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LP-BOUNDEDNESS OF PSEUDO-DIFFERENTIAL
OPERATORS OF CLASS Sy,

I. L. HWANG AND R. B. LEE

ABSTRACT. We study the LP-boundedness of pseudo-differential operators with
the support of their symbols being contained in E x R” , where E is a compact
subset of R”, and their symbols have derivatives with respect to x only up to
order k, in the Hélder continuous sense, where k > n/2 (thecase 1 < p < 2)
and k > n/p (the case 2 < p < oo). We also give a new proof of the L?-
boundedness, 1 < p < oo, of pseudo-differential operators of class S(')", o » Where

m=m(p) =—-n|l/p—1/2|,and a € S’ satisfies |8§Bfa(x, O < Cy, g™
for (x,&) € R* xR", |a|] < k and |B| < k', in the Holder continuous sense,

where kK > n/2,k" >n/p (thecase 1 <p<2) and k >n/p, k' >n/2 (the
case 2<p<o0).

1. INTRODUCTION

Let a(x, &) be a sufficiently regular function defined on R” x R?. The
pseudo-differential operators considered in this paper are of the following form:

a(x, Dyu(x) = (%) /R e*a(x, EUE) dE, xR, ue CORY),

where #(¢) = [ga e~ *¢y(x)dx is the Fourier transform of u. The function
a(x, &) is called the symbol of the operator a(x, D). A symbol a(x, &) is
said to be of class S,';',a ,where me R,0<d <p<1 and d < 1, if it satisfies

the inequalities
(L.1) 020l a(x, &) < Cy p(&)mHolI=rIBl x, E€R",

for all multi-indices o and B, where (¢) = (1+|€|?)!/2. For the L?-bounded-
ness of pseudo-differential operators, we only require the derivatives dga (or

6,?8,:” a) up to finite order. So we give the following definitions.

Definition 1.1. Let m € R, k >0, and k ¢ N. We define A}'(R" xR") to be
the collection of continuous functions a : R” x R* — C whose derivatives dga
in the distribution sense satisfy the following conditions:

There is a constant C > 0 such that for a € N, |a| < [k] and

1.2
(1.2) x,&,heR", we have
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(1) If |a| <[] then |67(x, &) < C({E)™.

(2)If |h| < 1 and |a| = [K] then |dga(x+h, &)—dg(x, &)| < C(&)™ Ak,

We denote by ||a||,, x the smallest C such that (1.2) holds. Throughout all
sections, we denote a constant depending only on n and m (resp. n, m, s or
n) by Cy m (resp. Cy m,s or C,), which may vary from time to time.

Definition 1.2. Let m €¢ R,0 < d < 1,k, k" > 0, and kK, k' ¢ N. We
define A}, ,,(R" x R") to be the collection of continuous functions 4 : R” x

R” — C whose derivatives 8;;‘65'3 a in the distribution sense satisfy the following
conditions:
There is a constant C > 0 such that for o, § € N", |a| < [k],
|B| <[k']and x, &, h, n € R", we have
(1) If |af < [k] and |B| < [K] then
0g0f a(x, &) < C(g)m+olel=1D,

(2) If [h| <1, |a] = [k] and || < [k'] then

B20fa(x +h, &) - 828  a(x, &)] < C(&ymok=IB | p—ThT,
(3) If |n| <1, |af < [k] and |B] = [Kk'] then

0g8fa(x, & +n) - 9g8falx, &)] < C{gm+Ael=kI KT,
(@) If [h| <1, 0] < 1, |a| = [k] and |B| = [K] then

(1.3)

020fa(x +h, & +n)—020fa(x +h, &) - 28 a(x, &+ 1) +070fa(x, &)
< C(é>m+d(k-—k')‘hlk—[k]m|k’—[k’] .

Remark 1.1. In the case of § = 0, we denote by A" .. (R" x R") the class
A(’)",k‘k,(R" x R") and by ||a||m « x the smallest C such that (1.3) holds.

As to the boundedness of the pseudo-differential operators with symbols be-
longing to the class S/']"’ s Or Agl, Kok the following theorems are known.

Theorem A. Let 1 <p<oc,d=p=0and m=—n|l/p—1/2|. If k, k' are
sufficiently large real numbers and a : R" x R" — C is a continuous function
whose derivatives 6)‘:6{'3 a in the distribution sense satisfy (1.1) with |a| < k and
|B| < k', then a(x, D) is continuous from LP(R") to LP(R").

Theorem A is due to Calderdn-Vaillancourt [6] (the case p = 2) and Coifman-
Meyer [8] (the case 1 < p < o0o). Calderdn-Vaillancourt proved it for a, f €
{0, 1, 2, 3}". Coifman-Meyer proved it for k, k' > 2n. Cordes [9] proved it
(the case p =2) for |a|, |B| <[n/2]+1.

Theorem B. Let 1 <p<o0,0<d=p<1 and m=—-n(l-p)|l/p—-1/2|. If
k, k' are sufficiently large real numbers and a : R" x R" — C is a continuous

function whose derivatives 6;’6{'3 a in the distribution sense satisfy (1.1) with
la| < k and |B| < k', then a(x, D) is continuous from LP(R") to LP(R").

Theorem B is due to Calderén-Vaillancourt [7] (the case p = 2) and Fef-
ferman [10] (the case 1 < p < oo; cf. Wang-Li [24, p. 194]). Calderon-
Vaillancourt proved it for || < 2[n/2]+ n and |a| < 2m’' with m' € N
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and m'(1 — p) > 5n/4. Coifman-Meyer [8] proved it (the case p = 2) for
laf, |B] < m' with m" € N and m’ > [n/2] + 1. Kato [13] proved it (the
case p = 2) by using the method of Cordes [9]. Beal [2] proved it (the case
p =2 and —oo < p < 1). Nagase [17] proved it (the case 2 < p < o0) for
k,k'=[n/2]+1. 1. L. Hwang [12] proved it (thecase p =2 and —c0 < p < 1)
for a, g €{0, 1}".

Miyachi [14], [15] proved the following theorem, which gives the sharpest
results.

Theorem C. Let 0<J <1 and m=—n(1 -9)|1/p—1/2|.

MIfOo<p<1,6=0,k>n/2,k' >n/p and a € A(’,”,k’k,(R" x R"),
then a(x, D) is continuous from HP(R") to LP(R"), where HP are the Hardy
spaces.

2)If0<p<1l,k>n/2,k >n/p and a € A}, .(R* x R"), then
a(x, D) is continuous from h?(R") to LP(R"), where hP are the local Hardy
spaces.

3)If1<p<2,k>n/2,k >n/p and a € A} ,,(R" x R"), then
a(x, D) is continuous from LP(R") to LP(R").

4 If2<p<oo,k>n/p,k'>n/2 and a € A}, \.(R" xR"), then
a(x, D) is continuous from LP(R") to LP(R").

Sugimoto [20, 21] proved LP-boundedness results, 0 < p < oo, by means of
Besov spaces, which are an improvement of Theorem C with § = 0. Muramatu
[16] also obtained some LZ2-boundedness results by means of Besov spaces,
which also are an improvement of Theorem C with 0 < § < 1. Bourdaud-
Meyer [4] proved Theorem C with p = 2 and § = 0, and obtained the sharpest
result.

The following theorem is Sugimoto’s result ([22, Theorem 2.2]), which is
closely related to our Theorem 3.1.

Theorem D. Let (1) p = 2,q = (q,4') € [2, 00)? U {00} x {2, 00} or (2)
Ppel,2),q=1(g9,9) € (2,00) x [2,00) U {00} x {2, 00}. Then for a €

(n/2-n/q’ ,n/p—n/q)
By 1,0 njp-nj2) and f € NHP, we have

2-n/q’ ,n/p—
lla(x, D) fll» < cllaCx, OIBSEN 46 MmN Moo »

where c is a constant independent of a and f, . is the collection of rapidly
decreasing functions, HP is the Hardy space, and B‘(I"{f_l")/ ‘10’ ';//’;__':,//"2)) is a Besov

space defined in [22].

In this paper, we prove the L?-boundedness, 1 < p < oo, of pseudo-
differential operators with the support of their symbols being contained in
E x R", where E is a compact subset of R”. We also prove Theorem C
with 6 = 0 and 1 < p < co. The method originated in [12] and is differ-
ent from Miyachi and Sugimoto (they used an interpolation theorem; see [18],
[19] and [5, §3]). Roughly speaking, our proof is that for u, v € C§°(R"),
a € A'(R" x R") and suppa C E x R", where E is a compact subset of R”,
we can write (a(x, D)u, v) in the following form:

» D)u, v) = | bi(x, Oa()hi(x, ;
(ate, D) =3 [ [ b Oa@h(x. ) dedx
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where r; € N. Similarly, for u, v € Cg°(R") and a € A]’ ,,(R" x R"), we also
can write (a(x, D)u, v) in the following form:

(@b, D v) =3 [ [ b, e, O, ) dedx,
r=1

where r, € N. Here, b;(x, &) are related to a(x, &) and its derivatives, g;, A;
are Wigner functions which have the following forms:

(1) &l O = [ eolx—yudy,
Q) hix, &) = / ehyE + AT A,

where x,& € R” and ¢; € L?(R"), y; € L?>(R") (the case 1 < p < 2),
pi € L2(R"), y; € LP(R") (the case 2 < p < 00).
Then, by Paley’s inequality, we can get

[(a(x, D)u, v)| < Cllullpollvllee, 1<p<oo,l/p+1l/g=1,

where C = Cg » p kll@llm,xc OF Cu p ik ke llallm, k-

The contents of the following sections are as follows. In §2, we give some
lemmas and corollaries. In §3, we state the main results. §4 is devoted to the
proofs of our main results. In §5, we give two counterexamples which are related
to the class of AJ'(R” x R").

2. LEMMAS AND COROLLARIES

In order to prove the L”-boundedness of a pseudo-differential operators, we
need to study the Fourier transform of its symbol. First, we have the following
lemma. Its proof can be found in [1].

Lemma 2.1. Let ¢s(4) = (1 + |A|?)%/? with 2 € R" and 0 < s < 1. Then the
Fourier transform of ¢ has the following properties:

2.1 ps € C*(R"\{0}).

There are constants Cy, s and Cy 5, such that

(2.2) |95(x)| < Cu s.eJx|™""! for|x|>1andteN,
and

(2.3) [0s(xX)| < Coslx|™"™ for 0 < |x| < 1.

Remark 2.1. In fact, if we define g, 5(4) = ps(A)e=¢"’, 1€ R” and 0 <5, ¢ <
1, then @, . satisfies (2.1)—(2.3) with C,, s and C,  , independent of &.
For a € A" ,,(R" x R"), we define a', a* as follows:

(1) a'(z,<)=/ e~*q(x, &)dx, A,E€R".
Rn

(2) &2(x,y)=Ane‘i5ya(x,£)dé, x,y€eR".

Then we have the following lemma.
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Lemma 2.2. Let me R, 0<s<k,k'<1,ae CPR"xR")NAY ,.(R"xR")
and 9,(3) = (1 +|A?)*, 4 € R". Suppose §i'(-,&) = a'(-,&)os(+) and
Bl(x, ) =a(x, )os(+), x, & € R". Then we have

(2.4) |gi(x, O < Cu,m sllall€)™, x,leR,

where i =1, 2, ||la|| = ||allm, k,k» and Cn, m,s depends only on k or k'.

Proof. We shall prove the case i = 2 only, since the proof of the case i = 1
is similar. Without loss of generality, we may assume that ¢;(1) = @5 () =

(14 |A|?)*/2¢=¢** 2 € R" and 0 <& < 1. Then we have

a0 = (55) [ @@, 00000y

23 = (51;)”/11 @s.e(malx, n+&)dn
=nL(x,Q)+Dh(x,¢), x,ceR",
where
26) ne 8= (55) [ Ftmate, n+odn,
and
@7 ne &= (35) [ Fonate, n+an.

By (1.3) and (2.2), we obtain
|I2(x, &) < Ca,s,¢llall 1 ="~ (1 + In + &)™ dn, teN.

Inl>
We have the following simple inequality (called Peetre’s inequality; see [23, p.
17]):
For all real numbers s’ and for all vectors 8, 8’ € R",

2-8 ' ! ’ !
(2.8) (1+16)2) <211+ 10 —6'1»)'I(1 4 |0')2)* .
We get

|12(x, é)l S Cn,m,s”a“(i)m .

We now estimate I; . First, we write I; in the form
Il(x,é)=Il’1(X,§)+I|’2(X,{), xaéeRna
where
l n —
a9 = (35) [ Foatnate, n+¢) - atx, ) dn.
T/ Jim<i

and N
hate, 0= (57) [ Femdn-ace, o).

By (1.3) and (2.3), we get
1,105, 91 < Gl @) [

i<t |k
< Cy sllal|(&)™, where C, s depends on k'.

dn
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Since ¢;,.(0)=1 and [ ., |@5.e(n)|dn < C, 5, we obtain

[ 2(x, &) < Cysllall(g)™, where C, s dependson k'. O
Corollary 2.1. Let meR,0<s <k <1,ae CP(R"xR")NAJ(R" xR") and
@s(A) = (1 +]A)?)"2, A € R*. Suppose g'(-,&) =a'(-,&)os(+), E€R". Then

lg(x, &) < Cn,m,sllall{&)™, x,EeR,

where ||a|| = ||all, x and Cp m s depends only on k.

Proof. This is an immediate consequence of Lemma (2.2). O

Corollary 2.2. Let me R,0<s <k <1,0<s <k’ <1,ae C(R"xR")
NAJ . (R*xR") and ¢5(A) = (1 +|4*)"?, A € R" and § = 5,s'. Suppose
&, y)=a(k, y)ps()es(¥), vy, A € R". Then we have

lg(x, O < Comsllallic)™, x,EeR,

where ||a|| = ||allm k.« and Cp m, s depends only on k, k'.
Proof. Without loss of generality, we may assume that @s(d) = @5 ((4) =
(14 |A2)572e¢’ 1 eR", §=5,s and 0 < e < 1. First, we have

1

2n
e 0= (35) [ [ mrmtnatz +x,n+ & dzdy

1 2n 4
=(H) SIi(x,&), x,EeR",
j=1

where
1.<x,¢)=/ / G ()G s(malz + x, n + &) dzdn,
|z|<1 Jn|<1
Lx, &) = / / G2tz + x, n+ &) dzdy,
|z]<1 S n|>1
13<x,<>=/ / G ()G e(malz + x, n + E)dzdn,
|z|>1 Jn|<1
and

Li(x, &) = /;z|>1 /W G g malz + x, n+ &) dzdy.

By (1.3), (2.2), and (2.8), we get
a(x, &) < Cuom sllall(&)™, where Cy m, s depends on k, k.

We now estimate I, only and leave the estimates of I, and /5 to the reader.
We write I; in the form

4
I](x,é):ZII,I(X,é), xs£€Rna
t=1
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where
11,1<x,¢)=/ / G (2)ar(ma(z +x, 1 +8) —a(x +x, &)
|z|<1 Jn|<L1
—a(x,n+&) +a(x,&)dzdn,
I a(x, &) = / / G (D) (ma(z + x, &) — a(x, &) dzdn,
|z|<1 Jn|L1

Ia(x, &) = /| . /I _ T e, n 4O atx, ) dzd,
zZ|IS ns

and
na 0= [ [ gn@emmdzdn-ac, ).
|z|I<1 J[nI<1
By (1.3) and (2.3), we get
11, (x, &) < Co,m,sllalli&)™,
where t=1,2,3,4 and C,,» s dependson k,k’. O

We shall state a crucial lemma which is related to the Winger function. Its
proof can be found in [12, p. 62].

Lemma 2.3. For u, ¢ € C§°(R"), we define

gx, &)= /R e"Yp(x —y)uy)dy,

and
h(x, &) = / eXp(E + Au(l)dA, x,EER".
Rn

Then we have

gl L2(rn xrny = ”h"LZ(R"xR") = (2”)"/2||(0||L2(Rn)||u||u(nn) .

To prove the LP-boundedness of pseudo-differential operators, we also need
the following lemma which is related to the Hausdorff-Young inequality and
Paley’s inequality (see [3, Chapter I] and [11, p. 105]). It can be found in [3, p.
17] and [11, p. 106].

Lemma2d. If 1<p<2,1/p+1/qg=1and p<r<gq, then

. 1/r
([ wrro=rmifierae) < Gl .

Remark 2.2. In this paper, Lemma 2.4 is applied in the case of r = 2.

We shall use the following partition of unity. We leave its construction to
the reader.

Let r>0and s=1, ..., n. We define

Lo r={CeRE =, ..., &), &l <rll| if 1 #5}.

Then we can find W, € C°(R") and W; € C=°(R"), s=1,..., n, such that
the following conditions hold:
(Ho<wW;<1,s=0,1,...,n,
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(2) supp Wy C {|¢] < 1}, supp W; € T 30 N{IE] > 1/2}, Wi(&) = Wily)
for |£| > 1,and W (&) =1 for €Ty 15 and [£| > 1, s=1,...,n,
(3) YioWs=1,
(4) for o € N", there exists a constant C, > 0 such that
OEW(&) < Ca(1+ €))7, ¢eRands=1,...,n.

To prove the L?-boundedness, 2 < p < oo, of pseudo-differential operators,
we need to study the Fourier transform of the following functions:

1 1
(2.9) Ws(é) - WS‘(E) 1 + [€£n/p] (1 + |él2)%(n/ﬂ—[n/l7]+8/2) ’

where £ ¢ R*, s = 1,...,n, W, are defined as above and ¢,& > 0, is
so small that n/p +¢/2 ¢ N,n/p—[n/p]+¢e < 1,[n/p +¢€] =[n/p] and
n/q—[n/ql#¢/2 with 1/p+1/g=1.

It is clear that w,; € LP(R"), and we shall show that y; € L(R").

Lemma 2.5. Let y; be defined as in (2.9). Then we have

(2.10) [Ws(x)] < Cp elx |79+ for 0 < |x| < 1,
(2.11) |Ws(x)| < Cp o|x|™" for|x|>1andteN,

where x e R" and 1/p+1/qg=1 with 2<p < oco.

Proof. (2.11) is obvious and we leave the proof to the reader. We shall estimate
(2.10) in the case s = 1 only, since the estimates of the other cases are similar.
First, we prove the case n = 1. Making the change of variables x¢ — &, we
have

|91 (x)] < Clx|~1arel2

/e-'f«»(x,c)dz‘, x€R,0< x| <1,
R

where
1

(0(x, é) = (|x|2 N |é|2)%(1/p+8/2) s
Since 1/p+¢/2 < 1, we have

eR.

Scea

1
/0 e~p(x, &)dE

and, by integration by part, we have

[ e, é)dé‘ <c.
1

Hence, we get
W1 (x)| < Celx|~"9%¢/2, xeR,0< |x|< 1.
Now, we prove the case n > 2. First, we write ¥, in the form
Vi(x) = L(x)+(=)h(x), xeR",0<|x[<1,

where
Ik(x)=/ i &)dE,  k=1,2,
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with
1 1

+ éi’-[n/p] (1 + |[E|]2)3(n/p=In/p1+e/2)°

21(¢) = Wl(f)l

and

[n/p]
92(8) = W1 (8) ¢ l

1
1+ 512['1/0] (1 + [&|2)3(n/p=In/p1+e/2)°
¢=(éla eee s{n)eRn'

We first estimate I, making use of the following identity:

1 a,—ix§\ _ ,—ix
gy e =
where
x=(x1,..., xn) €ER\{0} and |x;| = max {|x|},
(2.12) a=n-2[n/p] if[n/p]l>1,
(2.13) a=[n/ql—1 if[n/pl]=0and n/q—[n/q]<¢/2,
and

a=[n/q] if[n/p]=0and n/q—[n/q]>¢/2.
Without loss of generality, we may assume that j = 1 and we write I; in the
form

— 1 —ix¢
W)= s L Cov [ 700 ©0m@0mE)de,

x=(x1,...,Xxn) €ER",
where

0a (&) = 2 (W1 (©)),

o 1
Panl®) = 022 <__1 +wap]) ,

1
— /™
9a3(8) = ‘9{1 ((1 + |§|2)%("/”‘["/”]+5/2)

)7 éz(éla“',<n)€Rna

and
ayj,ay,a3€EN, a+ay+a3=a.
Let

I0) = e [ €00 (O00 @00 @)dE, x= (31, x0) R,

and we shall estimate the case a; = a, ay = a3 = 0 only, since the estimates
of the other cases are similar. First, we consider [n/p] > 1. By (2.12), we get

1
J(x)| < Cy elx ‘“/ _—d
TS Gl | o de
< G elx|™7,

where o' =n+n/p—[n/p]+¢/2>n.
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We now consider [r/p] = 0 and we shall estimate the case n/qg—[n/q] < &/2
only, since the estimate of the other case is similar. By (2.13), we have

o . 1 1
/ o100, Olxlr __drds
sn_1 J0 (1 + r2)3(1=1) (1 4 p2) 3’

where f(x,&) = g, x, S €R",0<a = —(n/qg—[n/q]) +¢/2 <1 and
sn—1 denotes the n-dimensional unit sphere.
Making the change of variables (f(x, &)|x|)r — r, we have

1
ooy (O, )T
e —ir =1 1
<), e (70, O + A (70, e + i 7

By an argument similar to the proof of the case n = 1, we obtain

4 1 . -
[) W(Sln 0)" 2d0

|7 < Co,elorr| ™

b

[J(x)| < Cn,e|xl|_n/qﬁ/2

[J(x)| < Cn ,e|x|_n/q+e/2wn—2

< Cn ,elxl—n/q+e/2 ,

where w,_, is the volume of the unit ball in R"~2.
Now, we estimate I, , making use of the following identity:

1

(a{/fe—ix.f) — e—ixf ,

(—ix;)#
where
x=(x1,..., %) €ER\{0} and |x;| = max {|x[},
B=I[n/ql-1 ifn/q—[n/ql<e/2,
and

B=In/q] ifn/q—[n/q]>e/2.
By an argument similar to the proof of I; for the case [n/p] =0, we get

[L(x)] < Cu elx|™™9%2 xeR",0< |x|< 1,
for either n/q —[n/ql < ¢€/2 or n/q —[n/q]>¢/2. O
Corollary 2.3. For ¢ e R" and 2 < p < oo, we define

1
VO = e

where ¢, ¢ >0, issosmall that n/p+¢/2 ¢ N, n/p—[n/pl+e<1,[n/p+e] =

[n/p] and n/q —[n/q) #¢€/2 with 1/p+1/qg=1.
Then we have

[0(x)| < Cpelx|™™9*2 for0<|x| <1,

and
[9(x)| < Cu(|x|™" for|x|>1andteN,

where x € R".
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Proof. By an argument similar to the proof of Lemma 2.5, Corollary 2.3 is
obtained. O

3. MAIN RESULTS

First, set m = m(p) = —n|1/p—1/2|, ||la|| = ||allm,« if a € A}(R"xR") and
lall = llallm,k & if a € A7 ;. (R" xR"). Then we have the following theorems.

Theorem 3.1. Let 1 <p <2,k >n/2,k ¢ N, E a compact subset of R"
and Q ={x e R"d(x, E) < 1}. If a € A}(R" xR") and suppa C E x R",
then a(x, D) is continuous from LP(R") to LP(E) with its norm bounded by
CE.n.p.k|S|"?||a||, where | | denotes the Lebesgue measure.

Theorem 3.2. Let 2 <p < oo,k >n/p,k ¢ N, and E a compact subset of
R". If a € A/(R" xR") and suppa C E x R", then a(x, D) is continuous
from Lf (R") to LP(E).

Theorem 3.3. Let 1 <p <2,k >n/2,k' >n/p and k, k' ¢ N. If a €
AP 1 (R* x R"), then a(x, D) is continuous from LP(R") to LP(R") with its
norm bounded by C, , r «|all.

Theorem 34. Let 2 < p < oo,k >n/p,k' >n/2 and k, k' ¢ N. If a €
AP 1 (R* x R"), then a(x, D) is continuous from LP(R") to LP(R") with its
norm bounded by C, , x «lall.

4. PROOFS OF THE MAIN RESULTS
Proof of Theorem 3.1. Without loss of generality, we may assume that

ae CP(R" xR") N AP(R" x R").
Let k = n/2+¢ and ¢y(A) = (1 + |A|2)3/2-(n/21+¢/2) where A € R* and &,

¢ > 0, is so small that n/2 — [n/2] —e < 1 and [n/2 + €] = [n/2]. Then for
u,v € Cg°(R"), we have

(4.1) (a(x, D)u,v) = (%) /.. /Rn e*a(x, &)uE)v(x)dédx.
We write (4.1) in the form
2n
(@t D)= (52) [ [ @', oa@ida+odrde

(4.2)

2n
(%) /R /R a'(4, Opa(Ve7 ' (Ma()D(A+&) dAdE

(%)2 [ [ [ e, oarost o+ ¢ dragax,

where
bl(-, &) =a'(-,)pa(-), E€R".



500 I. L. HWANG AND R. B. LEE

Making use of the partition of unity W,, s =0, 1, ..., n, we write (4.2) in

the form
2n n

(a(x, D)u,v) = (%) gls,

where

L= [ [ emoix, uemiier W5+ ¢ dadedx,
s=0,1,...,n.

We shall estimate I; only, since the other cases are similar. Integrating the
above integral with respect to x first and making the use of the identity

1 " . .
1 —(_i\=In/21 gl /21N —ixAy _ LixA
l +ll[ln/2](1 ( l) 8X| )(e )"e )

we write I; in the form

I =1+ ()AL ,,

where
I = / b(x, Oa(E)h(x, &) dE dx,
n Rn
and
(4.3) I, = / b(x, O)a(E)h(x, &) dE dx,
R" JR"
with
b(x, &) =al"(b(x, &),
(4'4) h —ixA = n
(x,¢)=/ ey (T +E)dA,  x,EER,
Rll
and |
y(A) = W‘“)“’;](’”Hi—zg"/ﬂ’ A=A, ..o, ) ER.

We shall estimate /; , only, since the estimate of I, ; is similar. First, we
write (4.4) in the form

(4.5) hix, &) = / e~y (2)0(x — z)dz.
Substituting (4.5) into (4.3), we write I, ; in the form
(46) I|‘2=Jl+12,

where

5= [ e ou@hee, deax,

and

Jr = / b(x, &)a@)h(x, &) dé dx .
R\Q, JR
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We first estimate J;. By Holder’s inequality, Corollary 2.1, Lemma 2.4 and
Parseval’s formula, we obtain

e [ ([ iemacra)” ([ me, oraz) ax
< Clule | ([ W - Apaz) dx,

where C =Cg , p «llall and 1 <p <2.
By Hoélder’s inequality and Minkowski’s inequality, we get

|J1] < CIQuIMP||ull Loy | | L2y 1V | Loy » I/p+1/g=1.

Now, we estimate J,. We have

b, 6= (55) [ okt +7, )60 dy

= (Zln) /R"(a)g?/zla)(y, oy —x)dy, x,EcR",

and |[x —y| > 1 for x € R"\Q, and y € E. Hence, by Holder’s inequality,
Corollary 2.1, Lemma 2.4, and Parseval’s formula, we have

1/2
[l <l [ A4() (/ |«/><z)v(x—z)|2dz) dx,
R"\Q, R

where C = Cg n p «llall, 1 <p<2,and

_ Xe(¥) n
A(x) = o Tx =y dy, x €R",
with
( )_{1 ifyeE.
XEV)=\0 ify¢E.

By Holder’s inequality and Minkowski’s inequality, we obtain
| 2] < CLEI?)|ul| ooy | || L2y |10 ]| Lo(Rr) » I/p+1/g=1. O
Proof of Theorem 3.2. Without loss of generality, we may assume that
aeCPR" xR N A(R” x R").
Let k =n/p+e and g,(A) = (14 |A|?)2(/p=In/p}+e/2) where A € R" and ¢, & >
0, is so small that n/p+¢/2 ¢ N, n/p—[n/pl+e<1,[n/p+¢e]l=[n/p] and
n/q—[n/ql #¢/2 with 1/p+1/g = 1. It is enough to show that the conclusion

holds in every open ball. So fix a ball, say B. Then for u, v € C§°(R" x R")
and suppu C B, we have

(a(x, D)u, v) (27:) // e™a(x, )u()v(x)dédx .

Since the rest of the arguments are similar to the proof of Theorem 3.1, we shall
only study the following iemma.
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Lemma 4.1. For u,v € Cg°(R") and suppu C B, we define

(4.7) 7= [ [ b, icehix, oz dx,
n R'l
where
b(x,&) =" b(x, &), x=(1,...,%),E€R",2<p<oo,
with
is B‘( LE =al(-, Epp(+),
(48) / e~y (A)D(A+ &) dA x,EeR",
with .
Wp(l)=l’l"1(l)(/’;l(l)l_}_i—l[{,m, A=(A1,...,4) ER",

and W, is defined as in the proof of Theorem 3.1. Then we have
—2
|71 < Cn,p klall |BIF Q1P llul] sy 10 oqrey

where |B|, |Q,| denote the Lebesque measure of B, Q,, respectively, with Q, =
{xeR"d(x,E)<1},and 1/p+1/qg=1 with 2<p < oo.

Proof. First, we write (4.8) in the form

(4.9) hx, &) = / e ()T (x - ) dz.

Substituting (4.9) into (4.7), we write J in the form J = J; + J;, where
5= [ [ e oaohe, deax,

and

Jy = / b(x, &a(E)h(x, &) dé dx.
R"\Q, JR"

By an argument similar to the proof of Theorem 3.1, we have

e [ ([ worae)” ([ e, orac) dx
<Clulees || ([ wiarote-apeaz)  a

1/q
< Clidn [ A ([ otaite=2vdz) - dx,
RM\Q, R”

where C = Cg_, p kllall, A4 is defined as in the proof of Theorem 3.1 and
I/p+1/g—1 with 2<p < o0.
By Hélder’s inequality and Fubini’s theorem, we obtain

_2 N
|J1| < C|B|F ||ull oy 12110 (2) ] Lorey IV | orry »

and

and
_2 N
|Ja| < C|B|F ||ull oy | EIP 19 (2)] Loy |Vl oy - O
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Then Theorem 3.2 follows by applying Lemma 2.5. O

Proof of Theorem 3.3. Without loss of generality, we may assume that a €
CP(R" xR)NAY (R*xR"). Let k =n/2+¢, k' =n/p+e and ¢,(4) =
(1 + |A[2)4(n/p=In/p}+¢/2)  where A € R" and €, & > 0, is so small that n/p —
[n/p]+e <1 and [n/p + €] =[n/p]. Then for u, v € Cg°(R"), we have

(4.10) (a(x, D)u, v) = (%) / " / eta(x, a@)T(x) dE dx.

We write (4.10) in the form
(a(x, D)u, v)

_ (51;)2/11 [ at. 010, 9)dyas

2n
@i = () [ [ aG e meie e Wra. v dydi

_ (%)2 Lk L [ b e e g1 ()g3 ()

x f(A,y)dydidédx,

where .
(4.12) b(A,y)=a, »)p,(»e2(4), l<p<2,
and
(4.13) f(d,y) = / etu(w + y)u(w)dw, A,y €eR".
Rn
Making use of the partition of unity W,;, s=0,1,..., n, we write (4.11) in
the form
1 2n n
(a(an)u9v)= (_) Is,h
271' s,t=0
where

L= [ [ [ [ btes e e im0 o) Wia)os ()

x f(A,y)dydidédx, s,t=0,1,...,n.
We shall estimate 7, ; only, since the estimates of other cases are similar. By
an argument similar to the proof of Theorem 3.1, we use the following method:

(1) We integrate the above integral with respect to £ first and make use of
the identity

1 . )
— (1 -=(=i l—[n/p]aln/P] e 8V) = o~y
Tyl — (D e e)
(2) We integrate the result of (1) with respect to x first and use the identity
1

- _(1- (_l‘)l—[n/2]a)£”/2])(e—ixl) — e—ixA
L -
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Then we obtain
Iy = Ji+ (D)0 g 4 ()R gy 4 Gy -2y =/ g,

where
o= /Rn/mbk(x, OA(x, E)dedx, k=1,2,3,4,
with
bi(x, &) =b(x, &),
by(x, &) =l (b(x, &),
by(x, &) = 8P (b(x, ¢)),
ba(x , &) = O Mol (b(x , &),

(414) A, &= [ [ e ey, 0S4, ydydi, x,EeR,
and

1 _
Wp(J/)=I’Vl(J’)1—-_'_—IT;Wp—]¢pl(y), y=01,...,yn) €ER", 1<p<2.
1

We shall estimate J; only, since the other cases are similar. First, we estimate
the following integral:

L[ remace, opagdx.

By Lemma 2.3 and y, € L?(R"), we see that the integral in (4.14) is in
L'(R" x R"). Therefore, without loss of generality, we may consider the fol-
lowing integral:

(4.15) L[ 1ermase, ldeax,
where
As(x, &) = / [ e ey, s s,y dy i,
(4.16) » Jre : '
x,£eR",
with

W s(0) = wp(0e™®P, yeR", 1<p<2and0<d<l.
We now give a proposition that will help us to study (4.15).

Proposition 4.1. For u,v € C°(R"), 1 <p<2and 0<é6 <1, let As be
defined as in (4.16). Then we have

L[ 1emasee, o1dedx < Copoilllmolvlism . 1/p+1/a=1.
Proof. Substituting (4.13) into (4.16), writing U(w) in the form

T(w) = (%) /R e i(mdn,  weR,
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and making the change of variables w + y — w, we write A; in the form

(4.17)

J( ,é) (27[) /n /n lx(: " _MU6
=20k =AW s(A+n— &) dA ) u(w)d(n)dwdn,
</Rn )

x, £ € R". By Taylor’s expansion formula, we write y, s in the form

watn-9= 3 Sytm-g

|a|<4n

+(@n+1) /(1 6)"+1 47, (n — & + 02) B,

|a|= 4n+1

(4.18)

A” ": é € Rn .
Substituting (4.18) into (4.17), we have

85,0 = (35) 5 2i8uralr, Ohana, 0

|a|<4n

+(—2l7r-) (4n+1)0s(x, &), s,¢€R*,

where
@19)  gapslx, ) = ()7 [ ey whntx + w)dw,
(420) koo, &)= [ - &) dn,
R’l
and
Os(x, &) = 1 / (1 — gytn+!
(4.21) lal= 4n+1

X /n /n (/Rn ei(w_x)lllfz(‘:?;(ﬂ"é"'0'1)/10‘/7;;:5(1)(1).)
x X8~y (w)5(n) dw dn d6 .

We now give a lemma to help us study the following integral:

(422) L 17 g g 505, O 2,0, Ol dEdix,

for || <4n, 1<p<2and 0<d<1.

Lemma 4.2. For u,v € C°(R"),|a| <4n,1 <p<2and 0<d <1, let
8a,p,5 and h, , s be defined as in (4.19) and (4.20), respectively. Then we
have

L[ 0™ gap.506, O s(x, Ol dE dx
R? JRn

< Cup kiUl @nllvlizemny, 1/p+1/g=1.
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Proof. First, we write (4.20) in the form

(4.23) ho2sx,8) = [ e Ry - 2)dz.

Substituting (4.23) into (4.22), by Holder’s inequality, Lemma 2.4 and Parse-
val’s formula, we obtain

L 10780506, € s, D dEdx

/Rn (/ (€)™ 8a,p,6(x, )1 a’é)l/2 (/ |ha,2,5(x,¢)|2d5>l/2 dx
<C/ (/ |y (w)u(x + w) |pdw)1/p(/ |,,,” 2)T(x —-Z)Izdz)l/z dx.

where C = Cn,p,k,k’ .
By Holder’s inequality, Fubini’s theorem and Minkowski’s inequality, we
have

L 17 5.0, o 2o, O dEdx

< Cup k. k ||'//,, 5”U(R")”u”U(R" ||‘//(a) l2@mllvllLewn, 1/p+1/g=1. O
We now give a lemma to help us study O .

Lemma 4.3. For u,v € C§°,1<p <2 and 0<d <1, let Os5 be defined as
n (4.21). Then we have

/ R (E)"Os(x, &) dSdx < Cp p ik ko UllLo @) 1V]| Lo (Rn) » I/p+1/g=1.
Proof. First, we study the following integral:
(4.25) [ et in & + 02) G ) di,

where w, x,n,£€eR",0<0<1 and |a|=4n+1.
Making use of the following identity:

- i(w—x)Ay _ i(w—x
<H1+1 —x)) (g“*‘aaj))(e( Ay = itw=x)k

we write (4.25) in the form

/R e WY (n — &+ 04)(A° W, 5(A)) dA

(4.26) <H1+z _x)>ﬂer_l ng/ i(w—x)A

<8
x 8 (W™ (n — &+ 04)3L 77 (A, 5(A) dA,

with
={(B1, B2,..., Br) eN"B,=00r1,t=1,...,n}.
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Substituting (4.26) into (4.21), we get
Os(x, &)

Wy = ¥ EXe0As [ [ a-oror s

lal=an+1 & per r<B
x e~ X000 g(x, &, Nha,y(x, &, 04)dAdO, x,EER,

g(x’é”l)=/l; eiwi—%) (Hl+l xs)> u(w)dw,
and

@29) by &, 00 = [ eI 0 -+ 00)Bmdn, AER".
By an argument similar to the proof of Lemma 4.2, we have

g(x, &, Mhg ,(x, &, 04)|dEdx
(4.30) / S ’

< c,,,pnlnum)nuuum)o"' w3l 2y 10| zoqRry »

where

where

I(x) =sli[1 I +lixs and 1/p+1/g=1.
Also, we have
(4.31) | ofGeg i< o,
with |a| =4n+ 1 and B € T . Therefore, (4.25)-(4.31) imply
L[ 1@most, o1azax

< Y A [ [ a-omapug

|a| 4n+l " BET y<B

< ([ [ 1ematx. ¢ o x. &, 601dgdx) dad

S Cop ke lUllr@yllvliewny, 1/p+1/g=1,1<p<2. O
Thus, Proposition 4.1 gives
[Jal < Co p ik ke llall |l @IVl Lomny, 1/p+1/g=1,1<p<2. O
Proof of Theorem 3.4. Without loss of generality, we may assume that a €
CeR* xR)NAY (R"xR"). Let k=n/p+e,k'=n/2+¢,and ¢gp(d)=
(1 + |A|2)3(n/p'~[n/P"1+¢/2) where A € R",2 < p' < oo and &,¢& > 0, is so
small that n/p’ +¢/2 ¢ N,n/p' —[n/p']+¢e < 1,[n/p" +¢€] = [n/p'] and
n/q—I[n/ql #¢/2 with 1/p+1/q=1. Then for u, v € C§°, we have

(a(x, D)u, v) (27[) /"/" e™a(x, &)u(E)v(x)dEdx .

Since the following arguments are similar to the proof of Theorem 3.3, we shall
only study the following lemma, which is similar to Lemma 4.2.
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Lemma 4.4. For u,v € C°,|a| <4n,2<p <oo and 0 <6 < 1, we define
8a,2,6 and h, , 5 as follows:

(43 gasln, = (7 [ e wutx + w)dw,
and

@33)  hapa(x 8= [ e -8imdn, x.EeR",
with

—sly|? 1 -
Vo s(0) =y ™M1 wp(n) = M) —m 2 )
1 +iy;

y=U1,...,¥n) ER", 2<p < oo,
and W, is defined as in the proof of Theorem 3.3. Then we have

[ 17 2,005, Oy, at, Sl ded
R JR"

< Cop.k i lullp@yllvlicows, 1/p+1/g=1.
Proof. First, we write (4.33) in the form

ho,p,s(x,¢) =/R "éz!//( $(2)U(x - 2)dz.
By an argument similar to that in the proof of Lemma 4.2, we have

L 1@7 e 2,505, o gl O dEdx
1/2

<[ ( 180.2.5(% c)|2d¢)”2 (/ & |ap5(X,f)|2df> dx

<c/ (/ |y/(°3,(w)u(x+w)|2dw) (/| <"3,(z)v(x—z)|qdz)l/q dx

< C||*//2,5||L2(nn)||“||LP(Rn)||'//p,,;||La(R~)||v||La(Rn) . l/p+1/g=1,
where C=Cy p - O

Thus, by an argument similar to the proof of Theorem 3.3, Lemma 4.4, and
Lemma 2.5, Theorem 3.4 is obtained. O

5. COUNTEREXAMPLES

In this section, we give two examples to show that the conditions on k given
in Theorem 3.1 are the sharpest (the case p = 2) and are sufficiently sharp (the
case 1 < p < 2). They are modifications of the counterexamples of [4] and [14,
p. 151], respectively.

Example 5.1. Let p=2 and 0 < kK <n/2 (n is the dimension). Define
a(x, &) = y(x)e"*A4l), x,{eR",

where y € C(B(0,1)),0 < w < 1,p(x) =1 if |x] < 1/2 and 4 is

a positive continuous but not differential function such that (&)=% < A(€) <

2¢)7*.
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It is obvious that a; € A9(R" x R"), and we have

. DY) = (5 ) v [ A de.
Since 4 ¢ L?(R"), we can find a function u, u € L?>(R"), such that
JRGLGEEES

Hence, ai(x, D)is not continuous from L?*(R"*) to L2?(B(0,1)). Thus
a(x, D) is not continuous from L2?(R") to L%*(B(0, 1)) if 0 < k < n/2 and
aeA)(R" xR").

Example 5.2. If 1 <p <2, let
ae(-x s 6) = W(x)e—ixéA(é) ’ X s é E Rn b}

where y is defined as in Example 5.1 and A is a positive continuous but not
differential function such that (£)~"/P+¢ < A(&) < 2(&)~"/P+¢ with 0 < e < n/2.
It is obvious that a, € AJ},_,(R" x R"), where m = m(p) = -n(l/p-1/2),
and we have

as(x , D)u(x) = (g) w(x) ]R A e

Let u be the convolution of ¢ and @, where ¢ € C°(B(0, 1/4)) and ¢(x) =
1if |x| <1/8. Then #=¢-¢% >0 and @ cannot be identical equal to zero on
any open subset of R”. Now, we define u,(x) = r"Pu(x/r) for 0<r< 1.
We can see that ||u,||.» = C, where C is a constant that does not depend on
r. Since

[ aom@az> [ @ de
n R”
- rn(l—l/p) /n(5>—n/p+ea(rc) d{
=r—e/ (r2+|¢|2)§(—n/p+e)a(é) dé
R"
>t [ (14 RO dg
[gl<1

>C'rt—oc asr—0,
where C’ is a positive constant, we have
llae(x, D)urllo(0, 1)) = Cré|l¥lloBo,1)) = o0 asr—0.

So a.(x, D) is not continuous from L?(B(0, 1)) to L?(B(0, 1)). Thus a(x, D)
is not continuous from LP(B(0, 1)) to LP(B(0,1)) if 1<p<2,0<k <n/2
and a € A}(R" x R"), where m = m(p) = —n(1/p - 1/2).
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