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GLOBAL OSCILLATORY WAVES FOR SECOND ORDER
QUASILINEAR WAVE EQUATIONS

PAUL GODIN

ABSTRACT. In this paper we prove the global existence and describe the asymp-
totic behaviour of a family of oscillatory solutions of Cauchy problems for a
class of scalar second order quasilinear wave equations, when the space dimen-
sion is odd and at least equal to 3. If time is bounded, corresponding results
for quasilinear first order systems were obtained by Gues; to prove our results
we reduce our problems to bounded time problems with the help of a confor-
mal inversion. To obtain global results, suitable geometric assumptions must
be made on the set where the oscillations are concentrated at initial time.

1. INTRODUCTION

In recent years much work has been done on the existence, for small or
bounded time, of oscillatory solutions of nonlinear first order hyperbolic systems
(see e.g. [5, 6], and the references given there). The purpose of the present
paper is to prove the global existence and describe the asymptotic behaviour
of a family of oscillatory solutions of Cauchy problems for a class of scalar
second order quasilinear wave equations when the space dimension is odd and
at least equal to 3. Global existence results of smooth solutions of second order
quasilinear wave equations with small initial data have been obtained in [8, 9,
1, 10]. The class of equations which will be considered here appears in [1], but,
in the present paper, the initial data will have high frequency oscillations and
hence will not, in general, satisfy the smallness conditions of [1, 8, 9, 10]. To
prove our results, we shall reduce our problems to bounded time problems by
means of a conformal transformation, in the spirit of [1] (see also [4])).

Our paper is organized as follows. In §2, we state our results precisely. In §3
we recall some useful properties of the Kelvin transform ([13, 4]) which will be
used to reduce our global problems to local ones. Finally Theorems 1 and 2 are
proved in §§4 and 5 respectively.
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2. STATEMENT OF THE RESULTS

We consider the Cauchy problem

(2.1) Oz= Y  fz,2)0%z+f(z,2) ift>t,xeR",

0<i,j<N
(2.2) okz=z, ift=1t,xeR", k=0,1.

Here x = (x;,..., xy) is the space variable, ¢ is the time variable, g €
R is fixed, 9y = 8/0t, 6; = 0/0x; if 1 <i < N, 0O=09¢ - EIS,.SNQ?,
z' = (6pz, 012, ...,0nZ), and 8,%. = 8;0;. fY and f are C* in an open

neighbourhood of (0, 0) in Rx RN+ | fi = fJi forall i, j,and fY(0,0)=
9°f(0,0) = 0 if |a|] < 1, so that the right-hand side of (2.1) is at least
quadratic. We assume that z; € C{°(R") if k = 0, 1. (The reason for not
supposing that {3 = 0.in problem (2.1), (2.2) will be explained in Remark 2.6
below.) In order to prove global results, we shall assume that N is odd and
>3, and if N =3, that the null condition of [9, 1] is satisfied, namely

(i) f9(z,p) = bn'z + Tocras b7 o + @(22 + |p|*) as (z,p) — (0,0)
in R x R*, where p = (po, p1,P2,03), 0 =1, pii =1 if i >0, ¥/ =
0if i #j, beR, b e R, and Y, ; x<3b7*qigjqr = 0 forall g =
(490, q1> g2, g3) € R* which satisfy gf = 3, <348

(ii) f(z,P) = Yoci, j<3 b7 Pip;+E@ (|2 +|pP) as (z, p) — (0, 0) in RxR?,
where b/ € R are such that 37; i<3b7¢iq; =0 forall ¢ = (g0, q1, g2, 3) €
R* which satisfy 2 = 3,347 -

Under the preceding assumptions, when the C$°(RY) functions z, k =
0, 1, have small Sobolev HN+5)/2=k norm, it follows from the results of [1]
that (2.1), (2.2) has a global C* solution (see also [8, 9, 10]). In the present
paper we are going to consider a class of oscillatory initial data Zy € C§°(R")
which are not necessarily small in H(¥+3/2=k (but only in C!'~%). Now we
describe the structure of these Cauchy data. Assume that y € C®(RV) has
the following property: there exist a, b € R with a < b such that, for each
A€la,b], (i) vi(x)#0 if w(x) =4 and (ii)) Q;, = {x € R, w(x) < A} is
a bounded strongly convex open set (by strongly convex we mean that 9Q; is
connected and that the following holds: if x € 9Q; and v € RV\{0} satisfy
Yi<j<n9jw(x)v; = 0, then Elsj‘kSNaj?ka//(x)vjvk > 0). It is well known
that Q; is then convex in the usual sense (see e.g. [14]). Put

h(t, m) = (t, m+(t - to)|y'(m)| =" y'(m)),
ZA = {h(t’ m)9 1>, (//(WI)=/1},

V = Uz<icp 22 - It is well known (cf. e.g. [3]) that, because of our convexity as-

sumptions, the equality ¢(h(t, m)) = w(m) definesa C>®(V) function ¢(¢, x)
which satisfies 8op +|0xp| =0 if (1, x) €V, ¢(to, x) = w(x) if (10, x) €V .
(Throughout all this paper we denote the closure of a set & by &).

Let K;, K, be two compact subsets of R¥ suchthat a < ¥ < b on K, . The
support of the “oscillatory part” (resp. “nonoscillatory part”) of the initial data
to be considered will be contained in K; (resp. K;). Put W = {h(t, m),t >
to, me Kl} .
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The first result deals with global existence of oscillatory approximate solutions
of (2.1) for suitable initial data (see [5] for the construction of local oscillatory
approximate solutions for first order quasilinear hyperbolic systems). We fix
ueN with u>2.

Theorem 1. Assume that N > 3 is odd and that the null condition is satisfied
if N =3. Also assume that {j(x,0), 2 < j < u, belong to C*(R" x R),
vanish when x ¢ K, are periodic of period 2m with respect to 6, and satisfy
02" {i(x,0)d0 =0 forall x e RN. If N > 5, suppose that sup|8{,/86| <
0, where & is a certain constant which is imposed by w and the coefficients
fi. Let wf, 1<j<u, k=0,1, belong to C°(K3). Then one can find
zj(t, x, 6) € C®([tg, +o[xRN¥xR), 1 < j < u, and &y > 0, with the following
properties.

(i) zy is independent of 6 forall (t, x), and each z;, j > 2, is independent
of 0 is (t,x) ¢ Wisoif (t,x) ¢ W, we have zj(t, x, 0) = 2;(t, x) with
2;€ C>;

’ (i) Ogzj(to,x,0) = {i(x,0) if 2 < j < p and (x,0) € RV xR,
oS zj(t, x, 0)d0)| iy = wk(x) if 1< j<p, k=0,1,and x €RV;

(iii) if e €]0, o], if z}(t, x, €) isequalto z;(t, x, p(t, X)/e) when (t, x) €
W and to zj(t,x) when (t,x) ¢ W, if z°(t,x) = X<, 82}, x, €),
and if R® = e7#(0z° — Yoq; ien [7(25, (2°))0}2° — f(2°, (2°)')), then the
following estimates hold with constants C, independent of ¢ €10, &) and of
(t, x) € [ty, +oo[ xRN :

02 25(t, x)| < Cag' (L + [t + )~V =D2(1 4 Jr = x| )=V D2 if ] < 1
0°RE(t, x)| < Ca™#(1 + 1] + [x])" V21 4 |¢ — [x|)~W+3/2,

Remark 2.1. The construction of z¢ in the proof of Theorem 1 will determine
zj, 1<j<pu-1,and 9pz,, but, as this proof will show, 02" z,(t, x, 0)do
will be very arbitrary.

Remark 2.2. When N = 3, it is not necessary to impose a smallness condition
on |8{,/80| because the null condition is assumed to hold; the same is true
when N > 3, if we assume that the nonlinear second order terms in (2.1) satisfy
a condition analogous to the null condition. This will follow from the proof of
Theorem 1.

Remark 2.3. The strong convexity assumptions and, if N = 3, the null condi-
tion are important in Theorem 1; see Remark 4.3 below.

Starting from the global approximate solution z¢ which will be constructed
in Theorem 1, one can obtain a global exact solution of (2.1) with the same
initial conditions and the same asymptotic behaviour as z¢, as the next theorem
shows.

Theorem 2. Let us keep the assumptions of Theorem 1, and assume that u >
(N + 3)/2. Then, if & is small enough and ¢ €]0, ¢;], (2.1) has a global
solution z% such that 3({‘ z8 = 8({‘ z¢ if k=0,1 and t = ty, and the following
estimates hold:

@)
109+ (28 = 2°)(¢, x)| < CoetWHDZlel(1 4 ] 4 x]) =V =DI2(1 4 |1 — |x|]) =N =112
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if la| < u—(N+1)/2 and |v| < 1, where the constant C, is independent of
e€]0, &] and of (t, x) € [to, +oo[ xRV ;

(i)
9o (2f — 2)(¢, X)P? 2u-
S dtdx < Cog?=lel
// 1+|z|+|x|)2<1+|t—| x|z

if |a| < p and |v| < 1, where the constant C, is independent of ¢ €]0, €;].

Remark 2.4. In [5], Gues proved, for bounded time, the existence of solutions
of Cauchy problems (for quasilinear first order symmetric hyperbolic systems)
close to suitable approximate solutions. We shall make use of this result in the
proof of Theorem 2.

Remark 2.5. The functions z®, z® to be obtained in the present paper and
their gradients will be bounded by Ce, where C is a constant. Cutting f%/,
f off outside a neighbourhood of (0, 0) and taking & small, we see that it is
enough to prove Theorems 1 and 2 when f7, f € C®(R x RV*!) and so we
shall henceforth assume that 7, f e C®(R x R¥N*!).

Remark 2.6. Theorems 1 and 2 are time translation invariant, so that it is clearly
enough to prove them for one value of #,. However to economize notations,
it will be convenient in subsequent constructions to assume from the beginning
that fo is large enough; this is the reason why we have introduced f; in the
formulation of (2.1), (2.2).

3. THE KELVIN TRANSFORM

We are now going to transform (2.1), (2.2) into a finite time problem without
introducing singularities in the partial differential equation. (Such a method was
used in [1] and [4].) To achieve this we shall use the so-called Kelvin transform
which was introduced in [13] for the study of decay properties of solutions of
0z = 0 outside a star-shaped obstacle. Relevant properties for the study of
(2.1) were described in [4]. Let us recall them quickly.

Write Ci = {(t, x) € R x RV, ¢t 2 |x|}, and define the conformal inversion
J:Cy — Cs by J(t,x)=(s,y),where s = (|x]>—2)"'t, y = (Ix|*—13)"'x.
Denote by n the Minkowski metric; we have n(v, w) = vowg — zlsj‘sN vjw;
if v=(vg,...,vn) €RV*! and w = (wp, ..., wy) € RN*!. Put Dy =9/ds,
D =0/0y if 1<k <N, a(s,y) = (s2 - |y‘2)]/2’ o= D% - Z[<j<ND12'»
DY = (Do¥, DY, ..., DyY), D = D;D;. Sometimes we shall also write
D,¥ instead of (DY, ..., Dy'¥), and y, for s. The following lemma holds.

Lemma 3.1 (see [4]). (1) J = J~! and J is a conformal diffeomorphism for
the Minkowski metric.

(2)If p=(t,x) and J(p) = (5,V), then dJ,(0k(p)) = Ki(J(p)). where
Ki = (Iy1> = s?)Dy + 2Bkyi(sDo + X < j<n VD)) ; here o =1 and B = -1
for k>0.

(3) If z(t, x) is a smooth function, then

Dz(J(s, ) = a" (s, )0 (6N V(s, y)z(J (s, »))).

(4) If Z(s,y) is a smooth function, and if Ky, px are as in (2), then
Ki(aV=1Z) = aVY (K + (N = ) Biyi)Z .
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Put Z(s,y) =0~ N-U(s, y)z(t, x), where (s, y) = J(¢, x). The mapping
(t,x,z)—(s,y, Z) is called the Kelvin transform in [13]. If N is odd and
> 3, and if the null condition is satisfied when N =3, it is shown in [4] that
the equation (which occurs in (2.1)) Oz = 3o, i<n f”(z z’) z+ f(z, 2'),
for z(t, x), (¢t,x) e U C C,, goes over to

(3.1) oZ= Y. gYs,y,Z,DZ)D}Z+¢g(s,y,Z,DZ),
0<i,j<N

where (s, y) € J(U) c C_. Here g/ and g belongto C®(RxRN xR xRN*!)
(because we now assume that 7, f € C®(R x RV+!) see Remark 2.4), g'/ =
g/ and gY(s,y,0,0) =03 pg(s, ¥, Z, P)lz=p=0 = 0 if |o| < 1. In fact the
right-hand side of (3.1) at point (s, y) is equal to

a—<~+3>(s,y)( > Sz, ok + Sz, z)) (J(s, )

0<i,j<N

4. PROOF OF THEOREM 1

First we make a time translation to prepare for the use of the Kelvin trans-
form. Let M > 0 be such that |x| < M in Q,UK>, and let ¢y > M be chosen
later. For proving Theorem 1 by means of the Kelvin transform, we shall find
a suitable approximate oscillatory solution Z¢ of (3.1) in J({(¢, x) € C;, t >
to}) = {(s,y) € C_, [y|> = s> —t;'s > 0}, and pull it back to C, by means
of J~! = J. Actually we shall construct Z¢ in & = {(s,y) e RVM! 5 <0,
ly|? = s2 — t;'s > 0}. This will immediately give the global estimates an-
nounced in Theorem |; moreover, constructing approximate solutions defined
beyond 2 N C_ will also turn out to be useful for the proof of Theorem
2. The first step is to obtain the phase ® of the oscillations of Z°. De-
fine Hy = {(t,x) € Cy, 2 — |x|* = tot = 0}, and for m € Q,\Q,, put
h(t, m) = (t, m+(t—to)|y'(m)|"'y'(m)) asbefore, y, = {h(t, m),teR}. It
follows from the results of §4 of [4] that the following holds when 4 € ]Ja, b[ and
y/(m) A:if tg > 2M , then y,,NHy is a single point; and if ¢ is large enough
and Q,l is the bounded connected component (in the plane s = —1/¢) of the
complement of ,,csq, J(¥ymNHo) , then Q; is a bounded strongly convex open
subset of the plane s = —1/¢y, with C* boundary. Now put y(y) = o(t, x) if
J(t, x)=(=1/t0, ), Dy(y) = (D1¥(y), ..., Dny(y)), and define h(s, i) =
(s, P+ (s+ 1/t)| Dy (m)|"'Dy(m)), V = {h s,m),s>—1/tg, meQ\Qa}.
From standard properties of characteristic surfaces of the d’Alembertian (cf.
e.g. [3]), it follows that the equation &)(s, h(s, m)) = @ (/) defines a function

® € C>(V) with
4.1) Dod+|D,® =0in ¥ and &(=1/19, ) = §() if y € Qp\Qa.

Deﬁge o:J (V) — R by o = poJ~!'. A simple computatlon gives that
(Do®)? - |D,®|> =0 and Dy® < 0 in J(V), so that Dy® + |D,P| =0 there.
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Furthermore since

dJ (30(0°30— > 3:‘(/"3:') =" -yH? (D0&)°Do— > Di&)'Di) ,

1<i<N 1<i<N

J(V) is a union of open intervals of integral curves of DoéoDo — Y 1<i<N D;®.
D;, having one endpoint in J({fo} x (©,\Q,)). From standard facts of the
Hamilton-Jacobi method for solving (4.1) (see e.g. [3]), it easily follows that
VnC. ={(s,y) € J(V),s > —1/ty}, and that ® = ® in V' nC_. Put
V' =V UJ(V). If we now define ® to be equal to & in ¥ and to ® in
{(s,y) e J(V), s <—1/ty}, we have thus proved the following lemma.

Lemma 4.1. There exists ® € C®(V') such that Dy® + |D,®| =0 in V' and
D=gpoJ! in J(V).

We are now ready to start the construction of the announced oscillatory ap-
proximate solution Z¢ of (3.1) such that (¢¥~1Z%) o J will be the sought ap-
proximate solution z¢ of Theorem 1. WKB local approximate solutions for first
order quasilinear hyperbolic systems have been constructed in [5], but treating
the second order scalar case directly without reducing to a first order system gives
a somewhat simpler and more explicit construction. Put Vj = {(s,y) € V',
s < 0} . We shall construct an approximate solution of (3.1) in & with oscilla-
tions (of phase @) contained in ¥V} . To simplify the writing, it is convenient
to extend the function @ given by Lemma 4.1 to & as a C*(Z) function,
which we also denote by ®. With this notation, we shall find a C* approxi-
mate solution Z%(s, y), & > 0, of the following form:

(4.2) Z%s,y)=¢eZi(s, y)+ Y €Z, <s, ¥y,

2<j<u

if (s,y) € &, where Z, € C®(D); Zi(s,y,0), 2 < j < u, are C®
functions of (s,y) € & and 6 € R, periodic of period 2z with respect
to 6, and independent of 6 if (s,y) ¢ V;. Of course (4.2) does not de-
pend on the value of ® in Z\V; but the extension of ® makes the right-

hand side of (4.2) well defined for all (s,y) € & . To simplify the nota-
tions in (4.2), we shall often write Z(s, y, 6) instead of Z;(s, y) and so

Ze(s9 y) = ZIS]S/‘ stj(S, y, q)(s) y)/ﬁ) . Put
Mi(s,y,0)=(Zj(s,y,0), (DZi(s,y, 0)+Dy®(s, ¥)-0gZj+1(5, ¥, 0))o<k<n) s
1<j<u,

with Z,,, = 0. If p € RV*2 if h(s,y,p) isa C> function such that
h(s,y,0)=0, and if v € N\{0}, a Taylor expansion in powers of & gives

h (s,y, Z 8ij(S,y,9))
(4.3)

1<j<u

= > Glh;s,y, 0)+e ' Gu(hss, v, 0,¢),

1<k<v
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where (s,y,0) — Gi(h;s,y,0) and (s,y,0,8)— G 1(h;s,y,0,¢) are
C functions (depending on Z;, Dy Z;, 8pZ;, Dy®, 1 < j<u, 0<k<
N), periodic of period 27 with respect to 6. Henceforth, g¥/(s,y, Z, P)
and g(s,y, Z, P) will be the functions appearing in (3.1). It is convenient to
introduce the following notations, which will be used repeatedly in this section:

X =Dy®- Dy — K;ND,(D.Dj, (s, y) = 57 (5:7,0,0),

. ool
s, y) = 55 (5,7,0,0),

o= Y DiCI>-Dj<I)-(cij+ > c"kak),

0<i, j<N 0<k<N

A= > ' D®-D;j®-D®.
0<i,j, k<N

Now we may write, since Z, is independent of 6:
(s,
(44) DYz, ) = 3 ek (s, 22
0<k<Lp
with
Sijk(s, v, 0) = (D;®-D;® -0 Z,,
+(Dj® - D; + D;® - D; + D};®)3gZyc,1 + D} Z)(s, y, 0)

(where Z, is to be replaced by 0 if » > u or if n=0). On the other hand we
have

S onekSu - Y g (S,y, > GIMI) > &S

0<i j<N 0<i,j<N 1<i<n o<k<p
0<k<u
(4.5)
—g|s.y, > &M,
1<I<u

= Y ¢&F+e'R, if(s,y)ePD,0€R, >0,
1<k<p—1

where Fi, 1 <k < u— 1, is the coefficient of & in the Taylor expansion (in
powers of ¢) of the left-hand side of (4.5). Making use of an expansion of type
(4.3) for g/ and g (with v = u—1) and grouping the coefficients of the same
powers of ¢, we find that (with X, Q, A4 as defined just before (4.4)):

Fl (S, Y, 0) = (2X + qu) - (QZl + AaOZZ)aO)aozz(s, Y, 0)

(4.6) +0Z(s,y),

Fi(s,y,0)=(2X +0'® — (QZ, + A8 Z,)09 — AD}Z2)3Zy11(s, ¥, )
(4.7) +(0'Zy = QZy - 3 Zy)(s, v, 6)
+F5(s, Y, (O4D°Zi(s, ¥, 0))isial<2. 1<)<k(l )
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if 2<k<u-1,where % isa C*® function (depending on the derivatives
of order 1 and 2 of ®) such that v — (s, y, v) vanishes of order 2 when
v=0; a=(ag,ar,...,ay) and D* = Dy°D}' --- DY ; k(l, o) = k — |af if
l+]a] >0, k(0,0)=k-1;

Rll(s » Vo 0 i 8) = Z nijgk_”Sijk(s » Vo 0)
0<i,j<N
k>u
- Z 8k+1_#Gk(gij A H)Sijl(s >V 6)

0<i, j<N
k+I>u

(4.8)

- Y €8(g7:s5,y.,0,8)S(s,y,0)-Fu(g;s,,0,¢).
0<i,j<N
150

From (4.5) it follows that

o'zi- > gY(s,y,Z°,DZ°)D}Z° - g(s,y, Z°, DZ)
0<i,j<N

= Z 8ka<S’y,M>+8ﬂRﬂ<s’y’@(389.};),8)

1<k<p—1

(4.9)

if (s, y) € . Assume that there exists a bounded subset .Z° of & such that
Zi(s,y,0)=0if 1<j<u, (s,y) ¢ Z, 0 €R. Then, using (4.8), one can
easily check that for each ¢y > 0, one can find C, > 0 such that

De, (R,, (s, y, Pls, ¥) , s)) < Cpelel
(4.10) €
ifaeNV*! (5s,y)eZ, and0<e<¢g.
We shall now choose Z,, ..., Z,_;, 8pZ, in such a way that Fi(s,y,0)=0
for k=1,..., u— 1. (Equations corresponding to F;(s,y,0)=0, 1 <k <

1 — 1, have been obtained by Gués in [5] for first order hyperbolic systems, but
working directly with the second order equation without reducing to a system
gives at once conditions which are simpler to study.)

Solving Fi(s, y, 8) = 0. Since we want Z,(s, y, 6) to be periodic of period
2n with respect to 6, (4.6) shows that we must have foz” Fi(s,y, 0)do =
2n0'Z (s, y). Hence to satisfy the equation Fi(s,y, 8) = 0 with a suitable
Z,, we must impose the condition 0'Z(s, y) = 0. We first examine the way
we shall impose this condition. Put H = {(s, y) € C—, |y|* —s* - t;'s = 0}.
To simplif): notations in the sequel, it is convenient to introduce the functions
&)}(t,x), Ce(t,x,0),i=0,1,1<j<u, 2<k<u,defined by @j(t, x) =
wﬁ(x) , Ge(t, x, 0) = Le(x, 6), with wj. , ¢ as in the statement of Theorem
1. Let Zl (s, y) be the solution of the Cauchy problem

(4.11) O'Z(s,y)=0 if(s,y)eoanC_,

(Ko+ (N = 1)s)/Zy(s, p) = (s> = [p|)~N=D2%(@] 0 J)(s, ¥)

(4.12) L
if j=0,1and (s,y)e H.
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(4.11), (4.12) determine Z, in C_ ; however as already pointed out before, we
want to construct an approximate solution of (3.1) in & . So let us describe
now an extension procedure which will be useful. Until the end of this paper, we
shall put r = (tp— M)~!, where M and t, > M are as in the beginning of this
section. A simple computation shows that cbj.(J (s,9)=0=8WJ(s,v),0)
if 0<i<l1,1<j<pu, 2<k<u, (s,y)€H, |y|>s+r,and
6 € R. Therefore Zi(s,y) =0 if [y| > s+r and (s,y) e ZnC-. Now
let r; > 0 be so large that |y| < r; if (s,y) € H and |y| < s+r. Put
r, = (r} + 1/413)!/? and choose © € C>([0, +oo[, [0, 1]) such that ©(4) = 1
if 2 <2r, and ©(4) = 0 if A > 3r,. Define (1) = [; ©()di if 4 >0,
L(y) = O((ly]* + 1/46)"/*) + 1/2ty, H* = {(s, y) € R¥*!, 5 = —~L(y)} . Then
it is clear that H*NE = HNE if E is a suitable neighbourhood (in R¥+*!) of
the cone {(s, y) € RV*!, |y| < s+r}. Notice that H* is spacelike for O0’. If v
is a function on H such that v(s, y) =0 when |y| >s+r and (s, y) € H, we
shall define the function v* on H* in the following way: v*(s, y) = v(s, y)
if (s,y)eH* and |[y|<s+r, v*(s,y)=01if (s,y)€e H* and |y|>s+r.
Let Zi(s, y) be the solution of the Cauchy problem

(4.13) OZi(s,y)=0 if(s,y) e,

(Ko+ (N =1)8)Zy(s, p) = (s* = |y)~W=D/%(@] o J)*(s, »)

(4.14) !
if j=0,1and (s, y) € H*.

Of course Z; = Z; in 2NC_ and Z,(s,y) =0 if (s,y) € Z and |y| > s+r.

Consider then the Cauchy problem (where X, Q, 4 are the same as in (4.6)):
(4.15) X +0P - (QZ, + Aw;)8)wa(s, y, 0) =0 if (s,y) eV, 0 €R;

’LUZ(S, Y, 0) = (S2 - |y|2)_(N—l)/252(J(s9 y) B 0)
if (s, y) € J({to} x (2\Qa)), 6 €R.
In the study of (4.15), (4.16) we shall make use of the following lemma.

(4.16)

Lemma 4.2. Assume that in (2.1), we have f/(z,p) =bnz+Ycpen b Di +
@(z> + |p|*) as (z,p) — (0,0) in R xRN, where p = (po,pi,-..,DPN),
0 =1, 9" =-1ifi>0 ni=0ifi#j, beR, b/ €R, and
Yo<i,jk<n 0¥ aigiq =0 forall g =(qo, q1, ..., qn) € RN*! such that g} =
Yi<k<n 9 (if N = 3, this is just the null condition for second order terms).
Then A=0.

Proof of Lemma 4.2. A straightforward computation shows that
Z g”(s’y>Z9DZ)D12]Z
0<i, j<N
=d""Z - 0Z+a"> > bURK+ (N - 1)) Z
0<i,j,k<N
-(KiK;Z + Pij(s,y, D)Z)+ Y _ Ra(s,y, Z, DZ)D°Z,

la]<2
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where o, K; are the same as in §3, P;; are linear first order differential oper-
ators with C* coefficients, D* = Dy°D}'---D3¥, R, € C*°, and
Oy pRa(s, ¥, Z, P)lz=p=0=0 if|y|<1.
It follows that
(4.17) =N N bR A A A 0<m,n,l<N,

0<i,j, k<N
if A;; = (|y|> —s2)dij + 2Biyiy;, where 6;; =1 if i=j and &;; =0 if i # j.
Now, with Y = (Yo, Yi,..., YN) € RN'H, put B = ZOSkSN,Bkyka/aYk,

K= Zos k<nViYi. An explicit computation using (4.17) shows that
(4.18)

Z cmnl Y, Y, Y,
0<m,n,I<N

=ghN-3 <—06 +20*B - 20%k2B? + §K3B3) ( > b’fk)’i)’ij) :
0<i,j, k<N

The assumption on b“* implies that 3o, ; 1<y b7¥Y:Y; Vi = (Y, Y)¥(Y),
where 7 is the Minkowski metric and ¥ is a linear form (this can be checked
easily by induction on N). Introducing this in the right-hand side of (4.18), we
obtain after some easy computations that the right-hand side of (4.18) vanishes
if n(Y,Y) = 0; hence so does the left-hand side of (4.18). Choosing Y =
D®(s, y), we therefore obtain that 3 ., , j<y " Dpu® - D,® - D;}® = 0
since (Do®)? = 3, n(D;®). This proves Lemma 4.2.

To study (4.15), (4.16), it is convenient to introduce new coordinates which
will straighten out the integral curves of X . Let y,,, iz(s , m) be as at the be-
ginning of the present section, and put $; = {iz(s , M), s € R} . From standard
properties of solutions of Hamilton-Jacobi equations (see e.g. [3]) it follows that
Dy® = —|Dy(m)| at each pomt of 9» N V'; hence s — h(s, m) (restricted to
those values of s for which A(s, ) € V') is the integral curve of (Do®)~'X
through (—1/t9, /). In V' new coordinates (s, 7i7) can be defined by the
relation A(s, m) = (s, y): when s > —1/to, this follows from the convexity
properties of ¥ (see e.g. [3] for consequences of such convexity properties);
when s < —1/tg, this can be checked using the conformal inversion J (which
transforms 8y 80—, < ;< 8;9-9; into (s2—|y|?)*(Do®-Do—3, < <y D;j®-D))
and so maps sets {(¢, X) € yp,t > ty}, n € (_Ib\ﬁa ,onto sets N NC_,

he ﬁb\ﬁa , as is easily verified). Now, if 1 € ﬁb\ﬁa , 7w intersects H exactly
once and transversally, so HNV” is given by an equation s = .% (rh) , L eC>.
If we put (s, m) = (|Dg(m)|~(s — F(h)), m), x = Foh~!, we can easily
check that (§, y) = x(s, y) isa C* diffeomorphism defined in V7, such that

2(V") =10, +oolx(Q5\Qa), x(V'NH) = {0} x (\Qs), and dx(X) = ~0/85
in (V7). Put a(3, y, 0) =wa(x '3, 9), 0), Ei(§,9) = (@ ®)(x~'(5, 9)),
Ex$,7) = 3QZ)(x7'(, ), AB,¥) = 34(x7'G, ﬁ)). Then (4.15) be-
comes

(4.19) (85 — Ey + (E2 + Ahy)dp)w2(3, 5, 0) =0 if (5, ) € x(V;), 0 €R,
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and (4.16) gives
(4.20) (0, 7,0) =&, 0) ifje®\Q,,0€R,

where &(7, 0) = (s% — |y|})~W-D12{,(J (s, »), 6) with (s,y) = x~(0, ¥),
so that & (7, ) = 0 for every 6 if y does not belong to a certain compact
subset of 0,\Qu. Let E(s, 7) € C°([0, +oo[x(Q5\Qy)) satisfy &E = —E,
in [0, +oo[x(Q\Q4) and put w = eEwb,, E; = e=EA. Then (4.19) becomes
(421) (8 + (B2 + Esw)dp)w(s, §,0) =0 if 5, 7)€ x(V)), 0 € R,
while (4.20) gives

(4.22) w(0, 7, 0) = eEOIE(G, 0) if e 0,\Qa, 6 €R.

We may now discuss (4.15), (4.16) (or the equivalent equations (4.21), (4.22)).
To solve (4.21), (4.22), we may use the classical method of characteristics (see
e.g. [2]). Put

Ed5,y,6) = ( /0 Es(z,ﬁ)d1> FODE (7, 6) + /0 Ex(A, §)dA.

The characteristics (for equality (4.21)) are parametrized by Aj; ¢: § —
(5,7,0+Eq4S,y,0)) and w(A; ¢(3)) does not depend on § if w is a solu-
tion of (4.21). Let §; be such that § < § on x(¥). It is clear that there exists

J > 0 such that the following holds: if § € [0, §], J € ﬁb\a, and |9y <6,
then 8yE, > —1. In that case, the mapping A: (3, J, ) — A; ¢(5) can be
inverted and therefore the equality

(4.23) w(AS, 7, 0)) = 50N (7, 6)

defines the unique C*° solution of (4.21), (4.22). It follows at once that (4.15),
(4.16) has a unique C°° solution if sup |9y{;| is small enough. If 4 =0, then
E; =0, (4.15) and (4.21) are linear, and 6pE; = 0; so if 4 = 0 it follows
that (4.15), (4.16) has a unique C> solution whatever the size of sup |9y(].
Now because of the assumptions of the present paper, the condition 4 = 0
is satisfied in case N = 3; indeed we assume then that the null condition is
fulfilled in (2.1) and it follows from Lemma 4.2 that 4 = 0. Lemma 4.2 also
shows that we may have 4 =0 when N > 3. For later use notice that (4.23)
shows that w(s, y, 0) =0 if 52()7 , 0y =0 for all 6'. Therefore if we denote
by Vy’ the set of all (s, y) € Vj such that the integral curve of X through
(s, y) intersects H at some point (so, ¥o) € J({to} x K;), we obtain

(4.24) wy(s,y,0)=0 if(s,p) ¢ V.

Since &5(¢, x, 0) is periodic of period 27 with respect to @, it follows from the
uniqueness of the solutions of (4.15), (4.16) that wy(s, y, 6) is also periodic
of period 27 with respectto 6. If s € R, y € R¥, and if we have a function 1
defined at (s, y, 6) forall 6 € [0, 2x], let us introduce the notation t*(s, y) =
02” 7(s, y, 0)d6. If we integrate (4.15) with respect to 6 over [0, 27], we
obtain

(4.25) X +0'Pwi(s,y)=0 if(s,y)eVj.
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Since we assume that fOZ" {(x, 8)dO = 0 for all x € RV, an integration of
(4.16) with respect to 8 over [0, 2n] gives that

(4.26) wi(s,y) =0 if (s, ) € J({to} x (2\ Q).

(4.25), (4.26) imply that wj(s, y) = 0 if (s, y) € Vy. Put wy(s,y,0) =0
if (s,y) e Z\V] and 6 € R. From (4.24) it follows that w, € C®(Z xR);
furthermore w,(s, v, 6) is periodic of period 27 with respect to 6, w¥ =0
on &, and so if

(4.27) 09Zy(s,y,0)=wy(s,y,0) for(s,y)eZ and 0 eR,

then Z,(s, y, 6) is periodic of period 2z with respect to 8 and 9yZ, solves
Fi(s,y,0)=01if (s,y) €< and 6 € R, since O'Z; =0 in & . (4.27) does
not determine Z, uniquely, but Z, will be determined by imposing Z§ when
solving the equation F(s, y, ) =0 at the next step.

Solving Fi(s,y,0) =0, 2<k < u—1. For achieving that Fi(s,y,8)=0,
we have determined Z; and 8yZ,, with Z;(s,y) = 0 when |y| > s+ r and
09Zy(s,y,0) =0 if (s,y) € Z\V,', such that 99Zs(s, y, ) is periodic of
period 2m with respect to 6 and (85Z;)* = 0. We shall now show by induction
on k that

There exists a (unique) choice of functions Zf(s, y) € C>(D)
and 89Z;,1(s,y,0) € C*(Z xR), 1 <<k, which satisfy
the simultaneous conditions Fi(s,y,0) =0, 1 </ <k, and
the following conditions: (1) Zf(s,y) =0 when |y| > s+7;

(4.28) (2) (Ko+(N=1)sYZ}(s, y) = (82 = |yP)~N=12(@) 0 J)*(s, ¥)
if j =0,1 and (s,y) € H*; (3) 98¢Z;41(s,y, 0) is peri-
odic of period 2m with respect to 6, vanishes if (s,y) €
D\V{", and satisfies (0pZ;,1)*(s,y) =0 if (s,y) € Z; (4)
B9 Z11(s,y,0) = (2= |y[*)~N=I20 (I (s, v), 0) if (s,¥) €
J({to} x (Q\Q4)) and 6 € R.

Remark 4.1. A sufficiently regular function E(s, y, 0) satisfies §E = e,
E* = ¢, if and only if
(4.29)
1 o 1 /2
E(s,y,0)=—es, y)+/ ef(s,y,0)d0+— (6'—2n)e(s,y, 0)d6" .
2n 0 2n 0
If we apply (4.29) with e; = 8pZ; and e, = Z}}, 1 < I < k, it follows from
(4.28) that the functions Z;, 1 </ < k, given by (4.29), are determined when
the conditions Fi(s, y, 8) = 0, 1 <[ < k, have been satisfied by the choice
of Z}, 8pZ41, 1 <1 < k, as indicated in (4.28). Moreover, if 1 </ <k,
Z, € C®(Z xR),Z(s,y, ) is periodic of period 2n with respect to 6 and
independent of 6 if (s, y) ¢ V. Now it is easily checked that |y| <s+r if
(s,y) € V], so (4.28) and (4.29) imply that Z(s, y, 0) = 0pZ;41(s,y,0)=0
if 1</<kand |y|>s5+7r.
(4.28) has already been checked when k = 1; so assume that it has been
proved if Kk <n -1 (n < u) and let us show that it still holds if k = n. To
simplify notations in (4.7), it is convenient to put

.ﬁ((s’ Y, 0) =‘%((S’ Y, (aOIDaZj(S9 Y, 0))1+|a|$2,1§j§k(1,a))7
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& = O'Zy — QZy - 82Z; + fi. We first solve the simultaneous equations
Fi(s,y,0) =0 for 1 <! < n-1, using (4.28) with kK = n—-1. From
Remark 4.1 it follows that

(4.30) B98n(s,y,0)=0 if(s,y) e D\Vy' .

Since we want both Z,(s, y, 6) and Z,,(s, y, 6) to be periodic of period 2n
with respect to 6, it follows from (4.7) that we should have F¥ = g*; hence
for satisfying F,(s, y, 8) = 0 with a function Z,,(s, y, 0) periodic of period
27 with respect to 6, a necessary condition is that

(4.31) gis,y)=0 if(s,y) €.

Now we may write (QZ, - 02Z,)* = %, + %, , where %, = (05(QZ, - 895Z>))*
and % = —(Q0yZ, - 09Z>)* . Since 99Zy(s, y, 0) = 8yZy(s, y, 2r), we have
Fa(s,y) = Q(8sZn)*(s, y) - 09Z2(s, ¥, 0). Now because of (4.28) with k =
n—1, we have (8yZ,)* =0,s0 % =0. Hence if we put h, = %, — f¥, (4.31)
can be written

(4.32) QZHs,y)=ha(s,y) if(s,y)eD.

Using (4.28) with kK = n — 1, we have solved the equations Fi(s,y, 6) =0,
1 <! < n-1; it follows from Remark 4.1 that A, is determined and that
ha(s,y) =0 if |y| >s+r. Nowlet Y(s, y) be the solution of the following
Cauchy problem:

(4.33) O'Y(s,y)=ha(s,y) if(s,y) e,

(Ko+ (N =1)sYY(s, p) = (s* = [y*)"N=D2%(@] o J)*(s, »)
if j=0,1and (s,y) e H*.

Then Y € C®(Z) and Y(s,y) = 0 if |y| > s+r. We choose Z* = Y
then of course (4.32) holds. Since 8yZ, € C=°(Z xR) has already been chosen
for solving the equation F,_,(s, y, 6) = 0 (cf. (4.28)), it follows from (4.29)
(with e, = 84Z, and e, = Z}) that Z, € C®°(Z x R) is determined now and
that Z,(s, y, 6) is periodic of period 27 with respect to 6. Because of (4.28)
with k = n — 1 and of Remark 4.1, all Z;(s,y, 0), j < n, are also periodic
of period 27 with respect to 6 ; therefore we reach the conclusion that g, is
determined now and that g,(s, y, ) is also periodic of period 2n with respect
to 8. Now consider the Cauchy problem

(2X +0'® — (QZ; + 40522)99 ~ A3 Z2)Wn41(s, ¥, 6)
=—gu(s,y,0) if(s,y) eV, 0€R,

(4.34)

(4.35)

Was1 (5, Y, 0) = (s2 = |y[2)~N=D12F, 1 (J(s,¥), 0)
if (s, y) € J({to} x (Q\Q0)), 6 €R.

From (4.30), (4.32), and (4.29) with e; = 958, and e, = g# = 0, it follows that
&n(s,y,0) =0 if (s,y) € Z\Vy'. We may solve the linear problem (4.35),
(4.36) by straightening out the integral curves of X , using arguments similar to
those used for solving (4.15), (4.16). It follows that (4.35), (4.36) has a unique
C>(Vy x R) solution wy;, such that wyy (s, y, 8) = 0 if (s,y) € VJ\Vy' .

(4.36)
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Since g,(s, y, 0) is periodic of period 2m with respect to 6, it follows from
the uniqueness of the solutions of (4.35), (4.36) that w,, (s, y, 6) is also
periodic of period 27 with respect to 6. Furthermore, integrating (4.35) and

(4.36) with respect to 6 over [0, 27], and using (4.31) and the assumption that

02" Cnei1(x, 6)d6 = 0 for all x € RV, we obtain that (4.25), (4.26) still hold
with wj replaced by w},,. Therefore w?, (s, y, ) =0 if (s, y) € ¥j. Put
Wny1(s,y, 0) =0 if (s,y) € Z\V. Then wyy; € C°(D xR), wpyi(s, ¥, 0)
is periodic of period 2z with respect to 6, and w? +1=0on Z. Soif

(4‘37) 61‘)Zn+l(5,y'a0)=wn+l(5,y,0) lf(S,y)GgyeeR’

then the condition F,(s, y, ) =0 is satisfied if (s,y) € Z, 6 € R. (4.28) is
now completely verified for kK = n. Notice that if Z,,; satisfies (4.37), then
Z,.1(s,y, 0) is periodic of period 2n with respect to 6.

Summing up, the conditions Fj(s,y, 8) =0, 1 <j < u—1, can be satisfied
by a suitable choice of Z;, 1 <k < u -1, and of §3Z, (with the properties
described in (4.28) and the consequences given in Remark 4.1). To determine
Z, by means of (4.29) we must still choose Z}; Z# should also satisfy suitable

initial conditions on H . For any choice of ij € C>(Z), the corresponding
Z¢ would be an approximate solution of (3.1); but some caution is necessary
if we want to obtain from Z° a smooth approximate solution of (2.1) when
t >ty and x € R¥. We revert the transformation z — Z used for getting
(3.1); namely we put (for 1 < j < u—1, and later on also for j = u)
(4.38)

zj(t, x, 0) = (2 —|x|)"W=D12Z(J(t, x),0) ift>tgand (¢, x) € Cy;
and we also put
(4.39) zj(t,x,0)=0 ift>tand (t,x) ¢ Cy4.
Assume first that 1 < j < u—1. Since, by construction, we have Z;(s, y, 6) =
0 for (s, y) €<Z and |y| > s+r, where r = (tg— M)~ , it follows from (4.38)
that z;(r,x,0) =0 if |x| >t+ M —1ty, t > tp, and (¢, x) € C,. Hence
zj € C®([tg, +oo[xR¥ xR) if 1 < j < u—1. To obtain the same property for
z,, choose Z} € C*°(Z), vanishing for |y| > s+r; besides take Z} satisfying
the initial conditions
(Ko + (N =1)8)'Zi(s, y) = (s> = [y})" =2 (@y 0 J)(s, )

ifi=0,land (s,y) € H.

Define Z, by means of (4.29), and then z, by the relations (4.38), (4.39)
(with j = u). Repeating the reasoning made for z;, j < u, we obtain that
zy € C*([tg, +oo[ xRN x R). (The same would also hold e.g. if Z}(s,y) =0
only when |y| > s + ¢ with some r' > r). Because of (4.38), (4.39), the
functions z;(¢, x, 0), 1 <j < u, are independent of § when J(¢, x) ¢ V',
that is, when (¢, x) ¢ W . Notice that it follows from the construction of

(4.40)

Z,...,Z, that Z*t € C®(D), that Z:(s, y) =0 if ly| > s + r, and that for
each ¢y > 0, one can find C, € R such that
(4.41) |DZ%(s, y)| < Cale+e*lely if (s,y)eZ and 0 < e < ¢g.

We may now complete the proof of Theorem 1. Assume first that #5 > 0 is
so large that all the steps of the construction of Z¢ and all the estimates of
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Z* described above are valid. Then let Z¢, R, be as above. Define z;,
1 < j < pu asin (4.38), (4.39); put z%(t, x) = (£ — |x|?)~NV=-D2Ze(J(¢t, x))
if t>1t and (t,x) € C,, z8(¢t,x) =0 if t >ty and (¢, x) ¢ C,; define
also Ré(t, x) = (2 — |x|>)~WN+3I2R,(J (¢, x), o(t, x)/e,€) if t > tp and
(t,x) € Cy, R(t,x) =0 if ¢t > ty and (¢, x) ¢ C,. All the properties
announced in Theorem 1 follow easily if we make use of (4.41), (4.10) (and of
Remark 2.5). Now if ¢, is any real number, Theorem 1 also follows because
we may, by a translation of ¢, reduce to the case where #y > 0 is as large as we
please. The proof of Theorem 1 is complete.

Remark 4.2. One could have tried to construct z(z, x) directly, without us-
ing the Kelvin transform, by writing down conditions of the type F, = 0
coming from (2.1) (and not from (3.1) anymore), and using the given initial
data. Actually one can check that this yields the same z;, 1 < j < u, and
the same 0pz, as we have obtained. To see this, put for simplicity £ (z) =
0z - Yo j<n fY(2, 2")0%z - f(z, 2') . Assume that ¢, is large and that z;,
1 < j < u, are defined by (4.38), (4.39). Denote by ¢ a C*([ty, +oo[xR¥)
extension of the function ¢ € C*°(V) defined before the statement of Theorem
1. If 1 € R, we may argue as for (4.9), and write

j p+4
P ( Z 812j (t,x, _8_))
(4.42) Isjsu

= Y &F, (t,x, (/JTH) + &R, (t,x, (oTH’s) ,

1<k<pu—1

where F,, R, are constructed with (2.1) in the same way as F,, R, were
constructed with (3.1); so to pass from (4.6), (4.7) to the definition of the
functions F, one should replace s, y, g, g, Z;, ® by ¢, x, fY, f,
zj, ¢ + 4. Now (4.5) shows that the functions Fy(s,y, 0), Ru(s,y,0,¢)
are unchanged if ® is replaced by ® + A since only derivatives of order 1
and 2 of the phase (and not the phase itself) appear there. Hence from the
definition (4.38), (4.39) of zj, it follows that the left-hand side of (4.42) is
bounded by Ce# as ¢ — 0, where C is a constant independent of A, ¢
(and of ¢, x); hence the right-hand side of (4.42) is also bounded by Ce¢# as
¢ — 0. Now a formula analogous to (4.5) shows that the functions F.(¢, x, ),
R,(t, x, 0, &) appearing in (4.42) are independent of A. Therefore if we now
take ¢; > to, x; ERY, 6, €R, t =1, x = x;, A =¢0; —o(t;, x1), we
obtain from (4.42) that F(t;,x;,6;) =0, 1 <k < u—1. (Of course, the
introduction of A is not necessary to obtain that result when (¢;, x;) does not
belong to the set W occurring in Theorem 1(i)). Since ¢, , x;, 0, are arbitrary,
we conclude thatif z;, 1 < j < u, are defined by (4.38), (4.39), we obtain that
Fi(t,x,0)=0if 1<k<u—-1,t>ty, xcRY, 6 € R. Now by the same
arguments as those used for proving (4.28), we see that there is only one way
of constructing z(t,x,68), 1</ <u-—1,and dyz,(¢, x, 6), all periodic of
period 2n with respect to 6, with z; independent of 6, such that the mapping
0 — 0pz,(t, x, 6) has an antiderivative periodic of period 27, and such that
the following conditions hold: Fy(t,x,0) =0 if 1 <k <pu—-1, t> 1y,

x€RV, 0 €R, dyz(t, x, 8) = {(x, 0) and 8 (J7" za(t, x, 6)dB) = wh(x)
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if2</<u,j=0,1,1<n<u-1,t=1t, xeR¥, 6 € R. Hence
the functions z;, 1 < j<u—1,and 8pz, defined by means of (4.38), (4.39)
when ¢ is large are the same as those one would have obtained by solving
the equations F, =0, 1 <k <pu-1, taking the initial conditions given by
{;, wj into account. However, working with Z¢ gives immediately precise
decay estimates for z¢, R®; considering approximate solutions defined beyond
2 n C_ will also be useful for proving Theorem 2 in the next section.

Remark 4.3. The strong convexity assumption associated to y is important.
First it prevents characteristic surfaces from having caustics (but for this mere
convexity would be enough), but it also plays a role in the global existence of the
function z,(¢, x, 6); for this global existence, the size of N also matters. To
see this, let us keep all the assumptions and notations introduced in §2, except
that now we do not assume any more that the sets Q; are strongly convex,
but only that they are convex (so no caustics appear). Assume that ¢ is a
solution of 9y + |0x¢| = 0 in V such that ¢|,-,, = v, and let us try to find
an approximate solution z%(¢, x) = ez|(t, x) + 22<j<u elzi(t, x, p(t, x)/e)
of (2.1) with z; satisfying initial conditions when ¢ = ¢, as described in the
statement of Theorem 1. Let us apply the method used above, but directly
in the variables (¢, x) (cf. Remark 4.2). Assume that fY(z,p) = bz +
Socken b D +@ (22 + |p|?) as (z, p) — (0, 0), with b/, bi/k € R. Observe
that dy¢ never vanishes in ¥ ; indeed if m € Q,\Q, and

h(t, m)=(t, m+(t—to)ly'(m)|"'y'(m))

as before, it follows from the classical Hamilton-Jacobi theory that dyp(h(t, m))
= —|y’'(m)| for all ¢ >ty (cf. e.g. [3]). Therefore we may define

1 y
Ay = Yo b0 0000,

2009 0<i,j k<N
1 N N
B, = % Z 0ip - 0jp - | bY + Z b oy | 21,
09 o<ij<n 0<k<N
ojp
Xi=d- ) 0.
1<5en D9

When (¢, x) € V, the condition F, = 0 originating from (2.1) (see (4.42))
reads (cf. (4.6))

(4.43)

20000, %) (Xi + 55 = (Bu+ 41002000 ) Qyza(t, x,0) + 021, x) = 0
0

if(t,x)eV, BeR.

If me Qy\Q,,let A;(m) < A(m) <--- < Ay_;(m) be the principal curvatures
of 8Qym) at m in the direction of —|y’(m)|~'y’(m). Since Q) is convex,
we have A4,(m) > 0. Put

g(t’ m) = % Z j'J(rn)

<o 1+ A;(m)(t—1to) "
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Now the Hamilton-Jacobi theory shows that ¢(h(t, m)) = w(m); therefore
a simple computation based on inverting the map m — h(¢, m) shows that
(D9 /2809)(h(t, m)) = Z(t, m) (cf. also Lemma 3.1 of [3]). The Hamilton-
Jacobi theory also implies that 9;¢(h(t, m)) = d;w(m) if i > 0 and that (cf.
above) Gy (h(t, m)) = —|y'(m)|. It follows that A,(h(t, m)) is independent
of t, so let us write 4;(m) = A,(h(t, m)). Put By(¢t, m) = —B;(h(t, m)).
For fulfilling (4.43) we must choose z; such that Dz,(z, x) = 0 if ¢ > 1,
x € RY (cf. (4.13)). We should also have 8]z(t, x) = w)(x) if j =0,1
and x € RV . Since (4.43) holds and Oz; = 0, the equation (corresponding to
(4.19)) for w,(t, m, 6) = 8yz,(h(t, m), 0) is

(4.44)  (Bo+L+(By— A 02)Bp)a(t, m, 0) =0 ift>ty, me Q\Qu,0 €R.
Put w(t, m, 6) = exp(ftf).?(s, m)ds)w,(t, m, ) and

_ t
Ay(t, m) = —A;(m) exp (— Zs, m)ds) .

to

Then (4.44) gives
(4.45) (8o + (B2 + Ayw)dg)w(t, m,0) =0 ift>ty, me Q\Q,, 6 €R.

Furthermore if we want to fulfill the initial condition dgz5(to, X, 6) = {2(x, 0),
we should have

(4.46) w(ty, m, 0) =a(m, 0) if me Q\Qu, 0€R.

Assume that for some n € N with n < N —1, we have 4;(m) > 0 if and only
if j > N—n (if n =0, we mean by this that no A;(m) is > 0). In the strongly
convex case treated in Theorem 1, we have n = N — 1, but assume now that
n <2 (and N is arbitrary). Also assume that 4,(m) # 0. For some 7 > 0,
we have Z(t, m) <n/2(t -ty + 1) if t > ty; hence it follows at once that
t

Ay(s, m)ds| - +o0  ast — +oo.

o

(4.47)

But (1 + |¢] + |x|)N=1D/2|92z (¢, x)| is bounded (cf. e.g. [7]); hence if N > 3
(orife.g. z; =0 and N < 3), we obtain that, for some C >0,

t

By(s, m)ds
to
Now let us try to solve (4.45), (4.46). If (4.47), (4.48) hold, it easily follows
from the method of characteristics that even if we impose that sup |95(,| <,
with J as small as we please, suitable choices of {, will produce intersecting
characteristics (for (4.45)) on each of which w should take a different constant
value; therefore (4.45), (4.46) will have no global smooth solution for such
choices of {;.

(4.48) <C ift>ty,meQ\Q,.

5. PROOF OF THEOREM 2
Let us keep the notations of the preceding sections. Write
D*={(s,y)eRxR", -L(y) <5 <0}.
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To prove Theorem 2, the main point will be to construct, for ¢ small, a solution
Z° of (3.1) in 2* N C_ such that D(Z* -~ Z% =0 on H* when k=0, 1.
In order to use the results of [5], we shall truncate g/, g, and then reduce to
a symmetrizable hyperbolic first order system in a standard way as e.g. in [4].
Let 4, €]0, 1[ be a constant to be chosen later. Let g"(s,y,Z,P), 0< i,
J<N,and g(s,y,Z,P) be C°R x R¥ x R x R¥!) functions satisfying
the following conditions: (1) £ = g/%; (2) gY = g in a neighbourhood
7 of {(s,y,0,0),(s,) €C_};(3) g=g in 7; (4) gUs,y,0,0) =
03p8(s,y,0,0) =0 if (s,y) € RxRY and |a| < 1. Choose 7 and
&Y, & in such a way that for some r;3 > 0, Y, i<n|87(s,¥,Z, P)| +
&(s,y,Z,P)|=0if (s,y)e2*, |y|>r, Z€R,and P € RV, and that
Yo<i j<n|87(s,¥,Z,P)| <d if (s,y)€D*, Z€R,and PRV We
shall replace the study of (3.1) by the study of
(5.1) OZ= Y  §Y(s,y,Z,DZ)D}Z+2(s,y,Z,DZ).
0<i,j<N
This is justified since, in 2 NC_, the solutions Z we shall handle will be smali
and will have a small gradient. Dividing (5.1) by 1 — g%(s,y, Z, DZ), we
shall also assume that 2% =0. Put A% = gV if i, j >0, A0 = g0 + 20 if
i>0, uj=D;Z if 0<j< N. We have
(5.2) DyZ —ug=0, Dou;—Diug=0 ifl1<i<N.
If we put U = “(Z,up, 4y,...,uy) (where ' means transpose), we can
rewrite (5.1), (5.2) in the form
(5.3) DU+ > Aj(s,y,U)D;U=F(s,y, U).
1<j<N
Here A;(s, y, U) isthe (N +2) x (N + 2) matrix with entries
(Af;'q(s’ Y, U))ISP,QSN"‘Z
such thatAf"’ =—(h/97246/-972) if 2<qg< N+2 (where 6»>9=11if p=gq
and 679 = 0 otherwise), A§+2’2 = -1, Af“’ = 0 otherwise. F(s,y, U)
is the (N +2) x 1 matrix “(ug, g(s,y, U),0,...,0). Let S(s,y, U) be
the (N +2) x (N + 2) matrix with entries (S?9(s, ¥, U))i<p,q<n+2, Where
Sl =822 -1 §iJ=hpi=20-245-2J-2 if 3<j, j<N+2, 89=0
otherwise. Put & = {(s,y,U) € Rx RY x R¥*2 (s, y) € @*}. It is not
difficult to check the following properties:
(i) SA;(s,y, U) issymmetricif 1 <j< N and (s, y, U)
€eZ,
(i1) there exists C; > 0 such that

> (|S""’(8,y,U)|+ > IAf"'(S,y,U)I> <G

(5.4) 1<p,q<N+2 1<j<N

forall (s,y,U)e % ;

(iii) if J; is small enough, S(s, y, U) is symmetric positive
definite for all (s, y, U) € & and there exists C; >0
such that S(s,y, U) > C,I for all (s,y,U) € &,
where I is the identity (N + 2) x (N + 2) matrix.
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Let Z¢ be the approximate solution of (3.1), of the form (4.2), constructed in
the proof of Theorem 1 by solving (4.13), (4.14), (4.15), (4.16), (4.33), (4.34),
(4.35), (4.36) and choosing Z;f satisfying (4.40) and vanishing if |y| >s+7r.
Keeping the same phase @, replacing in (4.15), (4.33), (4.35) g/ by 2"/ and
g by 2, and keeping (4.13), the initial conditions (4.14), (4.16), (4.34), (4.36),
and the same Z ,’f , we obtain in the same way an approximate solution Z¢ of
(5.1). Notice the following facts, whose verification is straightforward:

(1) the conditions F; = 0 are unchanged in Z NC_ if g, g are replaced
by &Y, &;

(2) if a (sufficiently regular) function Z(s, y) satisfies 'Z =0 in I NC_
and (Ko+(N—1)s))Z =0 on H*NnC- for j=0,1,then Z=0 in INC_,
so that a solution of (4.33), (4.34) is not modified in 2 NC_ if A, is modified
only outside Z NC_;

(3) ¥ynC- is aunion of intervals of integral curves of X , with one endpoint
in J({to} x (Q4\Q,)) and the other one in the boundary of C_, so that a
solution of (4.35), (4.36) is not modified in (VN C_) xR if gu(s, y, 0) is
modified only outside (V5 N C_-) x R.

Using these facts, one can easily check by induction on k that Z}, 89Z,,,
1<k<pu-1,donotchangein Z NC_ if g/, g are replaced by g, 2
and if the initial data (4.14), (4.16), (4.34), (4 36) are kept unchanged Hence
Z¢=2Z¢in NC_. Put Ut =%(2¢, DyZ¢, D, Z¢, , DyZ®) . Tt follows
from the construction of Z¢ that Ut(s, y) = 0 for a11 (s ,¥) € Z such that
ly| > s+r. Let R, be the remainder corresponding to R, if g/, g, Z¢ are
replaced by 2, g, Z¢. If

tr
Re(s,y)= (O’R\”(S,y,(p(%k'l,g),o,“.’())’

we have
(5.5) DU+ > Aj(s,y, UD;U*~F(s,y, U*) = "R
1<j<N

in & . Let L(y) be as in §4. To be able to apply immediately the results of
[5], let us make the change of variables (s, y) — (§, y), where § = s/L(y).
Assume that d; is so small that I -5, ..y D;L(y)-4;(L(¥)3, », TU), where
I is the identity (N +2) x (N +2) matrix, is invertible if -1 <§<0, y € RV,
and U € RN*2, Put

1<j<N
’ U) = Z( U)AJ(L(.V)S y ’ )’
U)=A4G,y, OF(L(y)3,y, ),

RG,y)=46,y, TG, »)R(LY)S, ).

(5.5) implies that U +3., <<y A5, ¥, U)D;U-F(5,y,T") =e#R'(5, »).
To simplify the notations, let us write s instead of § from now on. Because
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of (5.5), we have in particular

(5.6) DU+ Y A(s,y,T)D;U —F(s,y,U)=¢e"R(s, )
1<j<N
if -1 <s<0, yeRY, From (4.41) and (4.10), it easily follows that the

following holds: for each g, > 0, one can find C, > 0 such that
(5.7 IPU . »ISCoe! ™ and DR(s, »)| < Cae ™"
) if —1<s<0,yeR", and0<e<eg.

Furthermore,
(5.8) Ue(s, y) and therefore Fe(s y) vanish if — 1 <s<Oand|y|>r.

Now if we put S(s, y, U) = S(L(y)s, y, U)(A(s, y, U))~!, itis easily checked
that .
(5.4) holds with S(s, y, U) replaced by S(s, y, U), 4(s, v, U)
(5.9) replaced by A4;(s,y,U), & replaced by {(s,y,U) € R x
RN x RN+2 —1 <s<0},and Cy, C, replaced by new strictly
positive constants C,, C, respectively.

For a function f(s, y) for which this makes sense, put

= ([ s, meay)

Choose y > (N +3)/2. Put ry = max((9r3 — 1/43)'/2, r;). Let v: RN — RV
be a C> function such that v(y) =y if |y| < rs, [v(Y)| > rs if |y| > 14,
and such that, for each « € N¥, 92v is uniformly bounded in RY. Put
é(s, y) = (s, v(y)). Nowif -1 <s<0, |y| >rq and U € RV*2, then each
Aj(s,y,U), 1 <j< N,isconstant and F(s, y, U) is independent of s and
y Therefore if —1 <s<0, y e RV, and U € RV*?2, we have 4;(s,y, U) =

Aj(&(s,y),U) for 1<j<N and F(s,y, U)=F(&(s, ), U). Slnce on the
other hand (5.6), (5.7), (5.8), (5.9) hold, it follows from Theorem 1.1 of [5]
that there exists &, > 0 such that the following holds: if 0 < & < ¢, one can
find T € C *([-1, 0] x RV) satisfying the following conditions:

DU + Y Aj(s,y,T)D;U -F(s,y,U)=0

(5.10) 1<j<N
if —1<s<0,yeR";
(5.11) U -TU' =0 ifs=-1,yeR";
for each a = (ag, ..., ay) € NV*! such that ag =0 and |a| <

(5.12) 4, onecanfind C, > 0 such that ||D*(T° —T°)(s)|| < Cae~ 1
if —-1<s<0and O0<e<eg.

(In the present situation, the function U’ provided by Theorem 1.1 of [5]
is a C*> function because its initial value y — Ea(—l ,y) isa Cg° function;
this standard regularity property follows from [12] or [11].) The following
proposition, which will be used later on, shows that we still have estimates of
type (5.12) when we allow derivatives with respect to s.
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Proposition 5.1. (5.12) holds for all o € NN+! such that |o| < u.

We postpone the proof of Proposition 5.1 until the end of this section in
order not to interrupt the proof of Theorem 2. If we now define U’(s, y) =

T'(s/L(y), y) for (s,y) € D*, we obtain from (5.10) that

(5.13) DU+ Y Aj(s,y,U*)D;U*—F(s,y,U")=0 if(s,y)eD",
1<j<N

and (5.11) gives that
(5.14) Ut-U*=0 if(s,y)e H .

For A>0, p>(1+Ar,put & ,={(6,y)€eZ*, 1+A)(s+r) <[yl <
p—(14+4)s}. (The condition p > (1+A)r ensures that &; , # @.) Since (5.4)
holds, we may apply the standard energy method (cf. e.g. [11]): we multiply
(5.13) by S(s, y, U®), make the scalar product with U® and integrate by parts
over &, ,, using (5.14). The conclusion is that one can find 4o > 0 such
that U* =0 on & , if A >4 and p > (1+A)r. Letting p tend to +oo,
we obtain that g € & if Z = {4 >0,Us,y) =0 if (s,y) € Z* and
ly| > (1 +A)(s+r)}. Now Z is a half-line; #Z is closed in [0, +o0o[ and the
energy method also shows that # is open in [0, +oo[. Therefore 0 € #Z and
so Ul(s,y)=0if |y|>s+r.

Denote by (U;), 1 < j < N + 2, the components of U®, so that U* =
w(Us, ..., Uy,,) . From (5.13) it follows that, on Z*, we have DyU$ = U5
and Do(U3,; — D;U}) =0 if 1 < j < N. On the other hand (5.14) and the
definition of U® show that U3, = D;U] on H* if 1 < j < N. Therefore
U5,;=D;Uj on * if 0 < j < N. Hence if we put Z° = Uj, it follows from
(5.13) that Z°¢ isasolution of (5.1) in &* , whereas (5.14) implies that Z° = Z¢
on H*. Now put Z%(s,y) =0 if (s,y) € Z2\D*. Then Z° € C*(D), Z*
is a solution of (5.1)in & ,and Z*=2Z% on H.If -1<s<0 and y €R",
put Z'(s,y) = Z°(L)s, »), Z'(s,y) = Z¢(L(y)s, y), so that Z' and Z°
are the first components of —QE and U° respectively. Using Proposition 5.1
and applying Sobolev’s imbedding theorem in the y variables, we obtain that
one can find C, > 0 such that
(5.15)
|D*(Z° =Z°)(s, )| < Coe"~N+D/2-lel - if _1<5<0,yeRY, 0<e<e,

[v|<1, and |a| < u—-(N+1)/2.
From (5.15) it follows immediately that, for some C. >0,

IDa+V(Ze _ 28)(8, y)| < C;t:“‘(N“)/z""'
if (s,)€2,0<e<e¢,|v|<1, and |a| <u-(N+1)/2.
From Proposition 5.1 it follows at once that, for some C) >0,

/ / D (Z8 — 2°)(s, y)Pdsdy < CrgXnle)
5.17) =

if0<e<eg,|v|<1, and |a| < u.

(5.16)

(

We may now complete the proof of Theorem 2. Assume first that ¢ > 0 is
so large that all the steps of the construction of Z¢ and all the estimates of
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Z¢ described in §4 are valid. As already pointed out before (5.5), we have
Z¢ =27Z¢in ZnC_. Furthermore, if ¢ is small enough, it follows from
(5.16), (4.41), and the definition of 2"/, g that Z° is a solution of (3.1) in
Z NC_. Let z¢ be as defined at the end of §4; recall that zé(¢, x) = 0 if
t>tg and |x| > t+ M —ty. Now put z8(t, x) = (12 —|x|?)~(N=D/2Z8(J (¢, x))
if t>1t and (¢,x) e C,, 25(t,x) =0 if t > t, and (¢, x) ¢ C,. Then
Dls-ZOSi,qu fi(ze, (Ze)l)aizjée—f(le , (2°))=01if t > 1 and (¢, x) € Cy,
and 8f(z® — z°)(to, x) =0 if k=0, 1 and x € RV. As noticed after (5.14),
Ut(s,y)=01if (s,y) € Z* and |y| > s+r. Hence Z%(s,y)=0if (s,y) €D
and |y| > s+r,and since r = (to—M)~!, it follows that z%(¢, x) =0 if ¢t > ¢,
|x| >t+ M —1ty, and (¢, x) € C,. Hence z¢ € C>®([ty, +oo[xRY) and z¢ is
a solution of (2.1). Notice that

(5.18) (z8-2z8)(t,x)=0 ift>tand |x|>t+M—1.
Part (i) of Theorem 2 follows at once from (5.15) and (5.18). Now

the Jacobian determinant of J at (¢, x) is equal to

(5-19) (—I)N(IZ— |x|2)—(N+1).

Actually since J commutes with the orthogonal transformations in the x vari-
ables, it is enough to prove (5.19) when x; = 0 for j > 2, in which case it
follows easily by induction on N . Part (ii) of Theorem 2 follows easily from
(5.17), (5.19). This completes the proof of Theorem 2 in case ¢, is large enough.
Now if #y is any real number, Theorem 2 also follows because we may, by a
translation of ¢, reduce to the case where 7y > 0 is as large as we please. The
proof of Theorem 2 is complete.

It only remains to prove Proposition 5.1.

Proof of Proposition 5.1. Put W¢ =T —TU" . Subtracting (5.6) from (5.10) and

making use of the function & introduced just before (5.10), we obtain

DWe+ N A&, TDWe+ 816, T, U, DU )W?
(5.20) 1<j<N
=5, T, U)W* — R’

if -1 <s<0 and y € R¥N. Here S|, S, are (N + 2) x (N + 2) matrices
depending in a C* way on their arguments, and S;(¢, U , U , D,TU’) is a
linear function of DkU'; ,1<k< N, 1<!<N+2, where of course Uf
is the /th component of TU°. Now put wé(s,y) = Wé(es, ey), u(s,y) =
_Ue(es, ey), &(s,y) = &E(es,ey), Yé(s,y) = s”“ﬁa(ss, ey). Then (5.20)
gives
(5.21)
Dow® = — Y A4;(&, 7 +w)Djw
I1<jEN
= Si(&, 7 +wt, 7, DU )wt +eS(&8, W' + wh, w)w' - Y,

when —1/¢ < s <0 and y € RY. Now one can find constants ¢ >0, C, >0,
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C > 0, such that the following holds for all ¢ €]0, ¢]:
(5.22) |D%¢(s, y)| < Chelel  if o e NN+, —% <s<0andyeR";

(5.23) |D°W(s, y)| < Coe if a € NV*L, —% <s<OandyeR";

5.24) |D°Y%(s, y)| < Cpe**!  if o € NN+ 1 <s<OandyeRV;
3
(5.25)  ||D°Ye(s)|| < Cae#t'=NM?2  if a e N¥*! and — % <s<0;
(5.26)
| Dwe(s)]| < Cat” M2 ifaeNV*! ag=0,a| <p, and — -i— <s<0;

(5.27) lwé(s, y)| < Cet~N?2 if — % <s<OandyeR".

Actually (5.22) is straightforward and (5.23), (5.24) follow at once from (5.7).
Since U'(s, y) = 0 for |y| > r, we also have R'(s,y) = 0 for |y| > r, so
that (5.25) follows from (5.24). (5.26) is a consequence of (5.12) and (5.27)
follows from (5.26) and Sobolev’s imebdding theorem. To prove Proposition
5.1, it is enough to show that (5.26) still holds if o #0 and |a| < u. Let us
show this. To shorten the notation, if n € N, put D" f = {DAf, || < n}. For
1 <k < N+2,denote by DPw} the component number k of Dfw® and by
DPY} the component number k of DY?. If ap#0 and 1 <k < N+2, we
may write

(5.28) Dwp = S5+ T4+ %%, .

n (5.28), ~% is a sum of terms of the form

e G(Djée —e D Ys, ,wa) H(Da )pot,

a,l

where i € N, i < |o|-1, GeC®,and d #0, pyy #0, j+n+gqg+
Za1|‘7|Pa1<|a| ilsasumoftermsoftheform

eH(D' e, D'w, Dye, whwf
where i€N, i<|a|, HEC®, j+n+q <|a|; Z5 isasum of terms of the

form
P K(Djfs "—s _‘lys w?)D? [e

where i € N, i < |a|-1, K€ C®, j+n+qg+]y] <|a/-1. In fact
(5.21) shows that (5.28) holds if |a| = 1, and the general case is easily ob-
tained by induction. Now % can be estimated by using the same argu-
ments as in the proof of Moser’s inequality (see e.g. the proof of Lemma
5.1 of [7]). To bound a norm ||[], ,(Dywy)P(s)| where —1 <5 <0, put
v = Y, 1lo|lps (where the sum is extended over all g, / occurring in the
product), p,; = 2v/|d|ps - For a function f(s, y) for which this makes sense,
write [|f($)lomyy = (Jgw |f(s, ¥)Pdy)!/? if 1 < p < +oo. Then Hoélder’s
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inequality gives

(5.29) HI(D" [)7e(s) <H|l Dywi)?e (s)|l Lros )
. ag,

= H II( Dawl (S)l LZu/|a|(RN)
By the Gagliardo-Nirenberg estimates we have

1-lo|/v
DD ey < Co (sup s, ) - 3 IDfws (o)1

Jy|=v

using (5.27) and (5.26), we therefore obtain, since v < |a| < u:

(5.30)  I(DFwi)($)l pawriermy) < Coeh~M?2if — % <s<0and 0<e<eg.
But then (5.22), (5.23), (5.24), (5.27), (5.29), (5.30) show that

(5.31) 5. ()|l < Cagh=N2  if —%SSSOand0<s§so.

On the other hand, because of (5.22), (5.23), (5.24), (5.27), we have |7 ;(s)||
< Cllwé(s)|| if —1/e<s<0 and 0 < ¢ <¢g. Hence (5.26) implies that

(532)  |TEG) < Cae M2 if — % <s<0andO<e<e.
Finally (5.22), (5.23), (5.24), (5.27) show that
%5 ()]l < Ca Z ID?Y*(s)|l

[7I<lel -1
if —1/e<s<0 and 0<e¢e <g. By (5.25) it follows that

(5.33) %2, (s)]| < Cagh*'=M2  if — % <s<0and0<e<e.

From (5.28), (5.31), (5.32), (5.33), it follows that (5.26) still holds if ag # 0
and |a| < u. This completes the proof of Proposition 5.1.
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