TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 346, Number 2, December 1994

THE MACKEY OBSTRUCTION AND THE COADJOINT ORBITS

ZONGYI LI

ABSTRACT. This paper studies the Mackey obstruction representation theory at
the coadjoint orbit level. It shows how to get rid of such obstructions and to
get orbits of the “little groups”. Such little group data is essential for inductive
construction of coadjoint orbits of general Lie groups.

1. INTRODUCTION

Let G be a real Lie group, N C G be a normal subgroup, and N” be the
set of equivalent classes of irreducible unitary representations of N . Since N
is normal in G, there is a natural action of G on N” . Pick a representation
p € N*. We assume that G fixes p. One would like to know if p can
be extended to an irreducible unitary representation of G in the sense that
there is such a unitary representation of G whose restriction to N is p. The
answer in general is no. There is an obstruction (called the Mackey obstruction)
to extending p to a unitary representation of G. Based on the quantization
method, one can relate representations to the coadjoint orbits of groups. For
example, there exists a one-to-one correspondence between the coadjoint orbits
and the irreducible unitary representations for the nilpotent groups (see [5])
and the solvable groups (see [1]). Therefore, it will help us a lot to understand
the representation picture if we can understand the corresponding problems on
coadjoint orbits; in other words, at the symplectic geometry level. The Mackey
obstruction can be interpreted as the obstruction to realizing the coadjoint orbit
Y of N as a coadjoint orbit of G under the assumption that the G-action
stabilizes Y . We prove in this paper that in the case that G fixes Y, this orbit
is always a coadjoint orbit of some central extension G° of G with respect to
the circle group 7. To get a coadjoint orbit from this orbit Y , we need to find
another coadjoint orbit W of some group extension G~ which is dual to our
first central extension G°. Then the product space Y x W will be a coadjoint
orbit of G while the obstructions cancel out. This treatment reflects Auslander-
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Kostant’s treatment of the Mackey obstruction in their representation theory of
solvable Lie groups in [1].
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2. THE MACKEY OBSTRUCTION AND PROJECTIVE REPRESENTATIONS

Let us review the problems associated with extending the representation p €
N’ to G under the assumption that G fixes p, and then look at the Mackey
obstruction. In general, p can only extend to a projective representation p°
of G. Namely,

(2-1) p°(ab) =a(a, b)p°(a)p®(b)
for any a, b € G, where the 2-cocycle ¢ satisfies

(2-2) g: GxG—C*, |o(a,b)=1,
(2-3) ole,a)=o0(a,e)=1,

and

(2-4) a(ab, c)o(a, b)=a(a, bc)a(b, c),

where e is the identity of G. Now p? is a representation of G if ¢ = 1. But
in any case p extends to a representation of some central extension G° of G
with respect to the circle group 7. We define G° = {(¢t, a) € T x G}, where
the multiplication of this group is defined as

(2-5) (¢,a)-(s, b) = (ts/o(a, b), ab).

Then G° is a group with the identity (1, e) and (o(a, a™!)/t, a!) is the
inverse of (¢, a). We have the exact sequence of groups

(2-6) 1-TLH6 LGoe,

where i(¢) = (t,e), j(t,a)=a. We define
pl: G° — Aut(#),

where # is the representation space of p, by

(2-7) pi(t, a) = tp°(a).
It is easy to check that p§ is a unitary representation of G°. The 2-cocycle o
is the obstruction to extending p to a representation of G. We may define the
Mackey obstruction by the following procedure.

Let

)1 —>Q—E 2 F—1 and

Q)1 —Z—E -2 F 1

be two exact sequences of groups where Z is in the center of Q. Let R C
E| x E, consist of all pairs (e, ;) € E| x E; such that ¢;(e;) = ¢2(ez). Let S
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be the subgroup of R of the form (z, z7!), z € Z. Define the Baer product
E, ® E; = R/S. Note that if we define

d(e1, e) = p1(er) = p2(e2), (e1,e) €ER,
then ¢ defines a homomorphism of E;®F, onto F with the kernel (@xZ)/S.
Also, (Q x Z)/S is isomorphic to Q, so E; ® E, satisfies the exact sequence
B)1—>Q—EQ®E,—F—1.

We call (3) the Baer product of (1) and (2).
For p € N*, we define a unitary representation jp of 7 x N as follows:

p(tvy=tp(v), foranyteT, veEN.
We have

Theorem 2.1 (Mackey). Given the group extension
i) 1-TxN—->TxG—G/N—1,

there exists a unique group extension

ii)1—-T—>F—>G/N—1
satisfying the following conditions:

(A) T iscentral in F;

(B) if G* = F ® (T x G) is the Baer product, then there exists a unitary
representation p° of G' such that pblrxn =p.

Definition 2.1. The group extension (2) above is called the Mackey obstruction
of G at p or the obstruction to extending p from N to G.

In the case that the exact sequence (2) is trivial, or splitting, Theorem 2.1
says that p can be extended to a representation of G.

Remark 2.1. Auslander-Kostant and Brezin showed in [1] and [2] how to com-
pute the Mackey obstruction from a particular 2-cocycle on Lie algebras in cer-
tain cases. Roughly, let g and n be the Lie algebras of G and N, respectively.
There is a subspace a of g such that

g = a® n as vector spaces, and B, n) = 0.

where S is some element in g*, the dual space of g. Then let 7: g — g/n
andlet 6 : g/n — a be the unique linear mapping such that o6 is the identity
mapping of g/n. Define a bilinear form ¢ on g/n by

o, n)=-BU6E, 07)), &, A eg/n
o gives rise to a 2-cocycle on g. It was also used to construct the Mackey
obstruction in the articles mentioned above. We call it the Mackey 2-cocycle.

3. SYMPLECTIC INDUCTION AND HOMOGENEOUS G-SPACES

In order to discuss the Mackey obstruction at the orbit level, we need to
review symplectic induction. Let (M, ®) be a symplectic manifold and G a
Lie group acting on M . This action is said to be symplectic if any element of
G gives rise to a symplectomorphism from M to itself. Let g = Lie(G), the
Lie algebra of G. For any & € g, x € M, the infinitesimal generator at x
related to & is defined as

(3-1) ) =&y = L (exp(~18)-x).

t=0
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Then the map & — &! gives rise to a Lie algebra homomorphism from g to the
Lie algebra of all vector fields on M , denoted by Z°(M). Let Poisson(M) be
C>(M) equipped with the Poisson bracket. If all ¢ are Hamiltonian vector
fields so that we have the lifting of the infinitesimal action

¢ : g — Poisson(M)

such that the interior product 1(é"w = d¢(&) for any & € g, and ¢ is a Lie
algebra homomorphism, we say that the G-action on M is Hamiltonian. In
this case, we have the moment map ® : M — g* which is defined by

(3-2) (®(x), &) = ¢*(x),

where ¢¢ = ¢(&). ® is G-equivariant with respect to the coadjoint action of
G on g*.

Theorem 3.1 (Marsden-Weinstein). If a is a regular value of the moment map
® and B = ®!(a)/G, is a well-defined manifold where G, is the stabilizer
subgroup of a € g*, then B = ®~!(a)/G, is a symplectic manifold with the
symplectic form wg satisfying i*w = j*wp where i : ® (a) - M is the
inclusion map and j: ®'(a) — B is the projection.

If X is a coadjoint orbit of G, at each x € X, since any vector in T,X can
be expressed as é}(x) for some & € g, there is a natural surjection from g to
T.X . This gives us a canonical symplectic form wy on X. Forany x € X,
&, n € g, we define

wx (& (x), nk(0))(x) = ~(x, &, 1.

It is easy to see that this definition only depends on éf‘,(x) and nf\,(x). The
moment map for the coadjoint action of G on (X, wy) is just the inclusion.
Kostant (also Souriau) proved (see [6])

Theorem 3.2. If (M, w) is a Hamiltonian G-homogeneous space, the moment
map is a covering map from M to a coadjoint orbit of G .

4. THE ORBIT VERSION OF THE MACKEY OBSTRUCTION

We now translate the Mackey obstruction into the language of symplectic
geometry. Let G and N be as above with N connected. Let Y C n* be a
coadjoint orbit of N such that the natural action of G on n* stabilizes Y. We
assume that the stabilizer subgroup N, of the coadjoint action of N at some
point p, hence all points, on Y is connected. The Mackey obstruction can be
interpreted as the obstruction to realizing Y as a coadjoint orbit of G.

Proposition 4.1. The G-action on Y is symplectic.

Proof. For any automorphism ¢ : n — n, @' preserves the Poisson structure
on n* so it carries symplectic leaves into symplectic leaves. Moreover, if Y; is
a symplectic leaf and Y, = ¢'(Y;) then ¢’ is a symplectomorphism of Y; onto
Y,. O

Let Qy be the canonical symplectic form on Y . Proposition 4.1 says that
1(EHQy is closed. In addition, if N is simply connected it is easy to see that ¥
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is simply connected and hence 1(£*)Qy is exact. Indeed, N — Y is a fibration
with fiber N,. By the long exact sequence in homotopy

-+ = (N) — 1 (Y) — 7o(Np) — mo(N),
we see that if 7;(N) = no(N) = 0, then n,(Y) = no(N,). In other words,
if N is simply connected, then N, is connected if and only if Y is simply
connected. We will however show that 1(£*)Qy is exact even when N is not

simply connected and, in fact, we will construct a canonical function ¢¢: ¥ —
R such that 1(ENQy = d¢* . Pick a point py € Y. We can write

Y={v-pp; veN}

Let xo be an element in g* such that x|, = po. Define the map ¢¢: ¥ — R
by

(4-1) ¢*(v - po) = (v - X0, &)-
From the following general lemma we see that it is well defined.

Lemma 4.1. Let G be an arbitrary Lie group, N C G a normal subgroup, and
Y a coadjoint orbit of N. Let

K=Gy={geG; g-q€Y forallgeY}

be the stabilizer subgroup at Y, and ¢ = Lie(K). Then for any x € g* such
that x|n=p €Y,
N .x=x+¢e"

where N},’ is the connected component of the stabilizer subgroup N,, and
e ={fecg*, Ble=0}
is the annihilator of t.

Proof. Let n, = Lie(N,). We first look at the behavior of the infinitesimal
action. Define

(4-2) Jinp—gt, j)=¢-x

for any & € n, ; the right-hand side of (4-2) is the infinitesimal action of £ on
x . Notice that

(4-3) Im(j) C &*.
Indeed, one can easily get
(4-4) t=gp+n.

Hence forany { en,, n=n, +n, €, where 1, € g,, 12 €n, and
E-x,m=E&-x,m)+(-x, m).

But

E-x,mlg=—(x, &, mlg=(x, [, &g =0, [m,&a=~(m-p,&n=0,

and
(é X, ”2)9 = _(x’ [6, "2])9 = _(p, [é’ "2])“ = —(é ‘D, "2)1‘ =0.



698 ZONGYI LI

Thus (¢-x,n) =0 for any n € t. Namely, £-x € ¢* for any £ € n,. Hence
(4-3) holds.
Furthermore, we have an exact sequence

(4-5) 0—nn, Lttt —0
where i is the inclusion.

To prove this, it only remains to show that
(4-6) dim(n,/ny) = dim(¢").

For this, let us suppose X is the coadjoint orbit of G through x. As a subgroup
of G, N actson X in the Hamiltonian fashion. The moment map is

(4-7) n: X —n, n(x)=Xi|n.
Let & be the G orbitin n* through p. Then 7 is a submersion from X onto
o .

It’s a basic result of symplectic geometry that Im(dn,) = ny where ny is

the annihilator of n, in n*.
Hence,

(4-8) dim(@) = dim(Im(dny)) = dim(ny) = dim(N) — dim(Ny).
It follows that
(4-9) dim(Ny) = dim(N) — dim(&@) = dim(N) — dim(G/G,).
On the other hand, Y = N/N, = K/G,. So
dim(N) — dim(N,) = dim(K) — dim(G,),
or
(4-10) dim(N) + dim(G,) = dim(N,) + dim(K).
By (4-9) and (4-10),
dim(Ny) = dim(N) — (dim(G) — dim(Gp))
= dim(N) + dim(G,) — dim(G)
= dim(N,) — (dim(G) — dim(K))
= dim(N,) — dim(¢*).

Namely,
dim(N,/Ny) = dim(¢h).

This completes the proof of (4-5).
We now go to the group level via the exponential map. Note that
1
(4-11) exp(é)-x=x+é~x+?§2~x+--~
forany {€n,.
One may observe that for any x; € &+,
(4-12) E-x;=0.

Indeed, for any n € g,
[£, nlenCeEt.
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So
(x1, [€, n)) =0.
This implies
(€-x1, m=0
for all n € g. Hence (4-12) holds. Therefore, (4-11) is simplified to
(4-13) exp(é) - x=x+¢&-x € x+ ¢t

Since Ng is connected, any v € NI‘,’ can be written as

v = exp($1) - - - exp(¢))
for some &, - ,¢& € n. Then by (4-13) and (4-11), we have

(4-14) Vex=Xx+X++X

where x; =¢;-x € ¢L.

Then (4-14) gives us an injection from N?-x into x + &-. We claim that
it is also surjective since for any y € &1, we have by (4-5) an element £ € n,
such that ¢.x =y. Then exp(£) - x = x + y. This completes the proof of the
lemma. 0O

In this section we will assume that N, is connected and, for the moment,
G=K. Hence N,-x =x,and ¢* is well defined.
We want to show that

(4-15) 1(ENQy = dg*.

Note that Y is an N-homogeneous space. Any vector at ¢ € Y can be written
as d%(g) for some J €n.
We need to show that

(4-16) 1(ENQy (%) = dg* ().
Let g=vpy€eY,at q,

RHS of (4-16) = 3()(4) = = |uod* (exp(~10) - 0)

= L) olexn(-10) -vx0, &),
=—(0-vxp, {)g = (Ux0, [0, Clg)g

= (x0, v7'[6, &g = (Po, v7'[I, &Dn
= (qa [63 E])I‘l = _(qa [69 6])*

On the other hand, there exists a d; € n such that Jg(q) = ¢%(q) . Thus

(4-17)

(4-18) LHS of (4-16) = Qy(8}(4), 6*(9)) = —(q., [&, J]).
But 62(4) =¢&Y(q) means £-g=J;-q on n, s0

<é'q36) =<5f'q’5)
Namely,
(q,1¢,d]) =(qa, [o, I]).
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Hence (4-17) = (4-18), which says that (4-16) holds.

Therefore, the G-action on Y has an infinitesimal lift ¢ : & — ¢°. In
general, ¢ is not a Lie algebra homomorphism. There is a 2-cocycle o : g X
g — R satisfying

(4'19) a(éa 77) = _0(71 > é) )

and

(4'20) a([éa ’1]7 C) + U(['I 5 C] > é) + 0([(9 é] > ") = 0’
such that

(4-21) {6, 9"} =a(&, ) + ¢,

This 2-cocycle is just the Mackey 2-cocycle at the orbit level. It prevents Y
from being a coadjoint orbit of G. However, Y is a coadjoint orbit of some
central extension of G with respect to the circle group 7' . At the algebra level,
define

g’ ={(,¢), seR, ¢eg},
where
(4-22) [(s,8), (&, M= (a(&,n),[E, nly)-

It is easy to check that (4-22) does define a Lie bracket for g°.
We have an exact sequence of Lie algebras

O—-»]R—i>g“-ivg-—>0,

where i(s) = (s,0), and j(s,&) = &. g° is a central extension of g with
respect to R.
Let G° be the corresponding central extension of G with Lie algebra g7,
we have
1-TLe LG—e.

G° actson Y by
a-gq=J(@)-q, foranyaeG’, geY.

The corresponding infinitesimal action is (s, &) -g =& q. Define

(4-23) p @O Y — R, S up) = (vxo, &) +5.
Since (s, &) =&, and y©-%) = ¢¢ +5, we have
(4-24) 1((s, E)HQy =dy 9.

So w9 is a lift of the action of (s, &). Furthermore,

(425)  {yD, ymy = (¢t +5, 9"+ 1} = {¢°, "} = a(C, m) + ¢C L.
But

(4-26) W[(S,f),(l,'l)] — V/(U(fyﬂ),lf,'l]) — O'(é, n) + ¢[C,r1].

Hence,

(4‘27) {[//(S‘f) N l//(t’n)} = V/[(S’é)y(tv")].
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This implies that v : (s, &) — w>%) is a Lie algebra homomorphism.
Therefore, y defines a moment map ¥ for the G?-action on Y ; in other
words, the G7-action on Y is Hamiltonian. Moreover, ¥(vpy) € (g°)*, and

(4-28) (¥(vpo), (s, &) = w¥ O (vpo) = (vxo, &) +5,

S0
Y(vpy) =vxo+1*, where 1* € R*, 1*(s) = .

If vix9 = v2Xg, then vpg = vp9. Thus ¥ is one-one. By Theorem 3.2, Y is

a coadjoint orbit of G7.

To get a coadjoint orbit of G, we need to get rid of the 2-cocycle o. For
this purpose, we consider another G-homogeneous symplectic space (W, Qu)
satisfying:

(I) N actson W trivially;

(II) G acts on W symplectically with the infinitesimal lifting which has the
obstruction —o .

Before discussing the existence of such a (W, Qy ), let us see how it works
first.

We form the product space Y x W with the product symplectic form. It is
easy to see that the first condition implies

Lemma 4.2. G actson Y x W transitively.

Proof. Forany (p;, w;) and (p;, w,) € Y x W, we may find an element a € G
such that a-w; = w;. On the other hand, ap, and p, are in Y, hence we
have an element v € N such that v -ap, = p,. But N acts on Y trivially.
Hence va - (py, w1) = (p2, w2). O

The second condition implies that W is a coadjoint orbit of the group ex-
tension G~°. When Y and W product together, the obstructions cancel out.
Therefore we have

Proposition 4.2. Y x W is a covering space of some coadjoint orbit of G.
Proof. Let us denote by ¢‘f the lift of the infinitesimal action of & on W . Set
v : g — Poisson(Y x W),

w1 (&) = wi, where
(4-29) Vi, w) = ¢*(p) + ¢ (w).
Then & — t//f is a lift of the infinitesimal action of & on Y x W . Moreover,

{vi, v, w) = {6, ¢"}(p) + {4, ¢7}(w)

=a(&, n)+eMN—a(&,n) +¢[1¢,’1]

- Wllé,nl_

Hence y; is a Lie algebra homomorphism. Therefore, it gives rise to a moment
map ¥, : Y xW — g*. By Theorem 3.2, Y x W is a covering of some
coadjoint orbit of G. O

If we can choose W good enough so that the moment map ¥; is one-one,
we then get a coadjoint orbit of G from Y. As matter of fact, such a “good”
W always exists.
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Let us discuss this in a little bit more generality. We consider now the situa-
tion of Lemma 4.1; namely, we no longer assume G fixes Y and consider the
stabilizer subgroup K = Gy . The problem now is to get a coadjoint orbit of K
from Y. We take a coadjoint orbit X of G sitting over Y in the sense that
X|n2Y. Let

n: X —n*
be the projection. It is actually the moment map for the N-action on X .
Denote by Y~ the space Y equipped with the negative symplectic form —Qy,
let
T : XxY —n

be the map 7,(x, p) = n(x)—p . It is the moment map for the product action of
N on X x Y~ with O as a regular value. Let W be the orbit space nl"(O)/N .
To see the space W is well defined, we need the following lemma.

Lemma 4.3. Under the assumption of Lemma 4.1, GxN, is a closed subgroup
of G.

Proof. First of all, since G, stabilizes N,, G(N, is a subgroup. To show that
GxN, is closed, we only need to show that N,G, is closed. We claim

(4-30) N,Gy={aeG|laxex+ EO}.
Indeed, by Lemma 4.1, it is obvious that
N,Gy C{a€eG|axex+t}).

On the other hand, for any a € {a € G | ax € x + #°}, by Lemma 4.1, there
exists an element v € N, such that ax = vx. This implies v=la € G.
Namely, a = vb for some b € G, . This concludes the proof. O

Corollary 4.1. The space n='(p)/N, is a well-defined manifold.
Proof. In fact, n~!(p) = K,/Gx, so

n~'(p)/Ny = Kp/GxN,.
By Lemma 4.3, GN, is closed. Hence n~!(p) is well defined. O

In terms of the Marsden-Weinstein reduction, we get a reduced space
n~1(p)/N,. Guillemin’s version of this symplectic manifold is just W =
nl"(O) /N . Therefore, W is a well-defined symplectic manifold. Since N C K
is normal, we can define a K-action on W as follows:

a-[x,p]=lax,ap], aek, [x,pleW.

The K-actions on X and Y~ are symplectic. It follows that the K-action on
X x Y~ is symplectic. The latter action induces a symplectic K-action on W .
We have the infinitesimal lifting ¢ : ¢ — Poisson(Y). Let us now define a
map
¢, . € — Poisson(W),

$1(&) = ¢, where

(4-31) ¢ ([x, p1) = (&, x)g — ¢°(p)
for any [x, ple W.
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To see that ¢, is well defined, we only need to check that

(4-32) ¢ ([, pol) = ¢ ([x1 , Pol)

for x, x; € X, X|a=po, Xiln =Ppo and [x, po] = [x1, Pl € W .
But [x, po] =[x, po] implies that there exists u € N,, such that x; = ux.
Hence

5 ([x1, pol) = (&, x1)g — B (p0) = (£, X1le)e — ¢° (Do)
= (&, (ux)|e)e — ¢* (Do) = (&, u(x[e))e — ¢°(po).

By Lemma 4.1, since N, is connected, N, fixes x|¢. Thus, we conclude

@5 ([x1 > pol) = (€, x[e)e — ¢°(po) = #5([x, Po)).-

Proposition 4.3. ¢f is the lifting of the infinitesimal action of & on W with the
obstruction —ao .

Proof. Let
(4-33) ¢5: X —R, ¢5(x)=(, x)g

It is well known that ¢§ is the lift of the infinitesimal K-action on X, which

is Hamiltonian. There is no obstruction for ¢§ .
First, we show that

(4-34) HEh)Qw = de.
For any E € #(W), a vector field on W, there exists a vector field E; €
Z(n71(0)) C Z(X x Y~) such that ji.(E,) = E, where j, : n;7'(0) — W is
the projection. We denote by i; the inclusion 77'(0) — X x Y~. Now for
any (x, p) € n;'(0),
Ei(x, p) =E{(x)® E{(p),
where Z|(x) € TxX and EZ{(p) € T,Y . So
d¢5(E)(Ix, p]) = dd5 (1. (EN)(Ix, p]) = j1.d 4 (E1)(x, p)

(4-35) =d(j;¢})(E1)(x, p) = E1(ji#})(x, p)

= Ei(5)(x) — E{(¢°)(p) = dg5(E))(x) — d¢* (E)) (D).
On the other hand,
1E)Qw (E)([x, P)) = Qw (&} , E)([x, P))

= QW(jl*éf\'xy— s El)(['xa p])

=0"Qyyy- (éfyxy— ’ E])(X, p)

= Qx(&, ENx) - Qr (&, E))(p).
Comparing (4-35) and (4-36) we see that (4-34) holds.

To compute the obstruction,
{5, 8T}(Ix, p]) = {¢5, $7}(x) — {#°, ¢"}(p)
(4-37) = ¢§"(x) - ¢ "(p) — 5 (&, 1)
= ¢ "([x, p]) - o (&, ).

(4-36)
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Therefore, the obstruction for ¢, is —g. O

Corollary 4.2. W is a coadjoint orbit of the central extension K=° of K with
respect to T .

Our W satisfies the two conditions we set before. Also, we have

Lemma 4.4. K acts on W transitively.

Proof. For any two points [x;, po], [X2, po] € W, we may find g € G such
that g -x; = x,. It follows that g -py = pp so that g € K. But then
a-[xi, pol =[x2,po]. O

We now have the material we need to get a coadjoint orbit of K.

Proposition 4.4. Y x W is a coadjoint orbit of K .
Proof. It only remains to show that the moment map
¥Y,: YxW e,
(4-38) b tx
Wi(vpo, [x, pol) = vx0 + X|e — X0,

where x( is a point in €* sitting over py € Y is one-one.
We claim that this moment map can be rewritten as

(4-39) ¥ (vpo, [x, pol) = vXle.
To see this, we need to show
(4-40) vXo + Xe — Xo = vX[e.
In other words,
(4-41) v(x]e — X0) = X|e — Xo
forany v € N.
Note that
(x|e = x0)|n = Po — po = 0.
In fact, we claim that for any w € ¢, w|, = 0, then v -w = w on E.
Since N is connected, we only need to consider it at the algebra level. For any
d€En, nee,
(6-11), ")B = —(wa [5a ”]) =0
since for [§, n] €n.

Hence 6 -w =0.

We now show that this moment map is one-one. Suppose v1X|e = V2X2le,
then v;po = vapo since for x; and x, all sit over po. It follows that v, Iy, €
Ny, . Since vy lwi1x1]e = x2]e, by Lemma 4.1 there exists an element v € N,
such that vvy v x; = x,. Let u = vvy'vy € N, , we conclude that

(vipo, [x1, Pol) = (vapo, [ux1, upo)) = (Vabo, [X2, Pol)-
So ¥, is 1-1. By Theorem 3.2, Y x W is a coadjoint orbit of K. O

Remark 4.1. We show elsewhere that all coadjoint orbits of G can be con-
structed from the “little group data” Y x W by the techniques of symplectic
induction (see [6]).
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