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ON THE DEPENDENCE OF ANALYTIC SOLUTIONS OF PARTIAL
DIFFERENTIAL EQUATIONS ON THE RIGHT-HAND SIDE

SIEGFRIED MOMM

ABSTRACT. Given a nonzero polynomial P(z) = 3 \,/<m Gaz® OD CN |, Mar-
tineau proved in the 1960s that for each convex domain G of CV the partial
differential operator P(D)f = 3|, <m 9o\ acting on the Fréchet space A(G)
of all analytic functions on G is surjective. In the present paper it is inves-
tigated whether solutions f of the equation P(D)f = g can be chosen as
f = R(g) with a continuous linear operator R : A(G) — A(G). For bounded
G we give a necessary and sufficient condition for the existence of such an R.

INTRODUCTION

Given a nonzero polynomial P(z) = EMSM a,z* on C¥, Martineau [19]
proved that for each convex domain G of CV and for each function g analytic
on G, there is a solution f analytic on G of the partial differential equation

PD)f:= ) a.f®=g.
lal<m
If the space A(G) of all analytic functions on G is endowed with the natural
Fréchet space topology, this result says that P(D) : A(G) — A(G) is a surjective
continuous linear map. For G = C¥, for which the latter result is due to
Malgrange [18], it is an old theorem of Kiselman [14] and Tréves [33] that for a
fixed noncharacteristic hyperplane L in CV, the unique solution f = R(g) of
the analytic Cauchy problem with zero initial data on L defines a continuous
linear map R : A(G) — A(G) with

P(D) oR= idA(G) .

R is called a solution operator for P(D) on A(G). Thus CV is one particular
example of a convex domain G, such that each nonzero partial differential
operator (even of infinite order, as it has been proved by Meise and Taylor [20])
admits a solution operator on 4(G). These domains have been characterized in
[28]. If G is in addition bounded and contains the origin and if H denotes the
support function of the convex set G, it has been proved in [28] that the domain
G belongs to the class in question if and only if vy = H on a neighborhood
of the origin. Here vy : C¥ — R, is the largest plurisubharmonic function on
CN with vy < H and such that vy —log(1 +|z|) is bounded from above. The
particular property fails for instance if G is a polyhedron.
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In the present paper for a given bounded convex domain G of C¥ which
contains the origin and with support function H , we give a criterion for P(D)
to admit a solution operator on 4(G). If P is a homogeneous polynomial
our criterion can be phrased as an appropriate lower bound for the extremal
plurisubharmonic function vy on the zero variety V(P) := {z € CV|P(Z) = 0} :

Theorem. Let P be a nonzero homogeneous polynomial on C¥. The partial
differential operator P(D) admits a solution operator on A(G) if and only if
there is 6 > 0 such that vy > vy v(p),s on V(P) in a neighborhood of the
origin. Here vy y(p),s is the largest plurisubharmonic function on V(P) with
Vy,vp),s < H and such that vy yp),s — dlog(1 + |z|) is bounded from above.

We introduce the cone Ty := {ta|t > 0,a € C¥, vy(a) = H(a)} c C¥
and show that in the case of a polyhedron G, this criterion roughly says that
vy |V (P) is a “maximal plurisubharmonic function” on V(P)\I'y (for the def-
inition, see Proposition 3.10). From our theorem we deduce in §3 the following
result which looks like an analogue of the classical one of Grothendieck for
elliptic partial differential operators on C>(Q2) for open sets Q in RV :

Corollary. If P is a nonconstant polynomial on CN with principal part P,, such
that V(Py) NTy = {0}, then the partial differential operator P(D) admits no
solution operator on A(G).

In the most simple nontrivial case, a characterization of partial differential
operators with a solution operator is given by

Proposition. Let G = G, x G, C C? be a polyhedron. Let P be a nonconstant
polynomial on C2 with principal part P,,. Let the numbers a,, ..., a, € C\{0}
be determined by the representation

n
Pn(z)= cz{‘ zi’ H(z, —-ajz3), zZE€ c?,
j=1

for appropriate ¢ € C\{0} and I,,l, € Ng. Then P(D) admits a solution
operator on A(G) if and only if

a,-l".=1‘2, j=l,...,n.

Here T'; c C is the cone generated by the outer normals to the faces of Gi,
i=1,2.

In a certain sense we continue investigations of Kiselman [14], who gave suf-
ficient conditions for the solvability of the analytic Cauchy problem in A(G)
with zero initial data on a noncharacteristic hyperplane passing through the
origin. Our general criterion for P(D) to admit a solution operator on A(G)
can be interpreted as a type of Phragmén-Lindelof principle for analytic (or
plurisubharmonic) functions on the zero variety V(P). A condition like this
was introduced by Hérmander [11] to characterize the surjective partial differ-
ential operators on the space of real analytic functions on a given convex domain
of RN . Meise, Taylor, and Vogt [21] used a similar Phragmén-Lindel6f con-
dition to characterize the partial differential operators which admit a solution
operator on C*(Q) for a given convex domain Q of R" . In contrast to the
situation which is considered in the present paper, starting with Grothendieck
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many authors investigated whether P(D) admits a solution operator on C>()
for a given domain Q of RY . For references we refer to the recent systematic
treatise of this problem in [21].

In this paper we investigate the existence of a solution operator on A(G)
not only for partial differential operators but also for the larger class of so-
called differential operators of infinite order. Our paper is divided into three
sections. Section 1: The precise knowledge of the locally convex structure of
the space A(G) which is due to Zaharjuta [37], the procedure of Vogt [34]
(and Khenkin and Mityagin, see [34]) of constructing a basis in each nuclear
Fréchet space which admits the linear topological invariants (Q) and (DN),
and the observation of Langenbruch [17] that certain versions (Q), and (DN),
of these invariants give a nice estimation of this basis; all these ingredients allow
one to apply Vogt’s splitting theorem [35] for short exact sequences of power
series spaces of finite type. This shows that a differential operator P(D) admits
a solution operator if and only if ker P(D) satisfies the property (Q), for a
certain natural system of norms on ker P(D). In the remaining part of this
paper we evaluate this criterion. Section 2 deals with differential operators of
infinite order. Section 3 is devoted to the investigation of partial differential
operators.

1. A CRITERION FOR A DIFFERENTIAL OPERATOR
TO ADMIT A SOLUTION OPERATOR

In this section we derive a general criterion for the existence of a solution
operator for a given differential operator of infinite order. This criterion will
be evaluated in the sections which will follow.

Throughout this paper, for all z,w € C¥ and r > 0, we will use the
following abbreviations: (w, z) := 2}’{__, wZj, |2| = (z, 2)2, U(z,r) =
{weC¥|w-2z|<r}, Ur):=UQ,r), B(z,r):={w € C¥|jw - z| < 1},
B(r) := B(0,r), and S :=dB(1), R, :=[0, oo[. For standard results from
functional analysis, we refer to the book of Meise and Vogt [23].

1.1. Notation. For the sequel, we fix a bounded convex domain G of CVN
which contains the origin. Let H be its support function, i.e.,

H(z) = sup Re(w, z), zeCV.
weG

Let g: G — [—o0, O[ denote the pluricomplex Green function of G with pole
at the origin, i.e.,
g(z) :=supu(z), zeG,
u

where the supremum is taken over all plurisubharmonic functions u : G —
[—o00, O with u(w) < log|w|+ O(1) as w — 0 (see Klimek [16]). For x <0
we consider the sets Gy := {z € G|g(z) < x} . Due to a result of Lempert these
sets are convex (see [27, Lemma 1.2]). Let H, denote its support function.

We will frequently apply the following properties of (Hy)x<o: For all x <
y <0 there are J, £ > 0 such that

d|z| < Hx(z) and Hx(z) + €|z| < Hy(z), zeCV.

This holds because the origin is contained in the interior of G, and since G,
is relatively compact in G, .
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1.2. Function spaces. For each domain D of CV,let A(D) denote the set of
all analytic functions on D. We endow the Fréchet space 4(G) of all analytic
functions on G with the norms

|flx == sup |f(2)], fe€A(G),x<0.
2€G;
By Ay we denote the (LB)-space

Ag = {f € ACM)]|If lIx < o for some x < 0},
WSl := zsgcl; |f(2)| exp(—Hx(Z)) .

Thus Ay consists of all entire functions f on CV satisfying the estimate
|f(2)| < Cexp(nH(Z)), zeCV,

for some C >0 and some O0<n<1.
By A° we denote the Fréchet space of all entire functions P on CV such
that forall x <0
|Plx := sup |P(z)|exp(x|z]) < co.
z€C¥N

1.3. Differential operators. We fix some P € 4A%\{0}, P(z) = L aeny Gaz®

for z € CN. By Martineau [19, Theorem 7], the following continuous linear
map P(D): A(G) — A(G) is surjective:

PD)f = Y af®, feA@).

aeNy

Our aim is to decide whether there is a solution operator for P(D) on A(G),
i.e., a continuous linear map R : A(G) — A(G) with P(D)oR =id,(G) . To this
end we want to apply a result of Vogt [35]. This requires some preparation.

1.4. Notation. For a Fréchet space E with a system of seminorms (|- |x)x<o,
we consider the dual “norms”

)y :=sup{lu(IIf € E,|fIx<1}€[0,00], wueE,x<0.

For P e A%, let q: Ay — Ay/(P-Ay) denote the quotient map. For x < 0
and f € Ay with ||f||x < oo, we define

lg(f)llx := inf{llgllx|g € 4a, lIgllx < 00, g(&) =4a(f)}.

1.5. Laplace transform and duality. The Laplace transform & : A(G)' — Ay,
defined by F (u)(z) := u(e'*®), u € AG), z € CV, is an isomorphism of
(LB)-spaces. Moreover, for all x, < x, <0 there is C >0 with

@) I Wllx, < Cluly, for all p € A(GY and

(i) IF ()i, S Clf llx, Sorall f€ Ap.
Let P € A°\{0}. Identifying A(G) and Ay by & , the transposed map P(D)' :
A(G) — A(G)' is the operator Mp : Ay — Ay, Mp(f) = P-f. Via duality
theory for (FS)-spaces, P(D) is onto if and only if P-Apy is a closed subspace
of Ay, the latter being true by Martineau’s result. Furthermore, the canonical
map

Ay/(P-Ay) — (ket PD)Y,  q(f)— F ~'(f)|ker P(D),
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is an isomorphism of (LB)-spaces. More precisely, for all x; < x, < 0 there is
C > 0 such that for each f € Ay

@) lg()lls, < CIF U, I IF U3, < o0 and

i) |F1 NI < Clla(N)lxy i 1S llx < .

Proof. These are well-known properties of the Laplace transform (see, e.g.,
Hormander [10, Theorem 4.5.3]) and of duality theory (see also [24, Propo-
sition 2.10]).

1.6. Division theorem.

(a) Foreach ¢ >0 thereis x <0 such that for all 6 >0 and K > 0 there
is R > 0 such that for all P € A° with |P(0)| > 6 and |P|x < K the
Jollowing holds: For each z € CN with |z| > R there is w € CN with
|w - z| < e|z| and |P(w)| > exp(—elw]).

(b) Forall x, < x3 <O thereis x <0 such that forall 6 >0 and K >0
there is C >0 such that for all P € A° with |P(0)| > 6 and |P|x < K
the following holds: For all f € Ay with g := f/P € A(CY) and
If iz, < 0o we get ligllx, < Cilf I, -

Proof. (a) follows from Martineau [19, Lemme 15]. (b) follows from (a), by
Hormander [9, Lemma 3.2].

We give a quantitative version of Martineau’s result:

1.7. Proposition. P(D) : A(G) — A(G) is a continuous surjective linear map.
More precisely, for all x, < x; <0 thereis C >0 with

() IP(D)f |, < C|f |x, for all f € A(G) and

(ii) inf{|h|x,|h € A(G), P(D)h = g} < C|glx, for all g € A(G).
Proof. The straightforward estimate (i) can be found in [26, Proposition 1.5].
To check (ii), we may proceed as in [24, Proposition 2.5], where we control the
estimates while applying duality theory. The several variables substitute for the

estimates for the Laplace transform [24, Proposition 1.7] is 1.5. The several
variables substitute for the division result [24, Corollary 2.4] is 1.6(b).

1.8. Definition. Let 8 = (B;)jen be a nondecreasing unbounded sequence of
nonnegative numbers. The Fréchet space

Ao(B) == {y = (¥j)jen € CV||y|x < oo for all x < 0},
le == lyjle*?,
jEN
is called a power series space of finite type. To simplify the notation, each finite-
dimensional space will also be called by this name.

1.9. Theorem (Zaharjuta [37, Theorem 4.5]). There is a nondecreasing un-
bounded sequence B of nonnegative numbers and an isomorphism B : A(G) —
Ao(B) such that for all x; < x; <0 there is C >0 with

(i) 1B(8)lx, < Clglx, for all g € A(G) and

(i) |B='(¥)lx, < Clylx, for all y € Ao(B).

We recall some definitions from Vogt [35].
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1.10. Definition. Let E and F be Fréchet spaces with fixed fundamental sys-
tems of seminorms which will both be denoted by (|+|x)x<0. Let A: E = F
be a continuous linear map. We consider its characteristic of continuity

O4(x) = inf{y < 0] sup |Me|x < oo} R x<0.
lely<1

A is called linearly tame (tame) if there are C > 1 (C =1) and xg < 0 with

04(x) < Cx forall xo<x<0.

A short exact sequence 0 — F X G 4 E — 0 of Fréchet spaces with
linear continuous maps 1 and g, each space equipped with a fixed fundamental
system of seminorms, is called linear-tame exact (tame exact) if the canonical
maps j: F — kerq,q : G/kerq — E, and their inverses are linearly tame
(tame) maps (kerg and G/kerg are equipped with the subspace and quotient
seminorms, respectively).

E and F will be called linear-tame (tame) isomorphic if there is an isomor-
phism 4: E — F such that 4 and 4~! are linearly tame (tame).

1.11. Remark. By Proposition 1.7, the short exact sequence
0 — ker P(D) = A(G) 22, A(G) = 0

is tame exact. _

Certain linear topological invariants (2) and (DN) have been used by Vogt
[34] to characterize the power series spaces of finite type. We need the following
“tame” versions which have been used by Langenbruch [17].

1.12. Definition. Let E be a Fréchet space with a fixed fundamental system
of seminorms (|« |x)x<o -

(a) E has property (DN), if there are x; < 0, C > 0, and xp < 0 such
that for each xp < x <0 there are x; <0 and C’ > 0 with

Ifle < CIFIVE FI-XVE feE.

The property (DN), is inherited by linear-tame isomorphisms and by closed
subspaces. _

(b) E has property (L), if for each x; < 0 thereare C >0 and xy < 0
such that for all xo < x <0 and x; <0 thereis C’ > 0 with

(1) luly < CQulz X)X, neE,

where (|-|})x<o are the dual norms defined in 1.4. A standard calculation
(see Wagner [36, Satz 1.9]) shows that this is in fact the property defined in
Langenbruch [17, Definition 1.3]. The property (Q), is inherited by linear-
tame isomorphisms and by quotients. _

Each power series space Ag(f) has both properties (DN), and (Q), (see
Langenbruch {17, Lemma 1.4]).

The following is the main result of this section (see 1.3 for notation).

1.13. Theorem. For P € A°\{0} and for G as in 1.1, the differential opera-
tor P(D) admits a solution operator on A(G) if and only if ker P(D) has the
property (Q), with respect to the norm system of 1.2, i.e., if and only if for each
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X1 <0 thereare C >0 and xo <0 such that for all xo < x <0 and x <0
thereis C' > 0 with

@ el < ClaOEFNaNOIE™E,  fedu, |flx < oo,
llg(f)llx, x <O, being the quotient “norms” defined in 1.4.
Proof. We have to prove that the short exact sequence

0 — ker P(D) = A(G) =24 A(G) — 0

splits if and only if ker P(D) admits (Q),.

<: By 1.9, 1.12, and the hypothesis, ker P(D) has properties (DN), and
(Q),. Checking the proof of Vogt [34, Satz 1.6], which states that ker P(D)
having the properties (Q) and (DN) is isomorphic to a power series space
of finite type, Langenbruch [17, Theorem 1.5], observed that by the particular
(linear-tame) choices of (£2), and (DN),, this isomorphism is in fact a linear-
tame one. Thus by 1.9 and 1.11, the short exact sequence given above is in
fact a linear-tame exact sequence of power series spaces of finite type. Hence
by Vogt [35, Theorem 5.1], or Poppenberg and Vogt [30, Corollary 6.3], the
sequence splits.

= : We modify the proof of Vogt [35, Theorem 5.1]. If the sequence splits,
there is a continuous projection L : A(G) — ker P(D) of A(G) onto ker P(D).
By Theorem 1.9, 4(G) can be identified with Ao(f). Hence by Vogt [35,
Lemma 2.1}, or Vogt [34, Lemma 5.1], the characteristic of continuity oy :
]= 00, 0[—=] -0, O[ is convex and nondecreasing, and thus L is linearly tame.
This shows that ker P(D) is linear-tame isomorphic to a quotient of A(G);
hence by 1.9 and 1.12, it has the property (Q),.

By 1.5 and (1), ker P(D) has property (), if and only if (2) holds.

1.14. Remark. As it follows from [28, Proposition 2.4], ker P(D) always has
the property (), i.e. (by 1.9 and Vogt [34, Satz 1.6]), ker P(D) is always iso-
morphic to a power series space of finite type. The problem which we consider
in the sequel is to decide whether ker P(D) has even the more special property
(Q), with respect to the natural norm system (|- |x)x<o Which has been defined
in 1.2,
In §3 we will apply the following inheritance property.
1.15. Lemma. Let (P)ien be a sequence in A°\{0} which converges to some
P € A°\{0} in the topology of A°. If ker (D), | € N, have property (Q),
with uniform constants C, xo, and C', then also ker P(D) has property (), .
Proof. Foreach ] € N let q; : Ay — Ay/(P;- Ag) denote the quotient map.
Omitting an index /, for all x <0 and all f € Ay with || f||x < oo, we write
(S := inf{||f + Pihllx|h € An , |Prhl|x < oo}.

Wefix x <y, <y <0 and f € Ay with ||[f]lx < co. Let h € Ay with
||Ph|lx < co. Dividing Ph by P, the Division Theorem 1.6 gives ||A]|,, < co.
Hence by the hypothesis, lim,_,, ||(P, — P)h]|, = 0. This gives

N (N)lly < WS+ Pihlly < IS + Phily + (P, = P)hlly;

hence

li?sup la()Hlly < |If + Phlly < ||f + Philx
—+00
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and thus
(3) lixlnsup ha(Olly <llaHllx,  x<y<0,f€dn, |Ifllx <oo.

To prove the converse estimate, we fix x < y, <y < 0 and f € Ay with
lfllx <oo. Wefix D> 1. Foreach / € N we choose h; € Ay with ||Phy||, <
oo and Dlg;(f)llx 2 If + Phyllx . Then

IPhllx < Dllg(Nllx + 1 s <@+ DIfIlx,  [€N.

Dividing Pk, by P,, because of the uniform bounds for P, the Division
Theorem 1.6 gives supey ||#ly, < oco. Hence by the hypothesis,

llfg (P = P)hylly =
This gives
Dliai()ix 2 Ilf + Pihully > .f + Phylly = I(Pr — P)hylly
> llg(Olly = (P = PYhylly;

hence,
Dligggf lla:(Hllx = lla(H)lly

and thus, since D > 1 was arbitrary,
(4)  liminflg()lls 2 llg(Nlly,  x<y<O0,f€dn, |Iflix <oo.

By the hypothesis, for each x; < 0 there are C > 0 and xy < O such that for
all xo < x <0 and x; <0 thereis C’ > 0 such that for all f € Ay with
[lf lx, < oo we have

@ ()llx € Clla(HONECla(HI™C,  leN.
Applying (3) and (4), we get that for all ¢ > 0 and all f € Ay with ||f|lx,-. <

o0
g ix+e < 2C° NaCOHIES Na(HILHC .
This proves (2).

2. DIFFERENTIAL OPERATORS OF INFINITE ORDER

In [24] for N =1, the evaluation of condition (Q), for ker P(D) has been
done for arbitrary P € 4%\{0}. For N > 1, a corresponding approach gives
only sufficient conditions for the existence of a solution operator (Proposition
2.4).

2.1. Definition. (a) For P € A° we set
V(P):={zeCN|P(Z)=0} and V(P):={zeC¥|P(z)=0}.
() If ¥V c CV is unbounded, we set
A= {aeSlE!z,e V,jeN, with hm |z,|—ooand lim —-—-a} .

The cone V, ;=R A={tajt>0,a€ A} is called the tangent cone at infinity
of the set V' . Obviously,

ln'n lest(z/|z| » Voo) = z_.cl,})r’nzeydnst(z/]zl ,A)=0

z—00,2€
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hence, dist(z, V) =o0(|z]) as z € V' tends to infinity.
2.2. Lemma. Let P be a nonconstant polynomial of degree m with principal
part P,,. If V :=V(P), then Voo = V(Pp).

Proof. Obviously V., C V(Pn). To prove the other inclusion, fix a € V(P,) N
S. Let neN. Since P, #0, there is n € S such that { — Py(a+ {n) does
not vanish identically on C. Thus we can choose 0 < 7, < 1/n and J > 0
such that |P,(a+ {n)| > for all |{| =r,. Hence there is 4, > n with

|P(An@ + AnlN) — Pm(Ana + Anln)| < 047 < |Pm(Ana + Anln)|

for all || = r,. Since Py(Ana + 4,0n) = 0, by Rouché’s theorem, there is
|¢nl < rn such that P(z,) =0 where z, := A,a+ A,{,n. Since

2n | |aC=la+ Lun)+ Gan| 206
|zal |a + Canl ~ 1=l

we have lim,_.o 2,/|2n| =a and thus a € V.

SZ/(n_l)’

2.3. Notation. By vy we denote the largest plurisubharmonic function on C¥
with vy < H on CV such that vy —log(l +|z|) is bounded from above. This
function exists by Siciak [32] and is continuous (see [27, Proposition 1.9]).

2.4. Proposition. Ler P € A°\{0}, and let V,, be the tangent cone at infinity
of V.=V(P).Ifvg=H on Vo NU for some neighborhood U of the origin,
then P(D) admits a solution operator on A(G).

Proof. Put V := I7'(P). We are going to apply [28, Proposition 2.4]. Let
F: CV —]0, oof be the function from [28, 2.2], with #(z) = o(|z]), as |2|
tends to infinity. Put X := {z € C¥|U(z,#z))nV # @}. For z € CV
we define Q(z) := U(z, #(z)). If A%(Q(z)) denotes the Hilbert space of all
square integrable analytic functions on (z), we set I(Q(z)) := (P - 4(Q(z)))N
A%(Q(z)) and Eq; = A%(Q(z))/1(Q(z)) where Egq(; is endowed with the
quotient norm |:|q(;). By [28, 2.4], the dual norms in Ay /(P-Ay) may be
replaced by

|f+P-Agllx := sup If19(2) + I(Q(2)lame P,  x<0,fe4n.
Z

By the hypothesis and [27, Theorem 1.20], we can choose C’ >0 with
H(Z) < Hy(Z)+ |x|C'|z|, x<0,z€ Vs,

where V., is the tangent cone at infinity of V. Since dist(z, Vao) = 0(]z]) as
z € V tends to infinity, for each ¢ > 0 there is C, > 0 with

H(Z) < Hy(Z) + |x|C'(1 + &)|z| + €|z| + C, x<0,zeX.
Hence for each x < 0 thereis Cy > 0 with
H(Z) < He(Z) + |x|2C'|z| + Cx, z€X.

Now let x; < 0 be given. We choose C >0 with C min,es(H(a) — Hy,(a)) >
2C', and xp <0 with |xo|C < 1. This gives for all xo <x<0

—Hy(2) < -H(Z) + |x|C(H(Z) - Hy,(Z)) + Cx,  z€X.
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Hence for all xo < x <0, x <0 and f € Ay with ||f|x, < co we get with
yi=f+P-Ay

I¥llx < €SIyl Clivlls™™1€ < eSiyllilyig €.
Thus by Theorem 1.13, P(D) admits a solution operator on A(G).

In the case N = 1, in view of [27, Theorems 1.14 and 1.20], we proved
in [24] that the condition of Proposition 2.4 is also necessary for the existence
of a solution operator. In §3 we will show how to weaken the lower bound
for vy|V(P) to get a criterion for the existence of a solution operator for
homogeneous polynomials P on C¥, N > 2. For particular functions P, we
will now interpret property (), of ker P(D) as a Phragmén-Lindel6f property
on V(P) as it has been introduced by Hormander [11] and as it occurs in Meise,
Taylor, and Vogt [21].

2.5. Definition. Let P € 4°\{0} and V := V(P). We consider the space

An(V) = {f € AC™)|If Il , < oo for some x < 0},

I/ Nl =sup|f(2)| exp(—Hx(Z)).
zeV
P will be called interpolating if the restriction map Py Ag — AH(I7),

p;,-(f) = f|I7 is surjective, if there are C > 0 and xp; < 0 such that for
each xp <x <0 thereis C' >0 with

inf{||f lx/clf € 4n, o) = 1< CMf Ny . feAn(P),
and if, moreover, ker py = P-Ay.

2.6. Theorem. Let G and H be as in 1.1. If P € A°\{0} is interpolating
according to 2.5 and V := V(P), then the following are equivalent.

(i) P(D) admits a solution operator on A(G).

(i) p; admits an extension operator, i.e., there is a continuous linear map

E:Ax(V) — Ay with p;oE = id, -
(iii) For each x; < 0 thereare C > 0 and xo < 0 such that forall xo < x <0
and x; < 0 thereis C' >0 with

Il < CUFIES IFIEHE, £ e A, Ifly,, <.

V,x3

(iv) For each x, < 0 thereare C > 0 and xo < 0 such that forall xo < x <0
and x; <0 thereis C' >0 such that

log|f(2)| < Hx(Z) + CK|x|+ C' forallze V,
whenever f € A(CY) and K > 0 satisfy

log|f(z)| < Hx,(Z) + K and log|f(2)| < Hy(Z) forall ze V.
Proof. By Definition 2.5, p; induces a “linear-tame” isomorphism Ay (V) =
Ay/(P-Ay) . Thus we may identify Ay /(P-Ay) and Ag(V).
(i) & (ii): By 1.5 and duality theory for (FS)-spaces.
(1) « (iii): By Theorem 1.13.
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(iii) « (iv): Because of the “homogeneity” of the inequality, it is enough to
know this inequality for all f € A(CY) with Il ,, <ooand |Iflly  =1.
This proves (iii) « (iv'), where (iv') is condition (iv) with K > 0 replaced
by K € R. Of course (iv') implies (iv). On _the other hand, (iv) is trivial for
K <0:If log|f(2)| < Hy,(Z)+K forall z € V, then (assuming C, |x;| > |xo])
we get

log|f(2)] < Hx(Z) + K|x|/C + K(1 - |x|/C) £ Hx(Z) + K|x|/C
forall ze ¥ and xp < x < 0. Thus (iv) implies (iv').

We give two classes of interpolating functions. The most important one is
described in the following proposition which is a consequence of the Ehrenpreis
fundamental principle (see Hansen [8]).

2.7. Propesition. Each nonzero polynomial on CN which is the product of pair-
wise distinct irreducible factors is interpolating.

28. Lemma. Let ¢ : R, — R, be a differentiable nondecreasing and un-
bounded function such that loge is convex. Then for each nondecreasing func-
tion f: R, — R, with f(x) = o(p(x)) as x — oo, there is a nondecreasing
and convex function g :R, — R, with f < g and g(x) = o(¢(x)) as x — .
Proof. We choose inductively numbers 0 < Ry < Ry, k € N, with f(x) <
(1/(k + 1))p(x) for all x > R, and such that the tangent at R, to the graph
of (1/k)e intersects the graph of (1/(k + 1))p at a point Ry < Xx < Ry
(this is possible because the hypotheses imply lim,_., ¢'(x) = 00). For each
k € N on [Ry, x;] we connect the graphs of (1/k)¢ and (1/(k+ 1))@ by this
tangent. In this way we get the graph of a nondecreasing function g: R, — R,
with f(x) < g(x) for x > R, and with g(x) = o(¢(x)) as x — . To
prove the convexity of g, we fix k € N. Since the tangents are nondecreasing,
we have (1/k)e(Ry) < (1/(k + 1))p(xx). By the assumption, the function
x — ¢'(x)/@(x) is nondecreasing. Hence

(k+1)/k < p(xk)/9(Ri) < ¢'(x)/ 9" (Ri) -

This gives (1/k)¢’(R,) < (1/(k + 1))9’'(xx) and thus the convexity of g.
Adding a sufficiently large number to g, the assertion is proved.

The following is an extension of a result of Berenstein and Taylor [5]. For
similar more-recent results we refer to Papush and Russakovskii [29] and to the
literature cited therein.

2.9. Proposition. Let P € A° be such that for each € > 0 thereis C' > 0 with
|grad P(z)| > (1/C’) exp(—¢lz]),  z € V(P).

Then the function P is interpolating.
Proof. We modify the proof of Berenstein and Taylor [5, Theorem 1]. We put

£(x) = max{ max log|P(z)], max_ - log|grad P(2)l x,0},
z€B(e*) 2€B(e*), zEV(P)

x €R.
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By the hypothesis we have f(x) = o(e*) as x — oc. Applying Lemma 2.8
to @(x) = e*, we find a convex and nondecreasing function g : R — R, with
f < g and g(x) =o(e*) as x — oo. Thus by Hormander [10, Theorem 1.6.7],
q:CN - R,, q(z) := g(log|z|), is plurisubharmonic. By the choice of ¢, we
have log|P| < ¢, log(1 + |z|) = O(q(2)) as |z| - o0, and

|grad P(z)| > exp(-q(z)),  z € V(P).
Hence by [5, (14)], there are A4;, B; > 0 such that
|grad P(2)| > (1/4) exp(—-B1¢q(By2)), z€S(P,By),
where S(P, B;) denotes the union of those components of the set
{z € CY||P(z2)| < exp(—B14(B,2))}

which meet ¥ := V(P). Let x <0 and f € Ag(¥) with ||f|l; < oo, ie,

If@I<If il expHe(2), zeV.

Checking [5] or just citing Demailly [7, Corollaire 3 and Remarque 7] (where
an appropriate holomorphic retract r : S(P, B;) — V is constructed), we get
Az, B, > 0 not depending on f and an extension F € A(S(P, B;)) of f with

[ @) exa(-28:(2) - Baa(Baz)) diz) < ol W
S(P,B,) ’

By an obvious modification of the semilocal interpolation theorem of Beren-
stein and Taylor [4, Theorem 2.2}, or by the procedure of the proof of [28,
Proposition 2.4], there are 43, B3 > 0 not depending on f and an extension
f € A(CY) of f with

|, 7@)F exp(-2H:(2) - Bra(Ba2) )
< 43 / |F(2)2 exp(~2Hy(Z) — Byq(B,2)) dA(z).
S(P,B))

Applying the subharmonicity of |f|2, this gives for some A4, B4 > 0 which
do not depend on f

If(2)] < 4allSf Il , exp(Hx(2) + Bag(Bsz)),  z€CN.

Since ¢(z) = o(|z|) as |z| — oo, this shows that 2.4 holds for arbitrary C > 1.
Since grad P does not vanish on V' and by the Division Theorem 1.6, we have
ker p;; = P- Ay (see Chirka [6, 2.9, Proposition 2]).

In the sequel the following simple lemma is very useful. Its proof only relies
on the fact that differential operators commute.

2.10. Lemma. Let P,, P, € A°\{0}, and put P := P\P,. Then P(D) admits
a solution operator on A(G) if and only if P\(D) and Py(D) do. In particular,
if R: A(G) — A(G) is a solution operator of P(D), then R, := P,(D)oR isa
solution operator for Py(D).

3. PARTIAL DIFFERENTIAL OPERATORS

In the present section we study partial differential operators, i.e., differential
operators P(D) given by polynomials P.
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3.1. Notation. Let V C C¥ be an analytic variety. Let V° denote the set of
regular points of V. A function u: V% — [-o00, oof is said to be plurisubhar-
monic on V if u is plurisubharmonic on V° and locally bounded from above
on V. For z € V\V° we put u(z) := limsup,,_,, ,wevo(w). Then u is an
upper semicontinuous function on V (see Sadullaev [31]).

3.2. Theorem. Let G and H beasin 1.1. Let P be a nonconstant polynomial
on CV, and put V := V(P) and V := V(P). The following assertions are
equivalent.

(1) P(D) admits a solution operator on A(G).

(ii) Q(D) admits a solution operator on A(G), where Q is the product of the
pairwise distinct irreducible factors of P .

(iii) Condition 2.6(iv) holds.

(iv) For each x; < 0 thereare C > 0 and xo < 0 such that forall xo < x <0
and x; <0 there is C' >0 such that

u<H,+CK|x|+C' onV(P),
Jor all plurisubharmonic functions u on V(P) and K >0 with
u<H,+Kandu<H, onV(P).

Condition (iv) shows in particql_ar that P(D) admits a solution operator on
A(G) if and only if P(D) does (P(z) :=P(Z), z€CV).

Proof. The equivalence of (i) and (ii) holds by Lemma 2.10. Since V(P) =
V(Q), (ii) and (iii) are equivalent by Theorem 2.6. Let (iv') be the condition
(iii), where log|f| is replaced by any plurisubharmonic function ¥ on C¥.
Since u is plurisubharmonic if and only if z — u(Z) is, we have (1v) & (iv).
Since (iv') = (iii) is trivial, it remains to prove (iii) = (iv’). This is done by
a general procedure of Meise, Taylor, and Vogt [22]):

We indicate the modifications of the proof of Theorem 2.3 of Meise, Taylor,
and Vogt [22], which are necessary to get the announced result. We first note
that by 1.1, (iii) implies a version (iii') of (iii) where H,, + K and H,, are
replaced by Hy, + K +log(2+|z|)/|x2| and Hy, +log(2+|z|)/|x2|, respectively.
Now let X; < x; < 0 be given. We choose C > 0 and xo < 0 according
to (m) Let xo < x <0 and % < x2 < 0. Choose C' > 0 according to
(iii') . We choose 0 < § < 1 with H; /0 < Hy, and H;,/6 < H,,. Let i be
plurisubharmonic on ¥V, and let X > 0 satisfy

#(z) < Hz (Z)+ K and @#(z) < H,(Z) forall z e V.

Put u := /0. In the proof of [22, Theorem 2.3], it has been shown (see [22,
p. 303)) that (iii’) implies the existence of some constant B > 0 which does
not depend on & or K, such that forall ze V

#(z) = 6u(z) < Hy(Z) + CK|x|+ C' + Blog(2 + |z|).

For all xp < %o < x < 0 there are xo < X < x with |X|/|x| <2 and a constant
C" > 0 which does not depend on @ or K such that forall z¢ V

u(z) < Hy(Z) + CK|x| + C' + Blog(2 +|z|)
<H(2)+ = CK|x| + C" < Hy(Z) + 2CK|x| + C".
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Since the criterion becomes nicer if we confine ourselves to homogeneous poly-
nomials, we are interested in the following two results.

3.3. Propesition. Let P be a nonconstant polynomial on CV of degree m
with principal part P,,. If P(D) admits a solution operator on A(G), then also
Pw(D) does.

Proof. Let Q be the product of the distinct irreducible factors of P. Let n
be its degree. The polynomials Q;(z) = I=*Q(lz), z € C¥, ] € N, converge
to the principal part Q, of Q in the topology of 4°. By Proposition 2.7,
the polynomials Q;, / € N, and Q are interpolating. By the hypothesis and
Lemma 2.10, Q s~atisﬁes 2.6(iii). If we apply condition 2.6(iii) to the functions
z — f(z/1)! on V(Q), this shows that for each x; < 0 there are C > 0 and
Xo < 0 such that forall xo < x <0 and x; <0 thereis C’' >0 with

- /iy £ xIC 1-ix|C N -
115, S CYIAIES WA, feae™). IS, <. €N,

where ¥, := ¥(Q;). By Definition 2.5 and Theorem 1.13, kerQ(D), ! € N,
have property (), with uniform constants. By Lemma 1.15, also ker Q,(D)
has property (Q);. By Theorem 1.13, Q,(D) admits a solution operator on
A(G), and thus by Lemma 2.10, so does P, (D). :

3.4. Propesition. For N = 2, the converse of Proposition 3.3 holds.

Proof. Compare Meise, Taylor and Vogt [21, Theorem 4.11]. The author thanks
R. W. Braun for a hint to prove the result. Let V := V(P) and V;, := V(Pn).
Note that V,, is a finite union of complex lines passing through the origin and
which only intersect there. By the Puiseux expansion (see, e.g., Hérmander [12,
A.1]), there are R > R > 0 and a multivalued analytic map ¢ : V,\B(R) = V,
continuous on V,\U(R), with |p(z) — z| = o(|z]) as |z| — co and such that
V\B(R) C 9(Vm\B(R)) (compare [21, Theorem 4.11]). The essential property
of the multivalued analytic map ¢ is that for each z € ¥,,\B(R) there are
a neighborhood U of z in ¥, and holomorphic functions f;,..., f on
U such that ¢(w) = {fi(w), ..., fa(w)} forall w € U. Let ; <x; <0
be given. Choose xo and C > 0 according to 3.2(ii) (for V). Let xo <
x <0 and % < x; < 0, choose C’ > 0 according to 3.2(ii), and put M :=
maxyey,naB(R) Hx,(w) . Fix K >0 and a plurisubharmonic function u on V
satisfying ¥ < Hz, + K and u < H;, on V. We set i(z) := max{u(¢(z)), M}
for z € V,\B(R) and & := M on V, NB(R). Here u(¢(z)) is defined as the
maximum over all finitely many values of ¢(z). Then # is plurisubharmonic
on V. Since |¢(z) — z] = o(|z|) as |z] — oo and by 1.1, thereis M' > M
not depending on u or K such that

fi-M' <Hy, +Kandit—M <H,, onVy.
By 3.2(ii), we get
u(9(2)) < #(z) < He(z) + CK|x|+C'+ M',  z € Vu\B(R).

Hence for all xp < % < x < 0 there are xp < X < x with |%|/|x|] < 2 and
some C” > 0 which does not depend on u or K such that

u(w) < Hy(w) + %cxm +C", weV\B(R),
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and thus
u < Hy+2CK|x|+C"+ sup Hz(w) onV.
weB(R)
In the sequel we will investigate homogeneous polynomials only.

3.5. Notation. Let V C CV be an algebraic variety which is homogeneous, i.e.,
C-V =V. For C >0, we denote by C.% the class of all plurisubharmonic
functions u on V¥ such that u(z) - Clog(l + |z|), z € V, is bounded from
above. Extending Notation 2.3, we define

vy(z; C, V) :=supu(z), zeV,
u

where the supremum is taken over all ¥ € C.%4, with u < H on V. By Siciak
[32] (see [27, Proposition 1.9]), this extremal function is again contained in
C% and does not exceed H. Since log|z| = o(H(z)) as |z| = oo, for each
C >0 thereis d >0 with vyg(z; C,V)>Clog|z|-d forall ze V.

We consider the compact set Py y C V starshaped with respect to the
origin and the positively homogeneous function Cy v : V — [0, o] (ie.,
Ch,v(Az) =ACyq v(2) forall z€ V,A>0) which is defined by
Pyv:={zeVivg(z;1,V)=H(z)} ={Aalae SNV,0< 1< 1/Cyq, v(a)}.
The following definition makes sense even if H is the support function of a
convex set which does not contain the origin as an interior point (for example,

for a convex domain of R¥). For ¢, r > 0, we define the following plurisub-
harmonic function on ¥V N U(r)

ug(z;r,e, V):=supu(z), zeVnU(r),
u

where the supremum is taken over all plurisubharmonic functions ¥ on VnNU(r)
with ¥ < H on V' nU(r) and u*(z) := limsup,_,,u({) < H(z) — ¢ for all
zeVnau(r).
A particular role is played by the cone
Th,v:={talt>0,a € Py,v}
= {z € C¥lvy(z; C, V) = H(z) for some C > 0} .
If V =C" or C = 1, respectively, we will omit the index V and C , respectively,
~ The behavior of the functions uy and vy near the origin is essential for
our purposes.

3.6. Lemma. Let V beasin3.5. Forall ¢ >0 and r > 0 there is some C >0
such that

upg(-;r,e, Vy<wvg(-;C,V) onVnU(r).
Conversely, for all C, E > 0 there is r > 0 such that

v(-; C,V)<uyg(-;r,E,V) onVnU(r).
Proof. Let ¢ > 0 and r > 0. The proof of [27, Lemma 2.1] also applies to
plurisubharmonic functions on V (instead of CV). Thus there is C > 0 with

upg(-;r, e, V)<wvg(-;C,V) onU(r)nV.

On the other hand, let C, E > 0. Since vy(-;C,V) € C% and since
|z| = O(H(z)) for |z| — oo, there is some r > 0 with vy(z; C, V)< H(z)-E
for |z|>r.
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3.7. Theorem. Let G, H be as in 1.1. If P is a nonzero homogeneous poly-
nomial on CV, then the following assertions are equivalent.

(i) P(D) admits a solution operator on A(G).

(ii) For each x, <0 there are C >0 and x, < 0 such that

log|f| < inf (Hx+CKlx|) onV(P),
x0<x<0

whenever f € A(CY) and K > 0 satisfy
log|f| < Hy,+ K and log|f|<H onV(P).
(iii) For each x; < 0 there are C >0 and x9 <0 such that
ug xog}f( J(Hx+Clx]) onV(P),

Jor each plurisubharmonic function u on V(P) with
u<Hy +landu<H onV(P).
(iv) Forall e >0,r >0 and E >0 thereis R >0 such that
upg(-;r, e, V(P)<ugy(-;R,E,C¥)=:uy(-; R, E) onV(P)nU(r).
(v) There are 6 > 0 and a neighborhood U of the origin such that
vg(-;0,V(P))<vg onV(P)nU.
(vii) There is 6 > 0 such that

va(-;0, V(P)) <vy onV(P).

Proof. By Theorem 3.2, P_satisfies 3.2(iii) if and only if P satisfies 3.2(iii).
We may thus switch from V(P) to V(P) in 3.2(iii). Let (iii’) be the assertion
of 3.2(iv) however, with H,, replaced by H and C’ replaced by 0. If we
consider the plurisubharmonic functions z — u(Kz)/K, z € V(P), we obtain
that (iii) and (iii') are equivalent. By Theorem 3.2, we have (iii') = (ii) =
3.2(iii) = (i) = 3.2(iv). To show that 3.2(iv) implies (iii’), for each x; > 0
let C > 0 and xp be chosen according to 3.2(iv). Then for all xo < x < 0
and x; < 0 thereis C’' > 0 such that the conclusion of 3.2(iv) holds. For each
plurisubharmonic function ¥ on V(P) we apply the conclusion of 3.2(iv) to
the functions Au(-/1), 4 > 0, and obtain that we may choose C' = 0. Let
now u be plurisubharmonic on V(P) with u < Hy, +1 and ¥ < H on V(P).
Then for each 0 < 7 < 1 there is x; <0 with nH < Hy,. Thus nu < Hy, + 1
and nu < Hy, . By 3.2(iv), we obtain nu < infy <x<o(Hx + C|x|) on V(P). In
the limit for n — 1 we get our claim. By Theorem 3.2, we have thus proved
(i) & (ii) « (iii) .

(iii") = (iv): Let &, r >0 and E > 0. We choose x; < 0 with H—¢ < Hy,
on 8U(r). Put K := max,ep(,) Hx,(z) . Fix a plurisubharmonic function i on
V(P)NU(r) with #a< H on V(P)NU(r) and &* <H-¢ on V(P)NnaU(r).
We put u := max{it, Hy,} on V(P)nU(r) and u := Hy, on V(P)\U(r). Then
u is plurisubharmonic on V(P) with u < H,, + K and u < H on V(P). By
(iii") , we get

#u<u< inf (Hi+CK|x|)= inf (Hy—-CKx) onV(P)nU(r),
X<x<0 X<x<0
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and thus by the definition of uy
uy(-;r,e,V(P))< inf (Hy—-CKx) on V(P)NU(r).
X0<x<0
By the minimum principle of Kiselman [15, 4.1] (see [27, Proposition 1.3]),

the right-hand side is plurisubharmonic on C¥ and does not exceed H . If we
choose R >r with Hy + CK|xo| < H~E on dU(R), we obtain

ug(-;r, e, V(P)) <uy(-;R,E) on V(P)NU(r).

(iv) = (v): By (iv) and by Lemma 3.6, there are R >r >0 and C > 1
such that for all ze V(P)nU(r)

va(z; 1, V(P)) <uy(z;r,1,V(P))<ug(z;R,1)<vy(z;C).

This gives vy(-; 1/C, V(P)) <vg(-;1)=vyg on V(P)NU(r/C).

(v) = (vi): Since vy—log(1+|z|) is bounded from below, we may choose by
[27, Proposition 1.9], some 0 < 8’ < min{1, 6} such that vg(-;d’, V(P)) <
vy on V(P) outside U.

(vi) = (iv): Let &, E, r > 0. By (vi) and Lemma 3.6, there are C, C' >0
and R > 0 such that forall ze€ V(P)nU(r)

up(z;r, &, V(P)) Svn(z; C, V(P)) Svn(z; C') Sup(z; R, E).

(iv) = (iii): Let x; < 0 be given. We choose x; < xo < 0 and r > 0 with
Hy, +1<H-1 and Hy +1< H, on CN¥\U(r). We fix a plurisubharmonic
function 4 on V(P) with

u<Hy,+1landu<H onV(P).

By (iv) and Lemma 3.6, there are C > 0 and R > r such that for all z €
V(P)NU(r)

u(z) <up(z;r,1,V(P))<un(z; R, 1) <vg(z;C).

By [27, Theorem 1.20], there is C' > C with vg(-; C) < infyco(Hx + C'|x|)
on CV. Thus

. ’ : !
u< %(Hx +C'|x)) < xogi;o(Hx +C'lx]) on V(P)NU(r).
On the other hand,
. . ,
u<Hy +1<Hy< xolslii;o(Hx +C'|x]) on V(P)\U(r).
Hence u < infy <x<o(Hx + C’'|x|) on V(P).

We get the following necessary condition for the existence of a solution op-
erator.

3.8. Theorem. Let P be a nonconstant polynomial on C¥ with principal part
P,,. Then (i) = (ii) = (iii) = (iv) (see 3.5 for the notation):
(i) P(D) admits a solution operator on A(G).
(ii) Thereis 6 >0 with vy(-;9, V(Pm)) <vyg on V(Pn).
(lll) There is 6 >0 with JPH’V(pm) CPynV(Py).
(iV) rH,V(P,.) cTynV(Py) (even “=7),




746 SIEGFRIED MOMM

Proof. (i) = (ii): Proposition 3.3 and Theorem 3.7. The remaining implica-
tions are obvious.

The following resembles a result of Grothendieck which states that no elliptic
partial differential operator admits a solution operator on the space C*(Q2) for
Q c RY open.

3.9. Corollary. Let P be a nonconstant polynomial on CN with principal part
Pp. If V(Pp) Ny = {0} (see 3.5), then the partial differential operator P(D)
admits no solution operator on A(G).

Proof. Assume that P(D) admits a solution operator on A(G). Then
T'u,vi,) € T NV (Pn) = {0}, by Theorem 3.8. On the other hand, since
log|z| = o(H(z)) as |z| — o, there is d := inf ¢y (p,)(H(z) — log|z|) € R.
Since H is continuous and V(P,) is closed, there is a € V(P,)\{0} with
d = H(a) - log|a|. Hence vy(a; 1, V(Pn))=H(a) and a €Ty v(p,) -

The following result roughly says that for a polyhedron G the equivalent con-
ditions of 3.7 hold if and only if vy|V(P) is a maximal plurisubharmonic func-
tion on V(P)\I'y . It justifies calling 3.2(iii) and 3.2(iv) a Phragmén-Lindelof
condition.

Let W be an analytic variety. We recall that a plurisubharmonic function
v on W is called “maximal” if ¥ < v holds for each open set U cC W and
each plurisubharmonic function ¥ on U with limsup;_,#({) < v(z) for all
z € U (see Klimek [16]).

3.10. Proposition. Letr Cy be bounded on Ty NS. By [27, Theorem 2.11),
this holds for instance if G is a polyhedron. Then Ty is a closed cone and for
each nonzero homogeneous polynomial P on CV, the following are equivalent.
(i) Thereis 6 >0 with vyg(-;d, V(P)) <vyg on V(P).
(ii) There are 6 > 0 and a plurisubharmonic function v on V(P) with
vy(-;0) <v <vyg on V(P), which is maximal on V(P)\I'y .

Proof. Let V :=V(P).

(i) = (ii): Put v:=vg(-;4d, V). First let P be linear. By standard argu-
ments (see Bedford and Taylor [3, Corollary 9.2]) and by Bedford and Taylor
[2, §9], we obtain (dd°v)¥-! =0 on V\I'y, v (see [27, Proposition 1.9]). By
Theorem 3.8, we have I'y .y =Ty NV . Hence (dd°v)"-! =0 on V\I'y. By
Bedford’s and Taylor’s domination theorem [2, 3], v is maximal on V'\I'y.
The same procedure works if V is a smooth variety. In the general case of a
variety V having singularities, we obtain by this procedure that (ddv)"-! =0
holds on VO\I'y, where V0 is the smooth variety of regular points. By the ex-
tended domination theorem of Bedford [1] and Zeriahi [38, 1.9], v is maximal
on V\I'y.

(ii) = (i): We will apply Theorem 3.7(v). By 3.5, vuy(-; 1, V) grows at
most like log|z| and vy(-; 2) grows at least like 2log|z|. Hence we may
choose R > 0 such that u := v4(+; 1, V) < vyg(-;2) on V\U(R). Since
Cy is bounded on Ty NS, there is C; > 2 such that vy(-; C;) = H on
I'yNB(R). The function 9 := v(-/C;)C, is plurisubharmonic on ¥ maximal
on V\I'y and satisfies

va(z; C1) = Ciog(z/Cr; 1) £ 9(2) < Civg(z/Cy; C)
=vy(z; C,C), zeV.
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By the choice of R and since C; > 2, we get
u<vn(-;2)<vn(-; C) on VNIB(R)
and
u<H=vg(-;C;) onVNBR)NTy.
Thus by the continuity of vy(-; C), we obtain for all z € 3((V NU(R))\I'y)
(with respect to V)
ug?f(ﬁ(c) -u{)) > lixgg.i;lf(vn(c; Ci) - u({))
=vg(z; C1) - u*(z) =vh(z; Ci) —u(z) 2 0.

By the hypothesis (see Klimek [16, Proposition 3.1]), we conclude

vg(-;1,V)=u<9 <vg(-; CiC) on VNU(R).

We are going to evaluate condition 3.7(vi). In general this is a nontrivial
problem even in the case of linear functionals P (which are enough to consider
many examples of partial differential operators). We thus restrict the discussion
to very simple domains G, which are the Cartesian product of plam polygons.
To prove Theorem 3.14 we need some preparations.

3.11. Lemma. Assume that G = []|_, G;, where G; C CM has the support
function H;, | =1,...,n, N =Y, ,N,. Then there are C,C’ > 0 with
vg < v <vg(+; C) for v(z) :=%]_ vn(z;C"), ze CN =[], CN. More-
over, Ty =TI}.,Tx,.
Proof. The last assertion holds by [27, Lemma 2.6]. By 3.5, there are C; >0,
I=1,...,n,with vy(z; 2) > 2log|z|-C, z; € C. Weput E :=2logVN+
max}_, C;. Since vy grows at most like log|z| for |z| — oo, thereis R > 0
with

vy(z) < 2log|z| - E, zeCV,|z|>R.
Hence we obtain for |z| > R

vu(2) < 2m’£xlog|z,| +2logVN - E

< max'vy,(z,, 2)< Zv”,(z,, 2).
1_

By the proof of [27, Lemma 2.6], we have

n
S vn(z) <vu(z;n), zecCV,
I=1

and that there is D > 2 such that

vn(2) < 2 (vn,(z,, D)+ EHk(zk)) /n= 2 u(z),  z€B(R),

I=1 k#l

where foreach /=1,...,n
uy(z;) == (vg,(z;; D) + (n — 1)H(2)))/n, z€CN,
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We choose R’ > R such that vy, (z;; D) < Hi(z;) -1 forall |z > R, | =
1,...,n. Applying [27, Lemma 2.1], to »;, foreach /[ =1,...,n, we get
C’' > 2 with

u(z)) Svg(z;C"), |z|<R,
and hence

n
va(z) <Y vg(z;C),  |zI<R.
I=1
For |z| > R’ this estimate holds by the choice of R. If we put C := DC’, we
get the assertion.

3.12. Lemma. Assume that G has the form G = Hff__l G;j where G;cC isa
polygon for each j=1,..., N. Let P be a nonzero linear functional on C¥
and V := V(P). The following assertions (and hence those of Theorem 3.8) are
equivalent.
(i) Thereis 6 >0 with vy(-;0,V)<vg on V.
@) Fg,y=TygnV.
(iii) H|V is maximal on V\I'y (see Proposition 3.10).

Proof. Let H; be the support functionof G;, j=1,...,N. (i) = (ii) holds
by Theorem 3.8.

(ii) = (iii) : Since V is a subspace of C¥ of dimension N-1 and G isa
polyhedron, by [27, Theorem 2.11], the support of (dd°H|V)¥~! is contained
in Ty, y. By the domination theorem of Bedford and Taylor [2], H|V is
maximal on V\I'y y = V\I'y.

(iii) = (i): We will apply Proposition 3.10. Let v be chosen according
to Lemma 3.11. We are going to prove that v|V is maximal on V\I'y. Fix
a € V\I'y. Since V is a subspace of C¥ and G is a polyhedron and since
H|V is maximal on V'\I'y, by [25, Proposition 9], thereare n€ V' NS and a
neighborhood U of zero in C such that the map { — H(a+{n) = 2?;1 Hj(aj+
{n;), { € U, is affine. For simplicity we assume that #;,..., # 0 and
Mei = =nn=0 (1 <! < N). Then foreach j =1,...,/ also the
function { — Hj(aj + {n,) is harmonic (and hence affine) on U. It follows
from the definition of vy, by a standard argument that hence the function
vy, (- ; C') is harmonic on a neighborhood of a; foreach j=1,...,/. This
shows that u : z — v(2) — E§=, vy (zj, C'), z € CV, is plurisubharmonic
and does not depend on (z;, ..., z;) on a neighborhood of a. Since we may
consider n € C/ x {0} as one vector of a basis of V', we obtain that u|V
depends only on N — 2 coordinates in a neighborhood U’ of a in V. Hence
(ddu|V)N-1 = 0 there. Since z — Y _, vy;(z;, C') is pluriharmonic on
U’, we obtain that (ddv|V)N-! =0 on U’. By the domination theorem of
Bedford and Taylor [2], v|V is maximal on V\I'y; and by Lemma 3.11, the
function v|V satisfies the hypothesis of Proposition 3.10.

3.13. Lemma. Let G be as in Lemma 3.12, let P(z) =Y njz;, z € CV,
for some n € CN\{0}; and let H; be the support function of G;, i=1, 2.
(@) If N =2, then H\V(P) is maximal (i.e., harmonic) on V(P)\I'y if
andonly if ny =0 or n, =0 or nyI'y, = —niTy, .
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(b) If N > 3, then H|V(P) is maximal on V(P)\I'y if and only if there
is 1< jo< N with P(z) =nj,zj,, zeCV.

Proof. By Lemma 3.11, we have 'y =[]\, Ty, . Set V := V(P).

(@) =: If n; # 0 # ny, we put a := —ny/n,. Assume that there is w; €
Py, \{0} C I'y, such that aw, ¢ I'y,. Then (aw,,w;) € V\I'y. By the
hypothesis, the convex function

Zy H(EZZ s Zz) = H (522) + Hz(ZZ) s 2, €C,

is harmonic in a neighborhood of w,. Hence also H, is harmonic and hence
affine in a neighborhood of w,. By the homogeneity of H, and [27, Lemma
2.5], this is a contradiction to w; € Py, \{0}. Thus we have proved al'y, =
aR, Py, Ty, and —nI'y, C noI'y, . The other inclusion can be proved in the
same way.

«: If =nI'y, = noI'y, and in particular n; # 0 # ny, we set a := —ny/n,.
Then V = {(522, 23)|z; € C}. Fix w = (aw;, w,) € V\(rg, X er). If
w; ¢ I'm,, then by the hypothesis, also aw,; ¢ I'y, (and vice versa). Hence
H, and z; — H)(az;) are harmonic in a neighborhood of w,. This shows
that H|V is harmonic in a neighborhood of w. If n; =0 or n, = 0, we argue
as in part (b).

(b) =: Choose 1 < jo < N with nj, # 0. To simplify the notation, we may
assume that jo=N. Weput aj:=-nj/ny, j=1,..., N-1. Then

N-1
V= {w = (w', wy) € C¥wy = wy(w') := Z &',-wj} .
Jj=1
Assume that there is j; # N, say, jy = N—1, with nj, # 0. Fix w' =
(wy, ..., wy—1) € (C\T'y,) x CN-2_ Since w = (w', wy(w')) € V\I'y, H|V
is maximal in a neighborhood of w. Since V is a subspace of C¥ and G isa
polyhedron, by [25, Proposition 9], H is affine on a complex line in ¥ through
the point w . Hence there is n € C¥-1\{0} such that
N-1
Cm 3 Hj(wj +m;0) + Hy(wn(w' +n0)),  (€C,
j=1
is affine in a neighborhood of 0. Since H is convex and 7 # 0, also the function
{ — Hy(wy(w' + n{)) is affine in a neighborhood of 0, i.e., Hy is affine in a
neighborhood of wy(w’). This implies that wy(w’) € C\I'y, . This gives
N-1
C=@C\['y)+ ) &CCC\l'y, #C,
j=2

which is a contradiction. Thus P(z) = nyzy = nj,zj, forall zeCV.
«: If P(z) = nj,z;, forall z € C¥, say, jo= N, then ¥V =CVN-! x {0}.
By [26, Lemma 3.4], H|V is maximal on

N-1
(cN-*\rnn-. ) x {0} = (c”-' \ II l"u,.) x {0} = V\I'y.
Jj=1

j=1
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We are now ready to evaluate condition 3.7(vi) in the most simple nontrivial
situation. In this special case all conditions of Theorem 3.8 are equivalent. We
do not expect that this holds in general. For the following result compare Meise,
Taylor, and Vogt [21, Theorem 4.11].

3.14.. Theorem. Let G = G, x G2 C C? where G; is a bounded open convex
polygon in C which contains the origin and with support function H;, i=1,2.
Let P be a nonconstant polynomial on C? of degree m with principal part Py, .
Put Vy ;= V(Pn). Let the numbers a,, ..., a, € C\{0} be determined by the
representation

n
Py(2) = czh 2} H(Zl -a;z,), zeC?,
j=1
for appropriate c € C\{0} and I, I, € Ng. Then the following are equivalent.
(i) The partial differential operator P(D) admits a solution operator on
A(G).

(ii) Thereis C >0 with Cy < CCq,y, on Vp.

(lll) I“H,y,,, =TynV,.

(iv) H|Vj, is harmonic on Vp\I'y .

(V) a,-l“”, =er foraII j= l, R (B
In this special case Ty, , which is the support of the Laplacian of H;, equals the
cone which is generated by the outer normals to the faces of G;, i=1, 2.
Proof. Since in any case (ii) is equivalent with 3.8(iii), the implications (i) =
(i1) = (iii) hold by Theorem 3.8. Since V), is the union of the complex lines
@jz2=2z, j=1,...,n, plus perhaps C x {0} or {0} x C, the only singular
point of V,, is the origin. Hence the conditions (iii), (iv), and (v) hold if and
only if they hold for each linear factor of P,, . Thus by Lemmas 3.12 and 3.13,
we have (iii) & (iv) & (v). Again by Lemma 3.12 and Lemma 2.10, (iii)
implies that P,,(D) has a solution operator on 4(G). By Proposition 3.4, this
implies (i).
3.15. Examples. Let G = G; x G, C C? be a product of open bounded convex
polygons in C. Let I'; be the cone generated by the outer normals to the faces
of G,’ s i=1 N 2.

(i) Let P(D) = 8/9z, + i8/82, be the Cauchy-Riemann operator. P(D)
admits a solution operator on A(G) if and only if —il'y =T5.

(ii) Let P(D) = 8%/0z? + 8%/8z3 be the Laplace operator. Since P(z) =
(z1 — iza)(izy + iz3), z € C?, it admits a solution operator on A(G) if and
onlyif il", =F2 and l"l =—I‘|.

(iii) Let P(D) = 82/82*-08%/0z} be the d’Alembert operator. Since P(z) =
(z1 — z2)(21 + z2), z € C2, it admits a solution operator on A(G) if and only
if I", =F2 and l", =—l“|.

(iv) The operator P(D) = 3%/3z% — 8/9z; of the heat equation admits a
solution operator on A(G).

3.16. Examples. Let G = [I}_, G; C C? be a product of open bounded convex
polygons in C.

(i) Let P(D) = 0%/0z% +8%/32% —8/8z3 be the operator for the heat equa-
tion. By Proposition 3.3, Lemma 2.10, Theorem 3.8, and Lemmas 3.12 and
3.13, P(D) admits no solution operator on A(G).
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(ii) By the same reasoning, the Cauchy-Riemann operator, the Laplace oper-
ator, and the d’Alembert operator for the first two variables admit no solution
operator on A(G).

REFERENCES

1. E. Bedford, The operator (dd°)" on complex spaces, Seminaire Lelong-Skoda, Lecture
Notes in Math., vol. 919, Springer, 1982, pp. 294-323.

2. E. Bedford and B. A. Taylor, The Dirichlet problem for a complex Monge-Ampére equation,
Invent. Math. 37 (1976), 1-44.

3. —, 4 new capacity for plurisubharmonic functions, Acta Math. 149 (1982), 1-40.

4. C. A. Berenstein and B. A. Taylor, Interpolation problems in CN with application to har-
monic analysis, J. Analyse Math. 38 (1980), 188-254.

, On the geometry of interpolating varieties, Seminaire Lelong-Skoda, Lecture Notes
in Math., vol. 919, Springer, 1982, pp. 1-25.

6. E. M. Chirka, Complex analytic sets, Kluwer, 1989.

7. J.-P. Demailly, Scindage holomorphe d’un morphisme de fibrés vectoriels semi-positifs avec
estimations L? , Seminaire Lelong-Skoda, Lecture Notes in Math., vol. 919, Springer, 1982,
pp. 77-107.

8. S. Hansen, On the “fundamental principle” of L. Ehrenpreis, Partial Differential Equations,
Banach Center Publ,, vol. 10, PWN, 1983, pp. 185-201.

9. L. Hérmander, On the range of convolution operators, Ann. of Math. (2) 76 (1962), 148-170.

10. , An introduction to complex analysis in several variables, Princeton Univ. Press, 1967.

11. , On the existence of real analytic solutions of partial differential equations with con-
stant coefficients, Invent. Math. 21 (1973), 151-182.

12. , The analysis of linear partial differential operators. 11, Springer, 1983.

13. G. M. Khenkin and V. S. Mityagin, Linear problems of complex analysis, Russian Math.
Surveys 26 (1971), 99-164.

14. C. O. Kiselman, Existence and approximation theorems for solutions of complex analogues
of boundary problems, Ark. Mat. 6 (1965), 193-207.

, The partial Legendre transform for plurisubharmonic functions, Invent. Math. 49
(1978), 137-148.

16. M. Klimek, Pluripotential theory, Oxford Univ. Press, 1991.

17. M. Langenbruch, Solution operators for partial differential equations in weighted Gevrey
spaces, Michigan Math. J. 37 (1990), 3-24.

18. B. Malgrange, Existence et approximation des solutions des équations aux dérivées partielles
et des équations de convolution, Ann. Inst. Fourier (Grenoble) 6 (1955-56), 271-355.

19. A. Martineau, Equations différentielles d’ordre infini, Bull. Soc. Math. France 95 (1967),
109-154.

20. R. Meise and B. A. Taylor, Each non-zero convolution operator on the entire functions admits
a continuous linear right inverse, Math. Z. 197 (1988), 139-152.

21. R. Meise, B. A. Taylor, and D. Vogt, Characterization of the linear partial differential
operators with constant coefficients that admit a continuous linear right inverse, Ann. Inst.
Fourier (Grenoble) 40 (1990), 619-655.

, ivalence of analytic and plurisubharmonic Phragmén-Lindelof principles on alge-

15.

22.

braic varieties, Proc. Sympos. Pure Math., vol. 52, Part 3, Amer. Math. Soc., Providence,
RI, 1991, pp. 287-308.

23. R. Meise and D. Vogt, Einfiihrung in die Funktionanalysis, Vieweg, 1992.

24. S. Momm, Convex univalent functions and continuous linear right inverses, J. Funct. Anal.
103 (1992), 85-103.

25. ., A Phragmén-Lindelof theorem for plurisubharmonic functions on cones in CN |
Indiana Univ. Math. J. 41 (1992), 861-867.




752

26.

27.

28.

29,

30.

31.

32.

33.

34.

35.
36.

37.

38.

SIEGFRIED MOMM

, A division problem in the space of entire functions of exponential type, Atk. Mat. 32
(to appear).

, Boundary behavior of extremal plurisubharmonic functions, Acta Math. 172 (1994),
51-75.

—., A critical growth rate of the pluricomplex Green function, Duke Math. J. 72 (1993),
487-502.

D. E. Papush and A. M. Russakowskii, Interpolation on plane sets in C?, Ann. Fac. Sci.
Toulouse 1 (1992), 337-362.

M. Poppenberg and D. Vogt, A tame splitting theorem for exact sequences of Fréchet spaces,
Math. Z. (to appear).

A. Sadullaev, An estimate for polynomials on analytic sets, Math. USSR-Izv. 20 (1983),
493-502.

). Siciak, Extremal plurisubharmonic functions on CV, Ann. Polon. Math. 39 (1981),
175-211.

F. Treves, Linear partial differential equations with constant coefficients, Gordon and Breach,
1966.

D. Vogt, Eine Charakterisierung der Potenzreihenraume von endlichem Typ und ihre Fol-
gerungen, Manuscripta Math. 37 (1982), 269-301.

——, Operators between Fréchet spaces, preprint.

M. J. Wagner, Quotientenraume von stabilen PotenzreihenrGumen endlichen Typs, Manu-
scripta Math. 31 (1980), 97-109.

V. P. Zaharjuta, Extremal plurisubharmonic functions, Hilbert scales and isomorphisms of
spaces of analytic functions, 1, II, Theor. Funcii, Funktsional Anal. i Prilozhen. vyps. 19, 21
(1974), 133-157, 65-83. (Russian)

A. Zeriahi, Fonction de Green pluricomplexe & pdle a l'infini sur un espace de Stein parabo-
lique et applications, Math. Scand. 69 (1991), 89-126.

MATHEMATISCHES INSTITUT, HEINRICH-HEINE-UNIVERSITAT DUSSELDORF, UNIVERSITATS-
STRASSE 1, 40225 DUSSELDORF, GERMANY
E-mail address: momm@mx.cs.uni-duesseldorf.de




