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THE NILPOTENCY CLASS OF FINITE GROUPS OF EXPONENT p

MICHAEL VAUGHAN-LEE

ABSTRACT. We investigate the properties of Lie algebras of characteristic p
which satisfy the Engel identity xy” = 0 for some n < p. We establish a
criterion which (when satisfied) implies that if a and b are elements of an
Engel-n Lie algebra L then ab"~% generates a nilpotent ideal of L. We
show that this criterion is satisfied for n = 6, p = 7, and we deduce that if
G is a finite m-generator group of exponent 7 then G is nilpotent of class at
most 51m? .

1. INTRODUCTION

In 1989 E. I. Zelmanov [18, 19] solved the restricted Burnside problem by
proving that for every positive integer m and every prime-power p* there is
a bound on the possible orders of finite m-generator groups of exponent pk .
Together with results of Hall and Higman [3], this proves that for all positive
integers m and n there is a bound on the possible orders of finite m-generator
groups of exponent n. Nevertheless, the problem of obtaining explicit bounds
remains open in most cases. If G is a finite m-generator group of exponent p*
then G is nilpotent, and in some ways it is more natural to look for bounds on
the nilpotency class of G, rather than to look directly for bounds on the order of
G . If we can show that the class of G is bounded by ¢, say, then it is easy to see
that the order of G is at most p¥™° . However, neither Zelmanov’s solution of
the restricted Burnside problem for prime-power exponent, nor Kostrikin’s 1959
solution of the problem for prime exponent [8], give explicit bounds for either
the order or the class of G. Adjan and Razborov [1] gave the first primitive
recursive bound for the class of a finite m-generator group of exponent p, and
similar bounds may be found in [9]. Vaughan-Lee and Zelmanov [17] showed
that if G is a finite m-generator group of exponent p then the class of G is
at most

m s
e —
3

and they showed that if G is a finite m-generator group of prime-power expo-
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nent g then the class of G is at most

——r
q4

It should be possible to improve these bounds considerably, and in special cases
we can do much better. Groups of exponent 2 are abelian, and groups of
exponent 3 are nilpotent of class at most 3 (Levi and van der Waerden [10]).
Groups of exponent 4 are locally finite (Sanov [12]), and it follows from results
of Gupta and Newman [2] and Razmyslov [11] that m-generator groups of
exponent 4 have class at most 3m—2. Higman [7] solved the restricted Burnside
problem for exponent 5 in 1956, and he showed that there is a positive integer N
such that if G is a finite m-generator group of exponent 5 then G is nilpotent
of class at most Nm . Higman did not compute an explicit value for N, but
Havas, Newman, and Vaughan-Lee [4] showed that it is possible to take N = 6
in Higman’s result. The largest finite 2-generator group of exponent 5 has class
12 ([5]), and the largest finite 3-generator group of exponent 5 has class 17
([15]). So N = 6 is best possible, at least for small values of m. In this
article we show that if G is a finite m-generator group of exponent 7 then G
is nilpotent of class at most 51m8®. Although this result is unlikely to be best
possible, it is still considerably better than the bound

mentioned above.

The results of Higman, Kostrikin, and Zelmanov all make use of the connec-
tion between groups of prime-power exponent and their associated Lie rings.
If G is a finite m-generator group of exponent p, and if L is the associated
Lie ring of G, then L is an m-generator Lie ring of characteristic p, and
L satisfies the Engel identity xy?~! = 0. (See [16] for a proof of this fact.)
We can think of L as a Lie algebra over the field of integers modulo p, and
Kostrikin solved the restricted Burnside problem for exponent p by proving
that if L is a finitely generated Lie algebra over a field of characteristic p, and
if L satisfies the Engel-(p — 1) identity, then L is nilpotent (of bounded class).
Since the nilpotency class of a finite group of exponent p is the same as the
nilpotency class of its associated Lie ring, his theorem proves that the class of
a finite m-generator group of exponent p is bounded.

The connection with the restricted Burnside problem has motivated a number
of researchers to investigate Engel Lie algebras. It is well known that if L is
an Engel-2 Lie algebra over a field K, then L is nilpotent of class at most 3.
(For a proof see [16].) If L is an Engel-3 Lie algebra over a field K, then
L is nilpotent of class at most 4 provided char(K) # 2, 5 (see [6] and [13]).
In the case when char(K) = 2, then an m-generator Engel-3 Lie algebra over
K is nilpotent of class at most 2(m + 1)® (see [14]), and in the case when
char(K) = 5, then an m-generator Engel-3 Lie algebra over K is nilpotent of
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class at most 2m . Engel-4 Lie algebras are nilpotent of class at most 8 provided
the characteristic of the ground field is not 2, 3, or 5 (see [13]). Traustason [14]
has shown that an m-generator Engel-4 Lie algebra over a field of characteristic
2 is nilpotent of class at most 2(m + 1)6. Over fields of characteristic 3 and
5, the class of an m-generator Engel-4 Lie algebra is bounded by 3m and 6m
respectively. It is easy to see that if L is an Engel-p Lie algebra over a field of
characteristic p, then ab?~! iscentralin L forall a, b € L. So if we let {(L)
be the centre of L, then L/{(L) is Engel-(p—1). It follows from this and from
the results on Engel-4 Lie algebras, that the class of an m-generator Engel-5 Lie
algebra over a field of characteristic 5 is at most 6m + 1. Traustason [14] has
shown that if char(K) > 5, then an m-generator Engel-5 Lie algebra over K
is nilpotent of class at most 79m .

A number of results mentioned above make use of a reduction due to Higman
[7]. He introduced a Lie algebra L defined as follows. We let F be the free
Lie algebra with free generators x, a;, a;, ... over a field K. If we let I be
the ideal of F generated by {ab"|a, b € F}, then F/I is a (relatively) free
Lie algebra in the variety of Lie algebras determined by the Engel-n identity
xy" = 0. Welet L = F/(I +J), where J is the ideal of F generated
by {a,a,|z j>1}. Soifweset x=x+I+J,and @, =a;+I1+J for
i=1,2, , then L is an Engel-n Lie algebra over K, L is generated by
X, a, az, ...,and g;a; =0 forall i, j > 1. Itis easy to see that provided
char(K) > n, then L is nilpotent if and only if the ideal of L generated by
X 1is nilpotent, and Higman showed that if this ideal is nilpotent of class N
then the ideal of F/I generated by x + I is also nilpotent of class N. So, if
Id;(X) is nilpotent of class N, it follows that if x is an arbitrary element of
an arbitrary Engel-n Lie algebra M over K, then the ideal of M generated
by x is nilpotent of class at most N. This implies that m-generator Engel-
n Lie algebras over K are nilpotent of class at most Nm . Higman showed
that L is nilpotent in the case when n = 4, provided that char(K) # 2, 3.
Higman did not explicitly compute the class of L, but Havas, Newman, and
Vaughan-Lee [4] used a computer program to compute L when n = 4 and
char(K) = 5. They found that L has class 12 in this case, and that the ideal of
L generated by X is nilpotent of class 6. It is from this result that we deduce
that if G is a finite m-generator group of exponent 5 then G has class at most
6m . Higman’s algebra L is also known to be nilpotent for the case n = 3,
char(K) # 2, and for the case n = 5, char(K) # 2,3 (see [14]). On the
other hand Traustason [13] has found Engel-3 Lie algebras of characteristic 2
in which the ideal generated by an element is not nilpotent, and I have similar
examples of Engel-5 Lie algebras of characteristic 3.

In this article we consider a certain quotient algebra M of Higman’s algebra
L. Welet X be the ideal of F generated by {xa;aj|i, j > 1}, and we let
M =F/(I+J+ X). We show that if char(K) > n then the nilpotency of M
implies that Id4(ab"~?) is nilpotent whenever a, b are elements of an Engel-
n Lie algebra 4 over K. I have used an implementation of the nilpotent
quotient algorithm for graded Lie rings (see [4]) to compute M for n = 6 and
char(K) = 7. The computations show that M is nilpotent of class 22 in this
case. We are able to deduce from this, and from other properties of M , that
m-generator Engel-6 Lie algebras of characteristic 7 are nilpotent of class at
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most 51m?®. It follows from this that finite m-generator groups of exponent 7
are nilpotent of class at most 51m?®.

2. REDUCTION THEOREMS

As above, we let K be an arbitrary field, and we let F be the free Lie
algebra over K with free generators x, a;, ay,.... If u is any (Lie) prod-
uct of these free generators then we define the multiweight of # to be w =
(wg, w, Wy, ...) where wy is the number of times x appears in the product
u, and where foreach i =1, 2, ..., w; is the number of times the free gener-
ator a; occurs in the product. Note that w; = 0 for all but finitely many values
of i. If w is any given multiweight then we let F,, be the K-subspace of F
spanned by products of multiweight w. We call F, the multihomogeneous
component of F of multiweight w. The free Lie algebra F is multigraded
in the sense that it is the direct sum of its multihomogeneous components, and
satisfies FyFy < Fy.y for all multiweights v and w . (Here addition of mul-
tiweights is defined componentwise.) We suppose that char(K) > n, which
implies that the Engel-n identity xy" = 0 is equivalent to the multilinear iden-
tity Sp(x, y1, 2, ..., Yn) =0, where

Sn(X,y1,¥2, .5 ¥n) = Z XYa(1)Yo(2)* " Ya(n) -
o€Sym(n)

To see this, substitute y, +y,+---+y, for y in xy", expand, and pick out the
terms which are multilinear in y;, y,, ..., ¥, . We obtain the multilinear word
Sn(x, ¥15¥Y2, ... ¥Yn). Onthe other hand if we substitute y for y;, y2, ..., ¥n
in Sy(x, y1,¥2,...,Yn) then we obtain n!xy". So the ideal I of F gener-
ated by values of xy" is generated by values of S,(x, y1,¥2,...,¥n). It
follows that I is a multigraded ideal of F, and hence that the relatively free
Engel-n Lie algebra F/I is multigraded. The ideal J of F generated by
{aiaj|i, j > 1} is also multigraded. As above we let L = F /(I + J) and we let
X=x+I+J,a,=a;,+1+J for i=1,2,.... The following lemma was
mentioned above, and is due to Higman [7].

Lemma 1. Suppose that 1d;(X) is nilpotent of class N. If u is a product of
the free generators of F, and if u has multiweight (wo, w,, w,, ...) where
wo> N, then uel.

Proof. The proof is by induction on ), ,w;. First note that the result is
trivial if ), ,w; = 0. Now let u have multiweight (wo, w;, ws, ...) where
wo > N and where ), ,w; > 0. Then

u+1+J e (Idy (%)™ = {0},

andso u € I+J. Since F, I,and J are all multigraded this means that we can
express u in the form u =a+b, where a€ I and b € J, and where a and b
have the same multiweight as . Since b € J we can express b as a linear com-
bination of products ¢ of the form ¢ = a;ajv v, --- vy, where vy, V2, ..., Un
" are elements from the generating set {x, a;, az, ...} of F, and where ¢ has
multiweight (wg, wy, w,,...). We let ¢ be a product of this form, and we
pick an index k such that wy = 0. Then we let d = ayv v, --v,, . Clearly d
has multiweight (wo, wy, ..., w;—1, ..., wj—1,..., we+1,...) and so by
induction d € I. Now consider the endomorphism of the free Lie algebra F
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which maps x to x, maps a, to a, for r # k, and maps a; to a;a;. The
product ¢ is the image of d under this endomorphism, and so since d € I and
since I is fully invariant, we see that ¢ € I. Since b is a linear combination
of products ¢ of this form, this implies that b € I . Hence u € I, as required.
O

In this article we make use of the following variation on Lemma 1. We
let F,I,and J be as above, and we let X be the ideal of F generated by
{xaja;li, j>1}. Thenwelet M = F/(I+J+X),andlet X =x+I+J+X,
agi=a;+I+J+X fori=1,2,....

Lemma 2. Suppose that Idy(X) is nilpotent of class N. If u is a product of
the free generators of F, and if u has multiweight (wo, w,, W, ...) where
Wo— Y ;5oWi >N, then uel.

Proof. The proof is by induction on ), ,w;. First note that the result is
trivial if 3, ,w; = 0. Now let u have multiweight (wo, w;, w,...) where
Wo — ;5o Wi > N and where ), ,w; > 0. Then

u+I+J+X e (Id (%)™ < (Idp (%)) = {0},

andso uelI+J+X. Since F,I,J,and X are all multigraded this means
that we can express u in the form ¥ = a+ b +c¢, where a € I, b € J,
and ¢ € X, and where a, b, and ¢ have the same multiweight as ». The
proof that b € I is exactly the same as in the proof of Lemma 1, and the
proof that ¢ € I is very similar. Consider an element ¢ € X with multi-
weight (wp, w;, w;, ...). We can express ¢ as a linear combination of prod-
ucts d of the form d = (xa;a;)v\vy---v,, Where vy, v,, ..., Up are elements
from the generating set {x, a;, a, ...} of F, and where d has multiweight
(wo, wy, Wy, ...). Welet d be a product of this form, and we pick an index
k such that wy = 0. Then we let e = ;v v, - v, . Clearly e has multiweight
(wo—1,wy,...,wi—1,...,wj—1,...,we+1,...) and so by induction
e € I. Now consider the endomorphism of the free Lie algebra F which maps
X to x, maps a, to a, for r # k, and maps a; to xa;a;. The product d is
the image of e under this endomorphism, and so since e € I and since I is
fully invariant, we see that d € I. Since c¢ is a linear combination of products
d of this form, we see that ¢ € I. We have already noted that b € I, and so
uel,asrequired. O

We use Lemma 2 to establish the following reduction theorem.

Theorem 3. Suppose that Idy (%) is nilpotent of class N, and let A be an
arbitrary Engel-n Lie algebra over the field K. If a and b are arbitrary ele-
ments of A then the ideal of A generated by ab"~? is nilpotent of class at most
8(N —n)+41.

Proof. The basic idea of the proof is very simple, although it relies on detailed
calculations from §§3, 4, and 5. If x is any element of A4 and if m > 2, then
it follows from Lemma 6 in §5 that (/d4(x))™ is contained in the ideal of 4
generated by products of the form

V=Xa5a12 " a15,X021Q22 - - Aok, X * - XAr1Qr2 -~ * Qrf, »

where v has weight r in x with 2%t < r < m, and where v has total wieght
r+ki+k+---+k < r+2+§';l){§,”;1°2. If we let x = ab"? then this
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implies that (Id,(x))™ is contained in the ideal of A generated by products
which have weight r(n —2) in b for some r such that 3 < r < m and

have total weight less than r(n — 1) +2 + MM . Lemma 2 implies that

these products are zero provided r(n —2) — (r+2+ ww) > N, that is,
if r>3(N—-n)+16,orif m>8N—-n)+42. 0O

Note that the conclusions of Lemma 2 and Theorem 3 are still valid (with the
same proofs) under a slightly weaker hypothesis. We can replace the hypothesis
that Idys (%) is nilpotent of class N with the hypothesis that if v is a product
in M with multiweight (wo, w;, wy,...) in the generators X, a4,, @, ...,
then v =0 whenever wo — > ;. w; > N.

3. ENGEL-(p — 1) LIE ALGEBRAS

Let L be a Lie algebra over a field K of characteristic p > 5, and let L
satisfy the Engel-(p — 1) identity. We suppose that L has an abelian subalgebra
A, and an element x such that L is generated by 4 and x. The Engel-

(p — 1) identity implies that uv?~! = 0 for all u, v € L. If we substitute
v +v2+---+vp_; for v, expand, and pick out the terms which are linear in
vy, U2, ..., Up_1 , then we obtain the identity
Sp—l(u’ V1,V2,..., vp—l) = O’
where
Sp—1(U, V1,02, ...,0p1)= Z UUg(1)Ug(2) * * " Va(p—1) -
g€Sym(p—1)

We will use this identity to establish a number of further identities that hold

in L. In the identities that follow we let a, b,c,a;,a>, ..., b1, ba, ...,
¢, ¢z, ... denote arbitrary elements of the abelian Lie subalgebra 4 of L.
We state each identity in turn, and follow each statement with a proof.
(1) uajay---a,_, =0 foralluelL.

This follows immediately from the identity S,_;(«, ay, a2, ..., a,-1) =0,
using the fact that g;a; =0 for 1</, j<p-1. 0O
(2) xaP3xbP~2 = xaP2xbP3 = 0.

Using the fact that p — 3 is even, we write p — 3 = 2s. Then
s
— s S\ 1\ s S+r .. S—r
0= (xa’)(xa’) = ;( 1) <r>xa xa’ ™",
and so
s—1
p=3,pP—-2 _ 1\ s S+r . S—T }p—2
xaP~’xb —iZ( 1) <r>xa xa* "hP7*,
r=0
which is zero by (1). So xa?~3xb?~2 = 0. Substituting b; + by +---+ b,_, for

b, expanding, and picking out the terms which are linear in by, by, ..., bp_2,
we obtain xa? 3xbyb,---b,_, = 0. (We refer to this as linearizing with respect
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to b, and we will be making frequent use of this process.) Next consider

xa?~2xbP~3 . The identity S,_;(x, x,a,a,...,a)=0 gives
p-2
xaP~ix = — Zxa’xa"‘z" ,
r=0
and so
p-3
xa? 2xbP = - " xa'xaP T3 =0,
r=0

by (1), and by the identity xaP=3xb;b,---b,_, = 0 just established. O

Now we let Y be the ideal of L generated by all elements of the form
xayaz---ap—3,with ay, as, ..., ap_, € A. In the remainder of this section we
will establish a number of identities which hold in the quotient algebra L/Y .

(3) xa?4xbP 2 €Y.
The identity S,_;(xa?~%x, b, b, ..., b) =0 gives

p-2

—4 —2—
Zxa” b'xb?P~* " =0,
r=0

and using the fact that xa?~*(xb?~%) € Y we obtain

p-2
S (=1 (p ; z)xa”"‘b’xb”‘z" €Y.

r=0
Now xa?~*b" € Y if r > 1, and so these two identities give
xa?4xbP2 4 xaP~4bxbP 3 e Y,
xaP~4xbP~2 — (p — 2)xa’*bxbP 3 e Y.

Identity (3) follows immediately. O

(4) xa?3xbP3ey.

Using the same argument as in the proof of (2) we see that if we let s =
(p—3)/2 then

xaP3xbP 3 =+ sif(—l)’(i)xa”’xa“’b”“’.
r=0
Using (1) this gives
xa?3xbP3 = +(—1)*"'sxaP~*xab”3,
and so (4) follows from the linearization of (3) with respectto b. O

In the remainder of this section we will establish a number of identities
involving elements of the form

xayay---a;xbyby---bsxcicy-- ¢y,
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where a1, a3,...,a,,b1,by, ..., bs,c1,C2,...,c € A,and where r+s+t =
3p—11. We let M be the subspace of L spanned by elements of this form.
Our aim is to prove that all these products lie in Y, so that M < Y. Clearly
such a product lies in Y if r > p — 2. Identity (1) implies that the product is
zero if s >p—1,0r t>p~— 1. Identity (2) implies that the product is zero if
r+s > 2p -5, and identities (3) and (4) imply that the product lies in Y if
r+s =2p—6. So we need only consider products with r < p — 3, and with
2p—-9<r+s<2p-17.

(5) xa'xb’xc'eY ifr+s+t=3p-11,r<p-5.

Note that we may assume that r < p — 2, and that s, < p — 1, and so the
linearization of (5) gives

xa\ay - a;xbiby---bgxcica---c, €Y

if r+s+t=3p—-11,r<p-5.
First we deal with the case when r < p — 6. In this case either s =p —2 or

t =p—2. Suppose that t = p—2. Then S,_;(xa"xb*,x,c,c,...,¢c)=0
gives

p—2

Z xa xb*cmxcP~m = 0.

m=0

Also, using the fact that xa’xb*(xc?~2) € Y, we obtain

> (=pm (‘D - 2)xa’xbscmxc”“z‘"’ €Y.
m
m=0
Nowif r<p—6,r+s+t=3p—11,t=p—-2,then s>p—-3.Soif m>1
then xa"xbsc™ =0 by (1). So the two identities above give
xa'xb’xcP~% + xa'xbcxc? 3 =0,

xa'xb’xcP~? — (p — 2)xa"xb’cxc? e Y.
The fact that xa’xb’xc?~2€ Y (when r < p—6,r+s=2p—9) follows imme-
diately from this. The case when s = p — 2 follows similarly from the identity
Sy—1(xa’x,x,b,b,...,b)c =0, and from the fact that xa"x(xbP=?)c' € Y.

Now consider the case when r = p — 5. Just as in the proof of (2), we use
the fact that p — 5 is even, and we let s = (p — 5)/2. Then

s S\ _ . 1YV S S+F y. (S—T
0=(xa )(xa)—g( 1) (r)xa xa’~ ",

and so
s—1 s
-5 r S+r s—r
xal7Px =+ -1 xa*t ' xa*".
ZO( ()
r=

So the case when r = p — 5 reduces to the case when r < p — 6, and the proof
of (5) is complete. O

(6) xa'xaP " "b’xc'eY if0<r<p-2,s+t=2p-9.
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Identity (5) implies (6) if r < p — 5, and clearly (6) holds if r = p — 2.
So we need only consider the cases when r = p — 4 or p — 3. The identity
Sp—1(x,x,a,a,...,a)bxc' =0 gives

xaP*xa*b’xc' + xaP3xab’xc' € Y,

and the fact that x(xa?~2)bsxc' € Y gives
- <‘D ; 2)xa”“‘xazb‘xc’ +(p-2)xaP3xab’xct e Y.

This completes the proof of (6). O
(7) xaP3xbP~Oc"xc? 2 "eY forO<r<p-2.
Identities (1)-(4) imply (7) for r > 3. The identity
S,_1(xaP=3, xbP8x,¢c,c,...,c)=0
gives xa?3(xbP~Sx)cP~% € Y . If we expand this and use (1) then we obtain
2xaP3xbPbxcP2e Y,

which gives (7) for the case r = 0. Using these results we see that the identity
Sp—1(xaP=3xbP=%, x,c,c,...,c)=0 gives

xaP3xbPbcxc? 3 + xa?3xbP ¢ xcP e Y,

and the fact that xa? 3xb?~%(xc?~2) € Y implies that
-2
—(p = 2)xa?3xbP~ScxcP3 + (p 5 )xa"‘3xb”‘6c2xc"“‘ €Y.

This completes the proof of (7). O
(8) xalaz~~~a,b‘xb”.‘2“5clcz‘--c,x didy --d,eY

if0<s<p-2,r+t+u=2p-9.

We prove (8) by induction on r. The case r = 0 follows from (6), so
suppose that r > O and suppose that (8) holds for all smaller values of r.
Clearly (8) holds if r+s > p — 2, so we suppose that r +s < p — 2. We let
u=a +a,+---+a,+b. Then (6) implies that

XuSxuP=2""Sb"cicy - cixdydy---d, €Y.

If we expand this identity and pick out the terms which are linear in a,,
ay, ..., a, and have degree p—2 in b, then using the inductive hypothesis we
obtain

r! (r-:s)xalcq ca,bxbP 25y o xdydy - dy, €Y.
This establishes (8). O
(9) xaP 3xbby---bc*xc? S dydy---dy €Y

if0<s<p-2,r+t=p-6.
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We establish (9) by induction on ¢, using (7), in the same way as we used
(6) to establish (8). O

(10) xa?3xbP3xcP~3 = axa?3xb? 3cxc’* modulo Y, for some a # 0.

If we use (4) and (7) then the identity S,_(xa?=3, x, x, ¢, ¢, ..., c)bP75 =
0 gives
xaP3xcP3xc?bP3 + xaP 3 xcP A xcbP P e Y.
We let u = b+ ¢, and use (9), which gives
xaP3xuwPSxudbP b e Y.

We expand this identity, and pick out the terms which are of degree p — 5 in
b and degree p — 3 in c. This gives

3xaP3xcP S xc?bPS + (p — S)xaP3xbcPSx3bP b e Y.
Using (9) again we have xa? 3xbu?~Sxu*b?~7 € Y . Expanding this we obtain
dxaP3xbcPSxc3bP8 + (p — 6)xa? 3xb P T xc*bP T e Y.
So we can see that xa? 3xc?~Sxc?b?~3 is a nonzero linear multiple of
xa?3xb%c?~"xc*b?~7 . Continuing in this way we see that xa?3xcP~Sxc2bP—3
is a nonzero linear multiple of xa?~3xb?~3xcP~3. Similarly we see that
xaP~3xcP~*xcbP~3 is a nonzero linear multiple of xa?~3xb?3cxcP~*. So (10)

follows from the identity xa?=3xc?~5xc?b?~5 4+ xaP~3xcP~*xcb?~> € Y proved
above. O

(11) xaP4xbPOc’xcP1"TeY forO<r<p-1.

It is clear that xa?~*xbP?~Sc"xcP~!=" must lie in the ideal of L generated
by elements of the form xa;a;---a,—_3. So, modulo Y, xaP~4xbP=8cxcP~1-"
can be expressed as a linear combination of elements of the form

xaya;---ap_3xbiby - - byxcicy - ¢,

where r+s = 2p—8. Using (2), (4), (7), and (10) we may assume that r = p—4.
So, modulo Y, xaP~4xbP=%c"xcP~1-T can be expressed as a linear combination
of terms of the form

xc’alaz s ap_3_,xcsb1b2 s bp_4_sxc’ dl d2 s dp_4_t

where r+s+1t = p—1. We prove that these elements all lic in Y by induction
on ¢t. If t < 2 then elements of this form lie in Y by (8). So suppose that
t>2. Let u=by+by+---+bp_4_s+c. Then (9) gives

xcaay- - ay_s_,xuP*xu’c'2didy- - dp4_ €Y.

Expanding this and picking out the terms which are linear in by, by, ..., bp_a—;
and of degree p — 1 in ¢ we see that

xc'ayay - ay_3_,xbiby - by_s_sxctdidyr - dp_sy

is a linear combination of terms which have the same form, but have smaller
values of ¢. So all these elements lie in Y by induction on ¢. This establishes
(1. O

(12) xaP4xbP 3" xcP 2 TeY forO<r<p-2.
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Using (1) and (3) we see that S,_;(xa?~4xb?~5,x,c,c,...,c) =0 gives
(13)  xa® 4xb?3xcP2 + xaP~*xb?ScxcP 3 + xaP 4 xb? 3¢t xcP e Y.
Also the fact that xa?~4xb?~5(xc?~2) € Y gives
(14) xa?~*xbP5xcP~2 + 2xa?*xbPScxcP3 + 3xaP ~*xbPScixcPt e Y.
Finally, S,_;(xa?~*xb?=%,x,c,c, ..., c)b =0 together with (1) gives
(15) xaP~4xbP~ScxcP3b+xaP~*xbP~0c2xcP b+ xaP 4 xb?~bc3xcPSbh e Y.

If we set u = b +c, then (11) gives xa?~*xb?~SuxuP=2 € Y . Expanding this,
and picking out the terms of degree p — 5 in b and of degree p—2 in ¢ then
we obtain

(p —2)xa®~*xb?ScxcP3b + xaP*xb?SxcP 2 e Y.
Similarly,
(p — 3)xa” 4 xbP~8c2xcP~4b + 2xaP 4 xbPScxcP 3 e Y,

and
(p — 4)xaP~*xbP~8c3xcP73b + 3xaP~4xbPSctxcP e Y.

So (15) gives

2
xaP4xbP3xcP2 + 3xa"‘4xb"‘5cxcp‘3

+ xa?~4xbP3c2xcPt e Y.

This, together with (13) and (14) gives (12). O

(16) ' xa?3xbPSxcP3 e Y.

Using (5), (7), and (12) we see that S,_(xb?~%, x, x,a, a, ..., a)cP~3=0
gives
(17) xb?SaxaP~4xcP3 + xbP5alxaP SxcP3 Y.

If we set u =a+ b then (8) gives xb?~Su?xu?~*xcP~3 € Y. Expanding, and
picking out the terms of degree p — 3 in a and degree p — 5 in b we obtain

2xbPPaxaP 4 xcP 73 + (p — 4)xbPSa’xaP SbxcP 3 e Y.
Similarly xb?~4="u" xu?~2-"b"~2xcP~3 € Y gives
rxbP=37Ta xaP "2 2x P 4 (p — 2 — ) xbP 4T a xaP 3 Th P 3 e Y
for r=3,4,..., p—4. Hence

xbP3axaP *xcP~3 — xaP4*xabPSxcP 3 e Y.

Similarly
2
XbP 3@ xaP xcP T - —— = xaP3xbPSxcP ey,
(p-4)(p-3)
and so (17) gives
xaP 4*xab?SxcP3 + —2—xa""3xb"‘5xc’"3 €Y.

(-4 -3)
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Now, as we saw in the proof of (2), if we let s = (p — 3)/2 then
d s
— S S\ — 1\ S+r Ss—=r
0= (xa*)(xa’) = rE:O( 1) (r)xa xa’".

It follows that
(=1 tsxaP 4 xabPSxcP73 4+ (1) xaP xbPxcP 3 € Y,

and this, together with the identity above, gives (16). 0O

(18) xaP3xb P4 Txc*dP 3" eY forO<r<p-S5.
We prove (18) by induction on r. The case r = 0 follows immediately from
the identity S,_;(xa?=3, x,x,c,c,...,c)d?> =0, using (4), (7), and (16).

The remaining cases follow from the case v = 0 and (9) in the same way as (8)
follows from (6). O

(19) xaP3xbP74xcP~4 4+ xaPxcP A xbP e Y.
If we set u = b+ ¢ then (18) gives
xa@3xbuP~ 4T xu P e Y for0<r<p-S5.

If we expand this and pick out the terms which are of degree p — 4 in both b
and ¢, then we obtain

(p—4—r)xaP3xb™ P x e BT 4 (r+ D) xaP T 3xb P X b e Y
for 0 <r<p-95. This gives (19). O
(20) xb?4xcP4xaP3 €Y.
Working modulo Y, and using (3), (4), (7), (16), and (19), we obtain
xbP~4xcP~4xaP~3 = (xbP~*) (xcP 4 xaP 3
= (xb?"H)(xc? ) (xaP73) + (p — 3)(xbP =) (xcP HaxaP~*
= —(xa?3)((xbP~*)(xcP™)) + (p — 3)(xb"*a)(xc? ") xaP~*
+(p = 3)(xbP~*) (xcP*a)xa? 4
= —2xaP3xbP 4 xcP4 + (p - 3)xbPaxcP 4 xaP ™t
—(p—3)xcPtaxbP~4xaP™4
= —2xa”3xbP~4xcP~* — (p — 3)xbP*axaP~*xcP~4
+(p - 3)xcP*axa?~4xbP~4.

Now we can use (8) and (19) to show that

xbP~%axaP~4xcP~4 = —

1 _ _ _
3xa" 3xbP—4xcP—4

modulo Y, and to show that xc?~%axa?~*xb?~* = —,ﬁxal’*xc”“‘xb""‘ =
p+3xa”‘3xbp‘4xc”“‘ modulo Y :so xb?~4xcP~%xaP~3 € Y ,asrequired. O
(21) xaP3xbP4xcPte Y.

Using (7), (12), (16), and (20), the identity

S, 1(xa"™*, x,x,a,b,b,...,b)cP*=0
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gives

(p — 3)xa?*xab’~*xcP~* + xa? 3xbP x4

22
(22) + (p — 4)xa?*bxabPSxcP~t e Y.

Now, as we showed above, xa?~*xab?~4xcP—* = 53—3xa1"3xbp‘4xc”‘4 . Also
(6) gives xa?~*bxabP~SxcP~* = —L3xa?—3xb?~4xcP~*. So (21) follows from
(22). O

We are finally in a position to prove that the subspace M defined above lies
inY.

(23) xaiay---a,xbby---bsxcicy---c;€Y ifr+s+t=3p—-11.

Clearly an element of this form lies in the ideal generated by elements of the
form xdd,---d,_3. So we only need to consider the case when r = p — 3.
But then (7) and (16) imply that we may assume that ¢ < p—4, and (4) implies
that we may assume that s < p — 4. This leaves only the case s =t=p — 4,
which is covered by (21). O

4. ENGEL-n LIE ALGEBRAS (n < p—1)

Let L be a Lie algebra over a field K of characteristic p > 5, and let L
satisfy the Engel-n identity for some n < p — 1. We suppose that L has an
abelian subalgebra A4, and an element x such that L is generated by 4 and
X . Just as in §3, the Engel-n identity implies that uv” =0 for all u,v € L,
and this is equivalent to the identity

Sn(u’ V1, V2, ... ,vn)=0,

where

Sn(U, V1,02, ...,0,) = Z UVg(1)Vg(2) * * * Va(n) -
o€Sym(n)

The proofs that follow are similar to the proofs in §3, but shorter and easier for
the following reason. The identity S,(u, v, w, w, ..., w) =0 implies

n—1

(24) > uwvw™ ' =0.
i=0

This gives

n—1

> v(uw'w" =i =0.

i=0
Expanding uw’ in this identity gives

n—1 i

Z Z(— 1) (i)vw’uw”"" =0.

i=0 r=0
Interchanging the order of the summation we obtain

n—1n-—1

Z Z(—l)’ (:)vw’uw""" =0,

r=0 i=r
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and since 30" () = (,",) this finally gives us

n—1

1\ n r n—l—-r _

(25) rz_;( 1) (r+ l)vw uw =0.
Note that we are assuming that n < p—1, so that the coefficients in this identity
are different from those in (24). In the case when n =p—1, (,},) = (—1)"*! for
0 <r<n-1, and so identity (25) can be obtained from (24) by interchanging
u and v. We will use the identity S,(u, vy, v2, ..., v,) = 0, together with
(24) and (25) to establish a number of further identities that hold in L. In the
identities that followwelet a, b, ¢, ay,ay, ..., b1, b2, ..., 1, C2, ... denote
arbitrary elements of the abelian Lie subalgebra 4 of L. As in §3, we state
each identity in turn, and follow each statement with a proof.

(26) uajay---a,=0 foralluel.
This follows immediately from the identity S,(u, a;, a3, ..., a,) =0, using
the fact that g;a; =0 for 1<i,j<n. O
(27) xa" 2xb" ! = xa" 'xb""? = 0.
Identity (24) gives
-1
nz:xa"‘zb’xb”“" =0
r=0
and identity (25) gives
n—1
Z(—l)’( " )xa”‘zb’xb""" =0.
= r+1

Now (26) implies that xa”~2b" = 0 if r > 2, and so these two identities imply
that
xa"2xb""! = xa" 2bxb""t = 0.

Similarly, (24) and (25) give

n—1
Zxarxan—]—rbn—Z — 0’
r=0

n—1

1\ n ry  n=l—rpn—2 __
Z( 1) (r+ l)xa xa b =0,

r=0
and these identities, together with (26), imply that

xa"'xb""? = xa"2xab"? = 0.
This establishes (27). O
Now let Y be the ideal of L generated by elements of the form xaja;---a,_; .
(28) xa" b xb"1""eY forO<r<n-1.
Clearly xa" *b’xb""!=" € Y for r > 3. So (24) and (25) give

xa"4xb" ' + xa"*bxb"" 2 + xa"*b2xb" 3 e Y,

nxa"4xbp"! — (;)xa"“‘bxb"‘2 + (§>xa”‘4b2xb”‘3 €Y.
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Also the fact that xa"~4(xb""!) € Y gives
xa" 4xb" ! — (n - )xa" " *bxb"? + (n; l)xcz”“‘bsz"‘3 €Y.
These three identities establish (28) since

b1 é n2(n? — 1)
3
!
2

no =) =-———#0. O

1 —-(n-1 (7Y

(29) xaiay---a,b’xb" " '“Scicy---c;€Y forO<s<n-1ifr+t=n-4.

This follows from (28) in the same way as we showed in §3 that (8) follows
from (6). O

(30) xa"2xb"3eY.
Using (28) we see that the identity S,(b, x, x,a,a,...,a)b"* =0 im-
plies that
(31) bxa"*xa*b"* + bxa" 3xab" *e Y.
Now bxa"*xa’b"* = —xba"*xa?b"*. If we set u = a + b, then (29)

implies that xu"~3xu?b"~* € Y . Expanding, and picking out the terms which
are of degree n — 2 in a and of degree n» — 3 in b, we obtain

(n—3)xba"*xa’b"* 4+ 2xa" 3xab" 3 e Y.

Similarly bxa" 3xab"~* = —xba"3xab"~* = Lsxa"~2xb"~3. So (31) gives

(32) a"3xab"3 4 ;1—2xa”'2xb”‘3 cv.

—X
n-3
Now if n is odd, then n — 3 is even. So if we let s = (n — 3)/2 then
3 )
— s Sy — _1\ S+ 3 4S—T
0 = (xa®)(xa’) g( 1) (r)xa xa*".
So

s=1
s
xa" 3xab" 3 = — E(_l)r (r)xas+rxas—r+lbn—3 eY.
r=0

Hence (32) implies that xa" 2xb"~3 € Y. On the other hand if n is even,
then n — 2 is even, and so if we let s = (n — 2)/2 then (xa®)(xa®) =0, and
expanding this we obtain

n-2
xa" " txb"3 - 5 xa"3xab"3eY.

Together with (32) this implies that xa"~2xb"~3 € Y. So, whether n is even
or odd, we have shown that xa"2xb"3cY. O

5. THE IDEAL GENERATED BY AN ELEMENT

Let L be an Engel-n Lie algebra over a field K with char(K) > n, and
let x be an element of L. In this section we study the ideal Id;(x) of L
generated by x. Clearly, Id;(x) is spanned by products in L such that at
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least one of the elements in the product is x. More generally, it is easy to see
that (Idp(x))™ is spanned by products in L such that x occurs at least m
times in the product. Let u be a product of k elements v, vy, ..., v € L,
in some order with some bracketing. If x occurs m times in the sequence
vy, V2, ..., U, then we say that u has type (m; k). Note that the elements
Vi, V2, ..., U; could also be products, and that some of these products might
involve x, so that type (m; k) depends on the particular expression for u as
a product of vy, vy, ..., vx. So, strictly speaking, we should call (m; k) the
type of the expression for u, rather than the type of #. Our aim in this section
is to establish the following three lemmas.

Lemma 4. If m > 2, then (Id;(x))™ is generated as an ideal by products of

type (m; k) wherek§m+l+w.

Lemma 5. Let m > 2, and let
U = Xa5a a1, Xa1a2 - Qf, X - XAm1Am2 * - - Amk,,

be a product of type (m; k) in L. Let Y be the ideal of L generated by
elements of the form xa\ay---a,_, where a; € {a;|1 <r<m,1<s<k} for
i=1,2,...,n—1, andlet Z be the ideal of L generated by all products in
L of type (m;r) with r <k. Ifk2m+2+ﬁﬁl)%""—_l—(—)l then veY +Z.

Lemma 6. If m > 2, then (Id (x))™ is contained in the ideal generated by
products of type (r; k) where 33 <r<m and k <r+2+ =13 -10) g""o )

Let L be an Engel-n Lie algebra over a field K with char(K) > n, and
let x be an element of L. Then Id;(x) is spanned by elements of the form
xayay---a; with ay,ay,...,a, € L, and with k > 0. So (Id.(x))™ is
spanned by elements of the form

(xaynay---ay,)(xanaxn - ay,) - (Xam1am2 -+ - Amk,,) -

Note that this element has type (m; k) where k =m+ k| +ky+---+k, . We
want to show that (/dy(x))™ is generated as an ideal by elements of type (m; k)
where Kk <m+ 1+ gm—_lﬁzﬂ So we let Z be the ideal of L generated by
these elements, and we prove by induction on k that elements of type (m; k)
liein Z for all k. We let u be a product of type (m; k) for some k >
m+1+ L'";'%ZL_—SZ and we suppose that all products of type (m; r) liein Z
forall r < k. The product u can be written as a linear combination of products
of type (m; k) of the form

Xapayy A, Xaazy - A, X - XAm1Am2 - Ak,

(where m + k| + ky +--- + kp = k), and so it is sufficient to prove that
Xapayy - Qg Xaan -y, X - Xami1Am - Ak, € Z

for all a;; € L. Clearly it is sufficient to prove this in the case when L is the
relatively free Engel-n Lie algebra freely generated by x, a1, di2, ..., Qmk,, -
Now we let J be the ideal of L generated by {a;jan|l <i,r<m,1 <)<
ki, 1 <s<k}.If we can show that

V= XAy a A, Xa1a gy X - XAm1Am2 Ak, € Z+J
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then, by an argument similar to the argument used in the proof of Lemma 1,
it follows that v € Z . Since L, Z, and J are all multigraded, if v e Z + J
then v can be expressed in the form v =b+c, where be Z and ce J, and
where b and ¢ have the same multiweight as that of v in the free generators
of L. But then ¢ can be written as a linear combination of products of the
form (a;ja,s)vsvs--- v, where v3, vs, ..., vy are free generators of L, and
where x occurs m times in the sequence vs3, Vs, ..., vy . If we treat a;ja,
as a single element of L then (a;ja,s)v3vs--- v, has type (m; k — 1) and so
lies in Z by the inductive hypothesis. Hence v € Z as required.

So from now on we work modulo the ideal Z +J . In other words, we assume
that all products of type (m; r) are zero for all r < k, and we assume that
ajjas =0 forall i,j,r,s suchthat 1 <i,r<m, 1<j<k, 1<s<k,.
We make one further inductive hypothesis. If

w= xb11b12 te blrIXb21b22 o 'b2r2x e ‘Xbmlme T bmr,,,

is a product of type (m; k) with b;; € L forall i, j suchthat 1 <i < m,
1<j<ri,andwith m+r +r,+---+r, =k, then we define the index of w
tobe (r1, r,..., rm). We order the set of possible indexes lexicographically,
so that

(rlar2a'-'arm)>(kl,k2:-”akm)

if for some s with 1 <s < m wehave r; =k; for 1 <i<s and r; > k;.
We make the additional inductive hypothesis that w = 0 for all such w with
index (r, Y & J N r,,,) > (kl, kz, ceey km)

Now we show that these assumptions imply that v = 0. First note that if
kn > 0 then

U=Xana12: a1k, Xa21022 - O, X - XAm18m2 * * * Ak, —1

has type (m; k — 1). The inductive hypothesis implies that ¥ = 0, and so
U = ua,k, = 0. Next, note that we can use the results of §§3 and 4 since
ajjars =0 forall i,j,r,s suchthat 1 <i,r<m, 1<j<k;, 1<s<k,.
Identities (1) and (26) imply that v =0 if k, > n forany r with 1 <r<m.
We can also show that v =0 if kK, =n—1 forsome r with 1 <r <m. To
see this suppose that 1 <r < m and that k, =n — 1. Set

U=Xa11a12 " A, XA21A22 -+ Aoy X+~ XAp_1 1 @12 - Qr_ 1k
and use the identity
Sn(U, X, a1, @25 ooy rn_1)XAri11Gri12 7 rit ke, X XAm1Gm2 ** * A, = 0.

This identity enables us to express v as a sum of products of type (m; k) with
higher index than v. So v = 0. Identities (2) and (27) imply that v = 0 if
ky =n—1 and k; = n—2. Identities (2) and (27) can also be used to show that
v=0 if k, = k,;; =n -2 for some r with 1 < r < m. For they imply that if
X,u,a1,a,...,an-2,b1, by, ..., by_, are elements of an Engel-n Lie alge-
bra over K then uxaja;---a,_2xb\by---b,_» = —xuajay---ay,_yxbiby---b,_»
lies in the ideal generated by the elements ua;, ub;, a;b; (1<i,j<n-2).If
k; = k,.1 = n—2 for some r with 1 < r < m then we substitute

XAa11412 - A1 XA21Q22 - Aofey X -+ - XQp—118r—12 " Qr—1k,_,
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for u, and substitute a,; for a; and a,4;; for b; (1 < j < n—2) in this
identity. The identity then implies that v lies in the ideal of L generated by
elements of the form

Xap1a12 - A1, XA21022 - - Af, X -+ XAr—1 1Ar—12" Ar_1 k,_,Aij

(i=r,r+1,1<j<n-2). Since L is multigraded this implies that v can
be expressed as a linear combination of products of type (m; k) all of which
have higher index than v . By the inductive hypothesis, all products with higher
index than v are zero, and so v = 0. Finally note that if k,,_; = n — 2 then
setting

U=Xxanaiy a1, Xa1a - Ay, X - Xaqm-21m-22" " Am-2k,_,

we see that the identity S, (¥, X, X, @Gm_11, @m_12, --- » Am—1n—2) = 0 enables
us to express v as a linear combination of products some of which have type
(m; k) but have higher index than that of v, and some of which lie in the ideal
generated by products of type (m;k—1). So v=0.

To summarize, v = 0 unless the following conditions are satisfied:

k|<n,
kr<n—1forl<r<m-1,
km_|<n—2,
km =0,

ki<n—-1lorky<n-2,
Ifl<r<mthenk,<n—-2ork, . <n-2.

But if all these conditions are satisfied then kK = m+ kj + ky + - + ky <
m+ 1+ szz"—_él , contrary to the initial assumption. So v = 0 as required.
This completes the proof of Lemma 4. O

Now we prove Lemma 5. Let m > 2, and let
VU =Xa11412" A1, XA21022 - A, X * - - XAm18m2 * * * Ak,

be a product of type (m; k) in L. Let Y be the ideal of L generated by
elements of the form xaja;---a,_; where a; € {a,s|]1 <r<m,1<s <k}
for i=1,2,...,n—1,andlet Z be the ideal of L generated by all products
in L of type (m;r) with r < k. We show that if k > m + 2 + Z=00m=10)
then v € Y+Z . As above, we let J be the ideal of L generated by {a;;a|1 <
i,r<m,1<j<k,1<s<k}. Justasin the proof of Lemma 4 we see
that we can assume that L is multigraded, and that ¥ = Z = J = {0} . We
suppose that kK > m + 2 + £m_—l£33_'ﬂ2 and we show that this (together with
the assumption Y = Z = J = {0}) implies that v = 0. We can assume by
induction that w =0 if

w = Xbublz'”blr,szlbzz ’"bZrzx"'XbmleZ"'bmr,,,

is a product of type (m; k) with b;; € {ax|l <r<m,1<s <k} for i =
1,2,....,m,j=1,2,...,r,and with (r;, ra, ..., rm) > (ki ka, ..., km).

As in the proof of Lemma 4, we see that v =0 if k, > n—1 for some r with
1 <r<m,orif k, > 0. Since we are making the assumption that Y = {0},
it is clear that v =0 if k; > n— 1. The assumption that Y = {0} also means
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that we can make use of identities (3), (4), and (23) from §3 and identity (30)
from §4. We show that these identities imply that v =0 if k, = n —2 for any
rwith 1<r<m.

First suppose that kK, =n—-2. If ky =n—2 then v =0 by (4) and (30). If
ki < n — 2 then, using the fact that products of type (m; k) are zero if they
have index greater than (k;, k,, ..., kn), we see that

V=Xanay a1 Xa21a2 - QX+ XAm1Am2 -+ Ak,

= (xanan - a,)(Xa21a2 -+ Gy, )X+ XAm1 Am2 - * * Ay,

= —(xanaxn - ay,)(Xanai - a,)Xx - XAm1Gm2 - * * Ak,

=0.
Next suppose that k, = n — 2 for some r with 2 < r < m, and let u =
X112 A, XA a2 -+ Aoy X+ + XAr—218r—22** Gp_2k,_, - If kp—y = 0 then
the identity

Sn(ua X, X,0Qr15,8r2;5 .- arn—Z)
*XQre118r412° Ayl by X XAm1Am2 * * * A, = 0

enables us to express v as a linear combination of products of type (m; k)

with index greater than (k;, k3, ..., k). Hence v =0 if k,_; = 0. Now
suppose that k,_; = s > 0, and let b, ¢ be elements in the linear span of
{aijll <i<m,1<j<k}. Using the fact that products of type (m; k) are
zero if they have index greater than (ky, k,, ..., kn), the identity
Sn(qus_l 3 X3 CyCyanny C)XQryy 1@ry12-" Qritk X" XAm18m2 * Ak, = 0
gives
uxb = xc" 'xa,i1 1 XAm1Gm2 - A,
+uxblexc" 2Xap1 1 XAm1Gma - Ak, = 0.

Similarly the identity

-1 -1
uxb’ = (xc" X1 18412 Arpi kg, X XAm1Gm2 Ak, = 0

gives
uxb* " 'xc" 'xa 11 XAm1Am2 - - A,
—(n=Duxb*"lexc"2xar41 1 XAm1Gmay - - A, = 0.
So
uxb='xc"'xa, 11 XAm1Gma - A,
= uxb*lexc" " xar4 11 XAm1Gma -+ G, = 0.

Linearizing this we see that

(33) uxbiby - bs_1xC1€2- - Cpo1X@ry1 1+ XAm1 A2+ Ak, = 0

and

(34) qulbz B ~bs_|cxc"'2xa,+“ ©XAm18m2 Ak, = 0

forall by, by, ..., bs_1,c1,¢C2, ..., Cno1, C in the linear span of {a;j|1 <i<

m,1<j<k}.Ifwelet 0<t<s-1,then (34) gives

uxb'c*=1 (b + ¢)x(b + )" 2xar11 1+ XAm1Am2 ++ + A, = O.
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Expanding, and picking out the terms of degree s in b and of degree n—2 in
¢, we obtain

(’; : t2) uxb'cS T xbS T2 X XA A - Amk,,
n—2 t+1 s—1—t L ps—1—t .n—1—5s+t
+ (s o 1)uxb c xb c Xrp11 XAm1Am2 -+ - A, = 0.
These identities for t =0, 1, ..., s — 1 show that
Uxb*xc" " xapi1 1 XAm1Ama - - A,

is a nonzero multiple of

Sy M—2=S]S
uxc*xc b*xa, 11 XAm1Qma -+ A, -

m

Now consider the identity
Su(u, x,x,¢,¢,...,00b°XAr11ar412 7 Ary 1k X+ XAm1 A2+ * Ak, = 0.

Expanding this, using (33), and ignoring terms which have index greater than
(k1, k2, ..., km), we obtain

—2—
uxc’xc" b X 12 etk X XAm1Am2 - G, = 0.
By the above remarks, this implies that

n—2

uxb’xc" " X1 1@ri12 - rii b, X XAm1@m2 - Ak, = 0,

and linearizing we obtain v = 0 as required.
So far, we have shown that v = 0 unless

kl <n- 2:
k<n-3forr=2,3,..., m—-1,
ky, = 0.
If these conditions are satisfied then k;+k;+k3 <3n—8,and k,+ k1 +kri2 <
3n—-9 for r=2,3,..., m—3. Identities (23) and (30) imply that v = 0 if

ki + ko + ks = 3n—8. They also imply that v =0 if kK, + k1 +k,y2=3n—-9
for some r with 2 < r < m—3. To see this, let 2 < r < m — 3 and let
ky + kep1 + krpo =3n—9. Then let

U=Xa51a12: a1k Xa21422 - Aof, X - - - XAr—11Qr—-12 " " Qp—1k,_, -
Identities (23) and (30), together with the above calculations, show that

V= UXGr Ay A X XAm1 Gm2 Gk,
= —XUArAry - Are, X -+ XAm1 A2+~ Ay,

lies in the ideal generated by elements of the form bc and xbb;--- b,_; , where
b,c,by, by, ..., b,—1 are elements of the set {u, a,1, an2, ..., amk, } . Now,
by assumption, bc = 0 if b,c € {a,1,ar2, ..., amk, }, and xbiby---bp_ =
0 if by,by,...,bp—1 € {Gr1, a2, ..., Qmk, } - So, using the fact that L is
multigraded, we see that v lies in the ideal generated by elements of the form uc
and uxbiby---b,_, where ¢, by, by, ... ,by_2 €{an,an, ..., an,,}. Since
L is multigraded, this implies that v is a linear combination of products of type
(m; k) of the form wucv v, --v; and of the form uxb\b;---by,_w w; - w;
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where vy, V2, ..., Vs, Wy, W2, ..., W, € {X, @1, a2, ..., amk,} . Note that
we have shown above that v = 0 if &, = n — 2. So we may assume that
k, < n — 2, which implies that all these products have index greater than that
of v. So v =0 as required.

Putting all this together we have shown that v = 0 unless

ky<n-2,
kr<n-3forr=1,2,...,m—1,
km =0,
ki+ky+ks<3n-9,
ky+kpi+k2<3n—-10forr=2,3,..., m-3.

But if all these conditions are satisfied then kK = m+ ki + k) + -+ kn <
m+2+ Sm_—leﬂi)l , contrary to our initial assumptions. So v = 0 in every
case. This completes the proof of Lemma 5. O

Finally we prove Lemma 6. We let x be an element of an Engel-n Lie
algebra L over K, we let m > 2, and we let T be the ideal of L generated
by products of type (r; k) where 33 <r<m and k < r+2+ =0G2=10)
We need to show that (Idp(x))" <T.

By Lemma 4, (Idp(x))™ is generated as an ideal by products of type (m; k)
with k <m+1+ i’"—_lx}'ﬁ , and we show that all these products liein 7. So
let

VU =Xanai2- a1, Xaz14a22 - - A2k, XA31 - XAmim2 * * * Amk,,

be a product of type (m; k), where k <m+ 1+ L'ﬁ—‘—léﬂ , and suppose by
induction that all products of type (m;r) liein T forall r < k. If k <
m+2+£’"—_1)%3—"——"£2 then v € T, and we are done. If k > m+2+£’"—"1)-(33";wl,
then v € Y + Z by Lemma 5, where Z is the ideal generated by products of
type (m;r) with r < k. By our inductive hypothesis, Z < T. So v = b +¢
for some b € Y and some ¢ € T. As usual, we may assume that b and ¢
have the same multiweight as v. So b can be written as a linear combination
of products of type (m; k) of the form

Xa1az - Ap—-1Vn41Vn42 - Vi

where a1, ay,...,ap_1 €{aij|]l <i<m,1<j<k} and Vpy1, VUn42,s ... Uk
€ {x}uf{aill <i<m,1<j<k;}. Treating xaja;---a,—; asa single element
of L, we seethat xa1a; - @p—\Uny1VUny2 Vg = (XA1Q2 -+ An_1)Uns1Vns2 - Uk
can be viewed as a product of type (m —1;k —n+1). So v can be written
modulo 7 as a linear combination of products of type (m —1;k —n+1).
We now want to repeat the argument and show that products of type (m —
1; k—n+1) can be written modulo 7 as linear combinations of products of
type (m—2; k —2n+2). But to do this we need to be able to assume that all
products of type (m —1;r) with r <k —-n+1 liein T. So we extend our
inductive hypothesis to include the assumption that all products of type (r; s)
lie in T for all pairs r,s with 2283 <r<m and s<k-(m-r)(n-1).
Then by repeated use of the argument above we see that if 33 < r < m
then v can be written modulo 7 as a linear combination of products of tyne
(r; k=(m—=r)(n—1)). Now k < m+1+Z=U2=3) ‘and 50 k—(m—r)(n—1) <
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m

m+ 1+ =02 gy pyn—1) =12 _r4 (r—1)n. If we choose r
minimal subject to the condition r > 323 then r < 310 ‘andso m > 8310,
Hence k—(m—r)(n—1) <1820y (r—Dn<r+24 =UG=10 Byt
this implies that products of type (r; k —(m—r)(n—1)) allliein T.SoveT
as required, and this completes the proof of Lemma 6. O

6. ENGEL-6 LIE ALGEBRAS OF CHARACTERISTIC 7
In this section we prove the following theorem.

Theorem 7. If L is an m-generator Engel-6 Lie algebra of characteristic 7 then
L is nilpotent of class at most 51m8.

As an immediate corollary we obtain a polynomial bound on the class of a
finite m-generator group of exponent 7.

Theorem 8. If G is a finite m-generator group of exponent 7 then G is nilpotent
of class at nost 51m3.

I made use of the nilpotent quotient algorithm for graded Lie rings described
in Havas, Newman, and Vaughan-Lee [4] to compute the Lie algebra M de-
scribed in §2. The computations showed that if » = 6 and char(K) = 7 then
M is nilpotent of class 22. In addition, the computations showed that if v is
a product with multiweight (wq, w;, w;, ...) in the generators %, a,, &, ...
of M, then v =0 if wo—3, ow; > 10. So, using Theorem 3 and the remark
that follows immediately after its proof, we see that if a, b are elements of
an Engel-6 Lie algebra of characteristic 7, then the ideal generated by ab* is
nilpotent of class at most 73. We can actually do slightly better than this.

In §5 we let L be an Engel- n Lie algebra over a field K with char(K) > n,
and we let x be an element of L. In Lemma 5 we considered a product

UV =Xa5a12 A1, Xa21022 - Ao, X * - - XAm1Am2 * * * Ak,

of type (m; k) in L. We let Y be the ideal of L generated by elements
of the form xaja,---a,_, where a; € {as|l <r < m,1 <s < k} for
i=1,2,...,n—1,and we let Z be the ideal of L generated by all products
in L of type (m;r) with r < k. We showed that if k > m + 2 + (Z=00m=10)
then v € Y + Z . In the proof we made a number of inductive hypotheses, and
we showed that these implied that v = O unless

ky<n-2,
k,<n-3forr=1,2,..., m—-1,
kn =0,
ki+ky+k3<3n-9,
k. +koyy+kn<3n—-10forr=2,3,..., m-3.

I have used the nilpotent quotient algorithm for graded Lie rings to show that
when n = 6 and char(K) = 7 then the inductive hypotheses used in the proof of
Lemma 5 also imply that v =0 if k, =2, k.., =3, k..o =3 for some r with
1 < r < m—2. This, together with the inequalities above, imply that v € Y +Z
if k> 7—"‘2;‘— . We can then use the same argument as in the proof of Lemma
6 to show that if x is an element of an Engel-6 Lie algebra of characteristic
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7 then (Idp(x))> is generated by products of type (r; k) with 19 <r < 55,
where k < 65 when r = 19, and where k < % when 20 <r < 55. Then
using the same argument as in the proof of Theorem 3, and taking N = 10, we
see that if a, b € L then Id;(ab*) has class at most 54.

Now let L be the (relatively) free m-generator Engel-6 Lie algebra of char-
acteristic 7. By Kostrikin’s theorem [8], L is nilpotent. Let I be the ideal of L
generated by {ab*|a, b € L}. Traustason [13] has shown that L/I is nilpotent
of class 7, which implies that L8 < I. Now let S be a subset of the generators
of L,let Lg be the subalgebra of L generated by S, and let Is be the ideal of
L generated by {ab*|la, b € Ls}. Then any product of eight elements from S
must lie in Ig. This implies that L8 < 3" I¢ < I, where the sum is taken over
all subsets S of the free generators of L such that |S| < 8. Infact Y Is=1,
but we do not need to use this fact. I used the nilpotent quotient algorithm for
graded Lie rings to compute the number of elements ab* which are needed to
generate Is for 2 < |S| < 8, and the computations showed that Y Is can be
generated by d,, elements, where

m m m
dm=322<8) + 1197(7) +1725<6)

+ 1219(’;’) +441 (’:’) + 153(’2) +6(';).

Since each element ab* generates an ideal which is nilpotent of class at most
54, it follows that 3 I is nilpotent of class at most 54d,,. Since L8 < Y I,
we see that L? is also nilpotent of class at most 54d,, . Now if J is any ideal
of L, then
JLL---L < J(L}.
36

(For a proof of this see, for example, Proposition 4.6 of Chapter 1 of [9].) It
follows that L8+36k < (L8)k+! for k = 1,2, ..., and so the fact that L? is
nilpotent of class at most 54d,, implies that L is nilpotent of class at most
7+19444d,, . Now 7+ 19444, is a polynomial of degree 8 in m, with leading
coefficient 15.525. It is a straightforward calculation to show that 7+ 19444, <
51m3 for all values of m . This proves Theorem 7. O
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