.(m, g) = (h.m, a(h, m)g). But clearly, if ¢ € L%(GL(p)) is a nonzero
left- K -invariant function, then f(m, g) = ¢(g) is such a function.

Let iy : L;.;",,? (P,R) — L%(P) denote the canonical inclusion. Since 7

* Yk

and v’ are E'-mvariant the H-action &’ on P induces unitary representations
of H on L (P R) and L2 .(P) respectively. Clearly ix(h.f) = h.ix(f),

ie., i isan mtertwmmg operator between these two unitary representations.
Let (ix)* : (L% P) - (Lz.."~ (P, R))" denote as usual the dual map of i,

and let d; : (L2~"~ (P,R))" - L2~"‘~ (P,R) and d : (L%(P))" — L%(P)
denote respectively the canonical maps identifying L2~k~ (P R) and L2 .(P)

with their duals.
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2,k ix 2
L;’;’Z(P,R) —_ L;;(P)

1o 1

Z’k » (ik). 2 .
(Lf,";;,‘(P’ R)) y (L;;(P))
The map ¥y =djoi;od -1 also intertwines the two unitary representations of
H sothatif f € L(P) is H-invariant, '¥y(/) eL;,:";'.,(P, R) will also be H-
* Tk

invariant. Since i,‘(L;f;‘ (P, R)) contains C>(P, R) (by (1) of Proposition
4.3.3) it is dense in L2 .(P) and thus (ix)* is injective. Thus the function
F, = Y (f) € L (P R) (where f € L2 _(P) is the nonzero H-invariant
function obtained before) is nonzero and H-mvanant 0

4.5. Proof of the Main Theorem. Let a’ be a sufficiently C*°-small pertur-
bation of a and fix an integer k. In §4.2 we have proved the existence of a
measurable Riemannian metric 7; on the vector bundle J ;ﬁ,(P , R) = P which

is both GL(p)- and a'-invariant, and the existence of a smooth Riemannian
metric @; on the same vector bundle which is both GL(p)- and g-invariant.
By Proposition 4.3.4 the metric 7, necessarily satisfies the integrability condi-
tions (1) and (2) of Proposition 4.3.3 (with respect to the smooth metric @y ).

From now on we fix such a perturbation a' and two integers k and r such
that r> 1 and k > r+dim(¥).

By Proposition 4.4.1 there exists a nonzero a’-invariant Fj € L2~"_. (P,R)

which, by Proposition 4.3.3, belongs to C"(P). Our Main Theorem 4 l 1 thus
clearly follows from the following proposition:

Proposition 4.5.1. The existence of such an F; € Lfa-‘k;, (P, R)NC'(P) implies
the existence of an a'-invariant C’-Riemannian metricf on TS .

We recall the latter is equivalent to the existence of a compact subgroup
K Cc GL(p) and an a’-invariant C’ cross-section o’ : M — P/K of the natural
projection P/K - M .

Lemma 4.5.2. Assume that f € C’(P)nLg-,(P) (respectively f € C’(P)nLt‘-;(P))
is nonzero and a'-invariant. Set P, = n~'(m) and f, = f|p,. Then

(1) fm € L*(Pn) (respectively L'(Py)) forall me M.

(2) Let T1 denote the left regular representation of GL(p) on L*(GL(p))
(respectively on L'(GL(p))) and set W = {m € M | fo, # 0}. Then
W is an open H-invariant conull set and there exists A € C'(GL(p)) N
L%(GL(p)) (respectively C"(GL(p))nL'(GL(p))) such that in any triv-
ialization of P and for all m € W we have f, € II(GL(p))(4).

Proof. We will prove Lemma 4.5.2 for f € Lf;; (P), the proof for f € L.‘T'(P)
being identical. Fix & : M x GL(p) — P a measurable trivialization of P and
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let a: Hx M — GL(p) be the cocycle corresponding to the H-action a’ on P
and the trivialization ¢. We can then look upon f as a measurable function
on M x GL(p), and f, as a C’-function on GL(p). As f is H-invariant,
forall me M, g € GL(p) and h € H we have

f(®(m, g)) = f(h®(m, g)) = f(®(hm, a(h, m)g))
and thus

(*) f(@(hm, ) =Ta(k, m))Lf(P(m, .))].

Set W, = {m € M | f,, € L*(Py)} and let B : W; — L% GL(p)) be
the map m — f(®(m,.)). Let q : L} GL(p)) » L*(GL(p))/GL(p) be the
canonical projection associated to the left regular representation of GL(p) on
L*(GL(p)) and define f: M — L%(GL(p))/GL(p) by f = go f. By Fubini
Wy _is conull. By () W; is H-invariant and for all # € H we have f(hm) =
f(m) ae. in W, . As the H-action a’ on M is assumed to be ergodic, by [1,
Proposition 2.1.11, p. 11] the function is constant a.e. on W; provided that
the space L2(GL(p))/GL(p) is countably separated:

Claim 1. The space L?(GL(p))/GL(p) is countably separated.

Proof. By [1, Proposition 2.1.14, p. 12], Claim 1 is equivalent to saying that
each GL(p)-orbit in L2(GL(p)) is locally closed. In fact, for any lcsc group
G, any G-orbit in L2(G) is closed.

Thus there exists 4 € L2(GL(p)) and W> C W conull and H-invariant such
that

f(®(m,.)) e I(GL(p))A for all m € W;.
This implies that 4 € C"(GL(p)) and A#0.

Claim 2. Wy, =M (this proves (1)).

Proof. Fix mg € M. As W, is conull there exists a sequence (m,)sen Of
points of W, such that m, — mo. Fix some continuous trivialization of

P centered at myg, say ¥ : U(mg) x GL(p) = n~!(U(my)) . Then by definition
of W, there exists a sequence (g)nen Of elements of GL(p) such that

S(¥(my, ) =1(gn)A = fa.
By continuity of ¥ and f, lim,_ I|fsl = |f(¥(mo,.))|, and by Fatou’s
Lemma,

lim |, dg = / \f(¥(mo, )P dg
GL(p) n—oo GL(p

< lim |fa|?dg < lim o lA(gng)Pd g = ||Al13

n—oo GL(p) n—s00

and thus fp,, € L(Py,), i.c., mp € W, .

Claim 3. Set W ={m € M | fm # 0}. Then W = W;. (This proves (2).)

Proof. Clearly W, C W so we just have to show that W c W, i.e., that if
my € Wy then fim, =0. Fix moe€ Wy. As W, lsoonullthereenstsasequenee
(mn)nen of points of W such that m, — M. As in the proof of Claim

2, fix some continuous trivialization centered at mp, ¥: U(mg) x GL(p) —
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n~!(U(my)) . By definition of W, there exists a sequence (g)nen Of elements

of GL(p) such that
f(¥(my, ) =11(ga)A = fo.
Assume that (g,) has a convergent subsequence g, - go. Then Il(gy,)
—00
- I1(go)A pointwise in GL(p) and by continuity of ¥ and f,
—00

II(gn)A = f(¥(my,, .) - f(¥(myp,.)) pointwise in GL(p),

and thus f(¥(my, .)) = I1(go)4, which contradicts the assumption that mq €
W5 . We thus necessarily have g, —— % 0 that

2 (GL
TI(gn)) = f(¥(my, .)) —=2 0,
It is therefore enough to see that

F¥(mn, ) 2200, f(my, ).
Fix K C GL(p) a compact. By continuity of ¥,
¥, ) —— f(¥(ma, )

pointwise in GL(p). Without loss of generality we can assume that U(my) is
relatively compact and thus that for all integers N and all g € K

|f(¥(m,, g)) - f(¥(mo, g))* < C.

As Haar measure is finite on compact sets C € LZ(GL(p)), so that we are done
by Lebesgue’s Dominated Convergenoe Theorem. O

Lemma 4.53. Let F; € L (P R) c C"(P)Nn L2 .(P) be the nonzero a'-

invariant function on P obtamed at the beginning of §4.5, and let W = {m €
M | (Fi)m # 0} be the a'-invariant open conull subset of M introduced in (2)

of Lemma 4.5.2. Fix mog € W¢. Then there exists a nonzero a'-invariant
function fm ¢ L;,:";'., (P, R) such that (f™)m, #0.
» M

Proof. As the H-action a’ on M is transverse to the foliation % , there exist
vectors H,, ..., H; € h (where h denotes the Lie algebraof H and ¢g=d —p
is the codimension of ¥ ) such that T,,,, M = T,,,F & (kTi(my), ..., kHe(my))
(where the second factor denotes the subspace spanned at mg by the the Killing
fields k#:). Let ¢: V(0) — V1., (mo) be alocal chart of the leaf L, centered
at my (where V(0) C R? is an open convex relatively compact neighbourhood
of the origin, so that Vi, (m) C Lm, is an open connected relatively compact
neighbourhood of my in the leaf L, ), fix ¢ > 0 and define the map @ :
V(0) x (—e, €)= M by

i=q
¢(I: t - tq) = exp (E tiHi) '¢(l)‘
i=1
Foreach (I, 0) € V(0)x(—¢, €)? the map & is alocal diffeomorphism at (/, 0)
so that by picking ¢ small enough we can assume that ® is a diffeomorphism:

®:V(0) x (—€, €)? = U(my)
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where U(mp) C M is an open connected relatively compact neighbourhood
of mop € We. As the H-action a’ on M permutes the leaves of the folia-
tion ¥ this diffeomorphism is moreover a local trivialisation of .# which, by
construction, is centered at m( and satisfies

®(V(0) x {0}) = ¢(V(0)) = Vi, (mo) C Lm,.

We will thus refer to the coordinates / and ¢ on U(myg) as, respectively, the
leafwise and transverse coordinates.

As the map @ is a local trivialisation of &% , it maps the canonical frame
(e1,..,e) at (I,t) € V(0) x (—e, €)? C R? x R? onto a frame of & at
®(l,t) € U(my) which we denote u(/,t) € P. Set u(0,0) = up and let
n : P — M be the natural projection. By construction 7n(uy) = mo and
n—1(U(my)) is an open neighbourhood of uy. We can naturally define a dif-
feomorphism

®: V(0) x (=€, €)7 x GL(p) — n~'(U(my))
by the formula _
o, t,g)=u(l,t).g
which is both a local trivialization of the @(p)-bundle =Y (U(mg)) — U(my)
and a local trivialization of the foliation & on P centered at u,, which sat-

isfies N N

®(V(0) x {0} x GL(p)) C Ly,
The coordinates (/, ¢, g) on U(up) will be respectively referred to as the leaf-
wise, transverse and group coordinates (note that leafwise is with respect to the
foliation & and not ¥ ).

As W C M is H-invariant and, by hypothesis, mo € W°¢, necessarily
®({0} x RY) c W and ®~1(W n U(mp)) C V(0) x (€, €)? is invariant
under small transverse translations (by this we mean that if (/,¢) € V(0) x
(—€,€), to € (—€,€),and ®(/,t) € W, then ®(/, t;) € W). Therefore
wenVy,, (mo) C L, must also have measure zero in ¥V (mo) C L, (otherwise
W< Cc M would contain a subset of strictly positive measure). We can therefore
assert that there exists a sequence (m;);en such that

mie WnVv, (m)CLy, and m; —== Mo
By (2) of Lemma 4.5.2 there exist a nonzero 4 € C'(GL(p)) n L*(GL(p))
and a sequence (gj)jen of elements of GL(p) such that (Fk)m, = T(g;)A
where (Fk)mj(g) = F, ofﬁ(d)"(mj), g). Set u; = &3(@"(m,~),e) € L.
By construction 7(u;) = m; € Lm,. By continuity of ® and ®, we have
uj = o(@"'(m;), e) —— O(P'(mp),e) =D(0,0,e) =uo andas 1 # 0
Jj—oo

there exists gy € GL(p) such that A(gy) # 0. Set

Jfi = T1r(g;80)(Fi)

where Ilz denotes the right regular representation of GL(p) on L;._L",’? (P,R)
~ * Tk
(which is unitary as both the volume v’ and the metric 7, are GL(p)-invariant).
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Thus f; € L2~"~ (P, R), ||f,| ||Fk| = ,and as H acts on the left of

P and F; is a’-mvanant (and nonzero), f, is also a'-invariant (and nonzero):
in order to prove Lemma 4.5.3 it is therefore enough to show that there exists
an integer jo such that fj,(ug) # O (we are then done by setting f™ = f;,).
Claim. There exists an integer jo such that fj (o) # 0.
We prove this claim by contradiction: assume that for all j € N we have
fi(up) = 0. We will use the following fact:
fi(uj) = (@@ (m;), e)) = [Tr(g;£0)TI(g;)A] (¢) = A(g; ' egjgo) = A(go)-

Let V(e) c GL(p) CR” bean open convex relatively compact neighbourhood
of the identity and set U(ug) = ®(V(0) x (—¢, €)? x V(e)) . Clearly U(up) is
an open connected relatively compact neighbourhood of #y € P and by passing
to a subsequence we can assume that the u; lie in U(up). For each integer j
define a C"-function

Gi=fjo®:V(0)x(~€,€)? x V(e)-R
to which we can apply the Mean Value Theorem ( V(0) x (—€,€) xV(e)C
R? x R? x R? being convex and open) between the points ®~!(u;) and 0:
there exists ¢; € [0, ®~!(u;)] C R? x RY x R’ such that

4G(e) @) - 0) = G~ () = G,(0) = f(w) = S (wo)
= fiw) = Ao,
As ¢; ——0 (as ¢; €[0, ®-!(x))]), and B~'(u)) —— 0, we have

MG (e)l 2 gl _
D=t ()| J—
where ||dGj(c;)l| denotes the norm of the derivative dGj(c;) : R” x R? x R -
R. We moreover point out that as u; € L,,, by construction of & both
®-!(u;) and ¢; liein V(0) x {0} x V(e) so that if G; denotes the restriction
of G; to V(0) x {0} x V(e) c V(0) x (—€, €)9 x V(e) then

(*) I1dGj(c;)l T ®

where ||dGj(c;)|| denotes this time the norm of the derivative dGj(c;) : R® x
2

R” - R.
We claim that this contradicts || j}ll = ||Fk|| for all integers j.

Indeed as M (/7)) € L3 (P) and U (uo) is relanvely compact, for each
integer j we have on one hand:

Jo NG 07 < [ WUl MG T

12
< (/U( ||j'5*(.f})||3'.d17') (/ M@,/ k)d”')

<||f;|| cl—quu“ C<G
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for some constants C;, C, > 0, so that the quantities fv(uo) 7% g 5 ( f,)|| ~ dv’ are
uniformly bounded. On the other hand, by construction of d> the formula of
change of variables, the relative compactness of U(ug) C P, Fubini’s Thgorem
and the g'-invariance of the functions f; (which implies in the chart & the
invariance of G; by transverse translations), there exist constants C; > 0 and
C4 > 0 such that

Lo UG, 40
Uluo

: d[®° (v')]
k ; O e | mme————————
-/V(O)x(—c,e)'xV(e) ”Jﬁ(G’ )""‘("’k)dl xdtxdg

>C ’S,G 1’1, dl xdt x d
? V(0)x(—€,€)9x V(e) |l]%( ’)"0( g) g

dlxdtxdg

= (2¢)'G /V v 5@t 2)al xdg 2 CaliGjll "
where f denotes the canonical foliation on R? x R? x R”’ obtained by trans-
lating R? x {0} xR?", j ~(G,) denotes the k-jet of the map G, in the direction

of %, |l llo in |Ij ~(G,)||0 denotes the canonical norm on the vector bundle

of the k-jets of functions on R? x R? x R” in the direction of % , S de-
notes the canonical foliation on R? x R?’ obtained by translating R? x {0},
Jj%(G;) denotes the k-jet of the map G; in the direction of %, and | o
in [|j&(Gj)||, denotes the canonical norm on the vector bundle of the k-jets
of functions on R x R”" in the direction of . Thus the [|G;||V PV are
uniformly bounded. We get the desired contradiction by applying the Sobolev
Embedding Theorem: since we assumed r > 1 we have the following bounded
injection:
L'¥(V(0) x V(e)) — BC'(V(0) x V(e)).
Therefore the ||dG;(c;)|| should remain bounded, which contradicts (*). O

Lemma 4.5.4. There exists an a'-invariant h € C'(P, R) N L}), (P) such that
hm #0 forall me M.
Proof. By Lemma 4.5.3, for each mo € M there exists an /™ ¢ Lz.:"~ (P, R)

which is a@’-invariant and satisfies (f™)m, # 0. As f™ € L2~".. (P R) C

C’(P R), necessarily (f™), # 0 for all m € U(mo) where U(mo) CM
is an open neighbourhood of my. As M is compact there exists a finite
covering U(m,), ..., U(m;j) of M by such open neighbourhoods associated
to d'-invariant functions f™, ..., f™ € C'(P,R)N LL(P), and clearly h =

(f™)2+---+(f™)? isa solution. O

We now resume the proof of Proposition 4.5.1. We first apply Lemma
4.5.2 to the a'-invariant function 2 € C’(P,R) N L}), (P) yielded by Lemma
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4.5.4: there exists A € C"(GL(p)) N L'(GL(p)) such that in any trivialisa-
tion of P we have h, € II(GL(p))(A) forall m ¢ M. Let G, = {g €
GL(p) | A(gog) = A(g) for all g € GL(p)} be the stabilizer of A for I1. As
GL(p)/G, is a left GL(p)-space we can introduce the GL(p)/G; fiber-bundle
P/G, = P xG1(5) (GL(p)/G,) . An element % of P/G; can be identified with a
function on the fiber P, (by setting fn,(g) = A(g)) where m = n(u)) which,
in any trivialisation of the fiber P, = GL(p), belongs to II(GL(p))A. We can
thus assert:

The a'-invariant function h on P defines pointwise an a'-invariant section
o' : M — P/G,. As G, is compact, we will have proved the existence of an
a'-invariant C’-Riemannian metric on TS provided that we can show that o'
isC'on M.

Fix mp € M. Let ® : U(mg) x GL(p) — n~'(U(mp)) be a smooth triv-
ialization of n~!'(U(my)) where U(myg) is an open neighbourhood of my
and let @ : P/G; — M denote the canonical projection of the fiber bundle
P/G;. To the trivialization ® corresponds the smooth quotient trivialization
® : U(mg) x GL(p)/G; — T (U(my)) defined by ®(m, ) = d(m, g). We
have just seen that for each m € U(m,) there exists an s(m) € GL(p) such
that

(1) h(®P(m, g)) =A(s(m)g),
(2) ho® e C"(U(mg) x GL(p)),

3) @) ' oo'(m) = (m, s(m)).
We now want to use those three items to prove that the function 5: U(mqg) —
GL(p)/G; defined by 5(m) =s(m) is C" on U(my).
Lemma 4.55. § is continuous on U(my).

Proof. Let (my)nen be a sequence of points of U(mg) which converges to myg.
We want to show that 5(m,) r— S(mp) (in G/G;). Assume that there ex-

ists a subsequence (m,,),en such that s(m,,) = oo. Then on one hand

T(s(m,,))A i*—‘“ﬂ» 0. On the other hand, fix K C GL(p) a compact subset:
by continuity of h o®, we have h(P(m,,, g)) g f(®(my, g)) pointwise
and as |h(P(m,,, g))| < C € LY(K) for all p and all g € K, by Lebesgue’s
Dommated Convergence Theorem A(®(m,,, g)) —L—“"p(—oll(p—))» h(®(my, g)), so

that h(@(mo, .)) = 0 which contradicts the assumption h,,.o # 0. We can
therefore assume without loss of generality that the s(m,) lie in a compact set
(so that the s(m,) are also contained in a compact set). It is then enough to
show that any convergent subsequence s(m,,) converges to s(mp). Assume
thus that s(m,) e 2o - Then there exist g, € GL(p), &» —¢ such
that g; = s(m,) and g = g (take a continuous section j of the canoni-
cal projection @ : GL(p) — GL(p)/G in a neighbourhood of s(mo) and set
& = j(s(m,))). Then I(g,)A "‘;‘:‘:" I(g)A. But by continuity of 4o ®,

we also have Ti(gn)A = T(s(ma))A = h(®(mn, ) 2222 h(@(mn,, ) =

II(s(mo))A =I1(g)A, and thus T=s(my)=%. O
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It remains to show that 5 is C” on U(myg). This follows from the following
lemma:

Lemma 4.5.6. Let G be a connected Lie group, A € C"(G) (1 <r < o) and
s: U — G a map from an open subset U C R" into G. Let G; denote the
closed Lie subgroup of G defined by G, = {go € G|Vg € G, A(gg) = A(g)}.
Assume that

(1) the quotient map 5: U — G/G, given by m — s(m) is continuous,

(2) the function U x G — R given by (m, g) — A(s(m)g) is C".
Then the quotient map 5: U — G/G; given by m — s(m) is also C".
Proof. i being constant on the right cosets of G; we can define 1: G\G; — R
by 2 — A(2) = 4(g). 4 isalso C* on U (as we can look upon G as a left
G;-principal fiber bundle with base G\G; so that locally A(g) = A(®P(g)) where
®: W C G\G, — G is smooth). Set d = dim(G\G;) = dim(G) - d1m(G,1)
Given g, &, ..., 8& in G we define a new C’-function g, ¢, : G\G1 = RY
by _ _

)-glgz...gd(?) = (l(?gl) 9 eeey l(igd) )'

Sublemma. We can pick g, &, ..., 8 in G in such a way that g, 4, is
invertible in a neighbourhood of €.

Proof of the sublemma. Let g; C g be the Lie algebra of G; ¢ G. We can
assume without loss of generality that A4 is nonconstant, i.e., G; # G. Fix an
inner product ( ) on g, let ( ) also denote the corresponding right-invariant
metric on G, and introduce the function V : G — g defined by

V(g) = R (grad A(g))

(where R, denotes the right multiplication on G and gt—ﬁ is considered with
respect to the right-invariant metric ( ) on G). We claim that

V(g) € g < gradi(g) =0 <= V(g)=0.
Indeed assume that V(g) € g;. Then Exp(tV'(g)) € G, forall ¢t € R. Thus

- 7| _AEmvieng) =die) | 7| Ewevis)s]

= (grad A(g), (R).(V(2)) )16 = llgrad a(g)||.

We now show that there exist g, £, ..., & in G such that V(g), ...,
V(g4) are linearly independent and satisfy g = g, & (V(g1), ..., V(g4)) where
the second factor denotes the linear subspace spanned by V(g,), ..., V(g4):

assume that {V(g)€g| gr—ac'i)).(g) # 0} generates a subspace # = (V(g1), ...,
V(g)) with k < d. Then there exists a nontrivial W € (g;&#)* = #1ng; .
Let W denotes the corresponding right-invariant vector field on G and fix
g € G. We have

2| A(Exp(tW).2) = (FAAAERD(W)E), W (EXD(10)8) i
= (V(Exp(toW)g), W) =0

t=lo
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(by right-invariance of the metric ( ) and by definition of W ). Since at ¢t =0
we have A(exp(0W)g) = A(g), for all ¢t € R we have Exp(tW) € G; and thus
W € g, , which is a contradiction.

Now we see that 4, , is invertible in a neighbourhood of €. Let k(%) be
the killing vector field on G\G; associated to V(g;) and the canonical right-
action of G on G\G;. As V(g), ..., V(gs) is a basis of g; C g and dQI,‘L :
g; — T:(G\G,) is a linear isomorphism, (kV(&)(e), ..., k¥(&)(@)) is a basis of
T:(G\G;) , and we have:

ARAE @) = 7| UEEx (8))le)

= 5| aEsmuvie e

= (gradi(g;), [V(£)1-8 )1, = (V(&), V(8)))s

(by right-invariance of the metric { )). As 4,, g, = (Rg 4, ..., Rg,A), the ma-
trix of dAg, ., (€) expressed on the basis k¥ (&)(2), ..., kY ()(@) of T,(G\Gy)
and the canonical basis of R? is (a;;) = (¥ (&), V(gj))s, which is invertible
(as V(&) ¢ g1 foreach i and g=g,;0(V(&1), .., V(&))). O

Proof of Lemma 4.5.6. Fix mg € U and let W(¢) C G\G; be a neighbourhood
of @ on which 7.'3,,,,,, is invertible. As G acts transitively on the left cosets of
G/G, there exists gy € G such that gos(mg) = f(€) where B : G\G, — G/G;
is the canonical diffeomorphism defined by B(G;g) = gG; . As § is continuous
on U there exists U’(mg) C U such that B~![goS(U’(my))] C W(€) C G\G;.
By construction

Ag...l B~ (805(m))] = (A(80s(M)&1) , .., A(goS(m)84))
is a C"-function of U(my). By the Inverse Function Theorem we can invert
Ag,..g, on W(€) which implies that m — B~!(gos(m)) € C"(U'(mp)) and thus
that m — s(m) € C"(U(my)). O
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