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GEOMETRIC INVARIANTS FOR SEIFERT FIBRED
3-MANIFOLDS

MINGQING OUYANG

Abstract. In this paper, we obtain a formula for the //-invariant of the sig-

nature operator for some circle bundles over Riemannian 2-orbifolds. We then

apply it to Seifert fibred 3-manifolds endowed with one of the six Seifert ge-

ometries. By using a relation between the Chern-Simons invariant and the

//-invariant, we also derive some elementary formulae for the Chern-Simons

invariant of these manifolds. As applications, we show that some families of

these manifolds cannot be conformally immersed into the Euclidean space E4 .

1. Introduction

In dimension 3, the work of Thurston [15], [16] indicates that there are essen-

tially eight relevant homogeneous geometries needed for geometric structures on
3-manifolds. Of these, six are the so-called Seifert geometries.

The purpose of this paper is to study two kinds of geometric invariants, the
Chern-Simons invariant and the //-invariant, for a 3-manifold endowed with

one of these six Seifert geometries.

The Chern-Simons invariant was first defined in [3] for a closed Riemannian

3-manifold by integrating a certain 3-form over the manifold. It is only defined

mod Z.
The //-invariant of a selfadjoint elliptic operator was originally introduced by

Atiyah, Patodi, and Singer in [1] for odd-dimensional Riemannian manifolds

in terms of the spectrum of the operator. The //-invariant we are interested

in here is that of the signature operator. Such an invariant has a topological
interpretation which allows us to compute it without using analytic tools. As

shown in [1], it measures the extent to which the Hirzebruch signature formula

fails for a nonclosed 4/c-dimensional Riemannian manifold whose metric is a

product near its boundary. In dimension 3, it can be thought of as a real-valued

generalization of the Chern-Simons invariant.

The remainder of this paper consists of three sections. In Section 2, we obtain

a formula for the //-invariant of Sx -bundles over Riemannian 2-orbifolds. We

then, in Section 3, apply our formula to the geometric Seifert fibred 3-manifolds

to get explicit expressions of the //-invariant under these geometries. Finally, in

Section 4, we derive some elementary formulae for the Chern-Simons invariant

of geometric Seifert fibred 3-manifolds.  As applications, we show that some
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families of these manifolds cannot be conformally immersed into the Euclidean

space E4.

2.     //-INVARIANT FOR  SX-BUNDLES OVER RIEMANNIAN 2-ORBIFOLDS

In [10], Komuro obtained a formula for the //-invariant of some circle bun-

dles over Riemann surfaces. In this section, we extend his formula to the case

of Sx-bundles over Riemannian 2-orbifolds by using the generalized Hirzebruch

signature formula as developed by Kawasaki in [8] and [9]. We start with the

following topological interpretation for the //-invariant due to Atiyah, Patodi,
and Singer:

Theorem 2.0 [1]. Let N be a 4k-dimensional Riemannian manifold with ON =

M. Assume that N has a product metric near the boundary. Then

n(M)= f Lk(P)-Sign(N)
Jn

where Lk is the kth Hirzebruch L-polynomial, P is the Pontrjagin form of N

and Sign(TV) is the signature of N.

Kawasaki in [8] generalized the above theorem to the case where M4k~x

bounds a 4/c-dimensional Riemannian orbifold.

To state his result, we need some preliminaries from [8] and [9].
Let (X,%) be a compact orbifold. Denote by Y.X the singular set of X.

For every x £ 17X, choose precisely one linear chart (Ux, Gx, Ux, nx) such

that nx(0) = x . For each g £ Gx , a local group of x , the centralizer CGx(g)

of g in Gx acts on Ui = {y £ Ux\g ■ y = y}. Let (1), (hxx), • • • , (hp/) be
all the conjugacy classes in Gx . Suppose y £ Ux n Y.X. Then an overlap map

y/yx between Uy and Ux induces a homomorphism ip*x : Gy —► Gx. The

following is a bijection

{(y, (hy))\y £UXD2ZX, ^x(hy) = h'x} — U^/CGx(hx),

(y,(hJy))^lvyx(0)]

which defines an orbifold structure on

IX = {(x, (hi))\x £lX, j = 1, 2, ■ ■ ■ ,px}.

The multiplicity of t,X in I at (x, (hi)) is the order of the trivially acting

subgroup of Cox(hx) on Uxx.

Let liX, ■■■ , I.CX be the connected components of zZX. The multiplicity

is locally constant on IX. Thus we can assign a number ms = m(LsX) to each

!SX, called the multiplicity of %X in X.
On each orbifold chart l7* of IX, we have the normal bundle v(U%) in Ux

and the tangent bundle x(UJ!). h acts on v(0£). We have the decomposition

HUH) =   © 4
0<6<n

where v% is the bundles of eigenspace for h with eigenvalues e±,e . Introduce

complex structures on the bundles v% such that h • v = e'ev if v £ v§ . (For
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simplicity, we assume here that i/* can be given a compatible complex structure

so that 0 = n need not play a special role). The collection of these CGx(h)

bundles form complex vector bundles over ZX. Choose a CGx(h)-invariant

connection for each bundle. Write the total Chern class

c(vhe) = X{(l+Xj),

j

i.e., cn(vg) = nth symmmetric polynomial in xfs. Define

L»(,»)=nco.hte+^)=n(S^|)-

The local characteristic form

LHVhx) = L(Uhx).   []   Le(uhe)

o<e<n

defines an L-class in LX.

Theorem 2.1 (Kawasaki [8]). Let N be a 4k-dimensional Riemannian orbifold

with ON = M a (4k - l)-dimensional Riemannian manifold. Assume that N

has a product metric near the boundary. Then

n(M) = / Lk(P) - Sign(Tv-) + £ -!-<zA , [%N]).
Jn s=l ms

In Theorems 2.0 and 2.1, it is required that the metric on 7V is a product

near the boundary. But this may not be the case in practice. We need a so-called

"boundary correction term". The following formulation is due to Gilkey [4].

Let C = M x [0, 1] and identify M x {0} with M = dN. Let g0 be the
product metric on C. Extend the metric g on N to a metric gi on C U N
such that gx is a product near M x {1} and agrees with go near M x 1 .

Let Vo and Vi be the Riemannian connections determined by go and gx

respectively. Denote a>o , cox and Q0 , Qi the corresponding connection forms

and curvature forms of Vo and Vi respectively.

Let co = coi - coo, cot = (I - t)a>o + tcoi, and Qr the curvature form of cot.
Define

TLk = 2k [ Lk(co, fi,, • • • , n,)dt.
Jo

Then

dTLk = Lk(Clx)-Lk(QQ).

Since Lk(Q0) = 0, we get

dTLk = Lk(Qi) = Lk(ili,-'- ,fi,).

Thus

/ Lfc(fi,) =  / dTLk = /   TLk= f TLk = - [ TLk.
Jc Jc JdC Jmx{0} Jm
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It follows from Theorem 2.1 that

n(M) = /     Lk(P) - Sign(C U TV) + £ JL(L*, r^/v])

= f Lk(Qx)+ f Lk(P) - Sign(tf) + £ i-<l£ , [£,JV]>
Jc Jn ^T, w*

= - f TLk+ f Lk(P) - Sign(TY) + £ ±-{1**, [±SN]).
Jm Jn ~ ™s

Now, let S(E) —» F be a principal Sx-bundle over an oriented, Riemannian

2-orbifold (F, g). Let p : E —* F be the associated C1-bundle.
Choose a fiber metric g and a ^-preserving connection V . Then we obtain

a Riemannian orbifold (E, g) by assuming that

^horizontal = P*8   and   ^vertical = %•

We now determine the Riemannian connection of g on E.

For any x £ F, choose local orthonormal (horizontal) sections ei , e2 near

x, Then they determine a coordinate system ux, u2 along the fiber with ea =

d/dua, a =1,2.

Let Xi, x4 be a local orthonormal frame of F near x and e^, e4 their

horizontal lifts with respect to V.

Let R be the curvature tensor of the connection V and fi„ its components

with respect to ei, e2. Then fi^ = .R1234X3 A x\ where

£1234 = g(R(xi, x4)ex, e2).

We will denote R = RX2}4 for brevity. For convenience, we use the polar

coordinate system (r, 6) in the vertical space so that ux = rcosd and u2 =

rsind.
A straightforward calculation yields

Lemma 2.2. With respect to the basis {ex = i^ , e2 = J^ , e-t,, e4}, the connec-

tion form co of V is given by

co2 = dd,     a)\ = --rRe4,     cox4= -rRe$,

co2 = co24 = 0,    co\ = -y2Rde+p*cb34

where {rdd, dr, e\, e\} is the dual basis of {\§g , §-r, ei, e4} and co] is the

component of the connection form of g with respect to X3, x4.

From Lemma 2.2, we have the following



GEOMETRIC INVARIANTS FOR SEIFERT FIBRED 3-MANIFOLDS 645

Lemma 2.3. If R is constant on F, then with respect to the same basis as in

Lemma 2.2, the components of the curvature form fi of V are given by

fi2 = Rel A e4 ,

fi? = -jRe*4 Adr+ ^r2R2e$ A rdd,

fi4 = ^Re$ Adr + \r2R2e\ A rdd,

(2.1) i ~
ci32 = -Ret A rdO,

Ci^ =-^Re* a rdO,

Q,34 = />*fl3 - ^2^2P*wF + Rdr A rdd,

where fi4 is the curvature form of a>4 and cop = x$ A x4 is the volume form of
(F, g). Equation (2) is valid in general.

Before presenting our main theorem, we need some facts about the local

structure of a 2-orbifold and a complex line bundle over it.

Let F be an oriented, closed 2-orbifold. Then, by the classification theorem
of 2-orbifolds (see [15], for example), the only possible orbifold charts have the

form R2/(Z/a) with Z/a acting on R2 by multiplication by e2np*lla for some

P prime to a. J.F consists of a set of isolated points {xx, • • ■ , x„} in F.

Thus, F is determined by the data (g;ax, ■ ■■ , a„) where g is the genus of

F and the a/s are such that GXs = Z/as. We assume thereafter, without loss

of generality, that as > 0 .

Let E —► F be a complex line bundle over F such that E is a 4-orbifold

with orbifold chart (R2 x R2)/Z/a where Z/a acts on the first coordinate by

e2mfi/a   an(j on tjje seconcj by   e2jtyi/a   fQr some    /J   ancJ   y   prime tO   Q .   Thus

IE = {(*,,0),--. ,(xn,0)}. We call

((ax ; fiX , 7i), ■■■ ,(an;0n, yn))

the orbifold data of E.

Theorem 2.4. Let p : E —► F be a complex line bundle over an oriented, closed

Riemannian 2-orbifold (F, g). Suppose that the total space E has orbifold data

((oiX; P\, 7\), • ■ ■ , (an ; Pn , 7n)) ■ Choose a fiber metric g in E and let V be

a g-preserving connection in E. Then (E, g) becomes a Riemannian orbifold.

Assume that R is constant on F. Then the n-invariant of the circle bundle of
radius r is given by

where cx is the (rational) Euler number of the bundle E —► F . x is the (ratio-

nal) Euler characteristic of the base orbifold F.  s(pj, 7j ; aj) is the following



646 MINGQING OUYANG

generalized Dedekind sum as in [7]:

•c.«-)-i|«(^)«(^)-

e is defined by

'1 l/C!>0,

e=^0      i/ci=0,

-I    ifcx<0.

Proof. Denote by Dr(E) the disk-bundle of radius r of E. Let go = g \sr(E)

xdt2 be the product metric on Dr+i(E) - Dr(E) = Sr(E) x [0, 1]. Let V0
be the Riemannian connection determined by go and coo, fio the connection

form and curvature form of Vo respectively. Choose a metric gi on Dr+i (E) -

Dr(E) such that gx = g on Dr+Xf(E) - Dr(E) and gi = g0 on Dr+x(E) -

£r+i(-E) ■ Let Vi be the Riemannian connection determined by the metric gi

and coi, fii the connection form and curvature form of Vi respectively.

Write co = coi - ft>o and cot = (I - t)co0 + tcoi. Then from Lemma 2.2, with

respect to the basis {jjg, §-r, e-$, e4} , the components of cot on Dr+i(E) -

Dr(E) are given by

(cot)\ = tdb,     (cot)\ = -ir&?4*,     (cot)\ = ^r&>3*,

(co,)] = (o,t)4 = 0-     (W/)4 = -y2Rdd+p*cb3.

It follows that (fi,)2 = ip*fi?. Also, co] = -dd and cof = 0 others.  From
Lemma 2.3 we get

(fi2)2 = (fi3)2 = (fi4)2 = 0,

(fi?)2 + (fi4)2 = -^r2R3e\ A e\ A rdr A Td ,

(Q$)2 = -y2R3el Ae*4ArdrAdd + 2p*Cl\ A Rdr A rdd.

Thus,

Li(g) = \Pi(g) = ^Y(Ws?
s<q

= ^(Rp*ni A rdr Add- r2R3p*coF A rdr A dd),

TLX =2 / Li(co,Qt)dt
Jo

= 2-^2fQtp*ti\A(-de)dt
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Also, note that fi4 and fi2 represent 2nx(F) and 2nci(E) respectively. Thus,

since R is constant on F , we have

ft        27id

Vol(F)'

Choose a partition of unity {X}q€a subordinate to the open cover % of F.
Then we get

/      Lx(g) = Y\4r-A (f^P)^r2(RP^\^rdrAdd
J°'W a€A I&q| Je° 67t

- r2R3p*coF A rdr A dd)

= gij (rc/^fi4 - ±7ir4£2fi2) [F]

2     /   /ir2      _ /   Tir2   \2 2\

3Cl ̂ Vol(F)*     \Vol'F)J  °x) '

f     TLx(g) = -YJn f       (faop)j^(p*Q2Add)
JSr(E) atA\Ga\jU*xS< Xlltl

^|Ga|7(7Q     12ti2 6ir./f

= -^2kc,(£)[F] = -!«,.

To determine Sign(£L(is)), we examine the following diagram:

H2(Dr(E), Sr(E)) 9 H2(Dr(E), Sr(E)-^H\Dr(E), Sr(E))

r^ & _*

H2(Dr(E))        ®       H2(Dr(E))-*H0(Dr(E))

Z(a) 9 Z(a)-*-Z(l)

a • a->-Ci

where the vertical arrows are Poincare-Lefschetz duality with Q coefficients

and the last row is an orbifold version of the Euler characteristic of E (see
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[11], for instance). Thus, we get

'l      if Ci > 0,

Sign(Dr(E)) = e = i 0      ifci=0,

-1    if Ci < 0.

Next, we determine the term

£^M^(£)]>.

By the orbifold data, we have

IDr(E) = {(Xj,(gk))\j= 1,2, ■■■ ,n,  k=l,2,--- , aj - 1}

and

mk = a.j   for k = 1, 2 ,■■■, aj - 2.

Then,

%,(**)) = 7U,(**))£ = Ci®C2

with gk acting on Ci  and C2 by multiplication by e2nP'k'lai and e2nyik'la'

respectively. It follows that

(L*,[tkjDr(E)})=   J]  Le(p8lAgk))[(Xj,(gk))]

e2nfijki/a, + i      glnyjkija, + j

e2nPjkilaj _ 1   ' glnjjkilaj _ 1

kPjTi       k7jU
= - cot   ^'   cot —u—.

aj aj

Therefore,

Y — (I* , [±sDr(E)]) = -Y-Y cot ̂  cot ̂

"   1

= £ — (^jS(pj,7j\aj))

1=1   J

n

= 4^5(^,)'J;a7).

y=i

Finally, from formula (2.1) we get

n(SrE) = [      Li- (      TLX- Sign(Dr(E)) + Y ^r(L% > 1%£L(£)1>
^Dr(£) -/5,(£) ms
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3.   Application to geometric Seifert fibred 3-manifolds

This section is devoted to providing some explicit formulae for the n-

invariant of geometric Seifert fibred 3-manifolds. We refer to [11] and [ 13]
for basic material on Seifert fibred 3-manifolds and their relevant geometries.

A Seifert fibred 3-manifold can be viewed as an S'-fibration M —► F over

a closed 2-orbifold F .
Associated to M is the Seifert invariant (g; (ai, Pi), • • • , (an, fi„)).

The Euler number of the Seifert fibration is

e{M^F) = -Y^.

The Euler characteristic of the base orbifold F is

*—'    a,-
j=\     J

The relevant geometry of a Seifert fibred 3-manifold is determined by e and

X as follows.

Ix>0    Ix = oIx<o

e = 0     S2 x E1     E3 H2 x E1

e^O    S3 Nil        PSL

In what follows, we assume that the base space F is oriented.

Let M = M(g; (ai, Pi), ■ ■ ■ , (a„ , /?„)) —► F be a geometric Seifert fibred
3-manifold and E —► F be the associated C1 -bundle. Then the set of singular
points of the orbifold E is given by X = {(xx, 0), • • • , (x„ , 0)} . The local
group GXj = Z/ay acts on the first and the second coordinate by multiplication

by e2nP'lla> and e2niltt> respectively.

Thus, in the expression of n(M) in Theorem 2.4,

s(fij , 7j ; aj) = s(pj , 1; aj) = s(fij , a,).

Choose a fiber metric j on £ such that the induced metric on M is the one
from the corresponding Seifert geometry. Let V be a ^-preserving connection

on E.

Lemma 3.1. If M is locally symmetric, then under the above assumption, R is

constant on F.

Proof. Choose the same local basis {ei = -^ , e2 = -jfc , e3, e4} as in Section 2.
For every x £ M, denote Ix the local reflection about x . Since M = Sr(E) is

locally symmetric, Ix is an isometry. Hence dlx = -Id commutes with VR.

Thus

-VeaR(e3, e4)ei = dIx(VeaR(e3, e4)ex)

= V-eaR(-e1,,-e4)(-ex) = VeaR(eri,e4)ex    for  a = 3, 4.
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Therefore,

VeaR(e3, e4)ei =0   for  a = 3, 4.

From Lemma 2.2, we have co\ = co\ = 0. Thus,

Veae2 = 0   for  a = 3, 4.

It follows that

ea(RXiu) = ea(g(R(e3, e4)ex, e2))

= g(VeaR(ei, e4)ex, e2) + g(R(e3, e4)ex, Veae2)

= 0     for  a = 3, 4.

Also, from formula (2) in Section 2, we have

Ron = ^1234 °n = ./?1234-

Thus we get xa(R) = ea(R) = 0 for a = 3, 4. Hence, R is constant on F.   □

Now, we are in position to apply Theorem 2.4 to the geometric Seifert fibred

3-manifolds.
(a) M is modeled on S2 x E1- , E3- or H2 x E'-geometry.

Any Seifert manifold M(g; (ax, px), • • • , (a„ , /?„)) with one of these ge-

ometries is locally symmetric and cx = e = 0. Thus we have by Theorem

2.4,

n(M) = 4Ys(Pj,aj).
7=1

(b) M is modeled on S3-geometry.
Clearly, every Seifert manifold with this geometry is locally symmetric.

(1) n > 3. F has an S2-geometry. We have

w „,^     vol(S3(2))      16ir2      .  2x2

Hence, r — \xle\. Thus Theorem 2.4 yields

i      2 i n

n(M) = -*- + -e- sgn(^) + 4^5(/i7, aj).

>='

(2) n<2. We have M((ax, px),(a2, p2)) = L(p, q) where

ep = axp2 + a2px,     eq = axp'2+ a'2Px ,     1 = a2p2 - a'2P2 ,

and e = ±1.
In order to use Theorem 2.4, we need a "geometric fibration" M —► F such

that F possesses a geometry from S2 as a 2-orbifold. This is equivalent to

requiring that ai = a2.
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Lemma 3.2. Any lens space L(p, q) possesses exactly two geometric Seifert fi-

brations

L(p, q) =M(ia, 7i),(a, y2))

where

a=gcd(pPq-l)>    J-l + ^g^'*"1).    and

72—7T-TT = _1    (mod a)
gcd(p,c?-l)

or

L(p,q)=M((a,,7'X),(a',72))

where

Q, = gcd(p!?g+1)'    y\ + y'2--^dip,q+l),    and

72    J+l    ,.=-!    (mod a').
/2gcd(p,<7+l)

Proof. We will show it in one case. The other case is similar.

Suppose that a, 71, y2 satisfies

P = a72 + a7i,     q = ap'2 + a'27i,     1 = ap2 - a2y2.

Then we have

1 = ap2-72 =-Pi-72-
2     7\+72 7\+722     7i+72

It follows that

7\ + 72 = %cd(p,q-l),    72     J {)=~l    (mod a),    and

P

gcd(p, q-l)'

The converse is straightforward.    D

For the geometric fibration Lip, q) = M((a, 71), (a, y2)), we have

c=    7i+72 =    (gcd(p, q - I))2   and 2    2a-l =2%cd(p,q-l)
a p a p

Thus, from Theorem 2.4, we get

r,(L(p,q)) = n(M((a,7X),(a,72)))

1 Y2       1 2

7=1

2      1 (gcd(p,<7- l))2 .  ,     .J*  .
= -3--3 -^ + sgn(p) + 4£s(y7,a).

j=\

where

Q=gcd(pfg-1)'    >'.+)'2 = gcd(p,g-l),    and
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72-—r,-7T--1    (mod a).
gcd(p,tf-l)

Similar computation yields

n(L(p,q)) = t](M((al,7'x),(a',7,2)))

2 1 (gCd(p, q+ I))2 .jr-y        ,        ,,
= 3p~ + 3 p-     " Sgn(p )    4^5(7>' Q )•

where

Q, = gcd(p^+1)'    yi + y2 = -gcd(p,« + l),    and

72    J+X    ,.=-!    (mod a').
,2gcd(p,q + l)

On the other hand, as computed by Atiyah-Patodi-Singer in [2]

rj(L(p, q)) = -4s(q , p).

Thus, by equating the above three formulae, we get the following interesting

identities about the Dedekind sums:

x V-   / y        l l   (gcd(p, q - I))2        1 .    ,
s(q,p) = -Y s(7j , a) + ^ + ^ ^-^Llj-IL. _ _sgn(p )

%^    ,   , ,y 1 1    (gCd(p,?+l))2 1
= -5>(y;,a')-^-T2L-i^-^ + 4Sgn(p)

7 = 1 ^

where

Q^gcd(pPg-l)'  yi + » = «^(P.«-l), and

^gcd^^-D'-1    (m°da)

and

Q, = gcd(p!?g+1)'    /.+)'2 = -gcd(p,,+ l),  and

y2 —-i±J—- = -1    (mod a').
/2gcd(p,tf + l)

In particular, let q = 1 and p > 0 in the first equality or q = -1 and p < 0

in the second equation, we get

(3.1) 5(1, p) = ^(p - sgn(p))(p - 2sgn(p)).

Thus, we have

Y (cot(y"j) =j(p-szn(p))(p-2ssn(p^-

(c) Af is modeled on PSL-geometry. Equip H2 with the standard hyper-

bolic metric.   Then we have a natural metric on  T(H2).   The identification
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between PSL(2, R) and the unit tangent bundle TX(H2) gives rise to a (left-

invariant) metric on PSL(2, R) which induces a metric on PSL.
For a Seifert manifold M —► F with this geometry and the given metric on

PSL, we have R = -1 on f. Thus, Theorem 2.4 implies.

From a homomorphism ni(M) —► lsom(PSL) giving a geometric structure

on M, we get r = \x/e\ (see [11]). It follows from Theorem 2.4 that

(3.2) n{M) = -l-£+l-e-sm(e) + 4Ys(pj,aj).

7=1

From the above discussion, we have the following

Corollary 3.3. Under the above five geometries, if we fix the metric in each uni-

versal cover as above, then the n-invariant depends only on the topology.

Finally, under the Nil-geometry, the volume of the base orbifold is indeter-

minate, so the Seifert invariant alone is not sufficient to express n(M).
We conclude this section with the following

Corollary 3.4. Equip PSL(2, R) with the above metric. Let Y C PSL(2, R) be
a co-compact Fuchsian group of signature {g; ax, • • • , an}. Then

n(PSL(2, R)/r) = l(2g + 4 + ln)-Y (j*J + ^) •

Proof. As shown in [11],

PSL(2,R)/r = M(g; (I, 2g-2), (ai,ai-I), ■■■ , (a„ , a„ - 1)).

Thus,
"       — 1

X = e = 2-2g-Y~-•
^-^    a,
7 = 1 J

Also, from (3.1), we get

s(aj - 1; aj) = -s(l, a,-) = -y^K ~ l)(aj ~ 2)-

It follows from (3.2) that

n(PSL(2, R)/T) = -\x + \x + l +*Ys(aJ ~ l > aj)
7=1

= -5*+1+4t(-is;(a^1)(t,'-2))

-?«»+4+,"'-t(r"+K?)- D

Remark 1. A similar formula for the the //-invariant of PSL(2, R)/T associ-

ated to the Dirac operator was obtained in [14].
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4.   Chern-Simons invariant and conformal immersions

Let M be a closed, oriented Riemannian 3-manifold. Chern and Simons
defined a mod 1 invariant of M in [3], now commonly denoted by CSiM),

and showed that CS(M) — 0 (mod 1) if M conformally immerses into E4 .

A surprising relation between CS(M) and n(M) is demonstrated by the

following

Theorem 4.1 (Atiyah-Patodi-Singer [2]). Let M be a closed, oriented Rieman-

nian 3-manifold. Then

CSiM) = |//(M) + ^criHiiM; Z))   (mod 1)

where o(Hi(M; Z)) = # of 2-primary summands in HX(M; 77).

In this section, we derive some elementary formulae for the Chern-Simons

invariant of the geometric Seifert fibred 3-manifolds and show that some fam-

ilies of them cannot be conformally immersed into E4. We begin with the

following

Lemma 4.2. Let p, q be a pair ofcoprime positive integers. Choose r, s such

that ps + qr = 1, q + r is even and s is odd if p is even. Then

6s(q,p) = %r^-   (mod 1).
2p

Proof. Case 1. p is odd. We have

6ps(q,p) = l±^ + \pI(p,q)£Z

where /o is such that qr0 = 1 (mod p), -1 < ro/p < 0, and I(p, q) e Z (see

[7], for instance). Since p is odd, q + ro and I(p , q) have the same parity. It

follows that

, ,       .     q + ro + dp ...
6s(q,p) =-yv-    (modi)

with

(O   if q + r0 is even,

11    if q + r0 is odd.

Therefore we have

6s(q,p) = %^-   (mod 1)

with qr = 1 (mod p) and q + r even.
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Case 2. p is even. Then q is odd.

From the Dedekind reciprocity law and Case 1, we get

c ,       x       ci       x    p2 + q2 + 1 - 3pq6s(q , p) = -6s(p, q) + y--*-^-^

-p-t     p2 + q2 + 1 - 3pq   .      . ,, .   . ,
= -+:-+ ---^-—   (mod 1),      pt = 1 (mod q ), t even

2q 2pq

=---     (mod 1),     ps = 1 (mod q), s odd

= ^t—   (modi),      ps + qr = 1, s odd.   D
2p

Lemma 4.3. Let

M = M(g;(ai,Pi),--. , (an , P„)

be a Seifert fibred 3-manifold and I the number of even aj's. Then

(l-l   ifl>l,

a(Hx (M; Z)) = \ 1 if 1 = 0 and £ ft w m>/i,

(o        if 1 = 0 and Y.h is odd.

Proof. Arrange the Seifert invariant such that

M = M(g; (1, a), (a, , px), • • • , (a,, p,), (al+x, p'l+l), ■■■ ,(a„, fi'„))

where a7 is even for j < I, aj is odd for j > I, pj is even for j > I, and a

is the number of odd /J/s for j > I. Then we have

/l     l-l       1      ...     1       0 \
10-0      0      ••■    0      a

ax px

HX(M ;Z) = Z2g®Cok( "' ;      ).
a/ /J/

a/+i A+i

V Otn       Pn)



656 MINGQING OUYANG

Therefore

(I     l-l       l-l       0 \
1     0    •••    0      0      ■■■    0      a

ax px

cr(Hx(M;Z)) = cr(Cok( ''    ^ ^     ))

"l+i Pi+\

\ Ot„       P„ J
/l      1     •••     1      1     •••     1     0\

1   0   •••   0   0   •••   0   a
0 1

= <x(Cok( '•    Q j   )).

1 0

V 1    0/
It follows that

'l-l    if/>l,

o(Hx(M; Z)) = < 1 if / = 0 and a is even,

0 if / = 0 and a is odd,

{/ - 1    if / > 1 ,

1 if / = 0 and £ft is even,

0        if / = 0 and £ ft is odd.   D

By virtue of the formulae for n(M) in Section 3, Theorem 4.1, Lemma 4.2

and Lemma 4.3, we derive the following elementary formulae for the Chern-

Simons invariant of the geometric Seifert fibred 3-manifolds.
Without loss of generality, we assume in what follows that our Seifert invari-

ant is in a normal form ((1, b), iax, ft), • • • , (an , ft)). For every pair of

(a,-, ft), choose /y, Sj such that aySy + ft/y = 1, ft + /y is even and Sj is
odd if ay is even.

(a) M is modeled on E3, S2 x E1, or H2 x E1-geometry. We have

CSiM) = 6j>(ft, ay) + ^o(Hx(M; Z))     (mod 1)
7 = 1

'Ey=i rj/(2aj) + (I - l)/2   (mod 1) if / > 1 ,

= J Ey=i rj/(2aj) + 1/2  (mod 1) if / = 0 and b + zZPj is even,

Ey=i rj/(2aj)   (mod 1) if / = 0 and b + Eft is odd.
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(b) M is modeled on S3-geometry.
(i) n > 3. We have

CSiM) = i^ + \e + i + 6^>(ft, ay) + \a(Hi(M; Z))     (mod 1).
7 = 1

Thus,

1      2 n l

CSiM) = i*_ + £ ^L + -/  (m°d !)      if l ~ l '

7=1 J

2 n

-f+Ei      (modi)  if/ = 0 andft + £ft iseven,
7=1

2       1 "

= |- + i + V Ji-   (mod 1)  if / = 0 and b + £ ft is odd.
7 = 1

(ii) n < 2. We have 7tf((a., ft), (a2, ft)) = Lip, <?) and

CS(L(p ,q)) = - 6s(q, p) + U(L(p, q))   (mod 1)

(4-1} * + '     I    Hn= ___     (modi)

where ps + qr = 1 with # + r even and s even if p is even.

(c) M is modeled on PSL-geometry.

CS(M) = -|^ + Ie+ I + 6^>(ft, ay) + ^(//,(M; Z))     (mod 1).
7 = 1

Thus,

CS(M) = -l^ + Y^- + \l  (modi)      if/>l,
7=1 7

~    2 «

(4.2) =-:T~ + Z]y^   (modi)  if/ = 0 and ft + Eft is even,
^c Z.OL j

>=•

•5   2        i "

= -^- + i + y^   (mod 1)  if / = 0 and b + £ ftis odd.
4e      2     "^ 2a, y

7 = 1 J

As Hirsch showed in [6], all compact 3-manifolds immerse in R4. We will

show that some families of the geometric Seifert fibred 3-manifolds cannot be

conformally immersed into E4 .

Corollary 4.4. Let Fg be the surface of genus g > 1 with a hyperbolic geometry.

If g is even, then Tx(Fg) = M(g, (1, 2g - 2)) with the induced metric from

H2 doesn 't conformally immerse into E4.
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Proof We have e = x = 2 - 2g. It follows from (4.2) that

CS(Tx(Fg)) = ^-]-   (mod 1)^0  if g is even.   □

Corollary 4.5. Equip 50(3) with a bi-invariant metric. Let T be a finite sub-

group of S 0(3). Then S0(3)/T doesn't conformally immerse into E4.

Proof. By the conformal invariance of the Chern-Simons invariant, we can as-
sume that 50(3) possesses the standard metric from S3(l).

From (5) we have

C5(50(3)) = C5(L(2, 1)) = -i   (mod 1).

Thus, 50(3) cannot be conformally immersed into E4. Hence S0(3)/T
cannot be conformally immersed into E4 .   □

Remark. Heitsch and Lawson in [5] showed that a similar result holds in general

for S0(2k + l)/r where T is a discrete subgroup of S0(2k +1) and SO(2k +
1) is equipped with a bi-invariant metric.

Corollary 4.6.  L(p, q) with the standard metric cannot be conformally immersed

into E4 except possibly when q2 + 1 = 0 (mod p) and p is odd.

Proof. If p = 2k is even, then

L(p, q) = S3/(Z/2k) = S0(3)/(Z/k).

Thus, Corollary 4.5 implies that L(p, q) cannot be conformally immersed

into E4;
If p is odd, then from (4.1) we get

CSiLip,q)) = -^-     (modi)
2p

with qr = 1 (mod p) and q + r even. Thus, CSiLip, q)) = 0 (mod 1) implies

q + r = 0 (mod p). Hence q2 + 1 = 0 (mod p).   □
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