TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 345, Number 2, October 1994

BOUNDARY BEHAVIOR OF THE BERGMAN KERNEL
FUNCTION ON SOME PSEUDOCONVEX DOMAINS IN C*

SANGHYUN CHO

ABSTRACT. Let Q be a bounded pseudoconvex domain in C* with smooth
defining function r and let zo € bQ be a point of finite type. We also assume
that the Levi form 38r(z) of HQ has (n — 2)-positive cigenvalues at zg .
Then we get a quantity which bounds from above and below the Bergman kernel
function in a small constant and large constant sense.

1. INTRODUCTION

Let Q Cc C* be a bounded domain in C". A natural operator on Q is the
orthogonal projection

P:[¥Q) — H(Q)NL¥Q) = 42(Q)

where H(Q) denotes the holomorphic functions on Q. There is a correspond-
ing kernel function K(z, Z), the Bergman kernel function, given by

Ko(z, %) = sup{|f(2)]*; f € 4%(Q), lIfll2@) < 1}-

Since the important paper of Fefferman [11], the singularity of the Bergman
kernel function and the asymptotic behavior of the Bergman metric on strongly
pseudoconvex domains at the boundary are quite well known. For weakly pseu-
doconvex domains, however, much less is known. Herbort [12] obtained esti-
mates of the Bergman kernel function for the pseudoconvex domains of homo-
geneous finite diagonal type in C" (see section 1 of [12] for the definition). Also
McNeal [15] obtained lower bounds on the Bergman metric near a point where
a subelliptic estimate of order ¢ holds on (0, 1)-forms for the §-Neumann
problem. He used lower bounds of the Bergman kernel function near a point of
finite type. Estimates also have been obtained for some weakly pseudoconvex
domains in C”, but in each case the lower bounds are different from the upper
bounds [1, 8, 9, 10, 16]. In [3], Catlin got a result which completely charac-
terized the boundary behavior of Kq(z, Z) for weakly pseudoconvex domains
of finite type in C2. Let Q be a smoothly bounded pseudoconvex domain
in C* with smooth defining function r and let zy9 € bQ be a point of finite
type m in the sense of D’Angelo [7]. The purpose of this paper is to charac-
terize the boundary behavior of K(z, Z) for z near a point zo € bQ2 where

Received by the editors April 27, 1993 and, in revised form, December 20, 1993.

1991 Mathematics Subject Classification. Primary 32H15.

Key words and phrases. Bergman kernel function, finite 1-type, plurisubharmonic functions.
Partially supported by Nondirected research fund, K. R. F. 1993, and by GARC-KOSEF.

©1994 American Mathematical Society




804 SANGHYUN CHO

the Levi form of bQ has (n — 2)-positive eigenvalues. Note that the type m
at zo is an even integer in this case. A particular case has been handled by
D’Angelo [6]. He got an exact formula of K(z, Z) for the domains defined by
r(z) = |zal?™ + Ti5 |22 - 1.

We assume that %‘(z) # 0 for all z in a neighborhood U of zy. After
a linear change of coordinates, we can find coordinate functions z;, ..., z,
defined on U such that

L= 9

(1.1) E, LerO, bj(Zo)=0,

Lj= a—% +bj5?z_1’
j=2,...,n,
which form a basis of CT(!:O(U) and satisfy
(1.2) 8dr(z)(Li, Lj)=dij, 2<i,j<m-1,
where 9;; =1 if i=j and d;; = 0 otherwise. For any integers j, k > 0, set
& k00r(z)= Ly...Ly Ly... L, 89r(z)(Ln, Ly),

(j—1) times (k—1) times

and define
(1.3) Ci(2) =max{[.?,~,k6'5r(z)|;j+k =1}
We can state the main result as follows.

Theorem 1. Let Q be a smoothly bounded pseudoconvex domain in C" and let
zo be a point of finite type m on bQY. Also assume that the Levi-form of bQQ
has (n — 2)-positive eigenvalues at z,. Then there exist a neighborhood U of
29 and a constant C such that

14 £ @I < Ka(z, D) < €Y Gl i)
=2 1=2

Jorall z € U, where Ci(z) is defined as in (1.3).

Remark 1.1. Since z € bQQ is a point of finite type m, we have Cn(20) > 0.
Therefore (1.4) says, in particular, that

Ka(z,2) 2 ¢|r(z)| ™"
forall ze U, forsome ¢’ >0.

Remark 1.2. For pseudoconvex domains Q cC C” with real analytic smooth
boundaries, Kohn [14] conjectured that Kq(z, Z) > c|r(z)|"*~2—¢ where € >
0, and k is the number of positive eigenvalues of the Levi form of bQ at
z9 € bQ. In [10], Diederich, Herbort, and Ohsawa proved that the Bergman
kernel function satisfies

(1.5) Ka(z, %) > clr(z)| -2 [los ()] B

near zo € bQ if the Levi-form of bQ at z¢ has k positive eigenvalues and
Q is uniformly extendable in a pseudoconvex way of order N (This means
that there are neighborhoods U, V of 2z € bQ, V cC U, so that for each
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Z' € V NnbQ, there is a pseudoconvex hypersurface that meets 4Q only at
z' and escapes from bQ) at least of polynomial order N in U. See [10,
Definition 1] for a detailed definition). Here ¢, =2(n—k-1)/N if k<n-2
and €,-; = 0. If zy € bQ is a point of finite type, then N > m. In [8],
Diederich and Fornaess proved that a pseudoconvex domain with real analytic
boundary is uniformly extendable of some order. Recently, the author showed
the same result in case bQ is pseudoconvex and finite type [5]. The main
theorem completely characterizes the boundary behavior of Kq(z, Z) in C*,in
case zg € bQ is of finite type and the Levi form has (n—2)-positive eigenvalues,
while (1.5) gives a lower bound of Kq(z, Z) in this case.

A key idea to prove Theorem 1 is that the terms mixed with strongly pseudo-
convex directions and weakly pseudoconvex directions can be negligible. This
result will be proved in several propositions in section 2. Then the proof of
Theorem 1 is based on the construction of special polydiscs and weighted L,-
estin;ates of Hormander which Catlin has employed to get a result for Kq(z, Z)
in C*.

1 would like to thank D.W. Catlin and Alan Noell for several conversations
we had about the material in this paper.

2. SPECIAL COORDINATES AND POLYDISCS

In this section we want to show that about each point z’ in U, there is a
polydisc (more precisely, the biholomorphic image of a polydisc) of maximal
size on which the function r(z) changes by no more than some prescribed small
number J > 0. First we show how to construct the coordinates about z’ which
will be used to define a polydisc.

Let us take the coordinate functions z, ..., z, about zg so that (1.2) holds.
Therefore |L;r(z)| > ¢ >0 forall z € U, and 83r(z)(Li, Lj)2<i,j<n—1 has
(n — 2)-positive eigenvalues in U where

0
Ll—-a—z—l', and
) ar\'oar o .
Lj—g'z-;—(a—zl-) 52‘;5—27, ]—2,...,71.
Set
2 [ror\! or
w =2z, + _— —(2")| z;, and
2.1) e f\;; (621) 57, )] ’
wj=2z; for j=2,...,n

Then L; can be written as
0 , 0

Li= — + b+, 2<j<n,
7T ow; T dw, =)=
where b(z') =0. In wy, ..., W, coordinates, A = (:—'Z%"-;);)zsi,,s,._. is an
Hermitian matrix and there is a unitary matrix P = (P;;)2<i,j<n-1 Such that
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P*AP = D, where D is a diagonal matrix whose entries are positive eigenvalues
of 4. Set
Z1 =W, Zp=W,, and
n-1
zj=27kjwk, for j=2,...,n-—l.
k=2

Then Wﬂ’g,j-(z') = Ai6j, 2<i,j<n-1,where 4; >0 is an ith entry of

D (we may assume that 4; > ¢ >0 in U for all i). Finally set w; = l;iZj,

j=2,...,n-1, wy =2, wy=2z,. Then .
a*r

8w,-a‘ﬁ7j

Remark 2.1. If we take the above coordinate changes to get (2.2) with 2z’ re-

placed by 2¢, then this coordinate function satisfies (1.2).

Proposition 2.1. For each positive number € > 0, there is a neighborhood U, of

2o such that

(2.3) |88r(z)(Li, Lj)| <€

forall ze U, and 2<i,j<n-1, i#]j.

Proof. From Remark 2.1, and from the coordinate changes up to (2.2), one has

Lj= Y323 bjkgs: + bj 5 , where bl(z0) = 0 and 99r(L;, L;)(zo) = di;. So

(2.3) holds prov1ded one takes U. suﬂicxently small. O

(2.2) (2)=6;j, 2<i,j<n-1.

Proposition 2.2. For each z' € U and positive even integer m, there is a bi-
holomorphism ®,: : C* — C*, ®;!(z') =0, ®;!(z) = ({1, ... , {a) such
that

n—1
@) =r(z)+Reli+ 3 3 Re (b5 ,(2)0iTnla)
e
J,K>

(2.4) —k n-1
+ Y 4 k(2T + Y 1Ll
Jj+k<m a=2
J,.k>0

+O(ICE1+ 1E"PIEE+ 18 1EAI H + (Cal™).
Proof. We may assume that z’ =0 € bQ . Let us take the coordinate functions
wy, ..., w, about 0 so that (2.2) holds. After a linear change, r(w) can be
written as :

r(w) = Rew; + nil Y Re [(a}’w,{ + b}t‘v‘{;) wa]

a=21</<8
(2 5) n-1 ]
: +3° Y Re(@? wiwkwa)+ Y by cwiw) +Z|w,,|2
a=2 j+k<®% 2<j+k<m a=2
Jj,k>0

+O(lwillw| + " Plw| + [w”|lwal ¥ + wal™),
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where w” = (0, wy, ... , w,—;, 0). It is standard to perform the change of
coordinates

2 8%r(0) . -l 2 9k+1(0) .
n=uw+ 0 Ak Wnt Z Z ! t WelWy ,
2<kz$m ' n a=2 1<k<m k! 3w¢.3wn
zZj =w;j, j=2,“.’n,

which serves to remove the pure terms from (2.5), i.e., it removes w, wﬁ‘,

terms as well as wkw,, w*,,w., terms from the summation in (2.5). We may

also perform a change of coordinates,
C|=zls Cn=zna Ca=za+ 2

1<k<%

l ak+lr(0) k
k! dw,0wk ™"

to remove terms of the form W’ w, from the summation in (2.5), and hence
r({) has the desired expression as in (2.4) in {-coordinates. O

Remark 2.2. The coordinate changes in the proof of Proposition 2.2 are unique
and hence the map ¥, is defined uniquely.
Set p({) =rod,({), and set
A)(2') =max{la; «(Z)]; j+k=1}, 2<ZI<m,
(26) Bp(2') = max{|b$ ,(z); j+k =1, 2<a<n-1}, 2<l'< %
For each J > 0, we define 7(2’, d) as follows:
(2.7) (2, 8) = min{(3/4,(z"))}, (8/Bp()*;2<1<m, 2<1I'<m/2}.

Since Ap,(29) > ¢ > 0, it follows that A,(z') >’ >0 forall 2’ e U if U is
sufficiently small. This gives the inequality,

(2.8) ot<t(z,0)<6%, el

The definition of 7(z’, d) easily implies that if §’ < 6", then

(2.9) (@'/6"(2', 8") < 1(2', ') < (8'/8")=2(2', 8").
Nowset 7, =8,T3=...= T,y =03, 1, =1(z', §) = and define

Rs(z)={(eC"; |lkl <k, k=1,2,... ,n}, and
Qs(2") = {®2(); { € Rs(2)}.

. . . 8‘4-#
In the sequal we denote Di any partial derivative operator of the form 20T’

(2.10)

where u+v=I1,k=1,2,...,n.

Proposition 2.3. Let z' € U. Then the function p =ro ®,:({) satisfies
1p({)—p(0)| S5, (€Rs(2), and

IDLDLp(0)| S d77'7", € Rs(2"),

for I+ <m,i=0,1, k=2,...,n-1.

Proof. The definitions in (2.6) and (2.7) imply that |D}p(0)] < 7~/ and
|De D p(0)| < 87/ = dt~Jt;'. Since |DkD,?+lp(0, e s 8, 0, .., 8 S

(2.11)
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1,for k =2,...,n-1, and |D™'p(0, {,)| < 1, we may use (2.4) and
Taylor’s expansion theorem to prove (2.11). O

In order to study how 7(z, d) depends on z for z € Qs(z’), it is convenient
to introduce an analogous quantity 7(z, d) that is defined more intrinsically.
Recall that L, is given by

L__a__(ar ~tor 8
" az,. 621 aZn 621 )

For any j, k with j, k > 0, define
% 4k00r(z) = Ly...L, Ly...L, 89r(Ls, L,)(2),

N~

(j—1) times (k—1) times

and define
(212) Ci(z) = max{|Z 80r(2)|; j+k =1}, [1=2,...,m,
(2.13)  n(z,8) =min{(6/Ci(z))};1=2, ..., m}.
Set L = (d®,)"'L,, and define
2 09p(0) = L. L, T,....L, 83p(0)(L,, L,).

(j-1) times (k—1) times

Then
(2.14) Z k0012 (0)) = Z; ,80p(()
by functoriality. Notice that
L A 9
(D7 )uLn=L, = 3T, +b(08§1 , and

n—1 —-1n-1
“)L=L =SP4 (3 Pt 0r 8
(215) (@)L= k—jZ:EP b4 "3, (acn) JZ-‘;P"’A" 890

where b(¢) = —(22)" (2) and P = (B,) is a unitary matrix. Since

g&(C) #0 in Q;,'(U) , we obtain from Leibniz’s identity and (2.11) that

(2.16) IDLD}b(0)| S 8t~ 1?,

for i=0,1,/+%<m-1,k=2,...,n-1. Since

= 82p
9{n0¢,

one gets by induction and (2.16) that

8dp(L,,T,)

+&(b),

Jj+k

= 0
.?:,"kaap= fk +Ej+k—lv

8£39%,
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where
(2.17) IDLDLE,(0)| S 8t~'-st;i, I+ 5-2'5
fori=0,1,1<s<m-1, k=2,...,n-1. With (2.17) and by induction
one will get
(2.18) \DLD.Z! 8Dp(0)| < S1-U+i+R5=4,
and hence one obtains that

1%,£00r(2)] S 617U, z € Q4(2),
by a simple Taylor’s theorem argument and (2.14). Since this means that
Ci(z) < o1, ze Qs(2"), 1 =2, ..., m, one concludes that
(2.19) n(z,0) 27z, 9),
when z € Qs(2’) . In the rest of this section we will show the opposite relation of
(2.19). We first show that the quantities B;(z’) in (2.6) are less important than
Ai(2') for the definition of 7(z’, d) in (2.7). Recall that L] = 5%; + b({);"a ,
where b({) = —(3‘-&)“(3‘?&) satisfies (2.16). If one combines (2.4), (2.16), and
Taylor’s theorem, one will get
(2.20) b)) S 677

for { € Po={{;|01] <3, || < 6374, |{s] < 7}. Define amap As:C* —
C" by

Sm-s’

As@)=0"",67 0, ..., 0, W) =Ghs el s )

Then 3 3

P r_ 9 -1 -1, 9

Ln - r(AJ)'Ln acn + b(AJ (C))J tacl ’
where we have dropped the tildes in {-variables. With (2.20), one has
(2.21) b(A;'(£))6 "1 S

for (€ Qr=As(P) ={5; 10l S L, |eal S L, Gkl S T4, k=2,... ,n—1}.
If we set p%,({) =6-'((A;")*p=({)), then

n—1
PL(O)=Reli+Y 3 Relbs, ()t iTut]

a=2 j+k<%
J,k>0
(2.22) 4 nd
+ Y 4 (@) T+ T Il
j+k<m a=2
J,k>0

+ 1@ (GIIC]+ SIS ICT+ 1EPHIC + 187118 3 + 1Cal™),
for all { € Q. From the expression in (2.22), we set

AL T)= 3 a(2)6 7 0T, , and

Jj+k<m
Jj, k>0

B(Gn, T = 3 80 k(207 00T, a=2,..,n-1.
j+k<®

J. k>0
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Since the level sets of p%({) are pseudoconvex and since L, = t(As).L, is a

tangential vector field on the level sets of p?, , we have 88 p%,({)(L, i,)>o0.
By combining (2.21) and (2.22), one can get

(2.23)
308(ONL. Loy = 2202 5920 j2 9205
90p%(Q)(Ln Ln) = 8L40C, +e (bacnafl) "( aclac.)
8249 ol 8236 (Cn s Cn)
= §
90,00, +Re (ﬁz 90,00, +8(1?),

for all { € Q, where b=4d""tb(A;'({)).

Lemma 2.4. |B2({n, )| <th forall a=2,...,n—-1, { € Q:, provided t
is sufficiently small.

Proof. From (2.6) we know that the coefficients of 4° and B? are bounded

by one. At first, let’s show that |32B%(L,, {,)/0(ndC,| < t® for 7 € Q..
Suppose, on the contrary, that

92B,

1
aCncn(C"’cu) >1
for some {, and a. Then
ang(Cll ’ Zn) _ -15
00T, fa < —|B(r7B)]|,

provided one takes |,| sufficiently large (say =% < |{a| < t~), with appropri-
ate argument. If one combines this fact and (2.23), then 882 (L,, L,) <0 at
that point provided 7 is sufficiently small. Since the level sets of p?, are pseu-
doconvex, this contradiction shows that |82B%({y, {,)/88x0C,| < T . This
implies that |B%({,, {,)| < T because |{s]<1. D

Using this lemma, one can show that the coefficients of B§ can be made
arbitrarily small provided ¢ is sufficiently small.
Lemma 2.5. Let Pi(z,2) = X, i @i, j2'Z/ be a homogeneous polynomial of
order k in z and Z, and suppose that |P(z,Z)| < € for all z on the unit
circleon C!. Then |a; j|<€.

Proof. P(z,2) = Zw ka, j€*=7¢ on the unit circle in C'. So

x
la | = Pk(z 2)eit-1049 < - [ |P|..d6 <e.
J 2 ),

Proposition 2.6. Let P(z,Z)=3,, <, 2ijZ iZJ be a polynomial of order n with
laij| < 1. Suppose |P(z, Z)| < €2 for all |z| <1 for some small number € > 0.
Then |a;j| < Cq€®, where a = .

Proof. Let P =Y ;_, P, where P, is a homogeneous polynomial of order k.
It is clear that |Py| < €2. Since | Y], | < €2 on |z| =€, we have |P(z, Z)| <
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|P|+ |Pol + | X[, Pi| < €2 on |z| < €. This implies that |P(z, Z)| < € for all
|z| £ 1, and therefore |a;j| <€, i+ j <1, by Lemma 2.5. Similarly one can
prove that |Py(z,Z)| < €? forall |z| < 1 and hence |a;;| < €}, i+j < 2.
Let k > 2 and suppose by induction that |a;;| S €¥ forall i+ j < k. Then
|E}'=k+2P1|,Se?Hﬁ on |z| < €™, and so

S IRl + 1P1|+|2P11 S et @

1=2

on |z| < €™ . Therefore

3 p| 5 et

=0

3 A+

I=k+2

|Pes1| S 1P|+

on |z| < €™ . This implies that |Pk+,|56?ﬁ'zﬁ‘?ff"lﬁ = e®7 , for all lz] <1,

and hence |a;;| < €®T for all i+j<k+1 by Lemma 2.5. So we get
Proposition 2.6 by induction. O

If one combines Lemma 2.4, Lemma 2.5 and Proposition 2.6, then
(2.24) |62 ((2")8~4ei+| < raem

forall 2<a<n-1,2<j+k<%.So (6}/By()) >, I'=2,...,%,if
J (and hence 1) is sufficiently small and therefore 7(2’, d) = min{(;m‘m)’ ;2<
| < m}. Now define

(2.25) T(Z', 8) = min{l; (6/4)(z"))t = 1(', 6)}.
Then there exists j, k with j+ k = T(z', d) so that

(2:26) laj, k()] =

+k
2 (0)( j!k!)-" = drik,
n n

From (2.17), (2.18), and (2.26), one has
1/ 189p(0)] = (jtk!)dT~i=*,
provided ¢ is sufficiently small. Again by Taylor’s theorem argument and by
the fact that |{,| < 7(z', bd) < bm1(2’, ) for { € Rys(z’), one has
(2.27) % «83p(0) - Z (88p(0)| S bgTIk,

and hence |&/ ,89p({)| = d1=/~* for { € Rys(2'), if b is sufficiently small.
Therefore (2. 27) together (2.13) give us 7n(z, d) < 1(2’, d), for { € Qps(2'),
and hence

(2.28) n(z, 6) <btr(2', 6), z€Qs(2"),
by (2.9). With (2.19) and (2.28), we have proved the following proposition.
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Proposition 2.7. Let z' and z be any two points with z € Q5(z'). Then
(2.29) t(z', ) Sn(z,d) L1(Z, d).
Corollary 2.8. Suppose that z € Qs5(z'). Then
(2, 0) = 1(z, o).
Proof. By Proposition 2.7, 1(z’, 8) = n(z, d) = 1(z, 9).

Using the definitions of n(z’, d), t(z’, ), T(z’',d) with Proposition 2.7
and Corollary 2.8, we can show the following semicontinuous result for the
integer T(z, d) by a method similar to Proposition 1.5 in [3].

Propesition 2.9. There exists a small constant b > 0 so that if z € Qps(2'),
then

(2.30) T(z,e)<T(2',9)
forall e <bd.

3. ESTIMATES OF THE BERGMAN KERNEL FUNCTION

In this section we prove the main theorem of this article. The following
proposition is the local version of the problem constructing a function with
large Hessian near the boundary. For z near the boundary of Q, we denote
the closest point in bQ to z by n(z). Let us take the vector fields L;, ... , L,
asin (1.1).

Proposition 3.1. Suppose z' € UNbQ. Then there exist a small constant a > 0
and a smooth function g, s on Q that satisfies

(i) |8z,6(2) <1 and g, 5 € C5°(Qs(2')).
(ii) If —ad < r(z)<ad andif g, s is not plurisubharmonic at z, then

(3.1 T(n(z), ad) < T(Z', d).
(iil) If z € Qqu5(2'), —ad < r(z) < ad, and if the inequality

n-1
(3.2) 098, 5(L, L)(2) 2 (v(2', 8)2|bal? + 671 Y_ |bil> + 672y |2
k=2

fails to hold at z for L=3}_, b;L;, then
T(n(z), ad) < T(Z', 9).
(iv) Forall z € Qs5(2') andall L=3;_ b;L; at z,

n-1
(33) 1098, ,6(L, D) S (¢(2', ) 2bal + 67 Y 1kl + 672 by |-

k=2
(v) If ¥ denotes the map associated with z', then
(3.49) |D%g.i 50 ¥ (0)| < Cor0rg—n g Hart-tan-)

where a,-=ﬁ,-+y,', D°=D?'...D:", and D?‘=D,-ﬁiDii.
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Proof. The proof will be similar to that of dimension two case of Proposition 2.1
in [3]. We will sketch the proof briefly here. Set 7(z’, d) = 7 for convenience.
From (2.15), Proposition 2.3, and Lemma 2.4, one has

9dr(L, Ly) = 89p(Ly, L,) = 6(61c™"), and

09r(Le, L) = 99p(L; , I,) = 1+ 0(8%),
for k=2,...,n-1. Therefore from Proposition 2.1 and the fact that Lr =
biL,r, we obtain that if / issmalland A> 1,

(3.5)
A67108r(L, L) + (A6~ ")?|Lr}?

n
=A67'09r(Ln, La)|bnl* + 246~ 'Re Y _ 88r(Ly, L;)byb;
j=1

n-1
+8()A™ Y bibi+267"Y 80r(Lic, L)|bel* + 42672y Lyr2

2<j<k<n k=2

n-1
2 A07100r(Ly, Ln)lbnl* + 467" Y (B> + 42672 |by | + & (|bal?).
k=2

Let w({) be defined by

n-—1
W) =207 2GP+67" Y 16 + 1722,
k=2

where x(2) =1 for 1< 4 and (1) =0 for ¢ > b. Notice that y({) =1 if
{ € Qps(2’') for sufficiently small b. Here b > 0 is the small constant as in
Proposition 2.9. Now set ¥(z) = w((®,/)~!(z)). Then by Proposition 2.3 and
(2.15), one has

n-—1
|09¥(L, )| = |09y (L', )| S ;11262 + 671 3 |bel> + T2(bul?,
(3.6) k=2

n-1
ILY| = L'y| S 1b1l6~" + 671 by] + 77! |bal.
k=2

Suppose at first that 7'(z’, d) = 2. Then we conclude from (2.25) that
(3.7) ddr(L,, L,)(z) = 6172, z € Qps(2').
For 4> 1 we have
(3.8)
n
89(Pe ") (L, L) =¥ |88¥(L, T)+ 46~ Y 2Re((L;¥)(L;r))bib;

i,j=1

+A6~'Waar(L, L) + (A6~")2W|Lr?| .
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Combining (3.5)-(3.8), one will get

n—1
(3.9) 93(Ye* '"\(L, L)~ 4 (5-2|b, P+t 1ol + t‘2|b,.|2)

k=2
provided A is sufficiently large and ¥(z) >

Let h denote a convex incrmsing smooth function such that A(¢) = 0 for

t< 3} and h(t) >0 for ¢ > 7, and set g, 5(z) = h(¥(z)e¥ 7). If —ad <
r(z) < aé, one has 3 < e#7'r(2) < 3 provided a > 0 is sufficiently small. This
implies that ¥(z) > > s if z€ supp 82,5 and —ad < r(z) < ad. Therefore
82 ,5(2) is smooth plunsubharmonic with support in Qj(z’). It also satisfies
property (v) in Proposition 3.1 and hence this proves for the case of T'(z’, d) =
2

When T(z',8) =1 > 2, one has |.% ,80r(z')| =~ 67~ for some positive
integers j, k with j + k = /. This implies that at least one of the inequalities

(3.10) |La(Re F_y 188r)(2')| = 67~
and
(3.11) |L(Im &_; 88r)(2')| = 61~

is valid. (When j = 1, we replace Zj_; x by £ x—;.) We may assume that
(3.10) is valid. Now set G(z) = Re .?;-_,,,,aﬁr(z) and suppose that T'(z, ed) =
1, for e still to be chosen. Then by (2.6), (2.7), (2.12), (2.13) with Proposition
2.7 and Corollary 2.8, one has

(3.12) 1Z-1,k081(2)| < Ci_y(2) S etdr™1,

and by (2.18), one also has_lagG(L,, ,Lp)| <dt'-!. Since 90G*(L, L)(z) =
2|LG(2)]? + 2G(2)88G(L, L)(z), (3.12) implies that

8562(L,, ’ Z’l)(z) 2 Cl&zf_z, 9
provided e > O is sufficiently small. Also from (2.15), (2.18), and Proposition

2.3, one has |L;G(2)| < d4t~M! for I=2,...,m, k=2, ...,n—1. The
inequality |00G?(L;, L;)| <1 istrivial for i, j=1,... , n. Therefore we get

(3.13)  83GX(L,L)(2)2 52 ~2\by|? - c'zar-wwkﬁ C'|bif*.
k=2

Set .

Gy 5(z) = ¥(2)e¥ ™ ") 4 ¢(6721272G(2)?)
and set g, s5(z) = h(G, 5(z)), where ¢(t) is a smooth function that satisfies
() =t,t <k, #(1) =0 for 1 > 1, and ¢(z) < } forall ¢. If one
combines (3 5), (3.6), (3.8), (3.13), and the fact that 5‘212’ 2G(z)? < ,‘6 ,
provided e is sufficiently small, one will get (3.2) and (3.3) and hence g,. s is
plurisubharmonic for those z € Q,;(z’) with T(z,ed) =1. Now take e < b.
Then Proposition 2.9 implies that

T(n(z),e%0) < T(z,ed) < T(z',8)=1

for z € Q,5(z'), and |r(z)| < ad, where a < e?. Therefore if T(z, ed) < |
then T(zn(z), ad) <! and hence this proves (ii)-(iv). For (i), we divide g, s
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by some constant. Since g, s(z) is a composition of the functions which
satisfy (3.4), it also satisfies (3.4) and this proves (v). O

Using Proposition 3.1, we can prove the following proposition which says
that there is a bounded plurisubharmonic weight function such that the Hessian
satisfies certain essentially maximal bounds in a thin strip near the boundary of
Q.For e >0,welet Q. ={z;r(z) <e} and set S(e)={z:-€ <r(z) <e}.

Theorem 3.2. For all small 6 > 0, there is a plurisubharmonic function A; €
C>®(Qs) with the following properties:

(i) 1s(2)I<1, zeUNQ;.
(i) Forall L=3%_,bL; at ze UNS(d),

n—1
88As(z)(L, L) = 872by 2 + 671 ) |bif? + T2 bul?,
k=2

(iii) If ®,/ is the map associated with a given z' € U N S(d), then for all
{ € R5(2") with |p({)| <4,

IDQ(AJ ° Q2')(()' s Caé_al6‘&(02+"'+a.-|)1.—a,,
Where a= (aia cee y an).

Proof. In the proof of Theorem 3.1 in [3], Catlin used only the properties of
functions in Proposition 3.1 here. The proof of Theorem 3.2 is therefore essen-
tially the same as the proof of Theorem 3.1 in [3], so we omit it. O

The following theorem was essentially done by Hormander and Catlin has
modified it in [3].

Theorem 3.3. Let Q be a bounded pseudoconvex domain in C* with smooth
boundary. Assume that z' = (2, ... , z,) is a given point in Q, that 1,, ...,
1, are given positive numbers, and that there is a function ¢ € C3>(Q) that
satisfies the following properties:
(i) le(2)I <1, z€Q.

(ii) ¢ is plurisubharmonic in Q.

(iii) Q contains the polydisc B ={z;|z; - zj|<ti,i=1,... ,n}.

(iv) In Q, ¢ satisfies

n a n
(3.14) 3 33 a* e (DT 2 ) A, z€B.
Zi i=1

i,j=1

(v) If D' denotes any mixed partial derivatives in z; and Z; of total order
@i, then D°¢ = D} ---Dp*¢ satisfies

n
ID°¢(2)| S Ca[[77%,  z€B, lal<3.

i=l1
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Then Kq(z',Z'), the Bergman kernel function of Q at z', satisfies

n
(3.15) Ko(z',Z) =[] 12
i=1
We now ready to prove Theorem 1. Let z € U with r(z) = =% and

n(z) = 2’ € bQ where U is a small neighborhood of z, € bQ and b > 0 is
the number as in Proposition 2.9. Set ¢5({) = 4;0®./({) . Here &, is the map
in Proposition 2.2. Then ¢} will satisfy Theorem 3.3 in {-coordinates. So we
will work on Q, = (®;!)(Q). Set { = (-4,0,...,0). Then { = ®;!(2)
and by (2.11) there is a constant 0 < ¢ < 1 such that the polydisc B = {{ :
G+ b6/2| < cd, Lkl < cdt, |l <ct2(z',8), k=2,...,n—1} liesin
Q. and ¢} satisfies (3.14) on B. Hence
Ko, ({,0) =~ 6726~(""D¢(2', §)"2 = 67"1(2', §)2
by (3.15). Since the Jacobian of ®,: at { satisfies
o, ]

det Z

et| ¢ ©

the transformation identity of the Bergman kernel function implies that
Ka(z, %) = |/ (@) *Ka, ({, O) = 67"2(2', 6)72.

Since z € Qs(z'), we have 1(2’, ) = n(z, &) by (2.29). So from the definition
of n(z, d) in (2.13) and from the fact that |r(z)| = J, we have

n(z,8)2= Y IC)Hr(2)1

=2

|Je(®@2)] =

=1,

and hence
m

Ka(z,2) = |r(2)|™"(n(z, 8)2 = Y |Ci(2)|}Ir(z)| "
=2
The proof of Theorem 1 is now complete.

Remark 3.1. Theorem 3.2 says that the optimal subelliptic estimates (of order
m) hold near zo according to the Catlin’s theorem in [2]. Also the functions
constructed in Theorem 3.2 will be useful for other purposes. These include
unform extendability in a pseudoconvex way of maximal order m and the
estimates of Bergman kernel function off the diagonal.

Remark 3.2. The optimal estimates for the Carathéodory, Kobayashi, and Berg
man metrics will be obtained in a forthcoming article using the theorems in this
article and [4].
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