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POROUS SETS AND NULL SETS
FOR ELLIPTIC HARMONIC MEASURES

JANG-MEI WU

ABSTRACT. We give a genuinely n-dimensional construction of uniformly el-
liptic operators L in R” (of divergence form, and of nondivergence form),
which have positive L-harmonic measures on a class of porous sets on dR’
with zero surface measure. The porosity condition given is sharp. The earlier
methods were all two dimensional.

0. INTRODUCTION

In a sequence of papers ([1], [6], [11], and [12]) Modica, Mortola, Salsa,
Caffarelli, Fabes, Kenig, and Barcelé have constructed elliptic operators of the
forms (0.3), (0.4), or (0.5) below, with coefficients continuous in R, so that
the corresponding L-harmonic measures on OR’ are singular with respect to
the surface measure o. In all four examples, first an operator L, , , is
constructed on the half-plane {(x,—i, X»): x, > 0}, and then extended to R’}
by adding the Laplacian of the other (n — 2) variables to become an operator
in R%

n—2 62
(0.1) —+ Ly, | x>

21: ax? DA
and the corresponding L-harmonic measure is supported on a set of the form
(0.2) R"2x E x {0} = {x: Xx,_1 € E, x, = 0}

for some E C R of zero length.

The techniques used by these authors are highly two dimensional. Therefore
it is desirable to find a different approach which shall produce sets on R’} more
general than (0.2), that have zero surface measure and positive L-harmonic
measures for some L on R’ .

In this note, we succeed in finding a class of porous sets on R’ which
are perfect sets, can be described geometrically, and have all the properties
mentioned above. The corresponding operators also cannot be built from any
two dimensional operators in any obvious way. Moreover the porosity condition
given is sharp.
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The uniformly elliptic operators to be considered are

(0.3) L= Z 6% (A,-,-(x)—6—>

0X;
i,j=1 J

with bounded measurable coefficients in H = R ; or
92

(0.4) L= ZA,, T
J

i,j=1
with bounded continuous coefficients in H. Here, (A4;;) is symmetric and
satisfies

AEP < AP < Z Ay (x)EE < AXIEP < A2
i,j=1
for all x € H, ¢ € R", and some positive constants A and A.

Solutions of Lu = 0 are understood to be in the weak sense when L is in the
divergence form (0.3), and in the strong sense when L is in the nondivergence
form (0.4) ([9]). In view of the maximum principle, and the existence and the
uniqueness of the solution for the Dirichlet problem ([7], [9]) there exists a
unique positive Borel measure w} on 9H so that, forany g € C(0H),

u(x)= [ gy)dwi(y)
oH
is the solution of Lu = 0 in H, which is continuous on H and satisfies
u|0H = g. And wj is called the L-harmonic measure at x .
The operators considered by Barcel6 are in the form:

(0.5) L= ZA,, ax,ax, ZB ax,

i,j=1 i=1

where (4;;) is symmetric, uniformly elliptic, and continuous in H,and (B)
satisfies additional conditions involving the modulus of continuity of (A4;;) in
the normal direction ([1], [2]).

Examples in [1] and [6] are based on a well-known theorem of Beurling and
Ahlfors [4].

Theorem A. There exists a K-quasiconformal mapping of the upper half-plane
R2 onto itself with the boundary correspondence x — h(x) if and only if h is
strictly increasing, h(—oo, 0o) = (—00, o0), and

1 h(x+1t)—h(x)

I e SIS S

S hx) —h(x-1) =P

for some p > 1 and all real x and t. Moreover p determines a possible value
of K and vice versa.

(0.6)

Let A be a singular function on R! which satisfies (0.6) and f a quasicon-
formal extension of 4 onto R2 . Composition of f with the Laplacian induces
an operator L in R2 of divergence form (0.3), whose L-harmonic measure is
singular with respect to the length. An operator in H whose harmonic measure
is supported on a set of the form (0.2) is obtained by adding the Laplacian of
the other (n — 2) variables. This is the basic idea in [1] and [6].
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The n-dimensional version of Theorem A ([5], [13]) states that a homeo-
morphism 4 on R”~! is the boundary correspondence of a K-quasiconformal
mapping from R? onto R? (n > 3) if and only if 4 itself is a quasiconformal
mapping on R"~!. However, every quasiconformal mapping in R” (m > 2)
maps sets of Lebesgue measure zero to sets of Lebesgue measure zero. More-
over, the pullback of the Laplacian under a quasiconformal mapping in R”,
n > 3, need not be uniformly elliptic. Therefore the method by quasiconfor-
mal mappings fails in R” when n > 3.

The methods by Riesz products in [11] and [12] can conceivably be gener-
alized to R” to obtain (n — 1)-dimensional sets on dH general than (0.2),
which have zero g-measure and positive L-harmonic measures for some L.
Nonetheless the sets so obtained are dense and cannot be described geometri-
cally.

Note that a homeomorphism 4 on R! satisfies (0.6) if and only if the mea-
sure induced by 4 has the doubling property; and recall that w;-measures on
OH have the doubling property ([3], [7]).

Our approach is based on the relation between the porosity and the null sets
of doubling measures ([15]).

Given {ar}, 0 < ap < 1, aset F C R™ is called {oy}-porous if there
exists a sequence of coverings & = {Ii ;} of F by cubes with mutually disjoint
interiors, so that for every k > ko, each I ;\F contains a cube J ; of side
length I(Ji ;) > axl(Ik ;) , and that Ug,  Ik+1,i Is contained in Ug (Ix, j\Jk, ;)
and sup; (Il j) — 0 as k — oo.

Note that an {ay }-porous set has zero m-dimensional measure when Yo =
oo. The Cantor ternary set on R is {}}-porous.

The following theorem is proved in [15].

Theorem B. Let m > 1 and 0 <oy < . If
oo
Za,’fK=oo forallK > 1,
1

and S C R™ is {ay}-porous, then S is a null set for all doubling measures on
R™. If oy is nonincreasing and satisfies

oo
Za;("K <oco forsomeK>1,
1

then there exists an {ay}-porous set which carries a positive measure for some
doubling measure on R™ .

The analogous porosity and wy-null set relation holds, despite the fact that
not all doubling measures are L-harmonic measures.

Theorem 1. Let n>2 and 0 <oy < 7. If
Zai”_l)’( = ooforallK>1,
1

and S COH isan {ay}-porous set in R"~!, then S is wy-null for all uniformly
elliptic operators (0.3) and (0.4) on H.

This follows from Theorem B and the doubling property of w; .
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The condition in Theorem 1 is sharp. Suppose that a, is decreasing and that
> aﬁ("")K < oo for some K > 1. By Theorem B, there exists an {ay}-porous
set £ on R! which carries a positive u measure for some doubling measure
u on R!'. Thus R""2 x E x {0} has positive w;-measure for the divergence

operator L = Z'l’_z 3%2; + Ly, , x, in R?;here Ly _,  is the pullback of the

Laplacian under a two-dimensional quasiconformal mapping extension of u.

The purpose of this paper is to produce examples much more general than
R"~2 x E x {0}.

Given {ay}, 0 < ay < 1, and positive integers {M,}, wesay aset S CR™ is
in the class TI({ax}, {My}) if it can be constructed as follows. Let &, = {I ;}
be a finite collection of closed cubes in R™ , vith edges parallel to the coordinate
axes, having mutually disjoint interiors and nearly common side lengths: 1 <
[(Il,j) <10, and

k-1 k-1
(0.7) [Me <t jy<10]]ef,  k>1
1 1

Denote Ug I by Sy, and require further that Sy, is obtained from Sy by
deleting the center ol portion of each I € & :

Sert =S\ H (D) Te B},  k>1,

where oyl is the cube parallel and concentric to 1 of side length oy l(I), and
(ow 1)’ denotes its interior. And S = (° Sk .

Note that sets in this class are {ay}-porous and have some similarity to the
Cantor sets. The fact that cubes in %}, are allowed to have different sizes enables
us to produce many interesting sets. See §4.

Theorem 2. Let n > 2, and 0 < ay < {¢ be a decreasing sequence satisfying
(0.8) Sal'™" <00 for some K > 1.
1

Then on R"™', any set in the class T1({ax}, {My}) carries a positive w;-
measure for some operator (0.3) (and some operator (0.4)) provided that M,
are all larger than a constant M(n, K). Moreover, the ellipticity ratio A/A of
this operator has an upper bound C(n, K) which approaches 1 as K — 1.

Theorem 3. Let n > 2, and {oy} and {K;} be two decreasing sequences with
0<oy < i, limax =0, K, > 1, and lim Ky = 1. Assume further that

(0.9) Yarl=c0, Yol <o

Then on R"!, any set in the class I1{(ax}, {My}) carries a positive wp-
measure for some operator (0.3) (and an operator (0.4)) provided that M,
are all larger than a constant M(n). Moreover, the coefficients (A;;j(x)) can be
chosen to be continuous on H , with ||A;;j(x)—3ijllcc — O uniformlyas x - 0H,
and the ellipticity parameters satisfy A(x)/A(x) — 1 uniformly as x — 0H .

Furthermore, we prove in §4 the following.
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Theorem 4. Assume that 0 < oy < 1 is decreasing, Yo}~ = oo and that
(0.8) or (0.9) is satisfied. Then there are {ay}-porous sets on 8 H which meet
“every” (n — 2)-dimensional hyperplane {x:x, =0,xj =a},1 < j<n-1
and a € R, on a set of zero (n — 2)-dimensional measure, but carry a positive
wp-measure for some operator (0.3) (or some operator (0.4)). As before the
ellipticity parameters of L can be chosen to depend on n and K only in the
case (0.8), and the coeﬂicients of L can be chosen to be continuous on H with
ellipticity A(x)/A(x) — 1 uniformly as x — OH in the case (0.9).

The author is lndebted to J. Heinonen and M. Zinsmeister for pointing out
an earlier error in the construction of the operator L; in §2. An alternative
construction of L; based on a suggestion of Heinonen is given at the end of
that section.

1. PRELIMINARIES

Let L be an operator in the form (0.3) or (0.4). We refer the reader to [3],
[7], [8], and [9], for the maximum principle, the existence and uniqueness of
the Dirichlet problem in certain domains, and the lemmas listed below.

Denote by wj(E, D) the bounded solution of L =0 in a domain D with
boundary value 1 on E C 9D and 0 on dD\E, ifindeed it exists uniquely. For
the half-space H , this solution w}(E, H) agrees with the previously defined
L-harmonic measure wj(E).

Denote by B(y,r) = {x:|x—y| < r},and A(y,r) = B(y,r)NAH. De-
note by C and ¢ positive constants which depend only on the quantities in
parentheses, and whose values may vary from line to line.

Lemma 1. There exists C(n, A/A) > 0 so that

(1.1)  wi(A0, p), HNB(0, p)) > C(n,AJA) forall x e HNB(0, p/2).
Lemma 2 (Harnack Principle). There exists C(n, A/A) > 0 so that if u is a
positive solution of L =0 in B(x, 2r), then

(1.2) sup u < C(n, A/A) inf u.

B(x,r) B(x,r)
Lemma 3 (Doubling Property). Let y € 9H and p > 0. Then
wi(A(y, 2p), H) < C(n, A/A)wi(A(y, p), H)
forall x e H\B(y, 4p).

Lemma 4. There exist constants B = B(n, A/A) and y = y(n, A/A), 0 <
B,y<1,sothatif x € H and |x|>2p >0, then

(1.3) Wi(AO, p), H) < (”)ﬂ;

x|
and if x € H and |x| < p/2, then

(1.4) wi (B0, p)NH, B(0, p)NH) < (I l)

Moreover, B(n, A/A) may be chosen to be a decreasing function of A/A.

The estimate (1.3) follows from the doubling property, and the inequality
(1.4) is obtained by iterating (1.1).
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Lemma 5 (Boundary Harnack Principle). Let u and v be two positive solutions
of L=0 in B(0, R)N H which vanish continuously on A(0, R). Then

(0, .., 0, R/2)) _ u(x) (0, ..., 0, R/2))
v((0, ..., 0, R/2) = v(x) ((0,...,0, R/2))

forall x e B(0O,R/2)NH.

C(n, AJA)

< C(n, A/l):

2. OPERATORS IN DIVERGENCE FORM

In this section, we prove Theorems 2 and 3 in the divergence case.
Let r = |x| for x € R", A be the Laplace’s operator, and J be the Beltrami
operator in the spherical coordinates. Then

2

A= %+(n— 1)r‘1%+r_26
Let b >0, and
92
Li=g5+(0n- l)r“a +br%
Rewrite the operator to obtain
Ly =bA-(b- 1)66—:2 —(b-=1)(n- l)r“%

32 - 32
= bZ ol (b—1)> xix;|x| 5%0%;
0
—(b—=1)(n—-1)|x|7! x|~ —.
(b= (n= Dbl x5
This operator can also be expressed in the divergence form:

0 a
L=% 5 (435

where
Aij(x) = bé,’j — (b - l)x,-lexl‘z,

and J;; =1 if i = j, and = 0 if i # j. The coefficient matrix A(x) is

symmetric and has eigenvalues 1,5, b,...,b.
Differentiation indicates that |x|~"*2, (—=log|x|,n = 2), xs|x|~¢, and
Xn|x|~¢" are solutions of L; =0 in R"\{0}, where
(2.1) d=(n+n*+4(n-1)(b-1)"%)/2,
and

d' = (n—(n?+4(n—1)b-1)12))2.

And they are the Green function with pole at 0 for R”, and the kernel functions
on H with poles at 0 and oo respectively.

We shall give the harmonic measure estimate which leads to our construction.
It is important to note that d > n when b > 1.
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Proposition 1. Let D=HNB(0,R), xe D, 0<p<R. Then
d-1
22) 0},80, ), D) < Cn, 0 (&)
Proof. We assume, as we may, that 0 < p < |x|/4. Let u(x) = x,|x|~¢, and
T =T,UT, where
Ty={x:x?+x2+---+x2,=4p*, 0<x, <p},

and

Ty={x:xt+x2+---+x2_ <4p*, x, = p}.
We claim that

%, (A0, p), D) < c(n, b)p*'u(x) onT.

This is clear for x € ;. Let x € T} and X = (x1, ..., Xp—1, p). In view
of Lemma 1, the boundary Harnack principle and the Harnack principle, we
have

of, (A0, p)) , @},(80, ), D), 0P80, 9). D), 4y,
u(x) u(x) u((0, ..., 0, p)) ’
by & we mean the ratio of two sides is bounded above and below by some

positive constants depending on n and b only.
Finally (2.2) follows from the claim and the maximum principle.

R

Remark 1. If n >3 and L is a divergence operator (0.3) in H, then
o DA, p), H) < C(n, A/A)p"2,  0<p<l

This follows from the fact that the Green function G;(x, y) is asymptotic to
|x —y|>~" near the pole x for every divergence operator (0.3) ([10]).

The operator L; shows that the exponent n — 2 in the harmonic measure
estimation is sharp, and that an analogous lower estimate for all operators (0.3)
does not exist. In fact, the L;-harmonic measure of A(0, p) is comparable to
p?~!, with d given in (2.1):

c(n, b)p?' <l V(A0, p), H) < C(n, b)p?™",  0<p<l.

The upper estimate is (2,2) when R — oo; the lower estimate follows easily
from (1.1) and the maximum principle. Note from (2.1) that d -1 > n -2,
and that d — 1 approaches n—2 as b — 0%, and it approaches oo as b — oc.

Assume, from now on, that b > 1; thus d > n and L; repels a stochastic
process from the origin. We shall place translates of L; in a sequence of
hemispheres accumulating on 0 H .

Let S C 9H be aset in the class II({ax}, {M;}) with {M,} to be specified
later, %; = {Ii,;} be the cubes associated with S in its construction. We shall
construct an operator L, so that

0,..,0,1 -DK, (0,...,0,1
o Nawlk, ;) < C(n, K)o 0l D(L )
for sufficiently large k’s.
Let

(2.3) h=T[a)" (1<k<oo)
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and recall that
heoy < 1Ty ) < 104y
Denote by Y, the collection of centers of cubes in %, and
Zi={(y, l):y € Yi}.
To each w € Z; , we define
p(w)=B(w, l_1/4) N {x: xn > L},
and 9
atw) = Bw, hoy/3)n {xix, > lolk}
Let b(x) be a function smooth in H, 1 < b(x) < b, and
b, on w),
1, on H\UiUyez, 9(w).

Define in H,
b(x)8ij — (b(x) — 1)(x; — wi)(x; — wj)|x —w|72,
(2.5) Aij(x) = if x € g(w)\{w} for some w € Z; (k > 1),

8y if x € (H\Uy Uyez, 4)) U Uy Zu.,

Za (51755 )

In each p(w), L, is a translate of L, thus a translated version of Propo-
sition 1 holds for L, in p(w). Clearly A(x) is smooth in H\|J, Z, and it
satisfies

and

1€? < ZAij(x)éifj < bl¢)?
and
14i(x) = Gijllc <b -1

forall x € H and &£ e R".

To each w € Z,; , define

t(w) = B(w, 10vVnagl_) N {x: xn = Ik},

and note that 7(w) C p(w) if k is sufficiently large.

Foraset n in H,denoteby # = {(x1, X2, ..., Xn—1, 0): (X1, X2, ..., Xn) €
n} its projection onto dH ; for a half-ball n in H, denote by # the spherical

part of the boundary of 7.
We now given the main estimation in the proof.

Lemma 6. Let B = B(n, b) and y = y(n, b) be the constants chosen in Lemma
4,andlet 0<1<1, Hy={x:x, >}, and w € Zy . Then

(26)  of,(tw), H) <c(n, blay P9 x e H\p(w)

provided that k > C(n, t, b, {ay}).

Proof. Let s(w) = B(w, ajli_y) N {x: x, > I} . Consider only large k’s with

ay <min{n~!, 471/7}; thus t(w) C s(w) C p(w). It suffices to verify (2.6) for
x € p(w) only. Denote wj, by w* for simplicity.
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Given x € p(w), it follows from the maximum principle that
w*(t(w), Hy) < 0*(§(w), H\s(w)) sup «’(t(w), Hy).

yes(w)
From (1.1), (1.2), (1.3), and the maximum principle, it follows that
w*($(w), H\sw)) < C(n, b)oj?  for x € p(w);
from (1.4) and Proposition 1, it follows that for y € §(w),
o (t(w), Hy) < & (((w), p(w)) + @ (B(w), p(w)) sup w*(t(w), Hy)

vEP(w)
2.7) d-1
sC(n,b){<‘/'_lf") £ () sup w(i(w), Hk)}
« x€p(w)

For sufficiently large & ’s satisfying C(n, b)oy” < 2 in (2.7), we obtain (2.6).
An estimation similar to (2.6) holds for the projection of t(w) on 8H pro-
vided that k is sufficiently large.

Lemma7. Let 0<1<1, weZ, and

n—1 1/2
r(w) = p(w) U {x: (Z(xj - wj)z) =l_1/4,0< x, < lk} )

1

Then

(2.8) o}, (((w)) < C(n, b){al! 7=+ 4 (Mc=Diry

for x € r(w), provided that k > C(n, b, 17, {ax}).

Proof. Againlet o* = wj, . If x € r(w)\p(w), then x, </, and dist(x, %f(w))
> lk—1 . Thus by (1.4), (2 8), and the maximum principle, we obtain

w* (%i(w)) < C(n, b)av.
If x € p(w), then for sufficiently large k,
w” (%i(w)) <w*(t(x), H )+ sup o’ (lf(w))
yeaﬂk\t w)
<C(n b) (1-1)(d—- 1+tﬂ+c(n b) (M) — l)}'

The last estimate follows from (1.4) and the facts that dist(y, 5 (w)) > ?;aklk_l

and y, = I, = a*l,_, for y € OH,\t(w). Finally, (2.8) follows from the
doubling property of L,.

To complete the proof of Theorem 2, we need to choose b and M depend-
ingon n and K only so that

(1-7d-1)>(n-1)Kk and M-1)y>(n-1K
and that
b—-1" asK-1%.

The second requirement allows L, to approach A as K — 1. For this purpose
we may choose b=1+4(n—-1)(K*-1), t=1-K~!,and y = y(n, b), and
let

(2.9) M >3+ nKy™!
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More efficient choices of these constants would depend strongly on good esti-
mates of f(n, A/A) and y(n, A/n) in Lemma 4, which have not been obtained.

For each w € Z;, let w = (w,, wy, ..., Wy—1,0), I(w) be the (n — 1)-
dimensional cube in %, centered at w, and J(w) = opI(w).

Lemma 8. Let P=(0,0,...,0,1) and w € Zy. Then
(2.10) wf (J(w))/wf (I(w)) < C(n, K)o V¥,

provided that k > C(n, K, {ax}).

Proof. Recall from (0.7) that /(J(w)) = axl(I(w)) < 10al;_;. Therefore
J(w) C {(w), and it follows from (2.8) and (2.9) that for sufficiently large k,

of,(J(w)) < C(n, K)o "%, x e r(w).
Also from (1.1) and (1.2) it follows that
wi,(I(w)) > C(n, K),  xer(w).

Thus (2.10) follows from the maximum principle.

From (2.10), the construction of S and the hypothesis > «
follows that for a sufficiently large kg,

ko—1
wh (8) > wf, (Ul(w)\ U UJ(w)) [T -cn, K)alP%) > 0.
k

Z, =1 Z k>ko

UK oo it

This completes the proof of Theorem 2 for the divergence case.

Proof of Theorem 3. We may assume that o; and K satisfy, in addition to
(0.9), that

(2.11) ' -0 ask — co.

In fact, there exists a positive sequence {&;}, limeg, = 0, such that lim ¢, log oy
= —o0o. Replacing K; by K + ¢, if necessary, we obtain (2.11).
Let y = y(n, 4) be the constant in Lemma 4,

b =1+4(n—1)(KZ-1),
and
(2.12) M, >3+ 2ny7 1,

Let S be aseton OH in the class I1({ax}, {My}), and retain all notations
@ = {Ix,;}> I, Zi, He, p(w), t(w), r(w), I(w), and J(w) associated with
S from the proof of Theorem 2. .

In place of (2.4), choose a new b(x), smooth in H, continuous on H and
satisfying

1<b(x)<br on{x:l/2<xy<l1/2},

and
b(x) = b, on Uyeg, P(w) (k> 1),
= 1, on H\ Uk Uwezk CI('I.U).
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Let A(x) be the coefficient matrix (2.5) associated with this new b(x), and
Ly=% B%(Ai j(x)aixj) be the corresponding divergence operator. As before, in
{x: /2 < x < a2},

€17 <) Aij(x)&ig; < bilgl?
and
[|4ij(x) = ijlloo < br — 1.
Note also that A4;;(x) are continuous in H except at J; Zy .
Lemma 9. If k is sufficiently large and w € Z; then
(2.13) o}, (t(w), Hy) < C(ma™ ", x € Hi\p(w).

Proof. Fix k,let t=1-K, ! and follow the proof of Lemma 6. We deduce
from (2.12) that for x € p(w) and sufficiently large k,

_x-!
wi,(t(w»Hk>sC<n>{a£"“”‘*+az“ % sup wxa(x),Hk)}.
x€p(w)

-1
In view of (2.11), C(n)al' ™) 5 0 as k — oo, whence (2.13) follows.

Lemma 10. Let P = (0,0,...,0,1), w € Z, and r(w), I(w), and J(w)
be the sets defined in Lemmas 7 and 8 associated with the current choices of
M, ’s. Then for large k,

W}, (fw)) < Cn)al ", xerw),

and
wf,(J(w))/wﬁ(I(w)) < C(n)agc"_l)Kk.

Proof follows from that of Lemmas 7 and 8 with 7=1- K L

Thus, we may conclude from the hypothesis (0.9) and the construction of S
that S has zero g-measure and positive L3;-harmonic measure.

All assertions in. Theorem 3 are now fulfilled, except that (4,;(x)) are still
discontinuous at |J, Z; . Modify (4;;(x)) near each w € Z; so that in each
q(w),

A;j(x) = b(x)8ij — ar(1x — w])(b(x) — 1)(x; — wi)(x; — w))|x —w|~2,
for some continuous a,(p) on [0, 1], with 0 < a;(p) < 1, a;(0) = 0, and
ar(p) =1 for p > p, > 0. This change of coefficients will affect the above
harmonic measure estimations by at most a multiplicative constant, provided
that py < oayly_,. This completes the proof of Theorem 3 for divergence
operators.

We now give arn alternative construction of L, following a suggestion of J.
Heinonen.

For x € R”, denote (x,_, x,) by z. Let ® be the quasiconformal map-
ping on R? defined by

O(z) =z|z)) (y>0).
Let a(z) = (¥'(z)7)""|det @' (2)|(¥'(2))~",
Lo= )Y %(aij(z))aixj

i,j=n—1
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and
N n-2 62
Li=L —.
1 ot ; dx2
It is easy to check that the ratio of ellipticity parameters is bounded above and
below by 1+ y and 1. In place of (2.2), we have
Proposition 1'. Let D=HNB(O,R),xeD,0<p<R. Then

I+y
w5, 80, p). D) s Cn, ) (£)

x|
Proof. Assume as before that 0 < p < |x|/4. It follows from Theorem 1.1 in
[7] and the Harnack Principle that

% (A0, p), D) < C(n, P (A, p), D)
< C(n, g ""A0, p), RY)
< C(n, ol " (T(p), RY)

where T(p) = {(x1, X2, ..., Xn—1,0): |x,,_1L< p}. Note that if Lou =0 and
#(x) = u(xp—-1, Xn) then @ is a solution of L; = 0. Therefore

W0 (T(p), RY) = 0 (1), B)

where I(p) = {(xn_1, 0): |xp_1| < p}. In R?, it is known that
oM (1(p), B2) = 0O (1(1®(0, p))), R2)

20, 2 _ (2"
< €00, ] C(|x|) '

This completes the proof of Proposition 1’. And L; may be used in place
of L, in constructing L, and the porous sets.

3. OPERATORS IN NONDIVERGENCE FORM
Let >0, and

82 a9 -2
Ly= 62+b(n—1)r £y + br=44.
Then |x|~6(=D+1 (_log|x|, if b(n — 1) = 1), X,|x|7?*~Y~! and x, are

solutions of L; =0 in R"\{0}. Rewrite the operator to obtain

92 o _, , 82
i d i,j

oxi0x;’
The coefficient matrix (A4;;(x)) is symmetric and has eigenvalues 1, 5, b, ...,
b.
Proposition 2. Let D=HNB(0,R), xeD,0< p<R. Then

(n=1)b
(3.1) w3, (A0, p), D) < C(n, b)(l)’zl) .
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Proof. Instead of applying the boundary Harnack Principle as in Proposition

1, we give a conceptually simpler proof based on an auxiliary function v(x).

We assume, as we may, that 0 < p < |x|/4. Let u(x) = x,|x|~2(*=D-1 and

T=TiUT, where T} = {x: x} +x2+---+x2_, = 4p?,0 < x, < p} and

={x:x?+x}+---+x2_, <4p?, x, = p}. We claim that

(3.2) w}, (A, p), D) < C(n, b)p?"Du(x) onT.

Fix a point a on 8H with a? +---+a2_, = 4p?, and define as in [3, p. 159],

2 nb

1- < 2 2 2 2 2) :
(x1—a1)?+ (2 —a)? + -+ (Xn—1 — an-1)* + (Xn + p)

Following Bauman [3], we deduce that L4v <0 in H and that

v(x) =

ov
nb 1 < 1
(3.3) 4 "nbp~"' < o, 4nbp

at points x = (ay, a3, ..., an—1, Xn) With 0 < x, < p. We note that v > 0
on B(a,p)NH and v > 1—-2"" on 8B(a, p) N H. From (3.3) and the
maximum principle it follows that for 0 < x, < p,

@@ @@=t 5 (A, p), D) < (1-27)Nu((ar, @z, - Buot Xn)
< 4nb(1 —2-"”)—1%;

thus @j (A(0, p), D) < C(n, b)% on T;. Because u(x) > x,(3p)~o0n=D-!
on T, (3.2) holds on T;. It is easy to verify (3.2) on T5.
Finally (3.1) follows from (3.2) and the maximum principle.

Remark 2. The kernel functions and the Green functions for a nondivergence
operator can grow differently from their counterparts for divergence operators
near the pole. We note from (3.1), (1.1), and the maximum principle that for
O<p<l,
c(n, b)p"~00 < Wi V(A(0, p), H) < C(n, b)pn=1b,

and that (n — 1)b may take any positive value. Moreover the exponent in
|x|~6("=D+1 the Green function at 0 when b(n—1) # 1, may take any nonzero
value less than 1; in particular it may become positive for certain b’s.

This unconventional behavior of the Green function has been used in [14], to
construct large sets of vanishing capacity and small sets of positive capacity for
certain operators (0.4); and it is this asymptotic behavior of w;,(A(0, p), H)
that has motivated us to study the examples in this paper.

We shall follow the argument in §2; and put translates of L, on a sequence
of hemispheres.

To prove Theorem 2 for nondivergence operators, let S be a set on H in
the class I1({ax}, {M,}) with

M, >3+nKy(n, K¥)™\.

Asin §2, I =[]} o)" ; notations &, Hy, Zy, p(w), q(w), t(w), r(w), I(w),
and J(w) are also retained.
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Let {er}, 0 < & < apli_;, be a sequence of numbers to be explained later;
and let b(x) be a function continuous on H, 1 < b(x) < K2, and

K*, on Uy Uyez, (W)\B(w, &),
34 b(x) = k
G4 0 { 1, on (H\ Uy Uwezk g(w)) U Uy Z.
Define, in H,
(3.5)

92

b()A — (b(x) = 1) X (x; = wi)(x; — w))lx — w| 25l
Ls(x) = if x € g(w), for some w € Z; (k> 1)
A, ifer\Uk Uwez, 9(w)

Z AN 55 a5 6x,

The introductlon of B(w, &) in (3.4) is to guarantee the continuity of coef-
ficients of Ls, which is a serious matter for operators of nondivergence form.
Also the coefficients (A4;;(x)) satisfy

14ij(x) = ijllo < b(x) -1 < K21,

and the parameters of the ellipticity satisfy
(3.6) A(x)/A(x) = b(x) < K2

Following the argument in §2 and replacing (2.2) by (3.1), we obtain the
analogue of (2.10) for Ls:

wzs(‘,(w))/wfs(l(’w)) <C(n, K)agcn—l)K.

Thus it follows from (0.8) that the set S has positive w;,-measure.
To prove Theorem 3 for nondivergence operators, we assume (0.9) and, as

before, that lim;_, ak =0. Let SCOH beasetin II({ax}, {My}) with

M, >3+ 2ny(n, 47", Let [ = [[¥a"” and 0 < ¢, < axly_;. Modify the

J
definition of b(x) so that
by = { K& 00 Unen, (p@)\B(w . 80)) (k2 1),
1 on H\(Ux Uyez, 9(w)) UUy Zi
1 <b(x) <K} on {x: /2 <xn <l_1/2} and that b(x) is continuous in H
(actually up to H). Let Lg¢ be the operator formulated as in (3.5) for the new
b(x) instead. Then (S, L¢) satisfies all the assertions in Theorem 3 provided
that {e,} are sufficiently small.
4. REMARKS ON THE CLASS II AND THE PROOF OF THEOREM 4

In defining I1({ax}, {My}), if a more restricted condition,

k—1
0.7y I, ) =] e,
1

is used instead of (0.7), then we obtain a subclass I’ such that every set in IT’
contains a set of the form

I]Xsz-nxlj_lXEXIj+1x~-.><]m



ELLIPTIC HARMONIC MEASURES 469

where I),’s are intervals and F is a perfectseton R (1 <j < m).

The more relaxed condition (0.7) allows the center of a cube in %;,; to

be shifted to any place in S; maintaining a distance %]’]’1‘ aj.”’ away from

0S8y . There are sets F in I1({ax}, {M}}) which meet at most countably many
hyperplanes {x; =a} (1 <j<m and a € R) at some relative interior points
of {x; = a} N F. Such examples will become apparent after a more complex
example is built for Theorem 4.

The fact that the center of a cube in %;,; must maintain a certain distance
from 0S8, puts restraints on the properties of sets in I1({ay}, {Mi}).

In Theorem 4, we repeatedly shift the cubes and modify the boundaries 8.5 .
The sets so obtained are no longer in any II({a;}, {M;}) class.

Proof of Theorem 4. For simplicity, we consider only n =3, i.e., H=R3} and
OH = R?; and we only study the divergence operators with the assumption:

(4.1) o2 =00 and o2k < oo for some K > 1.
i i

Examples for the remaining cases can be built similarly.

Replacing o) by a number at most twice its size we may assume that a;'
are odd integers.

For x € R?, a > 0, denote by I(x, a) the closed square with vertices
x,x+(a,0), x+(0,a), and x + (a, a); denote by Z all lattice points on
RZ. Let ly=1, [, = 1'['1‘ aﬁ.”’ with integers M; to be specified later, and let

G= Iz, ) 2€Z) (1<K < oo).

Note that each I € %, is composed of exactly a,ZzM" squares from %, .

We call a line segment Xx,-agreeable if it has length [, for some k and its
projection onto the x;-axis contains an interval of the form (jl, (j+ 1)) for
some integer j. A square in R? is called x;-agreeable if two of its sides are
x)-agreeable segments. Define x;-agreeable similarly.

Two squares are called practically disjoint if they have mutally disjoint inte-
riors.

For an odd integer k, we define a horizontal shift & of &, as follows:

& = {1 (i + jou, J), )z (i, ) € Z} 5

and for an even k, we define %’ to be a vertical shift of % :
& = {I(ho1 (i, J+iog), le—y): (i, j) € Z}.

Proposition 3. If k is odd, any vertical line segment n of length a;’lk_l inter-
sects | J{aul: I € B} on aset of length at least ayly_, ; in the case that 1 is the
union of a,:‘ many x,-agreeable segments, the intersection contains a segment
of length ayli_, . If k is even, any horizontal line segment & of length a; Uy
intersects J{axI: I € B} on a set of length at least ayli_, ; in the case that

¢ is the union of a ' many x,-agreeable segments, the intersection contains a
segment of length ol _, .

The following properties can be obtained by induction.
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Proposition 4. (1) If k is odd, squares in € are x;-agreeable, and if k is
even, squares in %;° are x,-agreeable.

(2) Each square in %} is the union of exactly a;zM" practically disjoint
squares from %, ; and each square in {oI: I € &} is composed of exactly
a,:ZM"+2 practically disjoint squares from ., .

(3) Foreach I € &, thereexist I' and 1" € €}, sothat I' is not contained

in I, 1" isnot contained in oy I but I'nl and I"NayI have nonempty interiors.
Thus I and oyl are not entirely composed of squares from %*

K+l
Let A =%, F={al: 1A}, S =R, and Ty =U{I € F};
S ={I € &’ : I does not meet T},
FH={pl: 1€ A}, S, =U{l e A}, Th=U{I € %2}; and
F={I € In(Tie) [ JR\S-1) = 2},

T ={agl: I € A}, Sk =U{I € A4}, and T, = J{I € 9} forall k > 3.
Let

(4.2) S =[Sk
1
We claim that if
(4.3) a,’(”" < %akﬂ foreach k > 1,

then .S meets every horizontal line and every vertical line on a set of zero length.
Note from the construction that

k—1
(4.4) Se N (U (U{ajzz Ie %}})) - .

j=1

Let ¢ be any horizontal line, and consider any x-agreeable line segment 7
on ¢ of length 1. It follows from the assumption (4.3) and Proposition 3 that
nn{U{a2l: I € &'}) consists of at least azal‘M‘ — 1 many segments of length
azo/l”‘ each. They constitute a total length at least a% - azo/l"‘ . Note from
(4.4) that nNS3 C n\(U{e2l: I € &}); thus

I(nnS3) <1 —a%+a2a11”‘.

Write #N.S; as union of disjoint x;-agreeable intervals of length [, = a’l‘" az’z"2

each. Call such an interval 7. It follows from the assumption (4.3) and Propo-
sition 3 again that 7N (U{asl: I € &}) consists of at least l(t)/(a;'lg) -1
many segments of length o4/3 each. These intervals have a total length at
least a2l(1) — asls = (a? — asei?)l(7). Again, because of (4.4), /(1N Ss) <
I(t)(1 = aﬁ + a4a'3”’) . Summing over all these 7’s and applying (4.3), we may
conclude that

I(nnSs) =1(nNnS3nSs) < (N S3) — (N S3) (e — asay®)

1 1
<(1-a3 +aza{”‘)(1 —a%+a4a§l3) < (l - 5(1%) (1 - Eaﬁ) .
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Continue by induction:

k
1
1N Sun) <[] (1 - §a%j> .
1

Because {a;} and {S;} are monotone decreasing, it follows from (4.1) that
I(nnS) =0, and thus /(£ N.S) =0 for every horizontal line &.

Similarly /(¢ N.S) =0 for every vertical line &¢. This verifies the claim.

Let b=1+4(n—1)(K*—1), y = (3, b) be the constant chosen in Lemma
4, and assume that
(4.5) M, >3+ nKy™!, k>1.

Following step by step the construction of L, in §2, we build a divergence
operator L; in H, associated with the current selections of cubes %°*, hyper-
planes x3 = /i, elevated centers Z; = {(y, /x): y center of a cube in £’} , and
hemispheres p(w) of center w € Z; and radius /;_,/4. Recall that the ratio
A/A of the ellipticity parameters depends on K and »n = 3 only.

Recall also that P = (0, 0, 1), and denote wi by w for simplicity. Fol-
lowing the argument for (2.10), we deduce that

o(l)/o() < Ci(K)g®, T1€&,

for all k > kg. Also it follows from the doubling property of w that there
exists a number 6, 0 < 8 < 1, depending only on K so that ‘

w (%I ) < fw(l)
for any square 1 COH . Let 6, =0 for k < ky and
6 = min{6, C,(K)a2X} <1, fork > ko,
we have
(4.6) w(arl)/w(I) < 6.
Note from the assumption (4.1) that 6, < oo, and let

oo

e=]](1-6).

1
It follows from the doubling property of w again that there exists a number
0 =0(K, &)< 1l , so that
4.7) o((1+0)]) <(l+¢&)w()
for any square ] COH .
Assume, in addition, that

(e o)
(4.8) zayf <dn~! min{akM" ,apy1p foreachk >1;
k+1

and note that (4.8) is a very weak assumption because {oy} is decreasing.
Before we proceed to prove w(S) > 0, we need to introduce more notations.
For each k,and j>k,let Ty , =Ty,

Tk,,ﬂ=U{1e%;+l:1nTk,j;ez},
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and note that Ty ;. 2 Tk ;. Let T}
In view of (4.7),

(4.9) To (1 +0): T e Ty L Ty

from (4.8), (4.9), and the definitions of Ty and Ty, , it follows that {7}
are mutually disjoint. Observe also that

T =S
o1 =T, js\Ti,j> and T = U2y Tk j -

k k
Sest =SAY Tkt =SAU T ks

i=1 i=1

k-1
(4.10) RAS. < U 75,
1
and
k-1
(4.11) T C S SR\ U T5.
1

Note from (4.6) and (4.11) that

k-1
o(Ti) < 6L(Sk) < O (1 - Ewm)) :

1
Consequently, o(7T}) < 6,,

o(Th) + o(T2) < @(Th) + 62(1 — (1)) < 6y + 62(1 = 61),

because 6, < 1. Assume that Z’,‘“ o(T;) <1~ ',‘_’(1 —0,); then
k k—1 k—1 k
(4.12) D o(T) =3 o(T)) + 0 (1 - Zw(Tf)) <1-[Ja-6)
1 1 1 1
because 6, < 1. B
Because of (4.7) and (4.9), w(Ty) < (1+¢)w(Ty). Therefore, it follows from
(4.10) and (4.12) that

k-1 k-1
w(R*\Sy) < Zw(fj) <(l+e¢) (1 -IIa- 0j)> ;
1 1
thus

k-1 k—1
o) >1-(1+¢) (1 -l -o,)) =(l+e) [[(1-6))-¢

1 1
>(1+e) [[(1-6)—e=¢">0.
1

From this it follows that w(S) > 0.

Clearly, S is {ay}-porous.

The set S constructed in (4.2) has all the properties required in Theorem 4,
provided that M, ’s are chosen to satisfy (4.3), (4.5), and (4.8).

In closing, we mention a question of R. Kaufman. Does this set S meet
every Lipschitz arc on a set of zero length? If the answer is no, could one
construct a set which has this property in addition to all those in Theorem 4?
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