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L^-BOUNDEDNESS OF PSEUDO-DIFFERENTIAL

OPERATORS OF CLASS S0,o

I. L. HWANG AND R. B. LEE

Abstract. We study the 7_/-boundedness of pseudo-differential operators with

the support of their symbols being contained in ExR" , where E is a compact

subset of R" , and their symbols have derivatives with respect to x only up to

order k , in the Holder continuous sense, where k > n/2 (the case 1 < p < 2)

and k > n/p (the case 2 < p < oo). We also give a new proof of the LP-

boundedness, 1 < p < oo , of pseudo-differential operators of class S^ 0 , where

m = m(p) = -n|l/p-l/2|, and a e S™0 satisfies ^dj/aix, <J)| < Ca^(i)m

for (x, i) 6 R" x R" , | a | < k and \p\ < k', in the Holder continuous sense,

where k > n/2, k' > n/p (the case 1 < p < 2) and k > n/p, k' > n/2 (the
case 2 < p < oo).

1. Introduction

Let a(x,%) be a sufficiently regular function defined on R" x R".   The

pseudo-differential operators considered in this paper are of the following form:

a(x, D)u(x) = (JA  j eixia(x, <*)*(£) d£,    x £ Rn, u £ C0°°(R"),

where «(<*) = /R„ e~'xiu(x) dx is the Fourier transform of u. The function

a(x, £) is called the symbol of the operator a(x, D). A symbol a(x, £) is

said to be of class S'" s , where meR,0<r5</j<l and S < 1, if it satisfies

the inequalities

(1.1) \d^a(x,0\<Ca,^)m+s^-"^,    x,^£R",

for all multi-indices a and ft , where (£) = (! + \£\2)xl2. For the Z/-bounded-

ness of pseudo-differential operators, we only require the derivatives d"a (or

dxdfa) up to finite order. So we give the following definitions.

Definition 1.1. Let m £ R, k > 0, and k f N. We define A^(R" x R") to be
the collection of continuous functions a : R" x R" —> C whose derivatives d% a

in the distribution sense satisfy the following conditions:

There is a constant C > 0 such that for a £ N" , |a| < [k] and

x, <*, h £ R" , we have

Received by the editors April 13, 1993.
1991 Mathematics Subject Classification. Primary 35S10; Secondary 47G30, 58G15.
This work was supported by the National Science Council of the Republic of China.

©1994 American Mathematical Society
0002-9947/94 $1.00+ $.25 per page

489



490 I. L. HWANG AND R. B. LEE

(1) If \a\ < [k] then \d?{x,Z)\ < C(Qm .
(2) If \h\< 1 and \a\ = [k] then \d»a(x + h, i)-d°{x, £)| < C(Z)m\h\k-W.
We denote by ||a||m>fc the smallest C such that (1.2) holds. Throughout all

sections, we denote a constant depending only on n and m (resp. n, m, s or

n) by C„>m (resp. C„>m>i or C„), which may vary from time to time.

Definition 1.2. Let m £ R, 0 < S < 1, k, k' > 0, and k, k' £ N. We
define A™ k k,(R" xR") to be the collection of continuous functions a : R" x

R" —» C whose derivatives d"dfa in the distribution sense satisfy the following

conditions:

There is a constant C > 0 such that for a, ft £ N" , |a| < [k],

\fi\< [k'] andx,£,h,n£R", we have

(1) If \a\<[k] and \B\<[k'] then

\dx*dj!a(x, £)| < C(£)m+<5(|QH^I).

(2) If |/z| < 1, \a\ = [A:] and |/3| < [k'] then

\d^a(x + h,Q- d^d^a(x, {)| < C(<*)w+rf(*-wl)|A|*-[*1.

(3) If \n\ < 1, |a| < [A:] and |0| = [A:'] then

\d^dPa(x,^ + n)-d^dPa(x,^)\ < c(^m+^a\-k'^\n\k'-[k'].

(4) If \h\ < 1, \n\ < 1, \a\ = [k] and |0| = [k1] then

\d^dPa(x + h,£ + ri)- dZdla'x + h, £) - fl£3/a(;t, <^ + fy) + axQa/a(x, {)|

< C(<^)m+<5(<:~*')|/(|':"[':1|M|/C'_[':'1 .

Remark 1.1. In the case of r5 = 0, we denote by AjJ'^R" x R") the class

A™k t,(R" x R") and by ||a||m,t,fc' the smallest C such that (1.3) holds.

As to the boundedness of the pseudo-differential operators with symbols be-

longing to the class S'" s or Af} k k, , the following theorems are known.

Theorem A. Let l<p<oo,S = p = 0 and m = -n\l/p - 1/2|. If k, k' are
sufficiently large real numbers and a : R" x R" —► C is a continuous function

whose derivatives d"dfa in the distribution sense satisfy (1.1) with \a\ < k and

\P\<k', then a(x, D) is continuous from LP(R") to LP(R").

Theorem A is due to Calderon-Vaillancourt [6] (the case p — 2) and Coifman-

Meyer [8] (the case 1 < p < oo). Calderon-Vaillancourt proved it for a, /? 6

{0,1,2,3}". Coif man-Meyer proved it for k, k' > 2n . Cordes [9] proved it

(the case p = 2) for |q| , \fi\ < [n/2] + 1 .

Theorem B. Let 1 < p < oo, 0 <d = p < 1 and m = -n(l - p)\l/p- 1/2|. //
k, k' are sufficiently large real numbers and a : R" x R" —> C is a continuous

function whose derivatives d£d?a in the distribution sense satisfy (1.1) with

\a\ < k and |/?| < k', then a(x, D) is continuous from LP(Rn) to LP(R").

Theorem B is due to Calderon-Vaillancourt [7] (the case p = 2) and Fef-

ferman [10] (the case 1 < p < oo; cf. Wang-Li [24, p. 194]). Calderon-

Vaillancourt proved it for  \B\ < 2[n/2] + n  and  \a\ < 2m'  with  m' £ N
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and m'(l — p) > 5n/4. Coifman-Meyer [8] proved it (the case p = 2) for

H, \B\ < m' with m' £ N and m' > [n/2] + 1 . Kato [13] proved it (the
case p = 2) by using the method of Cordes [9]. Beal [2] proved it (the case

p — 2 and -oo < p < 1). Nagase [17] proved it (the case 2 < p < oo) for

k, k' = [n/2] +1. I. L. Hwang [12] proved it (the case p = 2 and -oo < p < 1)

for a,/? £ {0, 1}".
Miyachi [14], [15] proved the following theorem, which gives the sharpest

results.

Theorem C. Let 0 < 3 < 1 and m = -n(l - d)\l/p - 1/2|.
(1) If 0 < p < 1,3 = 0, k > n/2,k' > n/p and a £ A™kk,(Rn x R"),

then a(x, D) is continuous from Hp(Rn) to LP(Rn), where Hp are the Hardy

spaces.

(2) If 0 < p < 1, k > n/2, k' > n/p and a £ A™fcJt,(R" x R"), then
a(x, D) is continuous from hp(R") to Lp(Rn), where hP are the local Hardy

spaces.

(3) If 1 < p < 2, k > n/2, k' > n/p and a £ Afkk,(Rn x R"), then
a(x,D) is continuous from Lp(Rn) to Lp(Rn).

(4) If 2 < p < oo, k > n/p, k' > n/2 and a £ Af k k,(Rn x R"), then

a(x,D) is continuous from Lp(Rn) to LP(R").

Sugimoto [20, 21] proved Z/-boundedness results, 0 < p < oo, by means of

Besov spaces, which are an improvement of Theorem C with 3 — 0. Muramatu

[16] also obtained some L2-boundedness results by means of Besov spaces,

which also are an improvement of Theorem C with 0 < 3 < 1 . Bourdaud-

Meyer [4] proved Theorem C with p = 2 and 3 = 0, and obtained the sharpest

result.
The following theorem is Sugimoto's result ([22, Theorem 2.2]), which is

closely related to our Theorem 3.1.

Theorem D. Let (I) p = 2, q = (q, q') £ [2, oo)2 U {oo} x {2, oo}  or (2)

p £ [1, 2), q = (q, q') £ (2, oo) x [2, oo) U {oo} x {2, oo}.   Then for a £

<{^tioZ~-n% andf£^nHp,we have

\\a(x,D)f\\L, < c||^(^, ̂ )ll^"{,7r)/^o',^-"//2))ll/' 11//-.

where c is a constant independent of a and f, 77? is the collection of rapidly

decreasing functions, Hp is the Hardy space, and B^l2~"J9,0'"Jj'p7_nJj!2\ is a Besov

space defined in [22].

In this paper, we prove the Lp-boundedness, 1 < p < oo, of pseudo-

differential operators with the support of their symbols being contained in

E x R", where E is a compact subset of R". We also prove Theorem C

with 3 = 0 and 1 < p < oo. The method originated in [12] and is differ-
ent from Miyachi and Sugimoto (they used an interpolation theorem; see [18],

[19] and [5, §3]). Roughly speaking, our proof is that for u, v £ C0DO(R"),

a £ Ak"(R" xRn) and supp a C E x R" , where E is a compact subset of R" ,

we can write (a(x, D)u, v) in the following form:

(a(x,D)u,v) = T [   f bi(x,i)u(i)hi(x,i)didx,
(=i ^R" JR"



492 I. L. HWANG AND R. B. LEE

where rx e N. Similarly, for u, v £ Q°(R") and a £ A™ fc,(R" x R"), we also

can write (a(x, D)u, v) in the following form:

(a(x,D)u,v) = J2      /  bi(x,Z)gi(x,Z)hj(x,Z)dZdxt
r=l Jr" Jvl"

where r2 £ N. Here, bj(x, £,) are related to a(x, £) and its derivatives, g,, A,

are Wigner functions which have the following forms:

(1) gi(x,Z)= f e-^cPl(x-y)u(y)dy,
Jr"

(2) ht(x,Q= [ eixky/l(i + mX)dX,
Jr"

where x,£ £ R"  and cpi £ Lp(Rn), y/j £ L2(Rn)  (the case  1 < p < 2),

cpi £ L2(R"), ipt £ LP(Rn) (the case 2 < p < oo).

Then, by Paley's inequality, we can get

\(a(x,D)u, v)\ < C||w||l,|Hz.«,     I <p <oo,l/p+l/q= I,

where C = CEtntPtk\\a\\mtk or C„tPtk<k,\\a\\m<kikl .
The contents of the following sections are as follows. In §2, we give some

lemmas and corollaries. In §3, we state the main results. §4 is devoted to the

proofs of our main results. In §5, we give two counterexamples which are related

to the class of A^(R" x R").

2. Lemmas and Corollaries

In order to prove the Z/-boundedness of a pseudo-differential operators, we

need to study the Fourier transform of its symbol. First, we have the following
lemma. Its proof can be found in [1].

Lemma 2.1. Let cps(X) = (I + \k\2)s/2 with X £ R"  and 0 < s < 1.  Then the

Fourier transform of cps has the following properties:

(2.1) <£eC°°(R"\{0}).

There are constants C„ps and Cn>s>t such that

(2.2) \fs(x)\ < C„,Sj,|jcr'_1   for\x\ > 1 and t eN,

and

(2.3) |^(x)|<Cnji|x|-"-s   /orO<|x|<l.

Remark 2.1. In fact, if we define <ps,e(X) = ^(A)e_£lA|2, X £ R" and 0 < 5, e <
1, then <pStC satisfies (2.1 )-(2.3) with C„;S and Cn>s>t independent of e.

For a £ A^ k,(Rn x R"), we define ax, a2 as follows:

(1) a1(A,0= / e-ixia(x,Z)dx,    A,^eR".
^R"

(2) a2(x,y)= f e-toa{x,Z)dZ,    x,y£R".
Jr"

Then we have the following lemma.
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Lemma 2.2. Let m £R, 0 < s < k, k' < I, a £ C0°°(R" x R") n A™ fc,(R" x R")

and cps(X) = (I + \X\2)SI2, X £ R".   Suppose gi~\-,Z) = ax(- ,Z)q>s(-) and

gi (x, •) = a2(x, • )cps(•), x, £ £ R" . Then we have

(2.4) \gi(x,^)\<Cn,m,s\\a\mm,    x.cfeR",

where i=l,2, \\a\\ = \\a\\m>k,k> and C„)W:J depends only on k or k'.

Proof. We shall prove the case i = 2 only, since the proof of the case / = 1

is similar. Without loss of generality, we may assume that cps(X) = cpStE(X) =

(1 + |A|2)*/2e-£W2, X £ R" and 0 < e < 1 . Then we have

g2{x,()= J^)" JR/iyd2(x,y)<ps,e(y)dy

(2 5) / l \"  r  _
= \2n)   J „<Ps^^a^x' " + &dn

= Ix(x,Z) + I2(x,Z),    x,t£Rn,

where

(2.6) Ix^X' ^ = \27c)   /      ^7e(fl)a(x,n + Qdn,

and

(2.7) l2(x,Z)=(T-)    /      y77e(n)a(x,n + £)dn.
\2nJ   JM>X

By (1.3) and (2.2), we obtain

\h{x,t)\<CH,s,t\\a\\ /      \n\-x-'(l + \n + Z\2r/2dri,     t£N.
J\n\>i

We have the following simple inequality (called Peetre's inequality; see [23, p.

17]):

For all real numbers 5' and for all vectors 6, 6' £ R" ,
(2 8)

(1 +16>|2)5' < 2i*'i(i + \e- e'|2)i*'i(i +16>'|2)5'.

We get

|/2(*,£)l<C„,m,s||a||(0m.

We now estimate Ix . First, we write Ix in the form

h(x,£) = h,l(x,Z,) + h,2(x,l;),    x,i£Rn,

where

h,x(x,Q= (^J    /      cp7~~<,(n)(a(x, n + £) - a(x, £,))dn,

and

Ii,2(x,£)= f^J    /      &7e(ri)dn• a(x, £).

By (1.3) and (2.3), we get

\h,x(x,i)\<Cn,s\\a\mm f      T-rz\^dn
J\n\<\ \mn+s k

< Cn<s\\a\\(£)m ,    where Cn>s depends on k'.
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Since <ps,e(0) = 1 and /|fj|>1 \cp7^£(n)\dr] < C„>s, we obtain

\h,2(x, £)| < Cn,s\\a\\(£,)m ,    where C„,s depends on k'.   □

Corollary 2.1. Let m £R,0 < s < k < I, a £ C0°°(R" x R")nA™(R" x R") and

cps(X) = (1 + |A|2)*/2, X £ R" . Suppose gl(- , f) = al(- , i)cps( -),^£R". Then

\g(x,Z)\<Cn,m,s\\a\\(Z)m,    x,^£R\

where \\a\\ = ||<2||m;*. and C„,m>s depends only on k.

Proof. This is an immediate consequence of Lemma (2.2).   D

Corollary 2.2. Let m £R,0 < s < k < 1,0 < s' < k' < I, a £ C0°°(R" x R")

n A™fc,(R" x R") and cp~s(X) = (1 + \X\2)SI2,X £ R" and s = s, s'. Suppose

g(X, y) = a(X, y)cps(X)cps, (y), y, X £ Rn. Then we have

\g(x,Z)\<Cntm,s\\a\\(Z)m,    x,$£R",

where \\a\\ = ||«||W,A:,A:' and C„,mj5 depends only on k, k'.

Proof. Without loss of generality, we may assume that   cps(X)  = q>s,EW =

(1 + \X\2)s/2e-EW2, X £ Rn , s = 5, s' and 0 < e < 1 . First, we have

£(*,£)= f^J     /    /   cp7~~,(z)cp^r£(n)a(z + x, n + Qdzdn

/ 1 \2"  4

= Utt       !>(*'«'    x,^£R",

where

lx(x,tX)=\        I       cp7;,(z)cp^r£(n)a(z + x,n + cl)dzdn,
J\A<\ •/|il<i

h(x,i)= /      9s~7£(z)<Ps~\e(ri)a(z + x, n + £,)dzdn,
J\z\<\ J\t}\>\

h(x,£)= /       /      (Ps~7e(z)<h\e(n)a(z + x,ri + Z)dzdti,
J\z\>\ J\ti\<\

and

h(x,Z)= /      (p7~£(z)cp7^E(n)a(z + x,n + l;)dzdn.
J\z\>\ J\n\>i

By (1.3), (2.2), and (2.8), we get

|/4(jc, <^)| < C„,m,i||a||(^)w,    where C„,m,, depends on k, k'.

We now estimate I\ only and leave the estimates of I2 and 1^ to the reader.

We write I\  in the form

4

/,(*,£) = £/,,,(*,£),     x,£eR",
1=1



Lp-BOUNDEDNESS OF PSEUDO-DIFFERENTIAL OPERATORS 495

where

I\,i(x,£)= /       /      Vs~7e(z)<Ps~\e(*l)(a(z + x, n + £,) - a(x + x, £)
J\z\<lJ\t,\<l

- a(x, n + £) + a(x, £)) dz dn,

I\,2(x,0= /       /      cp7~;E(z)cpl7rt(n)(a(z + x,Q-a(x,^))dzdn,
J\z\<\ J\n\<\

I\,3(x,£)= /      cp7^£(z)cp7~,e(n)(a(x,n + £,)-a(x,Q)dzdn,
J\z\<\ J\ri\<\

and

I\,a(x,£,)= I       \      cp7^K(z)cp^rE(n)dzdn-a(x,£,).
J\z\<\ ■'|i/|<l

By (1.3) and (2.3), we get

\h.t{x,Q\<CH,m,t\\a\mm,

where t = 1, 2, 3, 4 and C„,mjJ depends on fe, fe'.   □

We shall state a crucial lemma which is related to the Winger function. Its

proof can be found in [12, p. 62].

Lemma 2.3. For u, cp £ Cq°(R") , we define

g(x,i)= [ e-'^cp(x-y)u(y)dy,
Jr"

and

h(x,i)= f e,xXcp(^ + X)u(X)dX,    x,£eR".
Jr»

Then we have

II£|Il2(r»xr») = II^IIl2(R"xR") = (2rc)"' ||0>||l2(r»)IImIIl2(r»)-

To prove the Z/-boundedness of pseudo-differential operators, we also need

the following lemma which is related to the Hausdorff-Young inequality and

Paley's inequality (see [3, Chapter I] and [11, p. 105]). It can be found in [3, p.

17] and [11, p. 106].

Lemma 2.4. If I < p <2,l/p + l/q = I and p < r < q, then

(X Kl~n(1~r/?)l^)l'^) ' ^ CpWfWvw

Remark 2.2. In this paper, Lemma 2.4 is applied in the case of r = 2.

We shall use the following partition of unity. We leave its construction to

the reader.
Let r > 0 and s = 1,..., n . We define

Fs,r = {££ R"|£ = (£,,..., {„), 161 < r|6| if / *s].

Then we can find W0 £ C0°°(R") and Ws £ C°°(R"), s = I, ... ,n, such that
the following conditions hold:

(1) 0< Ws< 1, 5 = 0, 1, ... , n,
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(2) supp w0 c {|,j| < i}, supp ws c r,,3/2n{K| > 1/2}, W,(S) = H/^ifj)

for K| > 1, and W,(£) = 1 for £ e r,,I/2 and |£| > 1, s = 1,..., n,

(3) Zlo W* = l,
(4) for aeN", there exists a constant Ca > 0 such that

I9?^(0I < CO + K|)-Ial,    £ €R" and5 = 1,..., n.

To prove the ZZ-boundedness, 2 < p < oo , of pseudo-differential operators,

we need to study the Fourier transform of the following functions:

(2.9) ys{Z) = Ws{£) i + ^n/p] (i + ^2)i(n/p_ln/p]+e/2) >

where £ e R", 5 = 1, ... , n, Ws are defined as above and e, e > 0, is

so small that n/p + e/2 £ N, n/p - [n/p] + e < 1, [n/p + e] = [«/p] and

«/<? - [n/q] ^ e/2 with 1/p + l/q=l.
It is clear that y/s £ LP(R"), and we shall show that y/s £ L«(R").

Lemma 2.5. Let y/s be defined as in (2.9). Then we have

(2.10) |^(x)|<C„)£M-"/9+£/2   forO<\x\<l,

(2.11) Ws(x)\ < C„j\x\~l   for\x\>landt£~N,

where x £ R" and l/p + l/q = I with 2 < p < oo.

Proof. (2.11) is obvious and we leave the proof to the reader. We shall estimate

(2.10) in the case 5 = 1 only, since the estimates of the other cases are similar.

First, we prove the case n = 1. Making the change of variables x£ —> £, we

have

\Vi(x)\<C\x\-x'q+e/2   I e-iicp(x,£,)d£,  ,    x £ R, 0 < \x\ < 1,
Jr

where

9{x'*)= (\x\2 + mMP+.m>   *eR

Since l/p + e/2 < 1, we have

\[1e-*q>(x,Z)dZ <C£,
\Jo

and, by integration by part, we have

\       e-*q>(x,Z)dZ <Q.
\J\

Hence, we get

|^(x)|<C£|xr1/(?+£/2,    xeR,0< |x|< 1.

Now, we prove the case n > 2 . First, we write yTx in the form

\jTx(x) = Ix(x) + (-i)I2(x),    xeR",0< |x| < 1,

where

h(x)= ! e-ixtcpk(Z)dZ,       k=l,2,
Jr"
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with

<Pl(Z) = Wi{i) ^ +^2[n/p] (1 + ^l{n/p-[n/p]+e/2) '

and

k[«/p] j

<Pl(t) = Wl(0 l+£2[n/p] ,{ + |^|2)i(n/p-[n/p]+e/2) '

£ = &,...,{„)£*".

We first estimate Ix , making use of the following identity:

,    l N  (d?e-ixi) = e~ixi,
(-iXj)aX «        ;

where

x = (xi, ... , xn) £ R"\{0}   and   \xj\ = max{|x,|},
l<t<n

(2.12) a = n-2[n/p]   if [n/p]> I,

(2.13) a = [n/q]-l    if [n/p] = 0 and n/q -[n/q] < e/2,

and

a = [n/q]   if [«/p] = 0 and /i/<? - [n/q] > e/2.

Without loss of generality, we may assume that 7 = 1 and we write Ix in the

form

7l00=(7xl^    YI    C«i.«2,«3 /   e~ixi9ai(£)9ai(Z)9ai(.Z)dZ,
^      X'     a,,a2,Q3 R"

X = (X\, ... , X„) £ R" ,

where

<Pai(0 = dia>(wx(Z)),

and

C*! , a2 , QJ3 £ N ,      Q[ + a2 + Q3 = a.

Let

J(x"> = 777w /   e~ixi<P*i(Z)<Pa2(0<PaAOdt,    x = (xi,...,xn)eRn,
(IXX)    Jjh*

and we shall estimate the case ax — a, a2 — c*3 = 0 only, since the estimates

of the other cases are similar. First, we consider [n/p] > 1 . By (2.12), we get

|7(x)| < C„ £|x,|-Q /-—r-dltl_ A-(l + KI2)i°'

< C     lrl_a
2; *-n ,£1-*!       ,

where a' = n + n/p - [n/p] + e/2 > n .
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We now consider [n/p] = 0 and we shall estimate the case n/q - [n/q] < e/2

only, since the estimate of the other case is similar. By (2.13), we have

r f°o rn-\ i

\J(x)\<CnJxxr   /      /    g-'^'-ftl*!'        \ \     ,drds  ,
Js„-Jo (1 +r2)i("-!) (1 +r2)?a

where f(x, £) = fiy j§[ > x, £ e R", 0 < a' = -(n/q - [n/q]) + e/2 < 1  and

sn-X denotes the «-dimensional unit sphere.

Making the change of variables (f(x, £)\x\)r —> r, we have

i/wi£c-ijc'r""+,/ii.(7(j^

poo yn—\ i

x   /     p~^_dv ds
Jo ((f(x, £)\x\2) + r2)i(«-D ((f(x, £)\x\)2 + r2)k"'

By an argument similar to the proof of the case n = 1, we obtain

|/(*)| < Cn,e\x\-»'*+<>2<»n-2\f* {^ly_a,(sine)»-2d6

< C      |v|-"/«+£/2

where co„-2 is the volume of the unit ball in R"-2.

Now, we estimate I2, making use of the following identity:

f   -1 y„(dfe-ixi) = e-'xi,
(-lXj)P    <•)

where

x = (xi, ... , xn) £ R"\{0}   and   |x,| = max{|xf|},
J        l<t<n

B = [n/q]-l    if n/q-[n/q] < e/2,

and

P = [n/q]   if n/q -[n/q] > e/2.

By an argument similar to the proof of Ix for the case [n/p] = 0, we get

\h(x)\ <C„,£\x\-n'(l+l;'2,      X€R",0<|X| < 1,

for either n/q - [n/q] < e/2 or n/q - [n/q] > e/2 .    □

Corollary 2.3. For £, £ Rn and 2 < p < 00, we define

^ =  (l+|£|2)i(»/P+e/2) '

where e,e>0, is so small that n/p+e/2 £ N, n/p-[n/p]+e < 1, [n/p+e] =

[n/p] and n/q - [n/q] ^ e/2 with l/p + l/q = 1.
Then we have

\<i>(x)\ < C„,£|x|-"/<?+£/2   for 0 < |x| < 1,

and
W(x)\<CnJ\x\~t   for\x\> 1 and t eN,

where x £ R" .
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Proof. By an argument similar to the proof of Lemma 2.5, Corollary 2.3 is

obtained.   □

3. Main results

First, set m = m(p) = -n\l/p-l/2\, \\a\\ = \\a\\mtk if a £ A™(R"xRn) and
llflll = \\a\\m,k,k' if a £ A'" k,(Rn x R"). Then we have the following theorems.

Theorem 3.1. Let 1 < p < 2, k > n/2, k £ N, E a compact subset of R"
and Q! = {x e Rn\d(x ,E)<l}.Ifa£ A™(R" x R") and suppa CExR",
then a(x, D) is continuous from L^R") to LP(E) with its norm bounded by

CE,n,p,k\Q\\{lp\\a\\, where \ \ denotes the Lebesgue measure.

Theorem 3.2. Let 2 < p < oo, fe > n/p, k £ N, and E a compact subset of

R". If a £ A^(R" x R") and supp a c£xR", then a(x, D) is continuous

from Lf0C(R") to LP(E).

Theorem 3.3. Let 1 < p < 2, k > n/2, fe' > n/p and fe, fe'  £  N.   If a £
A^fc,(R" x R"), then a(x, D) is continuous from Lp(Rn) to Lp(Rn) with its

norm bounded by CniPiktkl\\a\\.

Theorem 3.4. Let 2 < p < oo, fe > n/p, fe' > n/2 and k, fe'  ^ N.  If a £
Ak,k'(R" x R")- tnen a(x> D) is continuous from LP(R") to Lp(Rn) with its

norm bounded by CniPikjki\\a\\.

4. Proofs of the main results

Proof of Theorem 3.1. Without loss of generality, we may assume that

a £ C0°°(R" x R") n A£"(R" x R").

Let k = n/2 + e and cp2(X) = (1 + \X\2)i("/2-l»/2x+e/2), where x £ R" and e,

e > 0, is so small that n/2 - [n/2] - e < 1 and [n/2 + e] = [n/2]. Then for

u,v £ Q°(R"), we have

(4.1)        (a(x, D)u, v) = (^-\   f   f eixia(x,Qu(Qv(x)d£dx.

We write (4.1) in the form

(a(x,D)u,v)= (JA " j J ^x(X,Qu(i)HX + i)dXd£,

(4-2) = (JA    jn J f (X, Z)cp2(X)cp-x(X)ii(c;)ti(X + Z)dXdZ

= (J^j " j^f^j^e-ixkb(x,Om)f2\m^ + gdXd^dx,

where

bx(.,Z) = ax(-,Z)cp2(-),        t£Rn.
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Making use of the partition of unity Ws, 5 = 0, 1,...,«, we write (4.2) in

the form
/ 1 \2n  "

(a(x,D)u,v)=(~j    £/„

where

h= I   I   I e-ix"b(x,?;)mws(X)>P2\X)i(X + l;)dXdl;dx,
Jri Jr» Jr»

5 = 0,1, ... , n .

We shall estimate Ix  only, since the other cases are similar.   Integrating the
above integral with respect to x first and making the use of the identity

,     L/2]0 - (-i)l-ln/2]dx"/2])(e-ixX) = eix\

we write Ix in the form

h=h,i + (i)l~ln/2]h,2,

where

/,,i=/   / b(x,Z)u{Z)h(x,Z)dZdx,
Jr" Jr"

and

(4.3) h,2= I   [ b(x,Z)mh(x,Z)dt;dx,
Jr" Jr"

with

b(x,i) = d[x:/2](b(x,i)),

h(x,£)= I e-ixkip(Xyb(X + £,)dX,        x,£eR\
Jrp

and

¥(X) = Wx(X)cp-x(X)-—Lj^,       X = (A,,..., kn) eR".

We shall estimate Ix _ 2  only, since the estimate of Ixx   is similar.   First, we

write (4.4) in the form

(4.5) h(x,£)= f ei{x'z)iy/(z)v(x-z)dz.
Jr"

Substituting (4.5) into (4.3), we write Ix ,2 in the form

(4.6) h,2 = J\ + Ji,

where

Jx= j   j b(x,Z)mh{x,Z)dtdx,
Ja, Jr"

and

J2= I      f b{x,Z)u{Z)h{x,Z)dtdx.
jR\il, JR"
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We first estimate Jx. By Holder's inequality, Corollary 2.1, Lemma 2.4 and

Parseval's formula, we obtain

\Ji\<cJ  (jfj«>Mfl(OI2^)     (J \h{x,Z)\2dt)     dx

<C\\u\\l,iw<)J   (jW(z)v(x-z)\2dz\     dx,

where C = CE,n,p,k\\a\\ ano" 1<P<2.
By Holder's inequality and Minkowski's inequality, we get

|/i|<c|ni|1/"||M||^(H.)||v||L2(H.)||u|U.(R.),      i/p + i/q = i.

Now, we estimate J2 . We have

Hx,g=J^j j^dxf\a(x+yA))cp(y)dy

= (J^y ^(dxnJ2]a)(y,0<P(y-x)dy,       x,£eR",

and |x - y\ > 1 for x £ R"\Qi and y £ E. Hence, by Holder's inequality,

Corollary 2.1, Lemma 2.4, and Parseval's formula, we have

\J2\ < CHull^R.) /       A(x)( j  \ip(z)v(x-z)\2dz]      dx,
jR"\ili \JR" J

where C = ^,,^11^11. 1 < P < 2, and

AM=li^jhdy-   xeR"'

with
f 1    ify£E.

XE[y)    \0   ify$E.

By Holder's inequality and Minkowski's inequality, we obtain

|72| <C|£|l/"||w||L,(H,)||^||L2(Rn)||i;||t,(Rn),        l/p+1/0=1.   □

Proof of Theorem 3.2. Without loss of generality, we may assume that

a £ C0°°(R" x R") n A^(R" x R").

Let fe = n/p + e and cpp(X) = (1 + |A|2)K"/i»-[*/ri+«/2>j where X £ R" and e, e >

0, is so small that n/p + e/2 £ N, n/p - [n/p] + e < 1, [n/p + e] = [n/p] and
n/q-[n/q] ^ e/2 with l/p+l/q = 1. It is enough to show that the conclusion
holds in every open ball. So fix a ball, say B. Then for u, v £ Cq°(R" x R")

and supp u C B , we have

(a(x, Z>)«, v) = (JA   J  J^ ***«(*, flfttfM*) # dx.

Since the rest of the arguments are similar to the proof of Theorem 3.1, we shall

only study the following lemma.
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Lemma 4.1. For u,v £ C(f(Rn) and suppw C B, we define

(4.7) J= f   f b(x,Z)&{Z)h{x,Z)dZdx,
Jr* Jr"

where

b(xA) = dxnJp\b(x,£,)),        x = (xx,...,xn),i£R\2<p<oo,

with

bx(-,Z) = ax(-,cl)cpp(.),

h(x,£)= [ e-ixXy/p(X)ti(X + OdX,       x,£eR\
Jr"

with

VPW = rVx(X)cppx(X)--l-UUf],        X = (Xx,...,Xn)£R",
1 + /Aj

and Wx is defined as in the proof of Theorem 3.1. Then we have

\J\ < CE,n,p.k\\a\\ |5|£2F|Q1|1^||M||Z/(B)||,j||L,(Rn),

where \B\, |Qi| denote the Lebesque measure of B, Qx, respectively, with £lx =

{x £R"\d(x, E)< 1}, and l/p+ l/q = 1 with 2 < p < oo.

Proof. First, we write (4.8) in the form

(4.9) h(x,£)= f ei{x-z)S\jr(z)v(x-z)dz.
Jr"

Substituting (4.9) into (4.7), we write J in the form J = Jx + J2, where

Ji= f   f b(x,Z)U(Z)h(x,Z)dtdx,
Jiii Jr"

and

j2= [ b{xtZ)u(ZMx,Z)dZdx.
jR"\a, Jr"

By an argument similar to the proof of Theorem 3.1, we have

'7l1 ~ CL iLm)]2di)      {l^)mh(x,Z)\2di}     dx

< C\\u\\L2{B) J   (J^\<j/(z)v(x-z)\idzj      dx,

and

M\ < C\\u\\LHB) [       A(x)( j  \y>(z)v(x-z)\«dz)      dx,
Jr"\q, \Jr" /

where C - CE>„tPtk\\a\\, A is defined as in the proof of Theorem 3.1 and

1/P +1/0-1 with 2 < p < oo .
By Holder's inequality and Fubini's theorem, we obtain

|/i| < C|5|£2T||M||L,(B)|Q1|1/"||^(z)||L9(Rn)||t;||z.,(R„),

and
|/2| < C|5|^||W||L,(B)|JE|1/"||^(2)||z.,(Rn)|h||L,(Rn).    D
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Then Theorem 3.2 follows by applying Lemma 2.5.   □

Proof of Theorem 3.3. Without loss of generality, we may assume that a £

C0°°(R" x R") n ^™k,(Rn x R") • Let fe = n/2 + e, fe' = n/p + e and cpp(X) =

(1 + |A|2)i("/P-["/Pl+«/2), where X £ R" and e, e > 0, is so small that n/p -

[n/p] + e < 1 and [n/p + e] = [n/p]. Then for u, v £ C03O(R"), we have

(4.10) (a(x,D)u,v)=(jA   j j eMa(x,l;)u(t;)v(x)dl;dx.

We write (4.10) in the form

(a(x, D)u, v)

= (J^j " J j &{k,y)f'k,y)dydk

(4-U) = (^) " JRJRnd(*,y)<PP(y)<P2(k)<pp-l(y)<P7i(k)f(k,y)dydk

= {hY i   i   I   I b(x,i)e-^e-ix"cppx(y)cp^x(k)
\z" /    Jr." JR" JR" Jr."

x f(k, y) dy dk dt, dx,

where

(4.12) b(k,y) = a(k,y)cpp(y)cp2(k),        Kp<2,

and

(4.13) f(k,y)= f eiwku(w+y)v(w)dw,        k,y£Rn.
Jr"

Making use of the partition of unity Ws, 5 = 0, 1,...,«, we write (4.11) in

the form

/ 1 \2"   "
(a(x,D)u,v)= l^j     ^7,,,,

^        '       s,t=0

where

Is,t= f   j   I   I  b(x,Z)e-^e-'xkWs(y)cppx(y)Wt(k)f2l(k)
Jr" Jr" Jr" Jr"

x f(k,y)dydkd£,dx,    s, t = 0, I, ... , n.

We shall estimate Ix t x only, since the estimates of other cases are similar. By
an argument similar to the proof of Theorem 3.1, we use the following method:

(1) We integrate the above integral with respect to £, first and make use of

the identity

-1(1 _ (-iy-WpXd[//p])(e-«y) = e-&.

(2) We integrate the result of (1) with respect to x first and use the identity

.     L/qO - (-i)l-[n/2]dlx"/2])(e-ixX) = e~ix*.
1 -+- ZA j
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Then we obtain

h,i=Ji + (i)l~ln/2]J2 + (i)x-[nlp]h + (i)l-ln/2](i)l-ln/p]A,

where

Jk= I   [ bk(x,i)A(x,{)didx,        k = 1,2, 3, 4,
Jr" Jr"

with

bi(x, i) = b(x, {),

b2(x,H) = dxnJ2\b(x,c:)),

b3{x,S) = d¥JPi{b(x,S)),

h(x,Z)=dxnl2]d^IP\b(x,0),

(4.14) A(x,£) = /   / e-^e-ixXxpp(y)xp2(k)f(k,y)dydk,    x,£eR",
Jr" Jr"

and

Vp(y) = Wx(y)--}-—9-l{y),        y = (yx,...,yn)£Rn,   Kp<2.

1 + iy\'Pi

We shall estimate 74 only, since the other cases are similar. First, we estimate

the following integral:

/   /  \{Z)mA(x,t)\dtdx.
Jr" Jr"

By Lemma 2.3 and y/p £ L2(R"), we see that the integral in (4.14) is in

LX(R" x R"). Therefore, without loss of generality, we may consider the fol-
lowing integral:

(4.15) /   /  \(Z)mA3(x,Z)\dtdx,
Jr" Jr"

where

M_       As(x,Z)= [   ( e-^e-MipP,s(y)¥2,s(k)f(k,y)dydk,
(4.16) Jr"Jr"

x,t£R",

with
¥P,s(y) = VP(y)e~ml,    y£Rn,   Kp<2and0<3<l.

We now give a proposition that will help us to study (4.15).

Proposition 4.1. For u,v £ C0DO(R"), 1 < p < 2 and 0 < 3 < 1, let Ag be

defined as in (4.16). Then we have

I     I    |(OmA(5(x,0|(i^X<C„,Pifci,,||"llL,(R")ll^l|L»(R»), l/P +1/0=1-
Jr" Jr"
Proof. Substituting (4.13) into (4.16), writing v(w) in the form

v(w)={-L\    f e-'wid(n)dri,        w £ R" ,
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and making the change of variables w + y —> w , we write A# in the form

(4.17)

Mx, t) = (JA" Jn jn eW-f'e-1*

x (j^ e«w-x»y£;s(k)V2,s(k + ri-£)dk) u(w)t(n)dwdn,

x, £ £ R" . By Taylor's expansion formula, we write y/2j in the form

viAk + n-$)= £ ^S(»/-£)
|a|<4n

(4.18) „     i
+ (4« + i)  Y,   -x I (i-efn+xv(2a)s(n-Z + ek)dd,

|a|=4n+l ^ J°

k,n,i£R".

Substituting (4.18) into (4.17), we have

As(x,£)= (j-J    ^  —g«,P,s(x,£)ha,2j(x,c;)

^        '    \a\<4n °"

+ (J^)n(4n + l)as(x,£),       5,£eR",

where

(4.19) ga,P,s(x,Z) = (i)-lal f e-iwivpa)s(w)u(x + w)dw,
Jr"

(4.20) ha,2J(x,$)= f e-ix"ip^s(n-mv)dn,
Jr"

and

(4.21) |a|=4n+l    • Jo

x [   I   (j e^-^y/^n-S + OWip^sWdk)
Jr" Jr" \Jr" ' /

x eix(i-^e-iwiu(w)^(n) dw dn dd.

We now give a lemma to help us study the following integral:

(4.22) /   / \{Z)mga,p,s(x,Z)ha,2,s(x,Z)\d{dx,
Jr" Jr"

for |a| < 4n , 1 < p < 2 and 0 < 3 < 1.

Lemma 4.2. For u,v £ C0X>(R"), \a\ < 4n, I < p < 2 and 0 < 3 < 1, let

ga,P,s and hat2ts be defined as in (4.19) and (4.20), respectively. Then we
have

[   I mmga,P,s(x,Z)ha,2,s(x,Z)\dZdx
Jr" Jr"

< C,„>pifc)fcl||M||z^(R»)||v||z.«(R»),       1/P+ 1/9=1.
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Proof. First, we write (4.20) in the form

(4.23) ha,1,i(x,S)= [ e~'^\(z)v(x-z)dz.
Jr."

Substituting (4.23) into (4.22), by Holder's inequality, Lemma 2.4 and Parse-

val's formula, we obtain

/   / mmga,P,s(x,ma,2,s(xA)\dtdx
Jr" Jr"

< J   (J  \®m8°.p.'(x,Z)\2dZ)      ̂ \ha,2,s(x,Z)\2dc^     dx

<Cj^j^y^s(w)u(x + w)\pdxAj   P^\^s(z)v(x-z)\2dz^     dx,

where C = C„iPtktk..
By Holder's inequality, Fubini's theorem and Minkowski's inequality, we

have

f   I \(Qmga,p,s(x,Z)ha,2,6(x,S)\dZdx
Jr" Jr"

< Cn,p,/t^'ll^lll>(R»)l|w||z/(R»)ll^llL2(R'')llUllL«(R'')'       l/p+l/q= 1.     □

We now give a lemma to help us study Og .

Lemma 4.3. For u, v £ Cg°, 1 < p < 2 and 0 < 3 < 1, let Ds be defined as
in (4.21). Then we have

f   f  \(i)mDs(x,lt)\d^dx<CtttPikik4u\\^{V)\\v\\L,lv),        l/p+l/q = l.
Jr" Jr"
Proof. First, we study the following integral:

(4.25) / e'^-x^ip{2a)s(n-^ + dk)(ka^:s(k))dk,
Jr"

where u;,x,r/,£eR",O<0<l and |a| = 4« + 1 .
Making use of the following identity:

(n i+,(i,_j (ip+*.)) **~») - «*"*•
we write (4.25) in the form

j eiiu-xVyWit, _ ^ + ek)(kayLTs(k))dk
Jr«

x dI(V2j(l - £ + 6k))dj*-r(kayp-;3(X))dk,

with

T = {(px, fi2, ... , Bn) € Nn\Bt = 0 or 1, t = 1, ... , n).
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Substituting (4.26) into (4.21), we get

(4.27)       = E ^E(-1)l/,|E/7(1-e)4"+Ia'"7(Aa,^(A))
|a|=4«+i    ' per y<fi  °    R"

xe-ixWg(x,Z,X)ha,Y(x,Z,eX)dXde,    x,£eR",

where

and

(4.29) ha.y(x,Z,6X)= f e-'x"dl(^a)s(n-i + dXmn)dn,    X £ R" .
Jr"

By an argument similar to the proof of Lemma 4.2, we have

/ / mmg(x,z,X)ha,y(x,z,dX)\dZdx
(4.30) Jr" Jr"

< CntP\\l\\Lp(w)\\u\\Lp(Kn)8<r<\\\p2°dy ||l2(r»)IMIl«(R") ,

where

1W = Uttjt   and   !/P +1/^ = 1-
s=i i + ixs

Also, we have

(4.31) /  \d^(kaip^d(k))\dk<Cn,
Jr"

with |q| = 4rc + 1 and /? € T. Therefore, (4.25)—(4.31) imply

f [ mmns(x,c:)\dzdx
Jr" Jr"

* {J  fW'siX'Z'VKyix^^WdZdx) dXdd

<Cn,p,k,k'\\u\\u(R")\\v\\Li(R"),       1/p + l/q = 1 ,  1 < P < 2 .     D

Thus, Proposition 4.1 gives

I-J* I < C„ip^)A:,||a||||H||L,(R„)||i;||L,(R,,),     l/p+l/q= 1,1 <p<2.   D

Proof of Theorem 3.4. Without loss of generality, we may assume that a £

C0°°(R" x R") n A™ ̂,(R" x R"). Let fe = n/p + e, fe' = n/2 + e , and <pp>(X) =

(1 + |A|2)i(»/p'-["/p'l+«/2), where X £ R", 2 < p' < oo and e, e > 0, is so

small that n/p' + e/2 <£ N, n/p' - [n/p'] + e < 1, [n/p' + e] = [n/p'] and

"/# - [«/<7] / e/2 with l/p + l/q = 1. Then for m, u £ Q0 , we have

(a(x,D)u,v)=(jA  j j eix<a(x,$)u(Z)v(x)dtdx.

Since the following arguments are similar to the proof of Theorem 3.3, we shall

only study the following lemma, which is similar to Lemma 4.2.
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Lemma 4.4. For u, v £ Q°, |q| < 4«, 2 < p < oo and 0 < 3 < 1, we define
ga,2,s and ha<pj as follows:

(4.32) ga,2,6(xA) = (i)-M ! e-iw^{2a)s(w)u(x + w)dw,
Jr"

and

(4.33) ha,p,s(x,£) = f e-'x"y/{pa]s(n-^(rj)dn,    x,£eR\
Jr"

with

vP',s(y) = wP-(y)e-sw\      vP>(y) = wlyy)     \n/pl]<p;,l(y),

y = (yi,...,y„)eRn,       2<//<oo,

and Wx is defined as in the proof of Theorem 3.3. Then we have

I     I   \(Omga,2,s(x,$)ha,p,s(X,Z)\dZdx
Jr" Jr"

< C„>p,ifc,/fc»||M||i/(R.)||t;||z.«(R.),     l/p+ 1/0=1.

Proof. First, we write (4.33) in the form

KpAx,Z)= I e~^\(z)v(x-z)dz.
Jr."

By an argument similar to that in the proof of Lemma 4.2, we have

/     /    \{Z)mga,2,s(X,Z)haiPti(x,i)\dtdx
JR" Jr"

<JRn(jjga,2,s(x,t)\2dz)   ^pm\hatP,s(x,t:)\2ddj   dx

<C J^j^¥^s(w)u(x + w)\2diAj      (^Jj^s(z)v(x-z)\«dz^   " dx

< C||^||L2(h.)||m||i,(r.)||^||l.(r-)||u||l.(r-) ,     1/P +1/0=1,

where C = Cn>Pyk>k..   n

Thus, by an argument similar to the proof of Theorem 3.3, Lemma 4.4, and

Lemma 2.5, Theorem 3.4 is obtained.   □

5. Counterexamples

In this section, we give two examples to show that the conditions on fe given

in Theorem 3.1 are the sharpest (the case p — 2) and are sufficiently sharp (the
case 1 < p < 2). They are modifications of the counterexamples of [4] and [14,

p. 151], respectively.

Example 5.1. Let p = 2 and 0 < fe < n/2   (n is the dimension). Define

ak(x,Q = ip(x)e-ixiA(Q,       x,£eR",

where tp £ C0°°(5(0, 1)),0 < ip < 1, y/(x) = 1 if |x| < 1/2 and A is

a positive continuous but not differential function such that (£)~k < A(£) <
2{$)-k.
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It is obvious that ak £ A°(R" x R"), and we have

ak(x, D)u(x) =(J-J¥(X) J A(Z)u(Z) d£.

Since A £ L2(R"), we can find a function u, u £ L2(Rn), such that

/ A(Z)u{£)d£ = oo.
Jr"

Hence, ak(x,D) is not continuous from L2(R") to L2(B(0, 1)). Thus

a(x, D) is not continuous from L2(R") to L2(B(0, 1)) if 0 < fe < n/2 and
a £ A°(R" x R").

Example 5.2. If 1 < p < 2, let

ae(x,Z) = ip(x)e-ixSA($),       x,£eR",

where y/ is defined as in Example 5.1 and A is a positive continuous but not

differential function such that (£)-"/p+£ < A{£) < 2(t;)-"lp+£ with 0<e<n/2.
It is obvious that ae £ A™,2_e(Rn x R"), where m = m(p) = -n(l/p - 1/2),

and we have

aE(x, D)u(x) = (J^j   y/(x) 1^ A(£)m d£.

Let u be the convolution of cp and lp , where cp £ Cq°(B(0, 1/4)) and cp(x) =

1 if |x| < 1/8. Then u = y • cp > 0 and u cannot be identical equal to zero on

any open subset of R" . Now, we define ur(x) = r~nlpu(x/r) for 0 < r < 1.

We can see that ||wr||L" = C, where C is a constant that does not depend on

r. Since

/   A(t)Ur(£)dZ>   f   (Z)-"'p+eUr(Z)dc:
Jr" Jr"

= rn(l-l/p)   f   l£)-»lP+*it(r£)dZ
JR"

^R"

> r~£ f     (1 + \c:\2)^-n!p+e)u(£)dZ

> C'r-e -> oo    asr-^O,

where C is a positive constant, we have

\\ae(x,D)ur\\ij>(B(o,\)) > Cr-£||^||z/(B(o,i)) -» oo   asr^O.

So ae(x, D) is not continuous from LP(B(0, I)) to Lp(B(0, I)). Thus a(x, D)

is not continuous from Lp(B(0, 1)) to Lp(B(0, 1)) if 1 < p < 2, 0 < fe < n/2
and a £ A™(R" x R"), where m = m(p) = -n(l/p - 1/2).

References

1. M. S. Baouendi, C. Goulaouic, and G. Metivier, Kernels and symbols of analytic pseudo-

differential operators, J. Differential Equation 48 (1983), 227-240.

2. R. Beals, On the boundedness of pseudo-differential operators, Comm. Partial Differential

Equations 2 (1977), 1063-1070.



510 I. L HWANG AND R. B. LEE

3. J. Bergh and J. Lofstrom, Interpolation spaces, Springer-Verlag, Berlin, 1976.

4. G. Bourdaud and Y. Meyer, Inegalites L2 precisees pour la classe S$ 0 , Bull. Soc. Math.

France 116 (1988), 401-412.

5. A. P. Calderon and A. Torchinsky, Parabolic maximal functions associated with a distribu-

tion. II, Adv. Math. 24 (1977), 101-171.

6. A. P. Calderon and R. Vaillancourt, On the boundedness of pseudo-differential operators, J.

Math. Soc. Japan 23 (1971), 374-378.

7. _, A class of bounded pseudo-differential operators, Proc. Nat. Acad. Sci. U.S.A. 69

(1972), 1185-1187.

8. R. R. Coifman and Y. Meyer, Au-del'a des operateurs pseudo-differentiels, Asterisque, no.

57, Soc. Math. France, Paris, 1978.

9. H. O. Cordes, On compactness of commutators of multiplications and convolutions, and

boundedness of pseudo-differential operators, J. Funct. Anal. 18 (1975), 115-131.

10. C. Fefferman, LP bounds for pseudo-differential operators, Israel J. Math. 14 (1973), 413—
417.

ILL. Hormander, Estimates for translation invariant operators in LP-spaces, Acta Math. 104

(1960), 93-140.

12. I. L. Hwang, The L2-boundedness of pseudo-differential operators, Trans. Amer. Math. Soc.

302 (1987), 55-76.

13. T. Kato, Boundedness of some pseudo-differential operators, Osaka J. Math. 13 (1976), 1-9.

14. A. Miyachi, Estimates for pseudo-differential operators of class Sqq, Math. Nachr. 133

(1987), 135-154.

15. _, Estimates for pseudo-differential operators with exotic symbols, J. Fac. Sci. Univ.

Tokyo Sect. IA Math. 34 (1987), 81-110.

16. T. Muramatu, Estimates for the norm of pseudo-differential operators by means of Besov

spaces, Lecture Notes in Math., vol. 1256, Springer-Verlag, Berlin and New York, 1987,

pp. 330-349.

17. M. Nagase, On some classes of LP-bounded pseudo-differential operators, Osaka J. Math. 23

(1986), 425-440.

18. E. M. Stein and C. Fefferman, Hp spaces of several variables, Acta Math. 129 (1972),

137-193.

19. E. M. Stein and G. Weiss, On the interpolation of analytic families of operators acting on

HP-spaces, Tohoku Math. J. (2) 9 (1957), 318-339.

20. M. Sugimoto, LP-boundedness of pseudo-differential operators satisfying Besov estimates. I,

J. Math. Soc. Japan 40 (1988), 105-122.

21. _, IS-boundedness of pseudo-differential operators satisfying Besov estimates. II, J. Fac.

Sci. Univ. Tokyo Sect. IA Math. 35 (1988), 149-162.

22. _, Pseudo-differential operators on Besov space, Tsukuba J. Math. 12 (1988), 43-63.

23. F. Treves, Introduction to pseudo-differential and Fourier integral operators. Vol. 1: Pseudo-

differential operators, Plenum Press, New York, 1980.

24. Wang Rouhuai and Li Chengzhang, On the LP -boundedness of several classes of pseudo-

differential operators, Chinese Ann. Math. Ser. B 5 (1984), 193-213.

Institute of Applied Mathematics, National Chung Cheng University, Chiayi, Taiwan,

62117, Republic of China


