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AN ELLIPTIC REGULARITY COEFFICIENT ESTIMATE
FOR A PROBLEM ARISING FROM
A FREQUENCY DOMAIN TREATMENT OF WAVES

XIAOBING FENG AND DONGWOO SHEEN

ABSTRACT. We consider a sequence of noncoercive elliptic problems, which
are the wave equation in the frequency domain, in a rectangular or cubic do-
main with an absorbing boundary condition. The elliptic regularity coefficient
depends on the frequency, and it has a singularity for both zero and infinite fre-
quency. In this paper we derive an elliptic regularity estimate as the frequency
tends to zero and infinity.

1. INTRODUCTION

Consider the scalar wave propagation problem given by

(1.1.1) Uy —Au=f, in Q x [0, o),
(1.1.11) u,+%=0, onI x [0, c0),
(1.1.iii) u=u =0, in Q x {0},

where Q = (0, ), N=2 or 3, I'=0Q and v is the unit outward normal to
I'. The boundary condition (1.1.ii) is a standard first-order absorbing boundary
condition such that waves arriving normally at the boundary I" are completely
annihilated. Instead of solving Problem (1.1) in the space-time domain, we wish
to transform the problem into one in the space-frequency domain by taking the
Fourier transform in the time variable. Denote the Fourier transform of a
function p(t) by p(w), where

D = —i 1 < iw
P(w)=/ p(He'dr, p(t)=E/ pw)edw.

Thus, in the space-frequency domain, (1.1) is transformed to the family of
nonsymmetric, noncoercive, complex-valued elliptic problems of Helmhotz type
given by

(1.2.4) —0¥i-Ai=f, inQ,
(1.2.1i) S—Z+iwﬁ=0, onTl,

for each w € R.
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One motivation of treating hyperbolic problems like (1.1) in the space-
frequency domain is the effectiveness of parallel computation. Indeed, approx-
imations for u in the space-time domain are obtained sequentially, time step
by time step, while it is natural to treat all frequencies for which (1.2) is ap-
proximated simultaneously. See [4], [5], [8] for a fuller discussion of parallel
algorithms for several wave problems.

Assuming that f = f(x,1) is a real-valued function, we notice that #(x, —®)
= %(x, w). Therefore, it is sufficient to consider (1.2) for @ > 0. For w =0,
(1.2) becomes a Neumann problem and the necessary and sufficient condition
for the existence and uniqueness (up to an additive constant) of the solution
u(-, 0) is that

(1.3) /Qf(x,O)dx=o;

(1.3) will be assumed to hold, though the case w = 0 will not be of interest
in this paper. For @ > 0, there exists a unique solution u-, w) € H(Q)
for a given f(-, w) € H~1(Q); see [4]. Denote the solution operator for (1.2)
by T(w) : L*(Q) — H?*(Q), so that u(-, w) = T(w)f(-, w). The objective
of this paper is to derive precise estimates for elliptic regularity coefficients
associated with T'(w) for w > 0; in particular, the behavior of these bounds as
w approaches zero and infinity is of critical importance in obtaining an error
estimate for a finite element approximation for (1.2) and for inverting back to
the time domain by the Fourier inversion formula. These estimates are obtained
in the following sections for both two-dimensional and three-dimensional cases.
We find bounds for #, Vi, and D% that are meromorphicin @ with a pole of
order one at w = 0 and one of order three at w = oo. In proving these results
we shall use representations in terms of double layer potentials in Lipschitz
domains. For the one-dimensional case a complete analysis has been obtained
by using Green’s function for (1.2); see [S].

2. PRELIMINARY ESTIMATES
In this section we shall collect some preliminary estimates for the solution of
(1.2); these estimates are independent of the dimension of Q. For notational

brevity, replace # and f by u and f. Thus, for complex-valued f € L*(Q),
we investigate the behavior of the complex-valued solution u of

(2.1.) —*u-Au=f, inQ,
.. ou .
(2.1.11) 5—;+zwu—0, onl,

for @ >0, where Q= (0, 1)Y for N=2 or 3, I'=0Q, and v denotes the
unit outward normal to I".

Standard notation for function spaces will be used. For example, for k
a nonnegative integer and p > 1, W*-?(Q) will denote the usual complex
Sobolev space of k times differentiable functions in the complex Lebesgue
space LP(Q) and || - |lp«.»q) Will denote its norm. When p = 2, wk.2(Q)
will be denoted by H*(Q) and || - [lyx.2q) by |- llc,a; l| - llo.o always means
I - ll2 - Let CK-4(Q), for k nonnegative integer and 0 < A < 1 denote
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the usual Holder space of functions whose kth order derivatives are uniformly
Holder continuous with exponent 4 in Q, and let || - ||, A@) denote its norm.

For details of the description of these function spaces, see [1].
In order to get an H2-estimate for u, we first examine the difference between
ID?ullo,@ and ||Aullo,o (see also [7]).

Lemma 2.1. Suppose that u € H*(Q) satisfies the boundary condition (2.1.i).
Then,

(2.2) ID?ull5,q < AUl q-

Proof. Since the idea of the proof is the same for N = 2 or 3, we give the
proof only for N = 3. Before going into the proof, we first introduce some
notations. Let

F=r*urur:, TI=Lulj, Ti={x,y,2ell¢=1},
1 1
ESC — ¢ — U Eic’,};:‘u ES¢

i,j?
i,j=0 i,j=0

Ef:f:{(x,y,z)€r|§=i,C=j,f7é€},
[f]E.c,c:/ufd% for,{=x,y,2z, and i, j=0, L.
i,j E,',’j

It is easy to see that the lemma will be proved if we can show the following
three identities:

(2.3.1) /Q{uxxﬂyy + Uxxiyytdxdydz = 2Re {/Q UxxUyydx dy dz}
= 2uxyl§ @ + 207 (|1 >

(2.3.) /Q {UyyTTss + Tyyiz;}dx dydz = 2Re { /Q Uy Tz dx dy dz}
| = 2l[ty. 13,0 + 2002[|u .-,

(2.3.iii) /Q{uzzﬂxx + Uy Uxx}dxdydz = 2Re {/Q Uz Uy dx dy dz}

= 2”uzx”(2),9 + 2w2[|u|2]Ehx-

Obviously, we need to prove only (2.3.i). It also suffices to assume that
u € C3(Q) N H?*(Q) and satisfies (2.1.ii). Applying integration by parts and the
boundary condition (2.1.ii) repeatedly leads to
(2.4)

/uxxﬂyydxdydz=—/ uxﬁxyydxdydz+/ VxlUxUyydo
Q Q I
=/ |uxy|2dxdydz+/ quxﬂyyda—/ VyUxUyxydo
Q I 137

ou_ ou
= ||uxy||(2,,9 + /rx a—yuyyda - /ry Uy (a—y)xda

= lugl,a—io [ i, —io [ juPdo,
= ry
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and
rx rx rr

(2.5) = /8 ] |

uﬁynydy—/ |uy|2da+/ u'ﬁynydy—/ luy|*do
x rx ars I

=/ (—uﬁy)dy+/ uﬁydy—/ luy|*da.
E§JUE Eg UES] I

Since u is sufficiently smooth,

onEjY:u,=iou, ux=iou,

oy .
on Eo,1 Uy = —lwu, Uy =iwu,
on Efd tuy, =iou, u,=-iou,
on ETY 1 u, = —iwu, uy = —iou.

By using these facts, (2.5) then becomes

/ uyydo = / (—u)(icou)dy+/ (—iwu)dy
. EjgVET g Ey VET Y
(2.6) _ / lu,2do
= / iw|u|2dy——/ luy|*da.
Ex.y Ix
The combination of (2.4) and (2.6) gives

/Q sty dx dy dz = | o+ @ [uPler + i [ JuyPdo
rX
—ia)/ lux|*do.
Iy
Therefore,

/{uxxﬁyy+ﬁxxuyy}dxdydz = 2Re{/ uxxﬁyydxdydz}
Q Q

= 2|luxy 5, @ + 20°[[4)*1Ex.»
for all u € C3(Q) N H*(Q) satisfying (2.1.ii). This completes the proof.
Next, we are going to derive some identities and inequalities satisfied by «.
Lemma 2.2. If u € H*(Q) satisfies (2.1), then

(2.7.) ~wlulf o+ IVul o = Re{ [ puax].
(2.7.ii) olulj r=Im {/Qfﬂdx} ,
(2.7.iii) W?|Vull§ o - lAullf o = Re {/QfAﬁdx} ,
(2.7.iv) wul§ r = —Im {/QfAﬁdx} ,

2
(2.7.v) o ull§ o + AUl o = 20?|VUll§ o + /115, o-



AN ELLIPTIC COEFFICIENT ESTIMATE FOR HELMHOTZ EQUATION 479

Proof. Multiply (2.1.i) by % and integrate by parts using (2.1.ii). Then, taking
the real and imaginary parts of both sides gives (2.7.i) and (2.7.ii); (2.7.iii) and
(2.7.iv) follow in a similar manner if we test (2.1.i) against A% instead of #.
Finally, (2.7.v) can be easily obtained from (2.7.i) and (2.7.iii).

Remark. Regarding the regularity assumption in the above lemma we make the
following remark. It is proved in [4] that for any f € H~!(Q) the problem
(2.1) has a unique slution u € H'(Q). The idea of the proof is to apply the
Fredholm Alternative Principle. By using a general regularty result for Laplace
equation on convex polygonal domains in [7], we can show that the solution u
belongs to H2(Q) if the nonhomogeneous term f is in L2(Q).

Now, it follows from Lemma 2.2 and Young’s inequality that

) 2 1
(2.8.1) ullf.q < E”V'l”%,:z + E”flkz),n ,
.. 1
(2.8.11) IVullf, o < 202 ||ull§ o + W"f”(z),g’
2 1
(2.8.iii) IVullf o < 52'||Au||(2>,n + 4—w2||f||(2),n,
(2.8.iv) lAull§ o < 202 Vull§ o+ 1113 q-

Using (2.8.ii), (2.8.iv), and (2.2) we can bound ||u|l§,Q as follows:

lull3, @ = ID?ull§ o + IVull§, o + llullF,q

2 2
(2.9) < lAullg o + 1Vullf o + llulf o

1 3
< (40* + 207 + Dull} o + (4—w2 + 5) /113, o-

Thus, the problem of estimating u in H*(Q) is reduced to bounding ||u|]3 g

in terms of || f| ||(2), q > and this will be done separately for N =3 and N =2 in
the next two sections.

3. ESTIMATE FOR N =3

Let N = 3. An LZ?-estimate for the solution to (2.1) will be established by
deriving a representation formula for the solution to (2.1) and using an L2-
estimate for the double layer potential on Lipschitz domain due to Coifman,
MclIntosh and Meyer [3]. The fundamental solution (with singularity at y) to
the Helmholtz operator in (2.1.1),

3l | eiwlx-yl
(3.1) (P(X,y)—am,

plays an essential role for the estimate needed in this section.

For sufficiently small ¢ > 0, let B,(y) denote the open ball of radius &
centered at y, B.(y) the closure of B.(y), and Q, = Q — B,(y). For each
fixed w > 0, a standard argument involving Green’s second identity on Q
leads to Green’s representation formula for the solution of (2.1.i):
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Lemma 3.1 (Representation lemma). Let ¢(x, y) be defined by (3.1) and let
u € H*(Q) satisfy (2.1.i). Then the value of u at any point y € Q is given by
the formula

6.2 uy) = [ (ox. %52 - ) 2D dot)+ [ g, )

Corollary 3.2. Let u € H*(Q) be the solution of (2.1). Then, for any y € Q,

(3.3)
uy) = [ |[-ioutotx, ) - ux) 28D ot + [ ptr, )1

For any y € Q, define a double layer potential with the density u € L¥(T)

by
I,(y)=/ru(x)56;ﬁda(x) =/r%da(x).

Here, if y € I', the integral is understood in the sense of Calderén and Zyg-
mund.

Lemma 3.3. Let u € L*(I'). Then, there exists a constant C, independent of u
such that

(3.4) 11115, < Crlulg

For a proof of Lemma 3.3, we refer to Coifman, MclIntosh and Meyer [3].
The main theorem of this section is as follows:

Theorem 3.4. Let u € H*(Q) be the solution of (3.1). Then, there exists a
positive constant C such that

(3:3) [ullf, @ < CI1 + & + a(@)]ul§ r + CIIAG o

where o |1 _ giar]?
a(w) = /0 r—dr g > 0.

Proof. We shall estimate each term in the right-hand side of (3.3) in order to
obtain the desired estimate (3.5). Observe that, for any x € Q,

3.6 / ——d <47z/ dr = 4V/3n.
(36 o=
We begin with the last term in the right-hand side of (3.3). By the Holder

inequality and (3.6),
1 LS (x)] }
< gzt |y i

2
JRERUE
1 1
< 1-6_2/ |f(x)|2dx/g|;—_—‘2d

<) 115 .

so that

(3.7) H [ otx s 2

0,Q

V3
Sl—n”f”%,(z-
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For the first term in the right-hand side of (3.3) we have a similar estimate.
By the Holder inequality, (3.6), and Fubini’s theorem,

< —— d d
o S T6n2 Jo =y 97| 4
wr 1
< —16n2|u|0,1-/g/r—|x _ylzda(x)dy

AN /‘/——L—d]dﬂm
~ 162 0T fo [ Jo Tk =P ’

2
3V3
< —wzlul(z,,r.
0,0

2

H/r—iwu(x)(p(x, y)da(x) i

which leads to

(3.8)

/r —iwu(x)p(x, y)do(x)

Finally, let us estimate the second term in the right hand side of (3.3). This
term can be rewritten as

do(x, 9 eiwlx—yl
/I_u( A 61/ ~4n / 61/ |x =yl do(x)
3.9 _ L 9 0 ek
(39) —4n{/ru(x)8u|x— do(x)+ [ 5L S da(x)

= = (h0)+ BO)).

Lemma 3.3 applies to the first term I;. It remains to obtain an L2-estimate
of I,. It can be decomposed as follows:

. —p). el x=yl(x — y).
L(y) = /ru(x) [(e'wlx_” - 1) (TX _yJ))PV + L2 B _(;lz Y) V] da(x).

Therefore,

leiwlx—yl -1 |

o< e[

iolx-y| _ 1|2 i 2 i
= o.r [(/r o)+ ([ o) ] |
so that ' . i

elw|x vy _ | w2
1.0 < 2 r | [ [ (S mE + 2 ) dvdota).

But, forany x € I',

Ieiwlx—y| _ ”2 / |eiw|x—y| _ ”2 4
———dy < ———dy +/ —d
/g =P B) X~V a, -y

€0

167 @] — efwr]2
S_+4ﬂ/ |—2_Idr,
€o 0 r

w
+ i _yl] do(x)
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from which we obtain, again using (3.6), the inequality
(3.10)

1 ) iwr|2
||12||(2,,Q§2|u|3,1-{/[ 67 | 4n / uarr+4\/‘mo]ara(x)}
r

<12 [18@ + 4na(w) + 4V/3nw? ] |ul3 .
0

1) |1 _ eiwr|2
oto)= [,
Now, combining (3.3)-(3.4) and (3.7)-(3.10) gives

1, @ < C{1+ @® + a(@)}ulf,r + ClIfIF,q

for a computable constant C = C(gy) which is independent of u and w. The
proof, therefore, is complete.

Lemma 3.5. For w >0,

(3.11) a(w) < {

Proof. Let gy = 2. Then,
2/ Lo = 200 / E‘z—art.

The integrand can be bounded for all ¢+ by 1 and by t‘2 for ¢t > 1, and the
lemma follows immediately.

where

2w?, forallw>0,
2w, forw>1.

We now come to our goal of establishing elliptic regularity coefficient esti-
mates for the solution of (2.1).

Theorem 3.6. Let u € H*(Q) be the solution of (3.1) for w > 0. Then there
exist positive constants aj, j=0,1, 2,3, such that

(3.12.0) lullo, @ < ao(@w+ @™ fllo,a>
(3.12.11) IVullo, @ < a1(@® + @) fllo,a>
(3.12.1i1) ID?ull3 o < a2(@® + D] fllo, 0,
(3.12.iv) lull2,@ < as(@® + @™ | fllo,a»

Proof. By (2.7.ii),

1
|ul§ r < 5||f||0,9||u||o,9
1 .
(3.13) . ellull§ o + m”fll%,g, ifo<l,

€ ) 1 ) .
Sl o+ 21 B0 o> 1.

It follows from (3.5), (3.11), and (3.13) that

Ct1+0?) (sl o+ ozl a) - o<1,
4180 < 13,0+ )
C(1+w?) (Enung,Q + 4—8uf||g,9) , ifo> L.
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Choose ¢ small enough so that there exist some positive constant a3 such that

2
ol o < { HWBa, s,
G| f1l5 o, fo>1
Therefore,
lullo, @ < ao(@ + @) fllo, -

This is exactly (3.12.1). (3.12.ii), (3.12.ii1) and (3.12.iv) are the immediate
consequences of (3.13.i), (2.8.ii), (2.8iv), (2.2) and (2.9). The proof, therefore,
is complete.

4. ESTIMATE FOR N =2

In this section we present an analogous study of elliptic regularity for solu-
tions of (2.1) in a square domain in R?. The same method as used in previous
section will be employed, but in the two-dimensional case the fundamental so-
lution for the Helmhotz operator, which is given by the Hankel function, has a
nonelementary form, this will leads to a more complicated and delicate analysis.
Nevertheless, the same estimate is obtained as the one in the three-dimensional
case.

The fundamental solution w(x, y) to the Helmhotz equation (2.1.i) with
singularity at y in the two-dimensional case is given by

I
(4.1) w(x,y) = z—Hg (wlx - yl),
where Hél)(r) denotes the Hankel function of the first kind of order zero. More
about the Hankel functions, we refer to [9] and [11]. For this Hankel function
there are the following well-known asymptotic expansion results.

Lemma 4.1. For the Hankel function of the first kind of order zero H((,l)(r) there
holds the following small and large asymptotic expansion formulas: For some
sufficiently small positive number ry, if r < ro, then

(4.2.4) HY(r)=1+2(+In %)i +0(r?),
.. dHél)(r) r 2. r. .
(4.2.11) —dar " (5 - ;l) +O(rln 5) ;

and for some sufficiently large positive number ry, if r > ry, then

() = 4] LoD 1
(4.2.1ii) Hy'(r) = el (1+ O(r))’

: HY .
(424v) 40 [ 2040l

where y is some constant.

For the derivation of these asymptotic expansion formulas, see [9] and [11].
Similar to the three-dimensional case, there holds the following representa-
tion lemma.
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Lemma 4.2 (Representation lemma). Let u € H*(Q) satisfy (2.1.1). Then, for
any y € Q,

u(y)=/r[v/(x,y)6:;2x) —u(x)awf; y] /wx S

Corollary 4.3. Let u € H*(Q) be the solution of (2.1). Then, for any y € Q,
(4.3)

u) = [ |-routwte, ) - un D dotx) + [ wix, pseodx

For any y € Q, a double layer potential with the density u € L%(I") is then
defined by
1 u(x)(x—y)-v
J(y) = o / |da(x) Zn/ X P do(x).
If y eI, the 1ntegral is again understood in the sense of Calderén and Zyg-
mund.

Lemma 4.4. Let y € Q. Then there exists C > 0, independent of u € L*(T),
such that

(4.4) 17118, < Clulo,r-

For a proof of Lemma 4.4, we again refer to [3].
We now are ready to state the the following main theorem of this section.

Theorem 4.5. Let u € H*(Q) be the solution of (2.1). Then there exists a positive

constant C such that

(4.5)

2 o < { C(1+@?|moP)ulf -+ C(1+|nwP)|fl§ o ifw < ry/V2,
0,0

C(1+ ) ul§ r+ CIfIF if 02 ro/V2.

Proof. We first notice that the Hankel function H(()”(r) and its first order
derivative are continuous everywhere except at r = 0. This simple fact and
(4.2.iii)-(4.2.iv) then imply that for any 0 < & < oo there is some positive

constant Cy, which depends only on ¢, and r,, such that ‘

(4.6.1) lw(x, y)| < Co, forall e <wlx -y,
(4.6.i) la—'/’a(j‘(—’i’l < wCy, forall g < wlx —y| < co.
k

Let
A (y)={xeQs<w|x-y|<t}, V 0<s<t<oo

for any fixed w > 0 and A ,(y) be the closure of A4; ,(y) in Q. Note that
| Ao, e, ()| = med/w?.

By (4.1.1), (4.2.ii) and (4.6) we have for any 0 < w < ry/V2
(4.7.1)

1 . -
[ dx = sy [ 1i-26 410 2552 + 0@l -y dx

< Cl(fo)/[l + o +|In|x - y|P] dx
Q

< Gy(ro)(1 + |Inw]?)
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and for all w > ry/V2

(4.7.i)
[weopds= [ wepPdes [ eyt s
Q Ao, ry(¥) Arg, 00 (¥)
< C3(r0)/ [1+|lnwf+|In|x - y|[*1dx + C§(ro, r1)
AO‘ro(y)
1+]|In 2
< Cy(ro) [%} +C¢(ro, 1)
2
< Cstr) [ 4 000l (L1 2y
ro 1)) e
= Ce(ro, ).

Similarly, for any @ > 0 there holds
(4.8)

J

2

oyx,y) 1 6 , 1 dx

Oxy 27 Oxy, n|x—y|
_/ dyx,y) 1 8 1
AO,ro(y)

.
Aro,OO(Y)

2
dx

Oxy 21 O X n |x =yl

dyix,y) 1 8 1 2

dx

Xy 27 O x n |x —y|

2

5/ w[:w+0(w|x_y|1nwlx_yl)] . St/ 3 N
I 8 2 | Xk = Vil
10
2 2
+/ 2 ‘a'//(xay) 2 1 . Xk — Yk dx
Ay 00 (¥) A Xy 2n|x -yl |xx — yil

< Co(r) (@ + 0*)(2)? + Cy(ro)?
< Co(ro)(1 + w?).
Like in the previous section we shall estimate each term in the right-hand

side of (4.3) in order to obtain the desired estimate (4.5). We begin with the
last term in the right-hand side of (4.3). By the Holder inequality and (4.7)

(4.9)
/Q‘ [ v e dx| day < i/l [ [t )P dxay

< { C(1+ImoP)If1IF o> if 0 <r/V2,
~ L Gell 15> if @ > ro/V2.

The first term in the right-hand side of (4.3) can be treated as in the three-
dimensional case. That is, by the Holder inequality, Fubini’s theorem and (4.7)
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2
5602/
0,Q Q

< U} ¢ /Q /r w(x, Y)P do(x)dy

2

/1- u(x)w(x, y) do(x)| dy

/r iou(x)p(x, y) do(x)

(4.10)
= [ [ e ay| dot)
- 4G (1 + |Inw|?)|uld r, if w<ro/V2,
= | 4G |uff 1, if w > ro/V2.

Finally, for the second term in the right-hand side of (4.3) we rewrite it as
following

dw(x, ) _ 1 !
/l_u(x)—5;— do(x) = ﬂ/ru(x)lnlx_—Tl do(x)

0 1 1
+/1-u(x)8_1/ [t//(x, y) — Elnm do(x)

=L1(y) + L2(»).
By Lemma 4.4 ||J|1§ o < Clul§ -, and by (4.8)
172113, @ < 8Cs(1 + )ul§ r-
So

(4.11) ”/ru(x)%j’ﬂ do(x)

The proof of the theorem is complete after combining (4.9), (4.10), (4.11).

2
< Cio(1 + w?)|uf} -
0,Q

We shall conclude this section by stating the following elliptic regularity es-
timate. Since the idea of the proof is exactly the same as one for Theorem 3.6,
we shall only give a brief sketch of the proof.

Theorem 4.7. Let u € H*(Q) be the solution of (4.1) for w > 0. There exist
positive constants b;, j=0,1,2,3, such that

(4.12.0) lullo, e < bo(@ + @I fllo, >
(4.12.11) IVullo, @ < bi(@® + @) fllo,a>
(4.12.ii) I1D%ullo, @ < ba(@® + DI fllo, s
(4.12.iv) lull2, 0 < b3(@* + @™l fllo.a>

Proof. First notice that the inequality (3.13) still holds in the two-dimensional
case. Then by (3.13) and (4.5) we get

(( C(L+|Inw)fIF o

+C(1 + w?|Inw]?) <8||u||(2),0 + ﬁnfngﬂ) , ifw<r/V2,
ClIf1I5, @
| e+ 0t (Sl o+ 51/ a) if 0> 1/ V2.

Obviously, for the large frequency w the above inequality is same as one in
the three-dimensional case. So the final estimate is same too. For the small
frequency w there are two new factors in the right-hand side of the above

2
lulls,@ < 1
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inequality, one is |wlnw|* and the other is |Inw|?>. But |wlnw| is small
for small @ and |Inw| is dominated by |1| for small w, hence the desired
estimate is also obtained for small frequency w.

5. REMARKS

The similar estimate for the equations of the motion for elastic and nearly
elastic solids in the frequency is proved by one of us (see [6]). The analysis
can also be carried out for the general elliptic problem with fairly reasonable
boundary conditions in a domain with piecewise flat boundaries. An essential
step is to obtain estimates similar to (3.5) and (4.5). The condition (1.3) is not
necessary for the elliptic regularity estimates of Sections 3 and 4.
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